ON THE INFLUENCE OF GRAVITY ON DENSITY-DEPENDENT
INCOMPRESSIBLE PERIODIC FLUIDS

VAN-SANG NGO & STEFANO SCROBOGNA

ABsTrRACT. The present work is devoted to the analysis of density-dependent, incompressible fluids in a 3D
torus, when the Froude number e goes to zero. We consider the very general case where the initial data do
not have a zero horizontal average, where we only have smoothing effect on the velocity but not on the density
and where we can have resonant phenomena on the domain. We explicitly determine the limit system when
e — 0 and prove its global wellposedness. Finally, we prove that for large initial data, the density-dependent,
incompressible fluid system is globally wellposed, provided that e is small enough.

1. INTRODUCTION

In this paper, we want to study the motion of an incompressible, inhomogeneous fluid whose density profile
is considered to be a perturbation around a stable state, which is describe be the following system

1 1
0 +0v° - Vo —vAv®  — *pa?g =— Vo,
€ €
L 4
(PBS.) Op” +v°-Vp* +ovt o =0,
divv® = 0,

(U€7p6)|t:0 = (Uo,po) )
in the regime where the Froude number ¢ — 0. Here, the vector field v® and the scalar function p® represent
respectively the velocity and the density of the fluid and v stands for the viscosity. For a more detailed discussion
about the physical motivation and the derivation of the model, we refer to [39], [38], [40]. We also refer to the
monographs [16] and [35] for a much wider survey on geophysical models.

Let us give some brief comments about the system (PBS.). In a nutshell, there are two forces which
constrain the motion of a fluid on a geophysical scale: the Coriolis force and the gravitational stratification.
The predominant influence of one force, the other, or both gives rise to substantially different dynamics.

The Coriolis force (see [42] for a detailed analysis of such force) is due to the rotation of the Earth around
its axis and acts perpendicularly to the motion of the fluid. If the magnitude of the force is sufficiently large
(when the rotation is fast or the scale is large for example), the Coriolis force “penalizes” the vertical dynamics
of the fluid and makes it move in rigid columns (the so-called Taylor columns). This tendency of a rotating fluid
to displace in vertical homogeneous columns is generally known as Taylor-Proudmann theorem, which was first
derived by Sidney Samuel Hough (1870-1923), a mathematician at Cambridge in the work [28], but it was named
after the works of G.I. Taylor [45] and Joseph Proudman [36]. On a mathematical point of view, the Taylor-
Proudman effect for homogeneous, fast rotating fluids is a rather well understood after the works [2, 3,14, 22]
and [27]. In such setting, we mention as well the work [26] in which the authors consider an inhomogeneous
rotation, the very recent work [19] in which fast rotation for nonhomogeneous fluids was considered and the
works [20,21] and [33] in which fast rotation was considered simultaneously with weak compressibility.

Beside the rotation, one can consider a fluid which is inhomogeneous and whose density profile is a lineariza-
tion around a stable state, we refer to [6,16] and references therein for a thorough derivation of the model.
In such situation, we can imagine that the rotation effects and stratification effects are equally relevant: the
system describing such effect is known as primitive equations (see [6] and [16]). The primitive equations and
their asymptotic dynamic as stratification and rotation tend to infinity at a comparable rate are as well rather
well understood on a mathematical viewpoint: we refer to the works [7-12,22,41] and references therein.

Now, we will briefly discuss the gravitational stratification effect, which is the main physical phenomenon
concerning the system (PBS.) for a inhomogeneous fluid, subjected to a gravitational force pointing downwards.
Gravity force tends to lower the regions of the fluid with higher density and raise the regions with lower
density, trying finally to dispose the fluid in horizontal stacks of vertically decreasing density. A fluid in such
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configuration (density profile which is a decreasing function of the variable x5 only) is said to be in a configuration
of equilibrium.

Let hence consider a fluid in a configuration of equilibrium and let us imagine to raise a small parcel of the
fluid with high density in a region of low density. Since such parcel is much heavier (in average) than the fluid
surrounding it, the gravity force will induce a downwards motion. Such motion does not stop until the parcel
reaches a layer whose density is comparable to its own, and inertially it will continue to move downwards until
sufficient buoyancy is provided to invert the motion, due to Archimedes principle. This kind of perturbation of
an equilibrium state induces hence a pulsating motion which is described by the linear application

(L.1) (ubs, u?,ue, p%) = é (0,0, —p%, u*?),

which appears in (PBS.). The application (1.1) is called stratification buoyancy and we will base our analysis
on the dispersive effects induced by such perturbation.

To the best of our knowledge, there are not many results concerning the effects of the stratification buoyancy.
In [18], there was a first attempt to perform a multiscale analysis when Rossby and Froude number are in different
regimes, while in [38] and [46], the authors studied the convergence and stability of solutions of (PBS.) when
the Froude number £ — 0 in the whole space R3. In [39] the system (PBS.) is studied in nonresonant domains
when the initial data has zero horizontal average. We mention as well the very recent works [30-32,43,44].

In this paper, the unknowns (v¢, p°) are considered to be functions in the variables (z,t) € T3 x R, being
the space domain T? the three-dimensional periodic box

3
T3=HR/ain a; € R.
=1

Compared to [39], we consider the much more general case with the following additional difficulties

(1) Initial data are considered with generic horizontal average. This point seem marginal, but as showed
in this paper, the dynamics induced by initial data with nonzero horizontal average create additional
vertical gravitational perturbations, the control of which is highly non-trivial (see as well [25]).

(2) Generic space domain may present resonant effects.

(3) Density profiles are only transported and do not satisfy a transport-diffusion equation and so do not
possess smoothing effects.

From now on we rewrite the system (PBS.) in the following more compact form

1 1 e
atV€+v5-VVE—A2(D)VE+€AVE:—( Ve )

c 0
(PBS.) Ve =(v%,0%),
divv® =0,
VElt:O:VO7
where
00 0 0 vVA 0 0 0
00 0 0 0 vA 0 0
(12) A= 00 o0 1| Az (D) = 0 0 vA 0
00 -1 0 0O 0 0 0

The additional difficulties (1)—(3) listed above are the main difficulties in the present work and they modify
significantly the dynamic of (PBS.) compared to the results proved in [39], as already mentioned. Let us hence
start describing the effects induced by the hypothesis made in the point 1: we will see in the following that the
dynamics of the solutions of (PBS.) in the limit regime ¢ — 0 is essentially governed by the effects of the outer
force e L AVE.

1.1. A survey on the notation adopted. All along this note we consider real valued vector fields, i.e.
applications V : Ry x T3 — R%. We will often associate to a vector field V' the vector field v which shall be
simply the projection on the first three components of V. The vector fields considered are periodic in all their
directions and they have zero global average fm Vdz = 0, which is equivalent to assume that the first Fourier

coefficient V (0) = 0. We remark that the zero average propriety stated above is preserved in time ¢ for both
Navier-Stokes equations as well as for the system (PBS.).
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Let us define the Sobolev space H*® (’]I‘?’) as the set of all the tempered distributions f such that

1/2
(13) 1 £ll ooy = (Z (1+1P) \ﬂn)f) < o0,
nez3

o~

where f(n) is the usual n-th Fourier mode of f. Since we shall consider always vector fields whose average is
null the Sobolev norm defined above in particular is equivalent to the following semi-norm

s s

which appears naturally in parabolic problems.

L2(1s) £ W g oy s €R,

Throughout the paper, we also use P to denote the three dimensional Leray operator which leaves untouched
the fourth component, i.e.

1-A"19;0; | 0 PG |0
(1.4 P ( o) = ).
0 ‘ 1 4,j=1,2,3 0 1

where P®) is the usual Leray projection onto the subspace of divergence-free vector fields. The operator P is
then a pseudo-differential operator, in the Fourier space its symbol is

(1.5) P(n) =

4,j=1,2,3

. y 2 .
where §; ; is Kronecker’s delta and #; = n;/a;, |i|” = 3, n?.

1.2. Local existence result. Being the operator A skew-symmetric it is possible to apply energy methods
to the system (PBS.) in the same fashion as it is done in [4, Chapter 4] for quasilinear symmetric hyperbolic
systems. Being this the case we can deduce the following local existence result

Theorem 1.1. Let V) € H? (T3) where s > 3/2, there exist a T* > 0 such that for every T € [0,T*) the system
(PBS.) admits a unique solution in the energy space

¢ (I0.7]: 1 (19) N (0.7]: 5 (T%).

Moreover there exist a positive constant ¢ such that

C
A
Vol grs (ra)

and the mazximal time of existence T* is independent of € and s and, if T* < oo, then
-
(1.6) /0 |vve (t)||Loo(T3) dt < oo.

1.3. Global existence result and limit dynamics. As in other singular pertubation problems ( [22,23,27]
just to mention a handful), the difficulty to study the limit when ¢ — 0 lies in the fact that 9;V¢ is not uniformly
bounded in e, which is the result of the high oscillating free waves, described by the system

O, W +PAW =0,
Wr—o = Wo,

where the matrices P and A are defined respectively in (1.5) and (1.2). The standard procedure consists in
filtering these oscillations. Let £ be the operator

(1.7) L(r)=eT4,

which send each initial datum W)y to the solution of the above free wave system W (t). Then, the filtered solution

e (v
€

is in fact solution of the filtered system

{atUs + Q° (Us,U°) — A5 (D)U® =0,

Se
(5 UE‘t:O = Vo,
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o° (Vi,Va) :%c (z) P [E (—Z) Vi VL (—2) Vot L <—Z> Vs VL (-Z) Vl] ,

t

A (DYW =L (i) Ay(D)L <_5> W

The limit dynamics of (PBS.) will be described in Section 4, where we study in details the limit of Q° and
A5(D) as € — 0. For any vector field A, let A = A (x3) be the horizontal average of A, which is defined as

1

A(ZES) = 47T2@1a2/qrf A(yh,i%) dyp.

where

Then, the horizontal oscillating part A = A (zp,x3) of A (which is of zero horizontal average) will be

(18) A (l‘h,LL'g) =A ($h7$3) - A(l’g) .

