DERIVATION OF LIMIT EQUATION FOR A SINGULAR PERTURBATION OF A 3D
PERIODIC BOUSSINESQ SYSTEM

STEFANO SCROBOGNA

ABSTRACT. We consider a system describing the dynamics of an hydrodynamical, density-dependent flow
under the effects of gravitational forces. We prove that if the Froude number is sufficiently small such system
is globally well posed with respect to a H®, s > 1/2, Sobolev regularity. Moreover if the Froude number
converges to zero we prove that the solutions of the aforementioned system converge (strongly) to a stratified
two-dimensional Navier-Stokes system. No smallness assumption is assumed on the initial data.

1. INTRODUCTION.

In the present article we study the behavior of strong solutions of the following modified Boussinesq system

r 1 1
atvg + UE . V'UE — VA'UE — 568?3 = — EV(I)E’
1
(PBS.) Wt 07 VO — VAP 4 0P =,
div v® = 0,
(v%,0)]—o = (vo,60) ,

for data which are periodic-in-space in the regime ¢ — 0. The space variable x shall be many times con-
sidered separately with respect to the horizontal and vertical components, i.e. z = (zp,x3) = (z1, T2, T3).
We denote A = §? + 02 + 93 the standard laplacian, A, = 07 + 03 is the laplacian in the horizontal
directions. The symbol V represents the gradient in all space directions V = (8, 82, 93)T, while we denote
Vi = (01,09)7, Vi = (=02, 01)7 respectively the horizontal gradient and the "orthogonal" horizontal gra-
dient. Considered a vector field w we denote div w = dw! + dw? + d3w>. Given two three-components
vector fields w, z the notation w - V z indicates the operator

3
w-Vz= Z w'd;z.
=1

Generally for any two-components vector field u = (ul, u2) we shall denote as u- = (—u2, ul). The

viscosity v, v/ above are strictly positive constants v, ' > ¢ > 0.
As we mentioned already the goal of the present paper is to study the behavior of (strong) solutions of
(PBS.) in the regime ¢ — 0 for periodic-in-space data, i.e. given a; > 0,7 = 1,2, 3 we consider the domain

3

T = H 0,27 a;],

=1
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and we look for a divergence-free vector field v° : Ry x T? — R? and a scalar function ¢ : R, x T3 — R
such that (v¢, 6) solves (PBS.). The functions (v%, ) depend on (t,z) € R4 x T3. The system (PBS)
belongs to a much wider family of problems which may be written in the following general form

1
O VE+0°-VVE+ Ay (D) VE + ES (Ve) =0,
V(O,IL’) = Vb(l’),

(1.1

where As is an elliptic operator and S is skew-symmetric.

The problem of systems with skew symmetric singular perturbation is not at all new in the literature. S.
Klainerman and A. Majda in [22] develop a first generic theory whose aim is to study a number of problems
arising in physics, when certain physical magnitudes blow-up, which can be described by the aid of quasi-
linear symmetric hyperbolic systems.

Another system which falls in the family of singular perturbations problems is the Navier-Stokes -Coriolis
equations

1 1
3151)1%: + Uﬁp . VUI%F — I/AU]%F + *63 A\ ’UI%F = —prERF,
€ €
(NSCe) div v = 0,
vgp (0, 7) = UrazF,o (z).

E. Grenier in [20] proved that, as long as the initial data is a bidimensional flow (case which we refer as
well prepared initial data) the solutions of in a periodic setting converge strongly, after a suitable
renormalization, to those of a two-dimensional Navier-Stokes system.

A. Babin A. Mahalov and B. Nicolaenko studied at first the equation in the periodic setting in a
series of work ( such as [2]], [3]] , this list is non exhaustive) when the initial data is considered to be generic
or ill-prepared, in the sense that it is not a bidimensional flow. Purely three-dimensional perturbations hence
can interact constructively between each other, such as in standard Navier-Stokes equations. This problem
is overcome in a twofold way: at first in [2] a geometric hypotheses on the domain is done so that no bilinear
interaction can occur. Such domains are said to be non-resonant, we shall adopt this kind of approach in
the present work. In [3]] instead the domain is considered to be generic, but the authors manage to prove
that three-dimensional bilinear interactions are localized in a very specific way in the frequency space. This
observation allow hence to deduce an improved product rule which hence can be used to prove that the limit
system, despite being three-dimensional and nonlinear, is well posed. This is the key observation which
allows them to prove a result of strong, global convergence to a two-dimensional Navier-Stokes system after
renormalization.

Finally in [19] I. Gallagher studied systems in an even more generic form than (I.1)), giving a generic theory
for the convergence of parabolic systems with singular perturbation in periodic domains. This allowed her
to obtain some global strong convergence results for rapidly rotating fluids and for a system describ-
ing density dependent fluids under the effects of rotation and gravitational stratification called the primitive
equations (see (PEJ). The convergence theory developed by the author is based on a theory developed
by S. Schochet in [26] in the setting of quasilinear hyperbolic systems and hence adapted to the parabolic
case. Such technique consists in determining a "smart" change of variable, which cancels interactions which
converge to zero only in a distributional sense. The resulting new unknown is an O (&) perturbation of the
original unknown, but the equation satisfied by the new variable has a simpler spectrum of nonlinear interac-
tions, making hence possible to prove that this new unknown is globally well posed and deducing the result
for the initial functions. This technique shall be adopted in the present work as well.

As mentioned many times already we are interested in the dynamics of the system (PBS.) in the limit as
€ — 0 in the periodic case. Recently K. Widmayer in [28] proved that, in the whole space and for the
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inviscid case, the limit system solves a two dimensional incompressible stratified Euler equation

ol + aft - Vil + Vipg = 0,

(E-2D) E ] E E
div pug = 0.

His proof relied on the fact that, in the whole space R? the highly perturbative part of the solution decay at
infinity as € — 0.
Let us rewrite the system (PBS.)) into the following more compact form

1 1 €
atVE—FUE'VVE—DVE‘f’SAVe:_<V(I) )7

IS 0
(PBS.) V= (o).
div v* =0,

where

00 0 0 vVA 0 0 0

00 0 0 0 vA 0 0
1.2) A=l o0 0o 1|’ P=1"9 0o wa o0

00 -1 0 0 0 0 VA

1.1. A survey on the notation adopted. All along this note we consider real valued vector fields, i.e.
applications V : R, x T? — R*. We will often associate to a vector field V the vector field v which shall
be simply the projection on the first three components of V. The vector fields considered are periodic in all
their directions and they have zero global average fT3 Vdz = 0, which is equivalent to assume that the first

Fourier coefficient (0) = 0. We remark that the zero average propriety stated above is preserved in time ¢
for both Navier-Stokes equations as well as for the system (PBS’).
Let us define the Sobolev space H*® (’]I‘3) , which consists in all the tempered distributions u such that

1/2
(1.3) llpgecrsy = | D2 (14 101) Janl | < oc.

nezs

where || = \/Zizl ni/a2, and ai, k = 1,2, 3 are the parameters of the three-dimensional torus T =

Hi:l [0,27ay). Since we shall consider always vector fields whose average is null the Sobolev norm
defined above in particular is equivalent to the following semi-norm

s

213y el s sy » sER,

which appears naturally in parabolic problems.
Let us define the operator P as the three dimensional Leray operator P(3) wich leaves untouched the fourth

component, i.e.
P:<1—A_18¢8j0> :<P(3) O>‘
0 ‘ 1 i,j=1,2,3 0 |1

The operator P is a pseudo-differential operator, in the Fourier space its symbol is

i
1,5 |’ﬁ|2

0 1

0

1.4) P, =

i,j=1,2,3

: y 12 .
where §; ; is Kronecker’s delta and 7; = n;/a;, |n|” = Y, n.
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1.2. Anisotropic spaces. The problem presents a singular perturbation .4 which does not acts symmet-
rically on the two-dimensional unit-sphere S?, namely there is a relevant external force acting along the
vertical direction. This asymmetry in the balance of forces induces the solutions of to behave dif-
ferently along the horizontal and vertical directions. For this reason we are forced to introduce anisotropic
spaces, which means spaces which behaves differently in the horizontal or vertical direction. Let us recall
that, in the periodic case, the non-homogeneous Sobolev anisotropic spaces are defined by the norm

/
2 -2 -2\ s g2
[y = > (1) (14 ) fanl,
n=(np,n3)€L3
where we denoted 72; = n;/a;, n, = (n1, n2) and the Fourier coefficients 4, are givenby u = >, Gy, 2T,
In the whole text F denotes the Fourier transform. In particular our notation will be

Fu(n) =a(n) =, = /11'3 u(z)e?™ e dg.

Let’s recall as well the definition of the anisotropic Lebesgue spaces, we denote with LZLZ the space
LP (T7; L% (T})), defined by the norm:

e v
— 74 d
Lr(T2) /Tg </1r73 IF @, 25) m3> I

in a similar way we demote the space L3 LY. It is well-known that the order of integration is important as it
is described in the following lemma

1 0zp2g = |15 @n Hgagasy

Lemma 1.1. Let 1 < p < qand f : X1 x Xo — R a function belonging to LP (X1; L9 (X2)) where
(X1; 1), (X2; o) are measurable spaces, then f € L9 (Xo; LP (X)) and we have the inequality
||f||Lq(X2;Lp(X1)) < ||f||Lp(X1;L4(X2)) :
In the anisotropic setting the Cauchy-Schwarz inequality becomes;
179l zpzs <INy gl
where 1/p = 1/p"+1/p",1/¢=1/¢' +1/¢".
We shall need as well to define spaces which are of mixed Lebesgue-Sobolev type of the form
Lb(Hy) = LP (T} H (T7)), p € [1,00].
1.3. Results. Theorem is the main result proved in the present work. Unfortunately in order to un-
derstand in detail the statement of such theorem some notational explanation (notably Section [I.I)) was
introduced. The first part of the present section instead focuses in introducing some result which is classical

in the theory of Navier-Stokes equations and which is of the utmost importance in order to develop the the-
ory in the present work.

We recall at first the celebrated Leray and Fujita-Kato theorems. The first is a result of existence of dis-
tributional solutions for Navier-Stokes equations, while the second is a result of (local) well-posedness in
Sobolev spaces for Navier-Stokes equations. The proof of such results is considered to be nowadays some-
how classical and can be found in many texts, we refer to [[17]] and [[18] or [[15].
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Theorem (LERAY). Let us consider the following system describing the evolution of an incompressible
viscid fluid in the d-dimensional periodic space T%

u+ (u-V)u—vAu = —Vp,

(NS) V-u=0,
u (0) = up.
Let ug be a divergence-free vector field in L? (Td), then (NS) has a weak solution w such that
we L™ <R+;L2 (Td)), Vu € L2 (R+;L2 (Td)>.

Theorem (FUJITA-KATO). Let ug € H 51 (']Td), then there exists a positive maximal time T}, such that,
for each T* € [0,T},) the equation has a unique solution u € L* ([O, T ;H% (’]Td)> which also
belongs to
C ([0, T H3 ! (Td>) nL? ([0, T H% (’]I‘d)) .
o [f there exists a constant ¢ > 0 such that
luoll g1 < v,

then T,; = oc.

o If T} < oo then
t
. 4 .
(15) t%n/o o () s 07 = 20

Since the perturbation appearing in (PBS.) is skew symmetric we know that the bulk force AV does not
apport any energy in any H* (T3) space, whence Leray and Fujita-Kato theorem can be applied mutatis
mutandis to the system (PBS’)), and in particular this is the formulation which we shall use:

Theorem 1.2. Let Vi = (vg,0p) € L? (']I'3) and such that div vg = 0. Then for each € > 0 there exists a
weak solution V¢ of (PBS) which belongs to the energy space

Ve e L™ (Ry; L (T?%)), VVE e L* (Ry; L (T?)).

Theorem 1.3. If Vy € H® (T?’) with s > 1/2 there exists a positive maximal time T, (}0 independent of
€ > 0, such that, for each T* € [O,T(}O) there exist a unique strong solution V¢ of (L.1) in the space

LA ([0, T*] ;HSJ“% (’]1‘3)) which also belongs to the space C ([0, T*]; H* (T*)) N L* ([0, T*]; H¥™ (T?)).
o If Vol s sy < cmin{v, v} for some positive and small constant c then
Tp, = 0.
o IfT, < oothen
t
1.6 li ()t dr = 0.
(16) i [0 Oy g 07 =0

Remark 1.4. The blow-up criterion (I.6) is a direct consequence of the more familiar criterion (I.5)), since,
for s > 1/2 the continuous embedding

L4 ([0,4]; T3 (T%) ) < L2 ([0, 1] H' (T%)),

holds true. The blow-up criterion (T.6) will be chiefly important in Section [6] ¢
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In the framework of d-dimensional Navier-Stokes equations the propagation of H 5=1 Sobolev regularity is
usually referred as propagation of critical regularity. It is hence a generally accepted choice of lexicon to
denote the regularity H*, s > d/2 — 1 as subcritical and H®, s < d/2 — 1 as supercritical.

The dynamics of varies accordingly to the real parameter €. The asymptotic regime € — 0 is of
particular interest since it describes the dynamics of fluids which are strongly stratified around a stable state
(for a more detailed physical discussion we refer to Section , it is hence relevant to prove that (PBS)
admits a limit when € — 0. The limit system may be written as follows:

U+ Q(U,U)—-DU =0,
Uli—p = V0.

The sense in which system converges to (Sg) shall be explained in detail in Section 2]and[3] Section
is entirely devoted to explain in detail in what consists the limit form Q and ID.

As it is proven in [19]] any system in the generic form (I.I) converges to a limit system of the form (Sp) in
the sense of distributions. In the Section [] we extend this convergence to a strong setting. Such technique
has been introduced by S. Schochet in [26] in the framework of quasilinear symmetric hyperbolic systems,
but the theory in the parabolic setting was developed by I. Gallagher in [19, Theorem 1]. The statement
of [19, Theorem 1] is the following:

(So)

Theorem (GALLAGHER). Let Uy € H?® (']I‘d) with s > g— 1. Let T < T*, and U be a local, strong solution
of (Sg) such that
Uec ([o,T] - <’]1‘d)> N L2 ([O,T} i <Td)> :

then, for € > 0 small enough the associate solution V= of (L.1)) is also defined on [0, T and

VE—,C(—z) U=o(l),
inC ([0,T]; H* (T%)) N L* ([0, T]; H*** (T)).

™A we refer

The operator £ (7) appearing in the above theorem is nothing but the backward propagator e
to Section 2] and 3 for a more detailed introduction.
The result we prove has rather long and technical statement, but it simply addresses a stability result of

(PBS_)) to a simplified 3-dimensional nonlinear model, and it is divided in four parts:

(1) as € — 0 the system converges, in the sense of distributions, to a limit system,

(2) the limit system can be simplified, in particular it can be written as the sum of two systems. The
first one is similar to a 2D-Navier-Stokes system, the second is a linear system,

(3) the aforementioned systems are, individually, globally well posed. Hence the limit system is glob-
ally well-posed,

4) converges (now strongly) to the limit system which now we know to be globally well-posed.
We deduce the convergence to be global.

We would like to spend a couple of words more on the result (@) of the list here above. The convergence
procedure gives an additional result which is crucial: we proved in the point (3) that the limit system solved
by U is globally well posed in some Sobolev space: V¢ solution of converges globally to a renor-
malization of U, hence V¢ is globally well posed as well if ¢ is sufficiently small.

The first result we prove is the following compactness result concerning the solutions a la Leray of the

system (PBS.):

Theorem 1.5. Let £ (1) = e™"* where A and P are defined respectively in (1.2) and (T.4), and let Vy €

L? (’]1‘3) with zero horizontal average and such that div vg = 0. The sequence (E (ﬁ) VE)5>0 whith V¢

2
loc

energy solution determined in Theorem is weakly compact in the L (R+ X ’]I‘3) topology and each
6



element U of the topological closure of (£ (é) Ve )a>0
sense of distributions and belongs to the energy space

L™ (Ry; L? (T%)) n L* (Ry; H' (T?)).

w.rt. the L . (R x T?) topology solves (Sq) in the

The second result we prove is the following simplification of the limit system in the abstract form (Sp):

Theorem 1.6. Let us consider a divergence-free vector field Viy with zero horizontal average, let us define

wh = curl, V', Oo = (VA7 4,0,0) | Usse.o = Vo — U,
= — RVl + V2 - (ag, 0, 0) .
The projection of (Sg) onto ker PA is the following 2d-Navier-Stokes stratified system with full diffusion
ol (t,xp,z3) + al (t,zp,x3) - V" (t,xp,x3) — v A" (t,zp,x3) = —=Vpp (t, zp, x3)
(1.7) div pu" (t, zp, x3) = 0,
a (t, xp, 3) = al (zp, x3) .

While the projection of (Sg) onto (ker IF’A)J‘ satisfies, for almost all (a1, as,a3) € R3 parameters of the
three-dimensional torus T = HZ [0, 27 a;], the following linear system in the unknown Ul

OUose +2Q (U, Upse) — (v 4+ V') AUsgse = 0,
(1.8) div Uyge = 0,
Uoscli—o = Uose,0 = Vo — Up.
Theorem hinges to a rather important deduction: the limit system in the abstract form (Sp) is hence

the superposition of (I.7) and (I.8). General theory of 2D Navier-Stokes systems and of linear parabolic
equations gives hence the tools the prove a global well-posedness result which reads as follows:

Theorem 1.7. Let us consider a vector field Vy = (vo, V04) = (Vol, VE, Vg, V04) € H? (']1‘3), s> 1/2. Let
Vo be of global zero average and of horizontal zero average, i.e.

(19) / Vo (y) dy = 0, / Vo (yn, 3) dyp, = 0.
T3 T2

h

Let us assume )y € L (HY) and Vyul € LY (HY) with o > 0, then " solution of (I.7)), is globally well
posed in R, and belongs to the space

a" € C (Ry; H* (T%)) N L* (Ry; H (RY)), s>1/2,
and for each t > 0 the following estimate holds true
t
)+u/ Hwﬁ (T)H dr < & (Up).
0

Ll .