Now, as in [41], we will also decompose the horizontal oscillating part A= A(!Eh,.’IJ3> into two parts: A ()
belongs to the kernel of PA (we remark that A also belongs to ker (P.A)), and the other part is the 3D oscilating
part Asc(xp,x3). To resume, we perform the following decomposition, for any vector field A,

A= A(x3) + A(x) + Aose(Th, 13).
For any initial data Vj of the system (PBS.), we decompose the filtered counter part of Vj as follows
UO = ‘C(O)VO = % (.’1,‘3) + 70 (.Z') + UO,OSC(-Tfu .’1,‘3),

with
1
Ug=W = g an Vo (Yn, x3) dyn,
T=a1a2 Ti
Uo = (ah,0,0)",
UO,OSC = VO - ﬁO - %7
and with

_ —0 _
’U,g = ( 812 ) (—Ah) ! (—62V01 + 81V02) .

Then, the main result of our paper is the following

Theorem 1.2. Let Vy be in H® (']I‘3), $>9/2 (: % + 3), be the initial data of the system (PBS.). Then, there
exists a g9 > 0 such that for any € € (0,eq), the solution V¢ of (PBS.) globally exists in time and we have the
following asymptotics

VE=U+U+L (z) Uose + 0= (1) in Coc (Ry; H* 72 (T?)),
where U = (gh,O,Q‘l) = (Ql,QQ,O,Q4), U= (ﬂh,070) = (a17a2,070) and Ugyse solve the systems
A (x3,t) — u@%gh (x3,t) =0,
U* (x3,t) = Uy,
Eh|t:0 - Uig)i’
Q4‘t:0 = Uisl’

atﬂh (t, a?h,l’g) +a" (t,l’h,l‘g) . Vhﬂh (t,l’h7.’L‘3) —&—gh (t,.’L‘3) . Vhﬂh (t,.%'m.');‘g)

(1.9)

(1 10) B yAﬂh (t’ Lhy .133) = _Vhﬁ (t7 Th, -/ES)
' divy, " (zp,x3) =0,

a (t,xn,x3)|,_, = Ug (zh,3) .-

0Uosc + él (Uosc + 2Ua Uosc) +B (Q7 Uosc) — VAUpse =0,
(1.11) div Upse = 0,

Uosc‘t:() = UO,osm

where the explicit expressions of B and Q are given by the equations (5.13) and (4.1) and are omitted here for
the sake of simplicity.
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Remark 1.3. It is interesting to remark that, despite V¢ is the solution of the parabolic-hyperbolic system
(PBS.), it is well defined in the space C ([0,T]; H®) for s > 9/2 and T > 0. This improvement of regularity
is known as propagation of parabolicity: such name is motivated by the fact that the limit equations (1.10)
and (1.11) are strictly parabolic and we can prove they are globally well posed in some suitable energy space
of subcritical regularity. A similar phenomenon takes place as well in the study of the incompressible limit for
weakly compressible fluids, we refer the reader to the works [17] and [24].

Remark 1.4. Equation (1.11) is a nonlinear three-dimensional parabolic equation. The nonlinearity él is a
modified, symmetric transport form which assumes the following explicit form

~ 1
Q1 (A,B) = §X(D)(A-VB+B-VA),
where x is a Fourier multiplier of order zero which localizes bilinear interactions on a very specific frequency
set. Following the theory of the three-dimensional Navier-Stokes equations we do not expect hence (1.11) to
be globally well-posed. Despite this, we shall see that the zero-order Fourier multiplier x (D) has in fact a
nontrivial smoothing effect, which makes the bilinear interaction Q1 (Usse, Uosc) smoother than Ugse - VUosc.

1.4. Organization of the paper. The paper will be organized as follows. In the next section, we analyse the
spectral properties of the pertubation operator PA. Section 3 consists in the study of the filtered system (S.).
Section 4 is devoted to the determination of the limit system and Section 5 to the detailed study of limits of
the bilinear term Q¢ and of the linear operator A5(D), as ¢ — 0. In Section 6, we prove the global propagation
of smoothness for the limit system and finally, in the last section, we prove the main Theorem 1.2. At the end
of our paper, we give brief recall of some elements of Littlewood-Paley theory.

2. ANALYSIS OF THE LINEAR PERTURBATION OPERATOR PA

We recall that thoughout this paper, we alway use upper-case letters to represent vector fields on T3, with
four components, the first three components of which form a divergence-free vector field (denoted by the same
lower-case letter). More precisely, for a generic vector field A, we have

A1, 20, 23) = (A" (21, 22, m3), A* (w1, T2, 23), A (21, 22, 73), A (21, 2, 23)) = (a(w1, 22, 23), A* (21, 2, 23))
where

a=(a',a? a®) = (A", A%, A%), and diva=0.

As explained in the introduction, the time derivative 9;V¢ is not uniformly bounded. In order to take the
limit € — 0, we need to filter the high oscillating terms out of the system (PBS.). To this end, we consider the
following linear, homogeneous Cauchy problem, which describes the internal waves associated to (PBS.)

O-W+PAW =0,
2.1
( ) W|T=0 = Wo S Lg(Tg),

where

L? def {U—(u,U4) € L? divu=0 and / U(z) dx—()}.
T3

In [39], a detailed analysis of (2.1) was given in a particular case where the vector fields are supposed to have
zero horizontal average. In this section, we will provide a complete spectral analysis of the operator PA in the
general case where there is no such assumption, which allows to get a detailed description of the solution of
(2.1) in L2(T?). Using the decomposition (1.8), we can write

Lizig@év

/Ti

U=U(xz3) and u® = O}.

where

12 ={U = (w,U*) € 2

U(.’L‘h,wg) dl‘h = O},

2 ={v = (uut) e 12

Let us remark that, since div a = 0 and a = a(z3), we deduce that d3a® = 0, which in turn implies that a® = 0,
taking into account the zero average of a® in T3.

Writing the first equation of (2.1) in the Fourier variables, we have

(2.2) {8-,—W(T, n) +PA(n) W(r,n) =0,

W(0,n) = Wo(n),
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where
_ ming
00 0 s
(2.3) PA(n) 00 0 —RE
. n)= %
00 0 1 |ZT3
00 —1

Standard calculations show that the matrix PA (n) possesses very different spectral properties in the case where
7y = 0 and in the case where 7y, # 0.

1. In the case where ny, # 0: The matrix PA (n) admits an eigenvalue w®(n) = 0 of multiplicity 2 and two
other conjugate complex eigenvalues

(2.4) iw®(n) = +iw(n),

where w(n) = [7in]

Al Associated to each eigenvalue, there is a unique unit eigenvector, orthogonal to the frequency
vector (11, 72, 73,0), which is explicitly given as follows

i
—Fig vh n|
N nans
1 i 1| EEET
2.5 ep(n) =— , e4(n) =— y
( ) 0( ) |ﬁh| 0 i( ) \/§ $z |"Vh|
0 7]
1

Since {eq},_ 4 form an orthonormal basis of the subspace of C* which is orthogonal to ?(71, 2, 713, 0), the

classical theory of ordinary differential equations imply that the solution /W(T, n) of (2.2), with iy, # 0, writes

(2.6) Wi = > e (W), ealn))_ caln).

ae{0,£+}

2. In the case where i, = 0: The matrix ]I;;l(n) becomes

00 0 O
= 00 0 O
PA (anani?t) = 0 0 0 0 )
00 -1 0

and admits only one eigenvalue w(0, 0,n3) = 0 of multiplicity 4, and three associate unit eigenvectors, orthogonal
to the frequency vector (0,0, f3,0)

1 0 0
0 1 0
(27) fl - 0 ) f2 - 0 ) f3 = 0
0 0 1
The solution W (7, ns) = W(r,0,0,n3) of (2.2) writes
(2.8) Wrng) = > <W0(0,0,n3),fj>c4 fi-

J€{1,2,3}

The expressions of the Fourier modes /W(n) given in (2.6) and (2.8) imply the following result
Lemma 2.1. Let Wy € L2(T?). The unique solution W of the system (2.1) accepts the following decomposition
(2.9) W(r,z) = W (x3) + W (z) + Wosc (T, 2)

where
W)= > (Wo(0.0.m).f;) €™
n3€Zj€{1,2,3}
W)= 3" (Woln).eoln) e eo(n)
mido
Wose (T,2) = Z Z <Wg(n),ea(n)>(C4 T Mo (),

nez® ac{t}
np#0
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Now, we set
Eqy(n,x) = ™ %eq(n), Vn€Zn, #0,Yac {0,4+}
Fj(ns,x3) = 3% f, Vng € Z,Vje{1,2,3},
then, {Eq(n, ), Fj(ns,-)} forms an orthonormal basis of L2(T?), and we have the following decomposition
Definition 2.2. For any vector field V € L2(T?), we have
(2.10) V(z) =V (x3) +V (2) + Vosc (@),

where
Z Z < (0,0,n3) f]> F;(ns,xz3)

n3€Z je{1,2,3}
V@)=Y (Vin),eoln))_ Eoln,a)

nez?
nh;ﬁo

osc Z Z <V >(C4 Ea(n, .’L’)
nez® ac{t}
’I’Lh;ﬁO

We also have the following result

Proposition 2.3. Let Iy be the projection onto the subspace X of L2(T3). For any vector field V € LZ(T3),
we have

(1) Hpp V =V (z3).
(2) UV =V(r) = V(z) = V(23) = V () + Vosc ().
(3) V(x3) +V (2) = ker(pa)V = Hier(2-10)V -

Thus, the operator L(7) only acts on the oscillating part Vos. of V.