Where the function &, is defined as the right-hand-side of equation (5.2)).
Let Uy be the solution of the linear system (L8)). It is globally defined and it belongs to the space

Usse € C (Ry; H® (T%)) N L? (Ry; HT (R?))
for s > 1/2. For each t > 0 the following bound holds true

2 2

Hs (’I[‘3

vy [t
5 /O |V Uose (7')||§{3(T3) dr < & (Uo),

and the function & is defined as the right-hand-side of equation (5.4).
7
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The last question we address to is the stability of the dynamics of (PBS.) in the limit regime ¢ — 0. As
mentioned above this is done with a methodology introduced by 1. Gallagher in [[19] and already outlined in
the introduction:

Theorem 1.8. Let Vy be in H® (T?’) for s > 1/2 and of zero horizontal average as in Theorem n For
e > 0 small enough (PBS]) is globally well posed in C (Ry; H® (T?)) N L? (Ry; H*T (T%)), and, if U is
the solution of (Sy), then

inC (Ry; H* (T?)) N L? (Ry; HST! (T3)).
Let us, now, outline the structure of the paper:

e In Section [2| we shall study the linear problem associated to the singular perturbation e ~'P.A char-
acterizing the system . By mean of a careful spectral analysis of the penalized operator P.A
we define what shall be called the non-oscillating and oscillating subspace. The first is the subspace
in Fourier variables defined by the divergence-free elements belonging to the kernel of P.A. Being
in the kernel of such operator the evolution of such elements shall not be influenced by the highly
external force e "!P.A and hence it shall not exhibit any oscillating behavior. On the other hand the
element belonging to the oscillating subspace, which is the orthogonal complement of ker P.A will
present an oscillating behavior which depends (inversely) on the parameter €.

e In Section [3|we prove Theorem [I.5] We apply the Poicaré semigroup

L(1) =4,

to the system . The new variable U® = L (é) V¢ satisfies an equation which is very close
to the three-dimensional periodic Navier-Stokes equation which we denote as the filtered system.
We avoid to give a detailed description of the filtered system now, but the reader which is already
familiar with this kind of mathematical tools is referred to (SZ). What has to be retained is the
fact that it is possible to construct from another family of systems, indexed by &, which is
somehow better suited for the study of the problem. Thanks to this similarity we can deduce that the
weak solutions (U€), are in fact uniformly bounded in some suitable space, and thanks to standard
compactness arguments we deduce that

Us = U,

weakly. In particular U satisfies a three-dimensional Navier-Stokes-like equation, whose bilinear
interaction (defined in (3.2))) has better product rules than the standard transport-form.

e in Section 4 we prove Theorem [I.6] via a study of the limit (in the sense of distributions) of the
filtered system as € — 0. In particular such limit has two qualitatively different behaviors once we
consider its projection onto (ker PA) and (ker PA)*:

— The projection of the limit system (Sg)) onto (ker P.A) presents, as a bilinear interaction, bi-
linear interactions of elements of (ker P.A) only, and in particular it is represented by a two-
dimensional, stratified, Navier-Stokes equation with additional vertical diffusion.

— The projection of the limit system (Sp) onto (ker IP’.A)L is, for almost all three-dimensional tori,
a linear equation in the unknown U.. Such deduction is a result of a geometrical analysis on
the domain, we denote the domains which satisfies such properties as non-resonant domains.

e The Section5]is devoted to the proof of Theorem[I.7] As well as in Sectiond]we divide the proof in
two sub-parts, considering the projection of the solutions onto (ker P.4) and (ker IP’.A)L respectively

— The kernel part, as already stated, is a two-dimensional stratified Navier-Stokes equation. We
take advantage of the fact that, along the vertical direction, the equation is purely diffusive
without transport term. This allows us to prove that in fact, for some suitable anisotropic strong
norms, the solution decay exponentially-in-time, and hence the global-in-time result.
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— For the oscillating subspace we exploit the fact that the solution satisfied by Ul is linear to
achieve the global result.
e In Section[6] we prove Theorem [I.8]using a smart change of variable, to prove that

VeE-L (—Z) U—0 in L (Ry, H* (T%)) N L? (R4, HT (R?)), s > 1/2.

Lastly we deduce that V¢ can in fact be written as

V€ = stationary state 4+ high oscillation + remainder.

1.4. Physical motivation of the system and previous works on symilar systems. In the present
section we linger for a while on the physical motivations which induce us to study the system and
we continue to (briefly) expose some relevant result concerning various system related to .

In the following v = (vl, v?, v3) represents the velocity flow of the fluid, and Fr is a positive constant which

have a physical relevance. It will be defined precisely in the following.

The system describing the motion of a fluid with variable density under the effects of (external) gravitational
force is (see 16}, Chapter 11]):

(9! + v - Vol 2—@51¢+VA’01,
Po
o 4+ v - Vol =_& Do + vAV?,
Po
1
(1.10) 00 +v- Vi + =0 =20 906+ v,
Fr Po
1
00 +v-VO— —v® =1A0,
Fr
divov = 0.

The values v,/ are modified kinematic viscosities which depend on the nondimentionalization used to
deduce (1.10). The term pg appearing in (I.10) is called the reference pressure.
We point out some characteristic features which characterize a motion described by a system of the form
e The quantity Fr is said the Froude number and measures the stratification of a fluid. We shall define
it in detail in what follows. It is important that in the third and fourth equation of (1.10) the same
prefactor 1/Fr influences the motion: the application (v?,8) — Fr~! (6, —v®) is hence linear and
skew-symmetric, inducing hence a zero-apportion to the global H® energy of the motion.
e The element = ¢ appearing in the third equation of (T.I0) is the nondimensionalization of the down-
ward acceleration induced by gravity.
1

e The element —p v3 describes the upward acceleration provided by Archimede’s principle and

caused by the tendency of the fluid to dispose itself in horizontal stacks of decreasing density.

The system falls in a wide category of problems known as singular perturbation problems: notably
a very well-known example of such problem are the Navier-Stokes-Coriolis equations (NSC.).
It is relevant to mention that Chemin et al. in [14] proved global strong convergence of solutions of
with only horizontal viscosity —vp Ay, instead of the full viscosity —vA to a purely 2D Navier-Stokes system
in the case in which ¢ — 0 and the space domain is R3. This result is attained with methodologies which
are very different with respect to the ones mentioned for the periodic setting.
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A system describing the motion of a fluid when stratification and rotation have comparable frequencies is
the following one, known as primitive equations:

1
a‘vfg+ E.VVE — DVE - _4/18 ‘/Le AL‘/&E _rl‘/&s T
tVp T Up P P+€( P’P’FPI’ FP)
(PE.) =——( Vo5, 0)7,
€
V’; (0,$) = V??O (l') )
where D is defined in (I.2). J.-Y. Chemin studied the system in the case F' = 1 in [[I1] obtaining a
global existence result under a smallness condition made only on a part of the initial data. He proved in
fact that, setting Q¢ = —821)7155 + 811)7255 —F 631);156 the system converges to what it is known as the
quasi-geostrophic system, i.e.
—0y

) )
(QG) Vo —TVea + | [a (ng . thE) —0,

—F03

where Vg = (Vé‘G, VQSG, VéG> = (—82A_IQ, HATIQ,0, —F83A_1§2) and I is an elliptic operator of
order two defined as I' = (A, + F28§)71 A (vAp +1/'03).

I. Gallagher proved strong convergence of solutions of to a limit system in the form (Sg) in the periodic
case always in the work [19]], F. Charve proved first weak convergence of solutions of to solution of
(QG) in [8]], and strong convergence in [7]. The case in which the system presents only horizontal
diffusion, hence it is a mixed parabolic hyperbolic type has been studied by Charve and Ngo in [9] in the
whole space in the case v, = v; = O (%), a > 0.

‘We mention as well the work of D. Bresch, D. Gérard-Varet and E. Grenier from [|6]]. In this work the authors
consider the primitive equations in the form

1 1
oo + u% - Vo — vAVS + —e3 Avh = —=Vj¢5,
€ €
. D30p = 0%
(PEe) div, vp = —Oswhp,
0% +up - VIS — VA0S + wh = Q,
up = (vp, wp).

The methodology used in [6] although is completely different with respect to the other works mentioned.
The penalization in particular is not skew-symmetric, this prevents the authors to apply energy methods as
in the other works mentioned.

1.5. Elements of Littlewood-Paley theory. A tool that will be widely used all along the paper is the theory
of Littlewood—Paley, which consists in doing a dyadic cut-off of the frequencies.
Let us define the (non-homogeneous) truncation operators as follows:

Aqu = Z ﬂngp (;LJ) eiﬁ'm’ for q > Oa
nezs
Aqu=Y" dnx (I0]) e,
nez3

Agu =0, for g < —2,
10



where u € D’ (']I‘3) and 4, are the Fourier coefficients of w. The functions ¢ and x represent a partition of
the unity in R, which means that are smooth functions with compact support such that

4 38
suppxCB<0,3>, supp<pCC< 3>

and such that for all ¢t € R,
H+> e =1
q=0
Let us define further the low frequencies cut-off operator

Syu = Z Agu.

q'<qg—1

1.5.1. Anisotropic paradifferential calculus. The dyadic decomposition turns out to be very useful also
when it comes to study the product between two distributions. We can in fact, at least formally, write for
two distributions © and v

(1.11) u:ZAqu; U:ZAQ/U; u-v:ZAqu-Aq/v.

qEZL q'E€Z qEZL
q' €L

We are going to perform a Bony decomposition (see [4]], [S]], [12] for the isotropic case and [[13]], [21] for

the anisotropic one).
Paradifferential calculus is a mathematical tool for splitting the above sum in three parts

u-v="Tw+Tyu+ R(u,v),

where

T, = Z Sqg—1u DN, T,u = Z Sq—1v Dyu, R (u,v) = Z Z VAVRTIVAN SN

q q k |v|<1
The following almost orthogonality properties hold
YAV (Sq/_laAq/b) =0, if ‘q — q’} =5
VAV (Aq/aﬁquﬂ,b) =0, ifd <qg—4, |v|<1

and hence we will often use the following relation

D 2 (Sg1v Agu) + Y Dy (SyuBgv) + Y Y Ay (Agady i),

lg—q’|<4 lg—q’|<4 q'>2q—4v|<1
(1.12) = > D (Sgm1v Agu) + D Ay (Syyauligv).
la—q'|<4 q'>q—4

In the paper [10] J.-Y. Chemin and N. Lerner introduced the following decomposition, which will be used
by Chemin et al. in [[13]] in its anisotropic version. This particular decomposition turns out to be very useful
in our context

(1L13) Ag(uw) =Sy au Do+ Y {[Lg, Sy—1t] Agv + (Squ — Sy_qu) AgAgv}
lg—q'[<4
+ Z Aq (Sq/+2’0 Aq/u) y
q'>q—4
where the commutator [A, a] b is defined as

[Ag,alb= Ay (ab) — al\gd.
11



There is an interesting relation of regularity between dyadic blocks and full function in the Sobolev spaces,
ie.