Proof. The points (1) and (2) are immediate consequences of the identity (1.8) and of Definition (2.2). The only
non evident point is (3), the proof of which simply follows the lines of the proof of [27, Proposition 4.1]. O

3. ANALYSIS OF THE FILTERED EQUATION
In this section, we will use the method of [22,27,37] or [34] to filter out the high oscillation term in the system

(PBS.). In order to do so, we first decompose the initial data in the same way as in (2.10), i.e., we write

V0:E+‘70:E+Vo+%sc,o-

We recall that in the introduction, we defined £ as the operator which maps Wy € L2(T?) to the solution W
of the linear system (2.1). Using this operator, we now defined the following auxiliary vector field

Ut =1 <—t) ve.
g

Replacing Ve = L (g) U* into the initial system (PBS.), straightforward computations show that U¢ satisfies
the following “filtered” system

s.) {(%UE—kQE (U=,U°) — A3 (D)U* =0,

U|,g = Vo,
where
(3.1) O (Vi, V) :%c (i) P {c (-2) Vi VL (-i) Vot L ({) V. VL (-2) Vl] ,
(3.2) AS(DYW =L (2) As(D)L <z) W,

In this section, we will consider the evolution of (S.) as the superposition of its projections onto the subspace
of horizontal independent (or average) vector fields Li, and the subspace of horizontal oscillating vector fields
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[A/g. Always denoting V and V the projection of V € L2 onto Li, and Z?,, we formally decompose (S.) as sum
of two following systems
oU= + Q° (US,U°) — A3(D)U*° =0,
U—6|t:0 =V,
and L .
{atUe + Qf (U%,U¢) — A5(D)U* =0,
[76|t:0 =T,
where, for the sake of the simplicity, we identify
Q°(Us,U°) = Q° (U5, U°) A5(D)U* = A5 (D) U®,
Q= (U*,U%) = Q= (U=, U?) A5(D)U* = A5 (D) U*

In what follows, we provide explicit formulas of Q° (U¢,U*), A5(D)U*, or (U5,U°¢) and ;l/g(D)US, and we will
decompose the vectors Q° (U¢,U*¢) and A5 (D) U® in the L2 basis

{Ea (n,z), F; (n3, $3)} nez® >
n3€EZ
a=0,%
§=1,2,3
given in the previous section. To this end, in what follows, we introduce some additional notations. For any

vector field V € L2, we set

~

vem) = (Vin)

ea(n))c4 ea(n)v Va= 01i7 Vn= (nh7n3) € Z31 np 7& 07

and
VI(0,n3) = (?(0,n3)‘fj)c4 fi,  Yi=1,23, Vns €2

We also define the following quantities in order to shorten as much as possible the forthcoming expressions

w?i{f’n =w (k) + wb(m) - wc(n)7 a, b, c=0,4,
wi? = w*(n) + w’(n), a,b=0,+,
(m) - wc(n)’ b7 c= Oa iv

be _ b
Wi =W
wkm*w(

) +w’(m), a,b=0,%,
where the eigenvalues w’(-) and w* () are defined in the previous section.

Following the lines of [22] or [34], we deduce that, for ¢ = 0, &, the projection of Q° (V1, V) onto the subspace
generated by E.(n,-), for any n € Z® such that n; # 0, is

(@ Wi Wa) | Beln ) - Beln, ) = (F( (3, ) ()

ZQX F (9 04.12)) ()

k=1

ec(n)> e e.(n),

Cc4

where using the divergence-free property, we can write the Fourier coefficients of the bilinear forms @i, k=12,
as follows

FEMW) = X e (B () 0w e Vi) |em) )

k+m=n Cc4

and

F (95 1,72)) (n) = (O,ngm_n e <@(n) (g) -8 (V{ (0. ks) @ Vi (m)) ’ec(n)>c4 eo(n)
i £0

+ Y et <]?»(n) (g>~S(V1b(m)®V2j(O,k3))|ec(n)> eo(n).

(0,k3)+m=n cs
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Here, (8) stands for the four-component vector (721,72, 723,0) and P is the Leray projection, defined in (1.4).

In order to shorten the notations, we use S for the following symmetry operator

Sk =VeV,+ Ve,

for any Vi = (vi, Vi) and Vo = (vg, V5'). We remark that in the above summation formula there is no bilinear
interaction which involves elements of the form V7 (0, ks) ® V72 (0, mg) since, a priori, these represent vector

fields the horizontal average of which is not zero and hence they do not belong to L2.

The projection of Q¢ (Vi,V2) onto the subspace generated by Fj(ns,-), for any j = 1,2,3, for any ng € Z,
can be computed in a similar way and we get

(Q° (V1,Va) |Fj(n3a$3)>£Fj(n3’$3)
= (F(Q° (V1,V2) (0,n3) | fi) e €572 5,

0
itw® 3 0 a in3T
= 2 e”,;<]p(0,n3) o | SR @V m ’fj> ¢
k+m=(0,n3) 0
kh,mh;éo Cc4

a,be{0,+}

= (F(Q (V1,V2)) (0,n3) | f;) €™ f;.

Hence,
Q° (Vi,Ve) (@) = 3 F(Q5 (. V2) + Q5 (i, V2)) ()™ + 3 F(Q° (1A, V2)) (0, mg) ™7,
nez? n3€”Z
’nh;ﬁo

The decomposition of A5 (D) W can also be calculated as in [22]. We have

a,b

(A5 (D)W | Ey(n,z)) Eb (n,z) iz (FA2(n)W*(n) ’eb(n)>c4 e ey (n),
a=0,£
<A§ (D) W | Fj(n37I3)>L3 Fj(ng,xg) = <.FA2(O, ng)Wj(O,ng) | fj>(C4 eiﬁg-zsfj'
Thus,
LOW=AD)W=>Y Y i <]-'A2(n)W“(n) ’eb(n)>c4 ¢ ey (n),
neZ3 a,b=0, +
nh;ﬁO
and
ﬁ(‘D) W = ig(D3)E = Z Z <]:A2(07n3)Wj(07 ’I’L3) ’ fj>(C4 el’flsws f] = (V8§M7 Va§w7 070> .
ng€Zj=1,2,3

We remark that the operator ﬁ does not present oscillations, i.e. it is independent of .

Combining all the above calculations, we get the following decomposition of the system (S.)

Lemma 3.1. Let Vo € H® (T?), s >5/2. We set

Vo (z3) = m /T% Vo (Yn, x3) dyn,
and N
Vo=V — Vo
Then, the local solution U¢ of (S.) can be written as the szgwrposition
Us =U® +U°,

where U¢ and Ue® are local solutions of the equations

o + Q1 (U°.0°) + Q5 (U°.U%) ~ &5 (D) U =0,

(3.3) div U® =0,

= VO)
t=0

(76
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and

aUe + o (Ue, 66) — AY(Ds)U* =0,
Uty = Vo

4. THE LIMIT SYSTEM

In this short section, the convergence of suitable subsequences of local strong solutions (U*¢),- , of the system
(S:) will be put in evidence. Moreover, using the similar methods as in [22] or [39], we can determine the
systems which describe the evolution of such limits. The explicit formulation of these limiting systems will be

given in the next section. We first introduce the limit forms @1, ég, 9, A9 and ig such that

(41) =Y X (B (f)-s0rme vim)

TLGZS a,b,c __

mifo S

kn,mp,np#0
a,b,ce{0,£}

a2 &= X (B (f) s (Wok o vim)

neZ3 (0,k3)+m=n
nn#0  mp,np#0
~b c 70
b 06{0 +}
j=1,2,3

+Y X (B () s (e viom)

nez® (0,k3)+m=n
np#0  my,np#0

Sbe —
‘"L n 0

b CG{O +}
j=1,2,3

ec(n)>c4 e eq(n),

ec(n)>c4 ™" e(n)

€c(n)>C4 £ eo(n),

0
-~ 0 a ifs®
(4.3) QW Ve) =Y 3 <P(O,n3) o s @ vm \fj> eimaTs fo
n3€Z k+m=(0,n3) 03

kp ,mp#0
w(k)+wb(m)=0

a,be{0,+}

j=1,2,3

(4.4) Aow=35 3 <fA2(n)Wa(n)|eb(n)>C4 ¢ ey (n),

nez? wi? b—p
nh#0 ¢ be{0,4)

Cc4

and

(4.5) DYW =YY" > (FAO,n3)W/(0,n3) | fi)eie™" fj.

n3€”Zj=1,2,3

Using the same standard method of the non-stationary phases as in [22,27,34] or [41], we can prove the following
convergence result

Lemma 4.1. Let V1, V5 and W be zero-average smooth vector fields. Then, we have the following convergence
in the sense of distributions

O (i, Va) 2% 0, (Vi Va),  k=1,2
Q° (Vi, V) =25 Q (W1, Va),

As(D)yW =% AY(D)W,
A5 (D) W =25 A (D) W.

Let us now define the (limit) bilinear forms
Q(V1,V2) = Q1 (V1,V2) + Q2 (V4, V) + Q (W1, V2),
AY(DYW = AY(D)W + A(D)W

Then, the limit dynamics of (PBS.) as € — 0 can be described as follows

(4.6)
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Proposition 4.2. Let Vy € H*® (T3), s>5/2 and T € [0,T*[, where T* > 0 is defined in Theorem 1.1. The
sequence (U®) ., of local strong solutions of (S:), which is uniformly bounded in C ([0, T);H® (']I‘3)), is compact
in the space C ([O, T];H® (T3)) where o € (s —2,5). Moreover each limit point U of (U®),_., solves the following
limit equation

(So) {@U + QU U) — AYD)U =0,

U‘f,:O =W,

a.e. in T3 x [0,T], where Q and A3(D) are given in (4.6).