(1.14) HAqf||L2(qr3) < Ccg2™® ||f||HS(T3) ’

with H{cq}

02| = 1. In the same way we denote as b, a sequence in ¢! (Z) such that > q10gl < 1.

In particular in Section [5] we shall need paradifferential calculus in the horizontal variables, everything is
the same as in the isotropic case except that we shall take the Fourier transform only on the horizontal
components, i.e.

Fuf (np, x3) = /2 f (wp, z3) e 20 M dg,
Th

and we can define hence the horizontal truncation operators (as well as the low frequencies cut off, re-
minders, etc...) Ag in the same way as we did for A\, except that we act only on the horizontal variables.
This difference shall be denoted by the fact that that we will always put an index h when it comes to the
horizontal anisotropic paradifferential calculus.

1.5.2. Some basic estimates. The interest in the use of the dyadic decomposition is that the derivative of a
function localized in frequencies of size 27 acts like the multiplication with the factor 27 (up to a constant
independent of ¢). In our setting (periodic case) a Bernstein type inequality holds. For a proof of the
following lemma in the anisotropic (hence as well isotropic) setting we refer to the work [21]]. For the sake
of self-completeness we state the result in both isotropic and anisotropic setting.

Lemma 1.9. Let u be a function such that Fu is supported in 29C, where F denotes the Fourier transform.
For all integers k the following relation holds

2 CH [y gy < [|(~2)"24

k ~k
ey < 25O [ulloqrs

Let now r > r' > 1 be real numbers. Let suppFu C 2¢B, then

. <C - 224G =) a0

Let us consider now a function u such that Fu is supported in 29Cy, X 29C,,. Let us define Dy, = (—Ap) 1/2 , D3 =
|03, then

OIS HDZD?ILH < O u

Lp(T3)

/

and given1 <p' <p< oo, 1 <7 <r < oo, then

lull oy <

Lrry
i1 i_1
H“HLgLfL o 22q<p/ p)+q (T/ 2 Hu”Lr/LP’
v ~h

The following are inequalities of Gagliardo-Niremberg type, which combined with the anisotropic version
of the Bernstein lemma will give us some information that we will use continuously all along the paper. We
will avoid to give the proofs of such tools since they are already present in [[23].

Lemma 1.10. There exists a constant C such that for all periodic vector fields u on T? with zero horizontal
average (ng u (zp, x3) dzp, = 0) we have
h

1/2 1/2
(1.15) lull 2 s < C - lullotgoy IV nul s,
Finally we state a lemma that shows that the commutator with the truncation operator is a regularizing

operator.
12



Lemma 1.11. Let T2 be a 3D torus and p,r, s real positive numbers such thatr',s',p,r,s > 1 % + 5 = %

and % = % + % There exists a constant C such that for all vector fields u and v on T? we have the inequality
1[Ag; u] UHLELQ <C-271 HVUHLQ’L; HU”L;@’LZ )

indeed there exists an isotropic counterpart of such Lemma (see [24|], [27]]).

2. THE LINEAR PROBLEM.

Let us introduce at first some notation. Let us consider the generic linear problem associated with the linear
operator PA:

O, W +PAW =0,

div w =0,

2.1

@D W= (w,W?),
W|._, = Wo.

A is the skew symmetric penalized matrix defined in (I.2). P is the Leray projection onto the divergence
free vector fields, without changing V# which is defined in (T.4). In the present section (and everywhere)
the Fourier modes are considered to be 7 = (n1/a1,n2/a2,n3/as) where n; € Z and the a;’s are the
parameters of the three-dimensional torus. We shall generally ignore the check notation (unless differently
specified) in order to simplify the overall notation.

To the sake of completeness we give here the action of the matrix P.A in the Fourier space, which is

00 0 -—m
00 0 -
F(PAu) = 0 "o |
P
00 -1 0

Such kind of equation has been thoroughly first studied by Poincaré in [25]]. The study of the linear equation
(2-T) is essential in the study of the nonlinear problem (PBS). The solution of (2.I) is obviously

(2.2) W (1) = e AW, = L (—7) W

We want to give an explicit sense to the propagator e~ ""A. To do so we perform a spectral analysis of the
operator PA. After some calculations we obtain that the matrix P.A admits an eigenvalue w® (n) = 0 with
multiplicity 2 and other two eigenvalues

(2.3) wt (n) = £i——4 = +iw (n).

The matrix (IF’A) admits a basis of normal (in the sense that they have norm one) eigenvectors. In partic-

ular the basis is the following one

i n

1 0 [nnl [n]
; _n2ng
R o_| 1 oy = L | Tl
7o 2= o V2| il
0 0 In|
1

We imposed that the solutions of (2.I) are divergence-free, in the sense that they are orthogonal, in the
Fourier space, to the vector (n,n2,n3,0). Now, not all the subspace C&{ @ Cé9, which is the kernel of the
13



operator PA, satisfies this property. In any case there exist a subspace of Cé! @ CéJ which is divergence
free. This space is the space generated by

1 711
60 (n) = m 0 )
0

we underline again that Ce® C Cé&) @ Cé).
We have hence identified a basis of divergence-free, orthogonal eigenvectors associated to the linear problem

(2.1), which is

. ning
B £ faTTnl
1 n2 1| TR
0 _ ni + _ [nn] |n|
(2.4) e’ (n) —\nh| 0 , e* (n) _\/Q iy 1nal
0 In|
1

A case of particular interest which shall be crucial in Section E] is the subspace {n;, = 0} of the frequency
space. Performing the required computation we prove that the only eigenvalue is w (n) = 0 with multiplicity

four. The Fourier multiplier (@4) (n) associated to P.A in this case is

00 0 O
= 00 0 O
(PA> Oma)=1 90 o 0|
0 0 -1 0
which admits three eigenvalues related to w:

1 0 0
~ 0 ~ 1 ~ 0
(2.5) &) = E &9 = E ey = 0
0 0 1

We underline the fact that €9, i = 1, 2, 3 are divergence-free on the restriction {n;, = 0} of the Fourier space.
We remark the fact that the hypothesis (I.9) automatically excludes the case which the initial data V} is a
function depending on x3 only. In fact

/ Vo (z3)dyy, =0 = V (x3) = 0 foreach z3 € T..

T

This case is hence not considered in the present work.

The eigenvectors in (2.4) are orthogonal with respect the standard C* scalar product, whence the generic
solution given in (2.2)) can be expressed in the following form

W =W 4+ Weg.

We denoted as W the orthogonal projection of W onto the space CeY, i.e. onto the divergence-free part of
the kernel. This projection takes the form (in the Fourier variables)

(2.6) FW (n)=(FW(n)| e’ (n))(c4 e (n).
In the same way W is defined as
(2.7) F Wose (n) = (FW (n)| e (n))ea €™ (n) + (F W (n)|e” (n))cs € (n),

i.e. the decomposition of the (Fourier) data along the directions of e, e™.

14



We shall denote these two parts of the solution respectively as the oscillating and the non-oscillating part of
the solution. This choice of the names has an easy mathematical justification. Let us in fact consider W
and let us consider the evolution imposed by the laws of the system (2.1I)) on such vector field. By mean of
the explicit solution given in (2.2) we obtain (recall that W belongs to ker P.A)

W (t) = Wp.

Hence the non-oscillating part of the solution W is in fact a stationary (in the sense that is not time-
dependent) flow. This is reasonable since once we consider the linear system (2) restricted on ker P.A
there is no external force at all acting on it.

On the other hand along the direction of (say) e™ the evolution at time 7 of the solution has direction (in the
Fourier space)

(e—r(@)n> et (n) = e~ T ot (),

hence it spins with a angular speed w = w (n) = %
Introducing hence a small parameter € we act, on a physical point of view, on the system in very well-defined

way: the spinning linear force grows and with it the turbulent behavior of the solution.

Indeed as long as we consider a generic time-dependent nonlinearity the problem does not behave in such a
rigid and well-defined way. Let us consider hence a nonlinear problem associated to (2.1)

0, Wy +PAWN =N (1),

div wy = 0,
(2.8)
WN — (w]\ﬁW]%T) ’

The nonlinearity N (7) is very generic and only time-dependent, but this is not restrictive, since we want to
give a qualitative analysis of the behavior of the solutions.
By mean of the Duhamel formula the solution is expressed as
T
W (1) = e T4 Wy +/ e~ T=IPAN (5) do.
0

This generic formulation does not say much, but we can still extract interesting information. Let us denote
N the projection of A onto the nonoscillatory space, i.e.

FN=(FNe) €.