Proof. The proof of the compactness of the sequence (U?), is a standard argument. Thanks to Theorem 1.1
we know that (U?),., is uniformly bounded in C ([0,7]; H* (T?)). Since

19° (U2, U) s < CIUPIG
and
[AS(DYU | o2 < C US|
we deduce that (8,U°¢)_. is uniformly bounded in C ([0,7]; H*~2). Remarking that
C([0,7); H*?) = L' ([0,T]; H*"?)
we can hence apply Aubin-Lions lemma [1] to deduce the compactness of the sequence.

Finally, we need to prove that a limit point U (weakly) solves the limit system (Sp). We remark that Lemma
4.1 cannot be directly applied since the sequence (U¢)_., is not sufficiently regular. However, by mollifying the
data as in [27,37] or [41], we can deduce that U solves (Sq) in D’ (T3 x [0,77]). We choose now & € (3, s). Since
U €C([0,T]; H"), Sobolev embeddings imply that U € C ([0,7];C"!), and so it solves the system (Sy) a.e. in
T3 x [0, 77. O

Remark 4.3. A similar result to Proposition 4.2 was proved in [39, Lemma 3.3]. We underline though that the
proof of [39, Lemma 3.3| cannot be adapted to the present setting since it strongly used the regularity induced
by the uniform parabolic smoothing effects.

5. EXPLICIT FORMULATIONS OF THE LIMIT SYSTEM

In this section, we determine the explicit formulation of the limit system (Sg). More precisely, for each limit
point U of the sequence of solutions (U*¢),. , of (S.), we decompose the bilinear term Q(U, U) and the linear term

AY(D)U by mean of the projections onto ker PA defined in Proposition 2.3 and onto its orthogonal (ker ]P’.A)L.
Such approach is generally used for hyperbolic symmetric systems with skew-symmetric perturbation in periodic
domains, and we refer the reader to [22-24,34,39] or [41], for instance, for some other related systems. Since
the spectral properties of the operator PA are rather different in the Fourier frequency subspaces {n;, = 0} and
{np # 0}, as in Section 3, we write the limit system (Sy) as the superposition of the following systems

oU+Q(U,0) — A3 (D) U =0,
(5.1) U =0,
Q|t:0 =W,
and
8,0 + O, (17, (7) + Qs (U,U) — AYD)T =0,
(5.2) divU =0,
i -

t=0

where the limit terms Q (17, 17), A3 (Ds)U, 0,(U,U), Q2(U,U) and ;Ig(D)ﬁ are defined as in Lemma 4.1. In
what follows, we will separately study the systems (5.1) and (5.2).



12 V.-S. NGO & S. SCROBOGNA

5.1. The dynamics of U. We will prove the following result, which allows to simplify the system (5.1).

Proposition 5.1. Let V, € H? ('I[‘3),s >5/2, and Vpy = E—HA/S as in Lemma 3.1. Then, the horizontal average
U = (gh,O,ﬁ) of the solution U of the limit system (So) solves the homogeneous diffusion system (1.9) a.e.
in [0,T] x TL for each T € [0,T*].

In order to prove Proposition 5.1, we only need to prove the following lemma

Lemma 5.2. The following identity holds true
0 (17 : (7) —0.
We recall that in Section 3, we already introduce, for any vector field V € L2,

vem) = (V(n)

ea(n))(C4 eqa(n), Va=0,%, Vn=(ny,n3) €Z% ny #0.

Here, we also denote

ve(n) = (V(n)

e“(n))@ ’

and V@l [ = 1,2,3,4 the I-th component and respectively V®" the first two components of the vector V.
Using the definition of @ and the particular form of the vector *(0,0,73,0) given in (4.3), we have

FRU)WOm)= Y (BOn)m U (K)Um) | f;) _ S
k+m=(0,n3)
kn,mp7#0
w®(k)+wb(m)=0
a,b=0,%+
7j=1,2,3

S Y Y (B v wrm|5),,

a,b=0,% j=1T, y(n3)

where the set Z, ;(n3) contains the following resonance frequencies

(5.3) Top(ng) = { (k,m) € 28, kn,mp #0 ‘ k+m = (0,mg), w'(k) +wh(m) =0}
In order to prove Lemma 5.2, we will show that, for each couple (a,b) € {0, i}Q, the contribution
(5.4) Jap(ng) =Y P(0,n3)ng U3 (k) U*(m),

Ta,b(n3)

is null, which implies that

(5.5) FQW.UNOm) = 3 Y (Tusms)| £3) , i =0.

a,b=0,+ j=1

Case 1: (a,b) = (0,0). We have

Joolns) = Y P(0,n3) n3 U (k) U"(m) = 0,
k+m=(0,n3)

since U%3 =0 (see (2.5) and (2.7)).

Case 2: (a,b) = (£,0) or (a,b) = (0,%£). If (a,b) = (£,0), then,

Jeolng) = > P(0,n3) ng UH(k) U° (m).
k+m=(0,n3)
w*(k)=0

The condition w* (k) = 0 implies that k; = 0, while the condition k + m = (0,7n3) implies that m;, = 0. Then
from (2.7), we have U%3(0, k3) = 0, which shows that J1 o(n3) gives a null contribution in (5.5). The same
approach can be applied to the case (a,b) = (0, %).

Case 3: (a,b) = (+,4) or (a,b) = (—,—). In this case, J, p(n3) writes

T x(ng) = Z P(0, n3) n3 U2 (k) U (m).
k+m=(0,n3)
wE (k) +w® (m)=0
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Since k +m = (0,n3), we can set |kh| = |mn| = X. We deduce from the constraint w* (k) +w®(m) = 0 and the
explicit formulation of the eigenvalues (2.4) that

T S
\/)\2+12:§ VA 43

which implies that A = 0. Then the similar argument as in Cases 1 and 2 shows that J1 1 (ng) = 0.

Case 4: (a,b) = (+,—) or (a,b) = (—,+). This is the most delicate case to treat. We write

(5.6) Tegng)= > P0,n3)ng U3 (k) UF (m).

k+m=(0,n3)

wE (k)=w® (m)
The conditions k +m = (0,n3) and w* (k) = w*(m) imply now that k, = —my, kh’ = |my| = A and

A B A
/>\2 + k% )\2 + m% .
Then, it is obvious that mz = +k3.
If mg = —k3 then the convolution constraint ks + ms = n3 in (5.6) implies that n3 = 0, and hence there is

no contributions of Ji +(n3) in (5.5). So, we concentrate on the case where kj = —my and k3 = m3 = & and

we will deal with the interaction will be of the form, for any ng € 2Z,
= P(0 U= (<, 22 UF (mn, 2 )
Jx,5(n3) ze:p (0,m3) n3 M = M =
mp

For any ng € 2Z, we set

; n n
B;Ltgq: = Z ng Ui’j <7mh7 73) U:F’h (mh7 ?3) )
mp €22
OET = UE3 n3 Fa n3
n3 - Z n3 —Mhp, 7 mp, ? .
mp €72
Taking into account the form of the vectors f; in (2.7), we deduce that
3 _ B~ + Byt
2 (Th(03) + T (n3) | fi)cs £5 = P(0,ms) 0
=1 Chr—+Ct

Then, we can prove that the sum Jy _(n3) + J— 4 (n3) have no contribution in (5.5) and conclude Case 4 if we
prove the following lemma

Lemma 5.3. For any n3 € 27, we have the following identities

(5.7) B~ =-B.",
and
(5.8) Gy =0t

Proof. Identity (5.8) is quite easy to prove. Indeed, we have

n = x = n
i 35 ek ()0 (o 3) ()
mp, €72

Then,

69 i 0= X B (o )0 ()7 ()

my €72

The explicit expression of ex(n) in (2.5) yields

(5.10) el (—mh, @) = —ei’F (mh, @) ,

which, combined with (5.9), implies (5.8).
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To prove Identity (5.7), we consider the quantities

(5.11) B (mp,n3) = % [U+’3 (—mh, E) U (mh, @) +U3 (—mh, @) uth (mh, E)

2 2 2 2
+ U+’3 (mh E) Ui’h (—mh @) + U7’3 (mh E) UJr’h (7mh @)}
bl 2 b 2 b 2 b 2 b
which allows to write
(5.12) Bfm 4+ Bt = > B(ma,ns).
’I’TLhEZ2

Now, we decompose
5 (mh7n3) = ﬁ+ (mh7n3> + ﬂ_ (mh7 ’I’Lg) 3

where
= 20 (o 2) 070 o ) 07 ) 072 (o ).
B7 (myp,n3) = % [U_’?’ (_mh, %) Ut (mh7 @) +Ut3 (mh7 n3) U—h (—mh, %)]

ns 3 ns
E+ T 5 ) ) oa O+ T
-~ n3 n3 h n3
(0 ) e (3 o),

0 () 0 (o ) = 0 ) e ), ()
(0 () fee () ().

h n3 h n3 h
e_ (mh, 7) =€y \ —Mhp, ?) = Amp,ngs
ns ns
63_ ( mp, ?) = — 63_ (mha 3) - A::)nh ns
Setting
~ ns ns EN n3 n3
Conpns = (0 (=, 5) e (= 5)) (0 (10 Jes (0 5))
we obtain
ng\ —~_ ns
U+73 (—mh, ?) U oh (mh7 ?) = - th,nsAfnh,naAilh,n:s’

Mp,N3~ "Mp,N3’

U= (mn, ) T (=mny 5 ) = Congng Al A

which imply

B (mp,n3) =
By the similar argument, we also get

B~ (mp,n3) =0,
which yields

B (mp,n3) =0

Thus, Identity (5.12) implies (5.7)

5.2. The dynamics of U. In the previous paragraph, the dynamics of U is well understood and turns out to

follow quite a simple heat equation. To complete the study of the limit system (Sy), we now give an explicit

expression of the system (5.2). As in Lemma 2.1 and Proposition 2.3 (2), we will study the evolution of U as
the superposition of

U=U + Upe.

The main technical difficulty of the study consists in giving a close formulation of the projection of the bilinear
interactions, which was considered in [39]. In what follows, we only mention the main steps of the study, without

going into technical calculations.
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5.2.1. Derivation of the evolution of U. We recall that U is the projection of U onto the nonoscillating subspace
generated by {Ey(n,-)},,. The derivation of the evolution of U can be done in three steps.

Step 1: We explicitly compute the projections of 9, (ﬁ, (7) and Q, (U,U) onto Span{Ey(n,-)}, i.e., for any
n € Z3, ny # 0, we compute the following quantities

o} ((7, ﬁ) = Z <]:@1 ((7,(7) (n) ‘ eo(n)>c4 e eo(n)

nez®
np7#0

@2 (U,U) = Z <.7:é2 (U,U) (n) ‘ eo(n)> e eo(n).

nez?
nhp ?50

The projection of él ([7, U ) is a mere horizontal transport interaction of elements in the kernel of PA as it

is showed in the following lemma, the proof of which can be found in [39, Lemma 4.2].

Lemma 5.4. The following identity holds true

== a - vhﬂh VD,
0, (0,0) = 0 + o0 |,
0 0

where
ﬂh = V}J; (7Ah)_1 (762U1 + 81U2) 9
By = (—Ay) " divy, divy, (@ @T").

For the projection of ég (U,U), we remark that the matrix I@ ) real and symmetric, so we can write

&, (U,U) (n) = FO, (1,7 (n) = 2 (B () -5 W0 k) 9 V) [ectr)) et

(0, k3)+m n

mp,np#0
"b c __
TTL n O

b,c=0,£
]:1,2,3

whence Qs in (5.2) acts as a non-local transport between the vectors U and U. We have

Lemma 5.5. Let U be as in Proposition 4.2, and let @2 be defined as in (4.2). Then,

uh . Eh 72
> (7 (UO) ) | eolm)),, eotm)= | gh + V’gp 7
n625

where
ﬁ2 = (—Ah) le h ( th )

Proof. For ¢ = =+, from (2.5), we have e® L eg, which implies that

(FQ: (LU) )| eolm) =2 > <fp(n) (g) S (U7(0, k3) © U (m) ‘eo(n)>

(0,k3)+m=n ce

The condition @%° = 0 implies that

~ L |TMh
% = (m) — w(n) = il 0,

hence my = 0. This consideration combined with the convolution constraint (0, k3) +m = n implies nj = 0,

which contradicts the definition of the form Os. Then, in the expression of F 0, (Q , U ), we should only take

¢ =0 and Lemma 5.5 follows standard explicit computations.

O
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Now, setting
D =Dp1 + D2
Lemma 5.4 and 5.5 imply the following

Corollary 5.6. Let U be as in Proposition 4.2, and let Oy and Qs be defined as in (4.1) and (4.2) respectively.
Then

o N - vuat +ul vt Vb
3 <le (U,U) + FO, (U,U) ‘ eg(n)>c4 eo(n) = 8 n 8
nez®

nh;é()

Step 2: The computation of the projection of .Zg (D) U onto Span {Ey(n,-)} is given in the following lemma,
the proof of which can be found in [39, Lemma 4.4].

Lemma 5.7. Let U be as in Proposition (4.2) and .:Zl/g (D) be defined as in (4.4). Then

. vAT"
AD)T =Y (F(ADT) | colm) , eoln) = 0
nez®
np#0

Step 3: Projecting the system (5.2) onto Span{FEy(n,-)} yields the following equation which describes the

evolution of U
T + Q1 (U,0) + Q2 (U,U) — A3 (D) U =0.
Then, Corollary 5.6 and Lemma 5.7 imply

Proposition 5.8. Let U be as in Proposition 4.2 and let
Vo= Z (FVy | eo(n))es eo(n) € H® (T?),
nez?
np#0
for s > 5/2. Then, the projection U of U onto Span{Ey(n,-)} belongs to the energy space
C([0,7];H? (T%)), o € (s—2,s),

for each T € [0, T*], and U solves the Cauchy problem (1.10) almost everywhere in T3 x [0,T].

5.2.2. Derivation of the evolution of Ues.. As for U, the study of U also consists in three steps.
Step 1: Computation of

(2(7:0)),.= X X (Fa (0.0) 0

ec(n)> e e.(n)

nez? c=% ©
np7#0
(2 (v, 17)) =Y Y (FERwu)m) | ec(n)>(c4 e ¢, (n).
nez? c=%
nh;é()

Since U = U + Ugse, we can decompose
(@ (0.0)),, - (@O0 _+2(@0.00),+ (& )

The first term was already calculated in [39, Lemma 4.6], and we have

osc

Lemma 5.9. The following identity holds true
(& @) =0

osc

To obtain the bilinear term of the equation (1.11), it remains to find the explicit expression of (ég (Q , U )) ,
osc
which is in fact the bilinear term B (U, Uysc) of the equation (1.11).
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Lemma 5.10. We have the following explicit expression

(5.13) FBU Ussc) = F @2 (Q’ 5))

— bgi <1@(n) <6‘> -S (U7 (0,2n3) @ U” (np, —n3))
j=1,2,3

ec(n)>(c4 ec(n).

Proof. Since U=U+ Ugsc, we have
(éz (Q7 ﬁ))osc = (éz (Q,U))OSC + (é2 U, Uosc))

According to the definition (4.2), we can write

(@) - ¥ (Fw(]) s@omarm)
TS
@%:°,=0
o
j=1,2,3

osc

ec(n)>(C4 ec(n).

Let us remark that the above formulation differs to the one given in (4.2) since the projection onto the oscillating
subspace forces the parameter c to be equal to + only, and the fact that U is the second argument of the bilinear
form forces the parameter b in (4.2) to be zero. Hence the bilinear interaction constraint &p;¢, = ‘ml =

combined with the convolution constraint (0, k3) + m = n implies that n, = 0, that contradicts the definition

of @2. We deduce that

(2:(w.0)) =o.

osc

It now remains to prove (5.13). According to the above argument we can argue that

(@), - (@@ o),
> ( P(n) (g) S (U7(0,k3) ® U (m))

(0,k3)+m=n
@h°, =0

ec<n>)@ ee(n).

In this case, ny = my and using (2.4), the equality &5, = w™® (n,n3) — w™ (N4, ms) = 0 becomes

|72 _ |72
V2 +n3+m3 /2 + i3+ nd
The above equality is satisfied if m3 = £n3. Let us suppose m3 = ng, if this is the case the convolution condition
ks + mg = ng implies that k3 = 0, in this case the term U (0,0) denotes the average of the element u”, which

is identically zero by hypothesis since (PBS.) propagates the global average which is supposed to be zero since
the beginning. Thus, we get m3 = —ng3 and k3 = 2n3 and we recover the expression in (5.13).

]

Step 2: Computation of (;472) (D) (7)

Lemma 5.11. We have

Proof. We will calculate

F(AD)Voe) ()= 3" T%) (As(mean) | ep(n))c eo(n),

osc

a,b==+
wi’b:O
where the matrix A is defined in (1.2).
If a = —b, the condition w®® = 0 becomes
n
weT4 =2wn) = 2a z—‘ h| =0,
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which implies n, = 0, contradicting the definition of Zg. Thus, we deduce that a = b. The expression of the
eigenvalues given in (2.4) implies

(A2 (D)eq | ea)es = —vIn|”.
Lemma 5.11 is then proved.

]

Remark 5.12. We want to emphasize that Lemma 5.7 and 5.11 imply the strict (total) parabolicity of the

operator AY (D) for vector fields with zero horizontal average. This is remarkable since the operator Az (D)
appearing in (PBS.) is not strictly parabolic.

Step 3: Projecting the system (5.2) onto Span {Ey(n, )} and using Lemma 5.9 and 5.11, we deduce that the
evolution of Uyg is given by

8thosc + él (UOSC7 Uosc + QU) + B (Qa Uosc) - VAUOSC = Oa

and we hence prove the following result

Proposition 5.13. Let Ugse o € H?® (T3), s > 5/2, the projection of U onto the oscillating subspace Span{EL(n, -
belongs to the energy space

C([0,T];H (T?)), o € (s—2,5),
for each T € [0, T*], and Ussc solves the Cauchy problem (1.11) a.e. in T3 x [0,T].

6. GLOBAL PROPAGATION OF SMOOTH DATA FOR THE LIMIT SYSTEM

We already proved in Proposition 5.1, 5.8 and 5.13, if the initial data Uy € H*, s > 5/2, then the decom-
position U = U + U + Ugge holds in C ([0,T],H°), s —2 < o < s and 0 < T < T*, and where U, U and
Uesc are respectively solutions of the systems (1.9), (1.10) and (1.11). The aim of this section is to prove the
global propagation of the H*® (’]T3)—regularity, s > 5/2, by the limit system (Sp), more precisely by the systems
(1.9)—(1.11). This propagation can be resumed in the following propositions. We remark that for U and U, we
need much less regularity, and the H* (T?)-regularity, s > 5/2, is especially needed for Upse.