The projection of W onto the nonoscillatory space shall hence be described by the law

W (1) = Wnpo + /Otj\/(o') do.

The influence of the propagator (spinning behavior) is not any more a direct consequence of the application
of Duhamel formula, but it can still be present as long as N is depending on the spinning eigenvectors ™.
We shall see that this will be a major problem in the comprehension of the limiting process as € — 0.

3. THE FILTERED LIMIT.

Our strategy shall be to "filter out" the system (PBS’)) by mean of the propagator £ defined above. Such
technique is classic in singular problems on the torus ( [19], [20], [23]], [27]]). Let us apply from the left the
15



operator £ (%) to the equation (PBS]). Setting U¢ = £ (%) V= we obtain that the vector field U® satisfies
the following evolution equation

QU + QF (Uf,U*) — DFUF = 0,
(S.) div v° = 0,
Ua’t:o =W,

0% (4,B) =4 £ (i) P [[, <_z) AVE <—z> B+r <—z) B.vL (-i) A] ,
DA = (2) DL (_D A

It is interesting to notice that the application of the Poincaré semigroup £ allowed us to deduce an equa-
tion (namely (SZ)) on which we can obtain uniform bounds for the sequence (9;U¢)_. It results in fact that
(8,U°).. is uniformly bound in L? (Ry; H ), p € [2, 00] for N large. This shall result to be fundamental
in order to obtain some compactness result in the same fashion as it is done for solutions a la Leray of
Navier-Stokes equations.

where

Before studying the formal limit as € — 0 of the operators Q° and D° we point out that such operators can
be explicitly expressed by the aid of the eigenvectors (2.4) as it is done in [20], [19], [23] and [27]. Let us

consider a smooth and integrable vector field V' and let us denote V¢ = (V ‘ ea)C4 e®, a = 0,4. With
such notation

. a,b,c .
FO° (V, V) — Z ezﬁwk,m,n (Va’] (k) mjvb (m) ‘ e (n)) , e (n)7

k+m=n c
j=1,2,3

a,b,c=0,£

-t ab
FDV= Y S (DmVI )| ) (),
a,b=0,%+
where w""¢ = wo(k) + wb(m) — w(n) and Wi’ = W*(n) + w’(n). The matrix D is defined in (T-2).

3.1. Uniform bounds of the weak solutions and formal identification of the limit system. In this section
we prove Theorem [[.5} whose extended claim is here proposed:

Lemma 3.1. The sequence (U®)_., of distributional solutions of (PBS.)) identified in Theorem is uni-
formly bounded in

L (Ry; L* (T%)) N L? (Ry; H' (T?)),

and sequentially compact in L120c (R+; L? (T3)). Every U belonging to the topological closure of (U*)
w.rt. the L? (R+; L? (’]I‘?’)) topology belongs to the energy space L™ (R+; L? (']I‘3)) NL? (R+; H! (T3))

loc
and is a distributional solution of the limit system

U+ Q((U,U)—-DU =0,
U‘t:O =V,
16



where

FQUU) =P, > > U (kymy | UP(m)|e(n) | e (n)
Wi =0\ \I=H23 c
k4+m=n
a,b,ce{0,+}

FDU= Y (D(n)U“(n)]eb(n)>(C4 ¢ (n).
wZ’bZO

Lemma[3.1]is composed of two parts:

e Topological convergence of a (not relabeled) subsequence (U®)_. to an element U as ¢ — 0 in
some suitable topology and,
e Determination of the limit system to whom converges.

More in specific the second point above proves that there exists a bilinear form Q such that
o (U5, U%) 2% Q(u,U),

in a weak sense.
The first point above will be proved in Lemma[3.2] while the second will be studied in detail in Lemma 3.3}

Lemma 3.2. Let U be a Leray solution of (PBSL)). Let the initial data Vy be bounded in L* (T?). The

sequence (U®)_ is compact in the space Ll20(; (R+; L? (T3)) and converges (up to a subsequence) to an
element U which belongs to the space

L™ (Ry; L* (T%)) N L? (Ry; H' (T?)),
and the following uniform bound holds

t
(3.1) 1U* (t)\|%2(qr3)+20/0 IVU® (7)I[Z2(zsy d7 < VollZ2(zs)

where ¢ = min {v,v'}.

Proof. A standard L? (T?) estimate on the equation shows that
t
0% () sy + 2 [ IV () agesy dr < Vol

Let us prove that (0;U°¢), is uniformly bounded in L? <R+; H3 (T3)> in terms of the L2 (T3) norm

loc
of the initial data V{y. Since £ (7) is unitary as an application between any Sobolev space H?,0 € R we
can safely say that as long as concerns energy estimates in Sobolev spaces we can identify Q¢ (U¢,U®) ~
U¢ - VU*®. Being this the case we can use the product rules in Sobolev spaces to deduce that

|Ue - VUSHL?UC(R%H*M) <C|Uf® UEHLI%)C(RJr;H*”Q) ;

SO 2 sy 10U N oo w522 -
It is very easy moreover to deduce that ||_DEUEHLEOC(R+;H—1) S ||U8||L1200(R+;H1). Whence since ,U°¢ =
—Q° (U¢,U?) + D°U? we conclude. Since L? (T?) is compactly embedded in H —3/2 (T?) and that

H' (T?) is continuously embedded in L? (T?) it is sufficient to apply Aubin-Lions lemma [1]] to deduce the
claim. O

The convergence of U* to the element U does not give any qualitative information of the (eventual) solution
which is satisfied by U. Especially the bilinear limit involving Q¢ (U¢, U¢) is a priori not well-defined.
By mean of non-stationary phase theorem we prove the following lemma

17



Lemma 3.3. Let U¢ be a Leray solution of (S7) and let U be the limit of one of the converging subsequences
of (U®). identified in Lemma Then the following limits hold (in the sense of distributions, subsequence
not relabeled)

lim Q° (U%,U%) = Q(U,U),
E—>
limDf U =D T,

e—0

where Q and D has the following form
(32) FQUU) =P, > > U (kymy | U*(m)|e(n) | € (n)

=0\ \JTL23 ci

k:-l—n,z:n

a,b,ce{0,+}
(3.3) FDU=Y (]D)(n) Ua (n)| e (n))@ ¢ (n),
w%’bzo

where wZ’fr’LCn = w (k) + wb (m) — w® (n) and W = w (n) — wb (n), the Fourier multiplier D (n) in

noting but the Fourier multiplier associated to the matrix D defined in (1.2)), the eigenvalues w* are defined
in (2.3) and the operator P is defined in (T.4).

Proof. We start proving (3.3) since it is easier. We claim that
D°U* £2% DU,
in D’. Indeed via standard manipulations we can express the difference D°U® — DU as
DU -DU =D (U -U) + (D -D)U°®.

The element D (U — U) =% 0in D’ since U¢ — U w.r.t. the L2

loc
in Lemma[3.1l
Hence all we have to prove is that

(R; L? (T?)) topology as it is proved

F(D -D)Us) = Y eiee (]D) (n) U< (n)‘eb (n))

wdb=£0

b
o € (n) — 0,

as £ — 0 in the sense of distributions. To do so we consider ¢ € D (R4 x T?). Since for s, < 3/2,
s+t > 0 the map
H* (T%) x H' (T?) — H*™"3 (T%),
(u,v) » U,
is continuous we deduce that
(UF).  uniformly bounded in L2 (R+; H3/2 (']T3)> :

We want hence to prove that

6oy 5= % / S (DU (L) (), e ()b (tm)ar % 0.



Indeed the sum on the left-hand-side of (3.4) is well defined (in the sense that the sum is smaller than
infinity). We can decompose it as

S5 =Sin+ 51",

Siv=3Y % / A (DU ) [ ), e () 6 (tm)at

[n|<N ,2:b£0

she= 2 % / EE (D) U (4m) | ), o ) (1)

[n[>N @020

The term S{V ° is indeed an oy (1) function, considering in fact that the symbol D (n) can be bounded as
ID (n)| < C|n|? we deduce

Z Z/ n) U (t,n)] \n|‘¢tn‘dt

In\>N w20
Z 3 /|n||U‘” (t, ) 1nf? [ (¢, )
In\>N w0

C
S v U 2r iy 1M 2 (my 12y 5

which indeed tends to zero as N — oo thanks to the uniform bound (3.1).
For the term ST , We exploit the fact that

.t a,b a,b
(3.5) et Wi’ = (e,
wn

’Vl

and the fact that [w®®’| > ¢ = ey > 0in the set In| < N. Using (3.5) on S; x and integrating by parts we

obtain that

els wn n) U (t, n)‘ (n)) e’ (n) ¢ (t,n)dt

DI

In|<N we:b£o wi”

€
LN =
|n|<N ’”’760

it e’ (]D) (n) U (t,n) ‘eb (n)) e’ (n) 0y (t, ) dt.

C4

It is obvious that the term

et v’ (D (n) U (¢, n)‘ b(n)>C4 ¢ (n) 8 (t,m) dt =% 0,
|n|<N ‘“’;Ao

hence we shall focus on the other one. Since |wi”| > ¢ = ¢y > 0, on the set |n| < N and ’eb‘ = 1 and the

fact that the symbol [ (n)| < C'|n|* we can deduce

n) Q.U (¢, n)‘ (n)) ¢ (n) & (t,n) dt

DD

In|<N 2020

In\<N & ";Ao

QU (t,n) |n|* ¢ (t, n)dt‘

<Ce HatUEHL2(R+;H73/2) |’¢HL2(R+;H7/2) — 0.
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This concludes the proof of (3.3).