Proposition 6.1. Let Uy € H? (']T?’)7s > 0, then the solution U = (gh, 0,Q4) of the equation (1.9) globally and
uniquely exists in time variable

u" € C(Ry; H® (TY)) N L2 (Ry; HH (TY)),
and
U* e C(Ry; H* (TY)).
Proposition 6.2. Let Uy € H?® (T3) N L*> (']I‘H;H" (']I‘%L)), and VUg € L (']I‘U;H" (Ti)) fors>1/2,0 >0,
then the system (1.10) possesses a unique solution in
" € C(Ry; H* (T?)) N L? (Ry; H¥T (T?)).

Moreover for each t > 0 the following estimate holds true

t
(6.1) " ()5 oy + V/O 7" (7)1 sy 7 < 1 (),
where

a2 CK ®(Uy) 1 C oo
(6.2) &1 (Uo) =C HUS HHS('JI‘?’) exp {CZ,O HV’ZUSHLQZ(H,{) + » H“(}JL"HS(M)}
and

CK2||Vuak| .
B (Uy) = exp I OHLU (L2) exp { K

—_hn2 _p12
ol (RN T ey T

cv

Proposition 6.3. Let s > 5/2 and Uy € H*® (']I‘3). For each T' > 0, we have
Uose € C([0,T]; H® (T?)) N L ([0, T]; H**' (T%)) ,
and the following bound holds true for each 0 <t < T

t
Wose ()3gs sy + / IV Uuse ()13 sy < Es.7 (Uo)
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where
1 1
(6.3) Es.0,1 (Uo) = [Uose,0l 772 (15 eXP {1/ & (Uo) +T Ul 72my + ~ (&0, (T))Q} ;
& (Uo)
(6.4) &0, (T)=C ||UOSC’O||2L2(’]1‘3) €Xp { L +T ||Q0Hi15('ll‘},)

and & (Uy) is defined as in Proposition 6.2.

6.1. Proof of Proposition 6.1. The system (1.10) is a classical heat equation, the solution of which is well
known in the literature. Here, we only remark that classical energy estimates imply

o Oy +22 [ 1o Oy = Dy -
Since u” has zero vertical average, u" € L* (Ry; H*! (T1)) as well. m
Remark 6.4. We would like to mention that
(6.5) ||QhHHS(’]I‘\1,) = H@hHHs(wy

hence even if u" depends on the vertical variable only it still inherits the same isotropic regularity.

6.2. Proof of Proposition 6.2. We start by recalling a result proved in [39, Proposition 5]

Proposition 6.5. Let @" be a solution of (1.10) with initial data @} and Vg belonging to L (HY), for some
o > 1. Then, we have

" € L? (Ry; L (T%))
and in particular

CK I
= ®(U0) |Vt | g g -

where ® (Uy) is defined as in Proposition 6.2 and ¢, C, K are positive constants.

7"l ey s sy <

Remark 6.6. The reader may notice that [39, Proposition 5| is applied on a limit system which is slightly

different than (1.10), i.e. on the system

(66) o + T - Vpu — vAT" = —Vp,
' div @" = 0.

The only difference between (6.6) and (1.10) is the presence in (1.10) of the term u" - V", Such term though
does not pose an obstruction to the application of [39, Proposition 5| to the limit system (1.10); the proof of
such result is in fact based on the fact that the following nonlinear cancellation

/ @" - vya") -atdy, =0,
R

holds true for (6.6) (and hence as well for (1.10)) since div @" = 0. Indeed though the term u" - V;,@" enjoys as
well a nonlinear cancellation, since

J

being the vector field periodic. Whence [39, Proposition 5] can be applied to the limit system (1.10).

(gh . Vhﬂh) -Ehdyh = % ul /}R2 A\ |Uh‘2dyh =0,
h

2
h

Next, we need the following estimate

Lemma 6.7. Let @ be the solution of (1.10) and u” the solution of (1.9), then, for s > 1/2, we have

(6.7) ‘@h vy |ty

| SC (HﬂhHHs(m) + HﬂhHHsﬂ(m)) HﬂhHHs(TB) ||VhﬂhHHs(1r3) :

Proof. Applying the dyadic cut-off operator A, to u" -V, u", taking the L2-scalar product of the obtain quantity
with Aqﬂh and applying the Bony decomposition, we get

(8 (- 1) [ 2,5")

1 2
2| S Bg + By,
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where

Bi= Y (0 (Syort" 2y Vi) | A7),

q
lg—q’|<4

= > &g (bgu Sy i2Vit") | AgT") ]

q'>q—4

Applying Hélder inequality and using (A.3) on the term B}, we deduce

B; < Ob27%% qu’*ﬂhHLoo thﬂhHH s (T9) ||“hHH (T8)

Since u" only depends on the vertical variable, thanks to the embedding H*® (']I‘},) — L™ (']I‘\l,) , 8 > 1/2) we
deduce

19012 | oo < 0" | oy < 1" ey »
and whence,

(6.8) By < Cbg27%% ||u

)|l

e oy 1988 | e oy 118 1729 -

Next, we apply Holder inequality to the term Bg and get
—h h —h
Z [AqT HL2(T3) [ravan HL2(Lh°°) [Vai HLoo(LfL) :
q’'>q—4
Bernstein inequality and Estimates (A.3) and (6.5) yield

|80 | 10y < Ceq2? =4 | "

h||HS+1(T3) 7hHHS+1(T\1,) :

Since H*® (T?) < H%* — L (L2), s > 1/2, we have

—h
(£2) < CHth HHS(’J]‘3)'
Applying once again Estimate (A 3), we deduce

©9) < OB o | s ) |93 e

e oy 18|72 oy -

Now, combining (6.8) and (6. 9) finaly implies

(2 (- V) | A" | € 0027 (e gy + 1 et oy ) 1T e o 19T e -

(T2)

Proof of Proposition 6.2. We multiply (1.10) by (—A)°@", integrate the obtained quantity over T3. Using
Inequality (6.7) and the following inequality

’<ﬂh.vhﬂh )

weqrsy| < C | oo 8] e sy 1V [ s sy -
we deduce that

1d

o L

<C (Huh||L°°(’I[‘3) + H“hHH sy T ||uhHH s+1(T1) ) H“hHH s (T3) H“hHH SHL(R3) *

(6.10)

Then, Young inequality implies

v
[z 2 < 5 17 s

_ 2 2 a2
+C (H“hHLw(TS) + HﬂhHHs(m) + H@hHHHl(m)) Huh||HS(T3) ’

which, together with (6.10) and Gronwall lemma, leads to

h||L°<>(’JI‘3 h”H 5(T3) ||uhHH s+1(R3) S

t
P L

—hi2 b 2 2 2
<0 HugHHS(T3) exp {/0 H“h (T)HLoo(qrz) + H@h (T)HHS(T},) + H@h (T)HHSH(M) dT} :
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Using Proposition 6.5 and Proposition 6.1, we finaly obtain

t
17 Oleony + 1 sy

2 CK _ C
< C b e 0 { - @ W0 9 g ) + 5 ey

where @ is defined as in Proposition 6.2. O

6.3. Proof of Proposition 6.3. We first remark that, if U and U are smooth enough, the system (1.11) admits
global weak solutions ¢ la Leray in the same fashion as for the incompressible Navier-Stokes equations (see [15]
for instance).

Lemma 6.8. Let s > 1/2, U € L* (Ry; H*™ (T?)) and U € L™ (Ry; H® (T%)). Then, for any initial data
Ugsc,o € L? (T3), there exists a global weak solution of the system (1.11) such that
Uose € Cloc (R L*(T?)) N LY, (Rys H' (T?)) .

Moreover for any t* € Ry and for any 0 < t < t* < oo, the following estimate holds true

t
(6.11) [Uosc (t)||i2(11‘3) + V/ [VUosc (T)||2L2(T3) dr < &, (7).
0

where

&1 (Uo)

€200 () = € ool ey 50 { 00 0 Ly |-

Proof. We define the frequency cut-off operator
Z W zn z
|k|<n
and consider the approximate system
at osc,n + J Ql ( osc,n + 2U Uosc n) + JnB (U Uosc n) - VAUOSC n — O
(6.12) div Upse,n, = 0,
Uose n|t 0 JnUosc 0-
The Cauchy-Lipschitz theorem implies the existence of a local solution for (6.12) in the space
Uosen € C ([0, Tn] 3 L) ,
where R
= {f € 13(1%),5upp F < BO,m) } .

Since Ugsc,rn is of divergence-free we deduce that

(181 Woses Uosen) | Uosen) =0

Moreover, the following inequalities hold true thanks to the embedding H® < L*°, s > g;

< Ql (U7 Uosc,n) ‘ Uosc,n> S C HVUHHb(Ts) ||Uosc ”||L2(’]I‘3) HVUOSC n”LQ(T‘i) y
(B, Unen) | Ussern) < C N0 1oqo) ool oy [ Uose,
which yield, for any t* € Ry and t € [0, t*],

t
2 2
U Oy + 2 | 19Veme ()l

t
exp {/ HVU (T)HZS(TS) + ||Q(T)Hi18(’]l‘},) dT} )

£ (U .
exp{ ( )+t ||UO||H°(T1)}

where & is defined in (6.2). Hence, by a continuation argument, we deduce that T,, = co and for each T' > 0,
the sequence (Ussc,n),, is uniformly bounded in the space

C ([0,T); L*(T%)) n L* ([0, T); H' (T%)) .
Standard product rules in Sobolev spaces show that the sequence (0;Uosc n) is uniformly bounded in the space

L?([0,T); H~") for N € N large enough. Finaly, applying Aubin-Lions lemma (see [1]), we deduce that the
sequence (Ussc,n),, is compact in L? ([0,7]; L?), and each limit point of (Uosc,»), Weakly solves (1.11).