The proof of (3.2)) is more delicate.
At first: if we consider the equation of the filtered system it is easy to deduce that

(Q° (U#,U¥)), bounded in L* (R+;H—1/2) A2 <R+;H_3/2> ,
(~D*U*?), boundedin L* (Ry;H '),

uniformly in €. From this we deduce that

loc

(QE (U{:" U&‘))E bounded in L120C (R+;H_1/2> N L2 <R+;H_3/2) ,

: 4
since L, .

(Ry) = Lj

ioc (Ry). Hence by interpolation in Sobolev spaces

(Q° (U°,U?)), boundedin Lj, (Ri;H'),

uniformly in €.
This implies hence that

(0,U%). = (—Q° (U5, U°) + D°U*), bounded in Lj, (Ry;H '),

uniformly in €.
We can finally focus on the proof of (3.2)). As is is done for the linear part standard algebraic manipulations
on the bilinear form allow us to deduce that

Q° (U, U%) —QU,U)=(Q - Q) (U, U°)+ QU U -U)+Q(U*-U,U).

Again we can assert that
e—0

QU U°-U)+Q(U*-U,U) —0,

in D’ to to the convergence of U to U in L (Ry; L? (T?)) proved in Lemma [3.1] What it remain hence

loc
to be proved is that

. a,b,c .
36 (F-QUU )= Y el > U (k) miU” (m)| €€ (n) e (n) =% 0,
k+m=n 7=1,23
i 70
a,b,c=0,+
in some weak sense. '
To prove (3.6) is equivalent, thanks to the orthogonality of the eigenvectors e’ defined in (2.4), to prove that,
for each ¢ € D (R;. x T?)

. a,b,c A~
S5 = E E /el2 “emn U (t, k) @ U (t,m) ¢ (t,n)dt — 0,
w0
a,b,c=0,%+,
n=k+m

ase — 0.
As it has been done above for the term S§ we can decompose S5 into

. a,b,c ~
S§7N = Z Z /‘ez: Wk’m,nUa7€ (t’ k) ® Ub7€ (t7 m) ¢ (t7 n) dt
[n|<N ,a:be #0

k,m,n
|kI<N a,b,c=0,%,

n=k+m
Ne _ e €
Se = 55 — 55 .
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The term S2°° — 0 as N — oo as for the term 1 above. Using the fact that

. b, ) . b,
el _ 15 o (ituphe,
a,b,c ’
wk,m,n
and the fact that wZ fncn > ¢ = ¢y > 0 uniformly in k, m, n in the frequency set {|n|, |k| <

that

Sin= 3 Y are [ AR (0R) @ U () G (6 m)at

In|<N abe g Yk,m,n
,m,n

k|<N a,b,c=0,=%,
n=k+m

-t a,bec ~
LYY e [ e 0 L m) b
|n|<N a,b,c #0 kmn

k m,n
|k|<N a,b,c:O,i7

n=k+m

n)dt

N} to deduce

. a,b,c .
+ Z Z W Cahe /elz Chemn [ (t7 k) & Ub78 (t, m) O (t, n) dt.

In|<N anc,ﬂéo kmn

IKISN § ble—0,+,
n=k+m

Is obvious that the term

Z Z abc /elswk’""UaE(tk) ® UYE (t,m) 0y (t,n) dt — 0,

<N a,b,v k
|n| y1My n7£ m n

|k|<Nabc 0,+,
n= k+m

while for the first two term on the right-hand-side of the equation above the procedure is the same, hence

we focus on the first one only. It is indeed true that

>y —jfc /e2 SEmnd U (¢, k) @ U (¢,m) ¢ (¢, n) dt
w77

<Y Y C’a/]&tU“ (t, k)| |[UY (t,m) ¢ (t,n)|dt

\n|<N abf 0
abc Oi
n:k+m

< CelloUsl 2wy m-

0%l o, oy -

which uniformly tends to zero w.r.t. € thanks to the uniform bounds given above, concluding the proof. [

4. THE LIMIT.

The result we prove in the present section is Theorem [[.6] in order to prove it we proceed as follows: we
consider separately the evolution of U distributional solution of (Sg)) onto the non-oscillating and oscillating
subspace and prove that respectively U solves (I.7) and Uy solves (I.8). These results are codified respec-

tively in Proposition 4.2 and Proposition 4.6
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These projections are defined as in (2Z.6)) and ([2.7), where €°, e* are defined in (Z.4). The eigenvectors are in
the form (2.4)) in the Fourier subspace {n;, # 0} only, whence the projections (2.6) and (2.7) can be applied
to vector fields with zero horizontal average only: we must prove hence that

lim [ ©O° (U, U%)dxy =0,

e—0 ']TQ

at least in a distributional sense, in order to apply the projections (2.6) and (2.7) to the limit system (Sp).

First of all, thanks to the explicit definition of Q which is explicitly given in (3.2)) we can easily deduce that,
up to converging subsequences, the following limit holds in the sense of distributions

im F [ Q°F (US,U%)day, = F(Q(U,U)) (0,n3)

e—0 T2
“Pony > (m(Utmutom)| &) @

k+m=(0,n3)

4.1) w (k) +w® (m)=0
a,b=0,%t
§=1,2,3

3

=Py > D > (ns (U )T ()

a,b=0,% j=117, ,(n3)

) &0
6.7) (C4 .] ’
where indeed the set Z,, ; (n3) is defined as

Ia,b (’I’Lg) = {(k7m) € Z6 ‘ k+m= (O,?’Lg), w* (k) +wb (m) = 0}7

and é e , j =1,2,3 are defined in (2.5). Whence it suffice to prove that the right-hand side of @.1)) is nil.
Lemma 4.1. The following identity holds true

Pong > Z > (na(vtmyutem) | &) & =0

ab Oi] 1Iabn3

The proof of Lemma [.1]is rather long, technical and notationally heavy. For this reason it can be skipped
in a first stance, and the proof is postponed to Appendix [A]

4.1. Derivation of the equation for U. The procedure we adopt to derive the limit system is pretty straight-
forward, we mention the works [19] and [23]] where the authors adopted the same techniques.

As we already mentioned in this section we want to deduce the equations satisfied by the projection of U
onto the non-oscillating space Ce”. Such projection will be denoted as U = (u",0,0) as it is already
mentioned in (2.6). The result we want to prove is codified in the following proposition

Proposition 4.2. Let Uy = (ﬁg, 0, O) = (VﬁAglwh, 0, 0) be in L? (T3). The projection of U distributional
solution of (Sg) onto the non-oscillating space Ce® (see (2.3)) defined as
U=F"((FU[€") i),

satisfies the following two-dimensional stratified Navier-Stokes equations with vertical diffusion (in the sense
of distributions)

ol +a - vyat — vAw = —v,p,

—h _ ~h

a ‘t:O = 1.

We divide the proof in steps:
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Step 1 We project the equation (Sg)) onto the non-oscillatory space generated by the vector ¥ defined in
(2.4). We recall again that such projection is defined as follows (see (2.6) as well): given a vector
field W the orthogonal projection is defined as

FW = (W‘ €0>C4 e,
with this projection we can derive the evolution equation for the limit flow U, i.e.
xU+QU,U)-DU =0,
{ Uoly—p = To =V,

Step 2 We prove by mean of a careful analysis that the projection of Q (U,U) onto the non-oscillating
subspace CeY, i.e. the element Q (U, U) is in fact

Q(U,U)=8B(U,U),

for a suitable bilinear form B. Hence the projection onto the kernel of the penalized operator PA of
all the bilinear interactions is a suitable bilinear interaction of elements of the kernel.
Step 3 The last step of this section is to prove that

-DU =—-vAU

We have explained the structure of the present session.
To prove Proposition 4.2]it is sufficient to prove Step 1 — Step 3 mentioned above.

4.2)

To understand the limit of the system (PBS’) means to diagonalize the system (PBS’) in terms of the oscil-
lating and non-oscillating modes introduced in Section 2] To do so we introduce the following quantities

wh,s - _ 82U1’€ + 81’&2’5; ah,s :vf{Aglwh,s;
e _A—1 he. Te _A—1/2 he
1/} _Ah w ) w —Ah w .

Step 1 is only a constructive consideration, hence there is nothing to prove.

(4.3)

4.1.1. Proof of Step 2. The proof of the Step 2 is codified in the following lemma:
Lemmad.3. Let U¢ — U in L (Ry; L? (T?)) as proved in Lemma the limit of (FQ° (U=, U*)| € (n))

loc
ase — 0is F (A;l/Q (ﬂh . Vhwh)), in the sense of distributions.