< O [Unse,

< C||U.
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O

Remark 6.9. We point out that the above construction of global weak solutions is possible thanks to the
presence of the uniformly parabolic smoothing effect on the limit system (1.11), hence the importance of the
propagation of parabolicity mentioned in Remark 1.3.

Next, we study the “purely bilinear” interactions of highly oscillating perturbations in (5.2) given by the term

(@1 (Uose; UoSC)>

Bilinear interactions of the above form, in general, prevent us from obtaining global-in-time energy subcritical
and critical estimates. However, as pointed out in Remark 1.4, we can actually prove that the bilinear interaction
Q1 (Uose, Uose) 1s in fact smoother than the vector Usse - VUgse. To do so, we introduce the following resonant
set.

osc

Definition 6.10. (1) The resonant set K* is the set of frequencies such that
K* = {(k,m,n) € Z° kp,mp, ny, # 0] w(k) +wb(m) =w(n), k+m=mn, (abec)c {—.+}},
={(k,n) € Z% kp,ny # 0| w(k) +w’(n—k) =w(n), (a,b,c)e{— +}},
where w?, j =+ are the eigenvalues given in (2.4).
(2) The resonant set of the frequency n : nyp # 0, is defined as
K ={(k;m) € Z°| w'(k)+ wb(m) = w(n) withk+m =n, (a,b,c)€{—,+}}.

The resonant set is introduced in order to express the term (@1 (Uose, UOSC)) in a more concise way. Indeed,
osc

considering the explicit definition of the bilinear form él given in (4.1) we can immediately deduce that
(Qvl (UOSC, Uosc)) = ]:_1 <1IC*]:(UOSC . VUvosc)) .
osc

In other words, the resonant set IC* is the set of frequencies on which the bilinear interaction (él (Uose, UOSC))
is localized. o
We now define the following Fourier multiplier of order zero
xx+ (D) (a b) = F~* (1x+F (a b))
We can hence rewrite
(él (Uosm Uosc))osc = diV [X)C* (D) (Uosc & Uosc)} .

We state the following technical lemma which is a simple variation of [15, Lemma 6.6, p.150], [34, Lemma 6.4,
p-222] or [41, Lemma 8.4]. The proof is based on the fact that, for fixed (kj,n), the fiber

J (kp,n) ={ks € Z,(k,n) € K*}
is a finite set.

Lemma 6.11. Let a,b € H/? (’JT3) and ¢ € L? (T3) be vector fields of zero horizontal average on ’JT%. Then
there exists a constant C' which only depends on ay/as such that

AT ~ C
(6.13) Y. akb(n—k)en)| < g Nellersz sy W0l arara o) llell pars) -

(k,n)eK*

Proof. We first prove Lemma 6.11 when T3 = [0, 27)°. We write

(6.14) Iice = Z Akbpn| < Z Z ‘akgn—k/c\n
(k,n)eK* (kp,n)€Z2XZ3 {ks:(k,n)EL*}

9

< > @l Y el bl
(kp,n)EZ? X173 {k3:(k,n)EX*}
By Cauchy-Schwarz inequality, we have
1/2 1/2

Sl < | X @l ] S

{ks:(k,n)eK*} {ks:(k,n)eC*} {ks:(k,n)ex~}

Now, fixing (kj,n) € Z? x Z? there exists only a finite number of resonant modes k3, more precisely,

(6.15) # ({ks : (k,n) € £*}) < 8.
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Indeed, we can write explicitly the resonant condition w,j; Zn = 0 (the same procedure holds for the generic

case wy ch , =0,a,b,c#0) as follows

1/2 1/2 1/2
[ |” n [nn — Fn? _ [ ? .
ks + || Ing = kal* + g, — k| Inal* + ng |

After some algebraic calculations, the above equation of k3 (k, and n being fixed) becomes an polynomial
equation of the form

R (k3) = 07

where R is a real polynomial of degree eight, hence (6.15) follows the fundamental theorem of algebra. Thus,

1/2
Z 71@‘ <V8 Z |ak|

{k3:(k,n)e*} {k3:(k,n)eK*}

9 1/2
n— k’ .

) 1/2 1/2
] ) < (Z |6n|2> > lal’
ns

n3,ks

2
nk‘ )

which, combined with Inequality (6.14), gives

e <VEY SR (zw

kh ,np, N3

Moreover
1/2

il (z i
ns ks

and hence

1/2 ) 1/2 1/2
(6.16) I <V8 Y (Z@?) (ZA ke ) <Z|ak|2) :
n3 p3 ks

bnh kn,p3
(kn,n)EZ2 X Z3

Let us denote at this point

~

1/2 B ) 1/2 1/2
Qn,, = (Z an|2> ) bn, = (Z ) ) Cnyp = <Z En2> )
ns n3

bn
n3

and the following distributions
@ (en) = 7, (@n,) b(an) = F " (bor ) E(an) = Fy " @)

The inequality (6.16) can be read, applying Plancherel theorem and the product rules for Sobolev spaces, as

T < (B1E) gy <[

||a||H1/2 T2)

£2(T2) HE||L2(T2)

H1/2(T2) el zz)
= llall gr1r2.0¢zs) [0l 1720 psy llell pars) »
< ||a||H1/2(T3) ||b||H1/2(11‘3) ||C||L2('Jr3) .
Finaly, to lift this argument to a generic torus Hle [0,27a;), it suffices to use the transform
v (21, 22,23) = v (121, agwe, azrs) ,
and the identity
1822 (0.2m) = (@1a2a5) ™2 0l (72 0.2ma0))

O

Remark 6.12. Lemma (6.11) can be applied on U, by taking a = b = ¢ = U, since the projection on the
oscillating subspace defined in (2.9) has zero horizontal average.

Now, we can prove the energy bound required on the problematic trilinear term

Lemma 6.13. Let s > 0, then
(617) < (él (Uosca Uosc))

1/2 1/2 1/2
Use) < C Uosell ooy 1V Uocll ooy 1Uose oy 9 Uosell312 s -

osc Hs(T3)
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Proof. We remark that

< (él (UOSC7 Uosc))

Uosc> = < 1 (Uoquosc) ‘ Uosc> )
He(T%) H#(T%)

< XK* ( )(Uosc®Uosc)‘ VUO:’C>HS(’[[J)7
< _AY2 UOSC®UOSC)‘ (—A)? VUOSC> |

XKc*

osc

where R
(abl o), = Z E)b(n —k)c(n).
(k,n)eK*
By a dyadic decomposition, we also have

((=8)"? (Usse ® Uose) | (=8)/ VU0sc)

~ Z 22qs

q

(Aq (Uosc & Uosc) I AqVUvosc>

Xex |

XK*

For each dyadic bloc in the above estimate, using a Bony decomposition, we have

Iy = [( 8 Wose @ Uose) | 54VUase), | < 11+ 12,
where
I; = Z ’(Aq (Sq'Uose @ DgrUssc) | £qVUosc), .,
lg—q'I<4
2= 3 (00 (ByUose @ Sys2Uose) | 50VUoschy. |-
q'>q—4

Combining (6.13) with some classical computations with the dyadic blocs finaly leads to, for any k& = 1,2,
—ags 1/2 1/2 1/2 3/2
I¥F < C 2729%by |Uosell ooy ||V Uose sy |Uosell - psy 11V Uosel3r sy

where the sequence (bq)q € % depends on Uy, concluding the proof.

Lemma 6.14. Let s > 1/2, then
(618) <Q1 (U7 Uosc) ‘ UOSC>HS(']T3) X O HVUHH%T@’) ||VUOSCHHS('11‘3) ||Uosc||H5(']l‘3) )
(6'19) <B (Q, UOSC) | UOSC>Hs(11‘3) <C ||Q||L2(11‘},) HVUOSCHHS(TS) ||Uosc||HS(11‘3) )

Proof. The proof of Lemma 6.14 relies on direct estimates performed on both bilinear terms. For the first one,
we have

< ‘<div (U@UOSC) ‘ Uosc>

Hs(T3) |’

’( Q1 (U, Usse) | Uose )

H (T9)
[T & Ussc | o1 sy 1Wosell ez
CIVU| o (s IV Uosell gz (z2) 1 Uosell g+ z) »
where in the last inequality, we used the fact that H*** (T%),s > 1/2 is a Banach algebra.

<
<

For the second one we use the explicit definition of the limit bilinear form B given in (5.13) in order to deduce
the identity

o i s/2 . s/2
(B Unne) | Uose) oy = ( (=8)"2 B, Uone) | (=8 Vonc) .

_ <B (Q, (—A)*/? Uosc) ‘ (—A)*/? Uosc>L2(T3)’

which implies inequality (6.19).
(Il

Proof of Proposition 6.3. We have now all the ingredients to prove Proposition 6.3. Performing rather standard
H* (T3)-energy estimates on the equation (1.11) with the energy bounds (6.17), (6.18) and (6.19), we obtain

1d

5 o W () + / IV Uose (7)o sy 7

(HVUHHS(T3) + ||Q||L2('JI‘1 ) HVUOSCHHS(TS) HUOSCHHS(W)

1/2 1/2
+ [ Uosell armsy |V Uosell oty [ Uose 3oy 1V Uosell -y
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Then, Young inequality and Gronwall lemma imply
t
2 2
[Uosc (T)||Hs(11‘3) + V/O [VUose (T)HHS(’JTS) dr

t B 9 t
R N Ny AT R

t
+Anamv>awwwu4ﬂMWQM}

Thus, using Estimates (6.1), (6.11) and the result in Proposition 6.1, we deduce that, for each T" > 0, the
following bound holds true

i

t
nmmvm;ma+u4nvmwi;mam

1 1
< |Uosc,0ll 35 sy xp {V E (Uo) + T Ul 72m) + - (200 (T))Q} ,
< Cyexp{C,exp{C,T}},
where & and & are respectively defined in (6.2) and (6.4). O

7. CONVERGENCE AS € — 0 AND PROOF OF THE MAIN RESULT

As in the work [24], the lack of a complete parabolic smoothing effect on the system (PBS.) will prevent us
to obtain a uniform global-in-time control for U¢. Nonetheless we will be able to prove that, for each T' > 0
arbitrary and e > 0, the solutions of (S.) belong to the space Cioc (R4; H*2 (T?)) for s > 9/2 and converge
in the same topology to the global solution of (Sp). The idea to prove this convergence result is to use the
method of Schochet (see [37]), which consists in a smart change of variable, which cancels some perturbations
that we cannot control. We will use results and terminology introduced by I. Gallagher in [23] in the context
of quasilinear hyperbolic symmetric systems with skew-symmetric singular perturbation.