Proof. Let us recall that explicit expression of FQ° (U¢, U¢)is given in (3.2)). As explained before in Lemma
thanks to the stationary phase theorem in the limit as ¢ — 0 the only contributions remaining in (3.2) is

(4.4) FQU,U)(n) =P, Y (U“’j (k) m;U® (m) eC(n))C4 e (n).
Emen=0
k+m:n
§=1,2,3

Now, since ¢ is orthogonal to e* as is evident from the definition of the eigenvectors given in (2.4) we

obtain that, projecting on the non-oscillatory potential subspace (FQ (U, U)|€°)

C4
(FQWU) M) M)y =Pa Y (U (W) myU" (m) (), |e* ()",
wZ’%07L:0
kjrrr’L:n
j=1,2,3

whence we can reduce to the case ¢ = 0.
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Reading in the Fourier space the projection of the bilinear form it is clear that not all Fourier modes con-
tribute to the bilinear interaction. In the special case that we are considering now in fact the set of bilinear
interactions is

3

{(k,m,n)eZg Wb —O,a,bzo,i,k+m:n}:R:URi,
i=0
where
Ro = (k,m,n)EZgzwggnOn—O k—l—m—n}
R = (k,m,n)EZg:wlf’ig:O,k—Fm:n},
= (k,m,n)ezgzim:i:mh’:(),k:-i-m:n},
k|~ [ml]

(kjm,n)EZgz(wiﬁﬁ—O) (wzi%: ) k+m:n},

(k,m,n)ezf*:(i"kl:':o) < ’| |’ >kz+m:n},

X
no
| I

R3: (kaman)ezgzwlztrjg_oak—i_m:n}?
k
(k,m,n)eZgzimim:0,k+m:n}

Thanks to the above decomposition of the set of bilinear interactions we can assert that (]-' Q(U,U)| eo) =
S22, Bi, where

Bin)=P, Y (UW’ (k) my U’ (m)‘ e (n)) €9 (n)]*
(k,m,n)eR;
j=1,2,3
We start at this point to study the resonance effect on the expression (@.4). Indeed the triple (a,b,c) =
(0,0,0) is admissible which determinate the bilinear interaction set Ry. Namely R describes the set of
blinear interactions between element of ker P.A. The term By gives hence a non-null contribution, we want
to show that the contributions coming from the other 5;’s are null. At first let us suppose that a = b # 0,
i.e. we are considering the contributions coming from the term 3; which is defined by the resonant set R .
Let us say a = b = +. Whence the resonance condition w,':;gg = O reads as |kp| = |my| = 0.

As it was proved in Section[2]in the case in which n;, = 0 the eigenvalues collapse all to zero, and hence we
obtain that

{(k,m,n) VAR w]:rntno,ker = n} C Ro.
The very same analysis can be done for the triplets (—, —,0), (£, 0,0), (0,+,0), and hence to prove that
By =By =0.

What is left hence at this point is to prove that the triplets (£, 3, 0) do not produce any bilinear interaction,
or, alternatively, to prove that the contribution coming from Bs is zero. To do so let us set




in particular with this notation the limit form (4.4)) can be written as

FQWU.U)=P, Y  Cpoe UrUbel (n).
ancn_o
k+m n

Let us consider at this point the resonant condition w™ (k) + wF (m) = 0, it is equivalent, after some
algebraic manipulation, considering the explicit expression of the eigenvalues given in (2.3)) to

4.5) k2 |mp|* = m2 |k, |?

Some straightforward computations, using the explicit expression of the eigenvectors given in (2.4) gives us
that

- _oder 1
(4.6) coH0 o0&t Lo g

,m,n km.mn 9 k,m,n

Moreover U * = +ic(n)+d(n), cand d are complex-valued and assume the following form

ning -~ nang o M| -

c(n) = - U,
I [ I [ n|
d(n) =U*.

The U above is the i-th component of the Fourier transform of U. Hence we can write

UFUZ = C (k,m) +iD (k,m),
C(k,m)=c(k)c(m)+d(k)d(m),
D (k,m)=c(k)d(m)—c(m)d(k),

with C' symmetric and D skew-symmetric with respect to k£ and m. With these considerations hence

o ConlUEUE = Y (Ck;:ij U+ GO0 O, )
w;fjr? 0 k3 |mp|*=m3|kn |
k+m n k4+m=n
“.7) = > G Clem).

k3|mp|*=m3|kn|*
k+m=n

We rely now on the following lemma whose proof is postponed at the end of the present section.

Lemma 4.4. Under the convolution constraint k + m = n the element C;t’ 1’2’ it defined in @.6), is skew
symmetric with respect to the variables k, m.

Using at this point Lemma[4.4]it is easy to conclude. If we consider the expression in (4.7), and we remark
that the summation set, given by the relation (4.3), is symmetric w1th respect to k and m, since C' is sym-
metric and C,f 7’27 k+m 18 skew symmetric we obtain that the sum in is zero, hence the only admissible
triple is (0, 0,0).

At this point hence all that remains is to fully describe what is the sum

(FQU,U)| P, Y UR0Re™ (k)ym; (% (m)|e” (n)) "(n)| e” (n)
1331725 ca
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The matrix P, is symmetric and purely real, hence selfadjoint, and the vector e is divergence-free, this
implies that
2

Y

(FQU.U)|e%) = Y TRUDE (k)my (€% (m)| e (n)) e |€(n)

k+m=n
Jj=12,3

by our choice of € (see (2.4)) we have that ‘eo (n) ‘2 = 1 and a straightforward computation gives us that,
considering the relations defined in (4.3,

> 0403 () = (0905 )

where k +m = i1, whence evaluatmg what (e° (m)! ¢® (n)) is, under the convolution condition k +m = n
we obtain
1

[np] M|
1

[ [l

(eo (m)’ e! (n)) = (nim1 + nama) ,

[(m? +m3) + (kymy + kamy)] .

At this point we first apply the operator defined by the symbol I Hm I (m% + m%) to the element evaluated
above F (ﬂ . Vmﬁ) (n), this gives

I(A;”Q( Vi )) (n),

while computing

1 _ ~
(kimi + koms) F <’L_L1({91¢ + a282¢> -

[rn] [mn] (kv + kama) F (' 019 + u”0a1)) ,

e

iy

1
|14

——F (010070 + 020 054) + 0pu 07 y1p + 010707 1))

where in the last equality we used the relation a" = < _883;/} > already defined in (4.3).
1

Putting together all the results we hence obtained that
(FQUU)|e) = F (&, (a" - vpe) ),
which concludes the proof of the lemma. O

This concludes the proof of the Step 2, the bilinear interactions of the kernel part are the same as the ones
present in the evolution equation for 2d Euler equations in vorticity form.
Proof of Lemma We recall that

3
C;iii W= B (k)ymy (e (m)| e (n),
j=1

whence in particular thanks to the explicit expressions of the eigenvectors e* given in (2.4) and the convo-
lution constrain k + m = n we obtain that
|
_ick,;g,k-i—m = <k1k:3m1 + koksmo — |kh|2 m3> (TI”Lng (k‘l + ml) — mims (k)z + mg))
= (mlmgmgk%kﬁg - k?lk'gk‘gm%mg) + (klkigkgm%TTL3 - mlmgmgk%kg) 5
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which is indeed skew-symmetric. O

4.1.2. Proof of Step 3. Tt remains to understand how the projection onto the non-oscillating space Ce”
affects the second-order linear operator D defined in (I.2)). I.e. we want to prove the Step 3 of the list above.
We study the limit as € — 0 of the second order linear part. The result we prove is the following one

Lemma 4.5. The following limit holds in the sense of distributions

lim = ((=F (DFUF), | [na] €” (n))

e—0 ct

) = — vAW".

Proof. Let us write explicitly what lim. o (—F (D°U¢),,| |np| € (1)) o is. By the aid of the limit formu-
lation for the second order linear differential operator given in (3.3) and some computations which can be
performed explicitly thanks to the exact formulation of the eigevector € given in (Z.4)) (and recalling that
the eigenvectors (2.4) are orthonormal) we deduce

. ETTE 0 _ 2 b,1 b,2
4.8) lim (—F (DFU%), | na] € () e = > vIn] (—ngU +mU ) .
wg‘bzo
wi? = W (n) — w® (n). Let us consider hence what the interaction condition wy” = 0 means. If b = +

than indeed w)” = 0 is equivalent to ny, = 0 since the equation we derive it the following one

[l _

= 0.
Id

As it has been explained in Sectionas long as nj, = 0 the eigenvalue corresponding, i.e. w?, it collapses to
zero, and hence it belongs to the kernel of the penalized operator. This implies that in (4.8) the only nonzero
contributions are given if b = 0, proving Step 3.

O

With the proof of Step 1-Step 3 above we hence proved that, given an initial w{}, the element

wh = curlhah,

solves in the sense of distribution the following Navier-Stokes system in vorticity form

o’ + @ Vi — vAWh =0,

4.9
wh = wl.

t=0
We hence apply the 2d-Biot-Savart law @/ = VﬁAglwh, to the system (4.9) to deduce the claim of Propo-

sition

4.2. Derivation of the equation for U,,.. The result we want to prove in the present section is the following
one

Proposition 4.6. Let be Uyseo = Vo — Uy € L? (T3). Then the projection of U distributional solution of
(So)) onto the oscillating space defined Ce~ & Ce™ defined as

Uosc = ]:71 ((‘FU‘ei)(cél e + (‘FU|€+)(C4 e+)

satisfies, for almost all (a1, az, az) € R3 parameters defining the three-dimensional periodic domain T? the
linear equation
{ O Uose +2Q (U, Uosc) —(v+ Vl) AUpsc = 0,
Uosc‘t:() = UOSC,07

where Q is defined (3.2).
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Step 1 We project the equation (Sg)) onto the oscillatory space generated by the vectors e, e defined in
(2.4). We recall again that such projection is defined as follows (see (2.7) as well): given a vector
field W the orthogonal projection onto the oscillating subspace is defined as

e+> et
(C4
with this decomposition we can derive the evolution equation for the limit flow U, i.e.