Let us recall the following definition [23, Definition 1.2]

%
Definition 7.1. Let T,eq >0, p > 1 and o > d/2. Let k, = (k1,...,kq) where k; € Z¢ and let

’k—;‘ = max |k;|.

1<isg

Then a function RS, (t) is said to be (p,o)— oscillating function if it can be written as

osc E Rq osc )

0scC

where

with

and where ro and f; satisfy

o there exist (i);e(y, . 43> @ = 0 such that

7"0< ) cf[1 (1 + [ki)®

° (f_lff)0<5<€0 is uniformly bounded in C ([0,T]; H°T*i (T?)), for anyi € {1,...,q},
e there exists a o; > —o for which, (f_latff)0<6<60 is uniformly bounded in C ([0,T]; H°* (T?)).

The abstract concept in Definition 7.1 is required in order to introduce the following result, see [23, Lemma 2.1]
or [24, Lemma 2.1]| for more details.
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d
Lemma 7.2. Let T > 0 and o > 3 +2, let (b°), be a family of functions, bounded in C ([0,T]; H (T%)) and
let a§ — 0 ase — 0 in H7~! (T?). Let Q°, A3 be as in (3.1), (3.2), let RS, be a (p, o — 1)-oscillating function
and finaly let F* — 0 ase — 0 in C ([O, T); Ho-1 (Td)). Then the function a®, solution of

Opa® + Q° (a%,0°) — A5 (D) a® = R, + F*,

a6|t=0 = ag,

is an o (1) in the C ([0, T]; H~' (T%)) topology.

Now, to prove our main result, we subtract (Sp) from (S.), and we denote the difference unknown by

W¢e =U® — U. Some basic algebra calculations lead to the following difference system

OWE + Q° (W, W +2U) — A3 (D) W* = — (Riee + Sie) »
(7.1) div We =0,
We|,_, =0,

where

Rose = 2 (U, U) Q(U,U),

We remark that RS, and S, are highly oscillating functions which converge to zero in D’ (T* x R;) only.
Thanks to the results proved in Section 4, namely Lemma 4.1 and equation (4.6), we can compute the explicit
value of Ri,, and S, which is given by

€ € € €
Rosc Rosc,l + Rosc,II + Rosc,HI?

and

FRoer= 3. €000 (B, (n,0)-S (Uk) ® U'(m)| ec(n)) o cc(n),

Wi 70
k+m=n
kp,mp,np#0
a,b,ce{0,+}

-t ~b,c
ferr =2 Y € (P, (n,0)-S(U7(0,ks) @ U'(m))] ec(n)) o ec(n),
(0,k3)+m=n
mp,np#0
Bpi¢, #0
b,c=0,£
j=1,2,3

'L a,b ~a
FRoem= > ¢ (Pl (0,0,n0,0)-8 (Ve @ Vi) | 1) , fie
k+m=(0,n3)
k?h,"rgh?éo
w::m;ﬁo
a,be{0,1}
j=1,2,3

FSoe=luzo Y. € (FA(n)U ()] e(n))ca es(n).

w40
a,b=0,%

FRE

The following result is immediate.

Proposition 7.3. Under the assumption of Theorem 1.2 the function RE, is a (2,s — 1)—oscillating function,

S is a (1,8 — 2)—oscillating function and hence RE . + SE.. is a (2,s — 2)-oscillating function.

We can now conclude by applying Lemma 7.2, with ¢ = s — 2 and with the substitutions

a® =We, b = W< + 20,
Risc = ( osc + Sgsc)’ e =0.

We deduce that for each T' € [0,T*), the function W¢ is an o, (1) function in C ([0,T]; H*~2). Setting hence

T+ — sup {t € [0,7%) ] U= (1)) oe < K (51 (Vo) + Esr (vo)), Vi e [O,t]},



DENSITY-DEPENDENT, INCOMPRESSIBLE PERIODIC FLUIDS 27

where & and &, 1 are defined in Proposition 6.2 and 6.3, and K is a positive (possibly large) fixed, finite
constant. Since W€ = U¢ — U we deduce that for any t € {O, 1:;}

10 )l go—2 < NU Ol -z + W ()| gro-2
K 1
< 5 (51 (Vo) + Es 1 (VO)) + >

since

1U @)l a2 < ||T @] o2 + 1Uose ()l gra=z + 1T )] o=z,
E1L (Vo) +Eur (Vo) + Ul o2

K

— (51 (Vo) + Es (Vo))

for K > 4 and ||[W*¢ (t)]| gs—= < 1/2 thanks to the result of Lemma 7.2. Thus, T* = T*, and supposing T* < oo,
we deduce

NN

t t
. £ / / < . £ / /
Ji [ 190 Ol a <t [ 107 @Ol

K (51 (Vo) =+ 53,1/,T (VQ)) T < 0,
which indeed contradicts (1.6). We conclude that T* = oco.
APPENDIX A. ELEMENTS OF LITTLEWOOD-PALEY THEORY.
A.1. Dyadic decomposition. A tool that will be widely used all along the paper is the theory of Littlewood—

Paley, which consists in doing a dyadic cut-off of the frequencies.
Let us define the (non-homogeneous) truncation operators as follows:

1\ ina
Aqu:Zunap(Zq e for ¢ > 0,
nezs3
Avu= 3" iy (fil) €7,
nezs
Aqu =0, for ¢ < -2,

where u € D’ (Ts) and 4, are the Fourier coefficients of u. The functions ¢ and x represent a partition of the
unity in R, which means that are smooth functions with compact support such that

4 38
B =
supp x C <0,3), suppcpCC<4 3>

and such that for all t € R,
)+ e (27)

q=0

Let us define further the low frequencies cut-off operator

Squ = Z JARZTS

7<q—1

A.2. Paradifferential calculus. The dyadic decomposition turns out to be very useful also when it comes to
study the product betwee two distributions. We can in fact, at least formally, write for two distributions « and
v

(A1) u:ZAqu; U:Z A grv; u'v:Z Dgu - Dgrv.

qEL q'€Z qEZ
qE€r
We are going to perform a Bony decomposition (see [4, 5, 13] for the isotropic case and [14,29] for the
anisotropic one).
Paradifferential calculus is a mathematical tool for splitting the above sum in three parts

e The first part concerns the indices (¢,¢’) for which the size of supp F (Ag4u) is small compared to
supp F (A qgv).

e The second part contains the indices corresponding to those frequencies of u which are large compared
to those of v.

o In the last part supp F (Agv) and supp F (Agu) have comparable sizes.
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In particular we obtain
u-v="Tuw+ Tyu+ R(u,v),

where

T,v= ZSq_lu Agv, Tou = Z Sq—1v Dgru, R (u,v) = Z Z At DNy .
q q k |v|<1

The following almost orthogonality properties hold
ADq (Sqalrgb) =0, if |[¢—4q'| =5,
Dy (Dgaldy1,b) =0, if¢ >q—4, |v| <1,

and hence we will often use the following relation

Ng(uv)= D Dg(Sy1v Dgu)+ Y Dy (Symubgv)+ > Y Ag(Agalyib),

lg—q'|<4 lg—q'|<4 q'Zq—4|v|<1
(A.2) = > Dg(Sgv Dgu)+ Y Ay (Syyaulig).
lg—q’|<4 q'>q—4

There is an interesting relatoin of regularity between dyadic blocks and full function in the Sobolev spaces,
ie.

(A.3) 1280 ooy < CealF2 1 Loy

with H{cq}

02|12 z) = 1. In the same way we denote as b, a sequence in £' (Z) such that 3 _[b,| < 1.

The interest in the use of the dyadic decomposition is that the derivative of a function localized in frequencies
of size 27 acts like the multiplication with the factor 27 (up to a constant independent of ¢). In our setting
(periodic case) a Bernstein type inequality holds. For a proof of the following lemma in the anisotropic (hence
as well isotropic) setting we refer to the work [29]. For the sake of self-completeness we state the result in both
isotropic and anisotropic setting.

Lemma A.1. Let u be a function such that Fu is supported in 29C, where F denotes the Fourier transform.
For all integers k the following relation holds

290 Jul] gy < [[(=2)72 4]

qk ~k
ey < 2O oy

Let now r > 1’ > 1 be real numbers. Let suppFu C 29B, then
lull - <C - 2295 ]

Let us consider now a function u such that Fu is supported in 29Cp, x 24'C,. Let us define Dy, = (fAh)l/2 , D3 =
|05, then

O—1—4 9as+4q’s’ < Ips D¢
P
l[ull, (T3) S |[|[Pr3 U

’ N ’
Loy < C9ta 9astas HUHLP(TS) ,

/

and given 1 < p' <p < oo, 1 <1’ <r < oo, then

lull ., <Crt 2200 =3) 4 (i)
L v

11 (i _ 1
HUHL;;Lﬁ <0q+q’22q(p/ p)+q (1) |
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