0tUosc + (Q (U) U))osc - (]D) U)osc =0,
Uosc|t:0 = Uosc,O = ‘/osc,O-

F Wose = (W‘ e_>(c4 e+ (W

(4.10)

Step 2 Next we turn our attention to the oscillating part of the bilinear interaction (Q (U, U))
that for almost all tori

osc- Ve prove

(Q (U7 U))osc = 2Q (U7 Uosc)-
This result is not a free-deduction and it can be attained only thanks to some geometrical hypothesis
on the domain. We say in fact in this case that we consider non-resonant domain.
A direct consequence is that U satisfies hence a linear equation, hence it is globally well posed if
the perturbation U acting on his evolution system is globally well posed as well.
Step 3 The last step of this section is to prove that
—DU)pe =— (v + ') AUsse

0sc

As well as in the previous section in order to prove Proposition[4.6]it i to prove Step 1-Step 3 above.

As well as above the Step 1 consists of constructive considerations only, hence there is nothing really to
prove.

4.2.1. Proof of Step 2. Our goal is to study the interaction of the kind (Q° (U¢,U*®)),.. hence to prove the
Step 2. These are bilinear interactions between highly oscillating modes, which create a bilinear interaction
of the same form of the classical three-dimensional Navier-Stokes equations. We want to prove that in the
limit as € — 0, for almost each torus T?, interactions between highly oscillating modes vanishes, leaving
linear interactions between Uy and U only.

Since U¢ = U® + US,. it shall hence suffice to prove that

(4.11) lim (Q° (Ugse, Ugse))ose = 0,
e—0
4.12) lim (Q° (U, U7)) = 0.

We prove @.11)) and @.12) respectively in Lemma.7]and Lemma {4.8]
Lemma 4.7. For almost each torus T3 the following limit holds in the sense of distributions

21—{% (QE (U(fsc, Ugsc))osc =0.

Proof. In the proof of this lemma we shall see how the resonant effects play a fundamental role in the limit
of the projection of the bilinear form onto the oscillatory space. In this proof only we will use again the
check notation on the Fourier modes since the structure of the torus itself shall play a significant role. First
of all we recall that

. a,b,c .
(FOF (U5, U%)) oo = | Pa Z eléwk,m,n Z U= (k) ijb,e (m)| e (n) | e (n) ’
a,b,ce{0,+} Jj=12,3
k+m=n osc
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whence, since Foe = (F|et)e® and ¢ L et we easily deduce that ¢ = 4. Letting ¢ — 0 by stationary
phase theorem all that remain are interactions of the form,

FO(U,U) =P, Z (U“’j(k)ijb(m)‘ei(n))ei(n),

and in particular we focus on the ones which have purely highly oscillating modes interacting, i.e. when
a = %, b = £ (but they may be different the one from the other) and the frequency set of bilinear interaction
satisfies the relation

k m 0

[ +q’ nl _ 1] €1, €2 = 1.

k| ]~ )

We want to prove, specifically, that the bilinear interaction restricted on these modes gives a zero contribution
for almost all tori.

The above relation can be expressed as a polynomial in the variables (k:, m, ﬁ) at the cost of long and tedious
computations. In particular we shall use the following expansion

(4.13)

“4.14) Q‘kh} ]mh] (‘kh‘ + |]V€3‘ ) (’mh‘Q-i- ‘ﬁ”LgF) (|’flh|4+ |ﬁ3’4+2|ﬁh|2ﬁ§> =

o] * (1o + 10 + 2 pn” 173 ) (|1l + 0 + 2|2n ” 23 )
o lionl* ([Rnl" + i+ 2] 1) (1l + 74 + 2 [ 723
+ | [* (V%! + k3 +2 Ufh\ k‘:%,) <|mh| + 173 + 2 1| 1 2)
S 2. S22y § y § y s
— 2 |kn| 70| (‘kh| + kg) <\nh]2 + n%) (\mh\4 + 1§ + 2 [ m%)
. . § y y y Sy ey
= 2 sl [l (1 + 103 ) (1l +23) (|| + F + 2| 13 ) -
We underline the fact that (4.13)) and (4.14) are equivalent. The expression in (#.14) could be further ex-
panded and refined, but for our purposes the form in (4.14)) shall be sufficient.
We take the expression in (4.14) and we evaluate the sum of monomials in the leading order in the variables
kh, mh, ﬁh, which is
- ~ . ~ 4 . .
Py (kp,1in) = =3 || i |* 7]
while the sum of monomial in the leading order for the variables 1%3, g, Ng 1s
Py (R, 1m) = ik |kn|" + ki [ion|* + Edrmd [ion]*

2,52

— 2 [k |? i ? B3m3nd — 2 |k 2 9

\”h\ ks”sma 2’mh’ |72 msngké

We point out the Ps is homogeneous of degree 8§ in the variables kg, ™ms, 13 while Py is homogeneous of
degree zero.
Since Ps (k, 1) is homogeneous of degree 8 we can rewrite is as

. k m _
Pg (k‘,Th) Pg <a a> = asg 8P8 (k:,m, ah) .

Since ay, az, az are parameters of a torus we can indeed consider them different from 0. Moreover
—12 ( 22 2\ 2
P() (k, m, ah) =-3 ((Ilag) (CLQk + a1k2) ((I2m1 + a1m2) ((I2n1 + a1n2) = 0

if and only of kj, or my, or n;, = kp + my, is equal to zero. Let us suppose hence that one of these three
conditions is satisfied. We have seen in Section [2] that once we consider (say) nj, = 0 all the eigenvalues
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collapse to the degenerate case of w = 0 with multiplicity four, whence there is no triple interaction of
highly oscillating modes and we can consider ky,, mp, ny, # 0.

As explained under this condition hence Py (k,m,ap) # 0, hence we can rewrite the resonant condition
#@.14) in the abstract form

8
(415) P(] (k,m,ah) ag + Z Pa (k:’ m7ah) ag—a _ 0’

a=1

where we made sure that Py (k,m,as) # 0. Whence fixing (k,m,ap) € Z% x (Ry)* we can state that
there exists a finite as (k, m, ap,) solving (4.15)). These elements are finite and unique once we fix a 8-tuple
(k,m,ap). At this point hence it is obvious that

as (ZG, ah) = U as (k, m, ah) y
(k,m)ezs
has zero measure in R. Whence we proved that outside a null measure set in R3 there is not bilinear

interaction of highly oscillating modes, proving the lemma. ([l

We turn now our attention to study the limit dynamic as € — 0 of the projection of the bilinear interactions
of elements in the kernel onto the oscillating subspace, i.e. we prove (.12).

Lemma 4.8. The following limit
(Q€ (Us’ UE))OSC =z 0’

holds in the sense of distributions.

Lemma [4.8| states that, on the oscillatory subspace in the limit ¢ — 0 there is no bilinear interaction of
elements of the kernel.

Proof. The element (Q8 (U £ U ) )OSC reads as, in the Fourier space

F(QF(0°,09)),, = 3 &0 (BU%= (kymy UOF (m)] et (n)) o € (n),

k+m=n
Jj=1,2,3

letting ¢ — 0 and applying the stationary phase theorem the limit results to be

lim F (Q° (U5,0°)) . = > (PuU% (k) m; U® (m)|e* (n)) e €5 (n).

e—0
k+m=n
j=1,2,3
wE(n)=0
The condition
wi(n):M:O = np =0,
n]
combined with the convolution condition k& + m = (0, ng) imply that mj, = —ky,. Under this assumption
> U (k)ym; U (m) = ksU (k) U (m) + U%? (k) msU° (m),
j=1,2,3
=nzU% (k) U° (m).
We deduced hence that
(4.16) lim F (Q° (UF, U7)),, = > (ngU% (k) U° (m)] e* (0,n3)) ce €*(0,ns3).
i3
np=0
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The term U (m) = ( ‘ ) el ( m)) , €% (m) and e” has the first two components only which are nonzero

(see ([24)), while e* (0,n3) = (0,0,0, 1) as it is given in ([2.3), hence the contribution in (4.16) is null,
concluding. g

4.2.2. Proof of Step 3. It remains hence only to prove the Step 3 above, i.e. to understand the (distributional)
limit as ¢ — 0 of the interaction generated by the second-order elliptic operator D defined in (1.2). This is
done in the following lemma:

Lemma 4.9. The following limit holds in the sense of distributions
gi_rg% (—]DEU5| e+ e+) =— (V + 1/') AUsc.

Proof. We proceed as follows. By definition of the projection onto the oscillatory space (see 2.7) (—D°U*®) .
is given by the formula (3.3)

@17 FDU ) = Y (Dm0 ()| (m)) , = (),

w i:0

where for the second equality we used the decomposition Ue = Y a0t U% ¢ and the fact that the
eigenvectors are orthogonal.

Computing the explicit expression of (—Df (n)e™ (n)|e* ( ))C4 we deduce
(—DF () e ()] €F (1) = (D () 754 eF (m)]| 720 e (m))
@.18) =(-D(n)e’ (n )} (")) s

=+ Inf.
While for the element (—D° (n) e~ (n)|e™ (n))ca
(4.19) (=D (n)e” (n)‘ et (n))c4 = % zw(n) (-D(n)e” (n)‘ et (n))@ — 0,

in the sense of distributions thanks to the stationary phase theorem. In this case we automatically ex-
cluded the case w (n) = 0 since, as explained in Section [2] saying w (n) = 0 is equivalent to say that
np = 0 and hence, in this case, all eigenvectors belong to the kernel of the penalized operator and hence

Q (U7 U)osc’nhzo = O

The same ideas can be applied to deduce

(4.20) (=D (n)e~ (n)| e () = (v + /) Inf?,

4.21) (=D* (n)e™ (n)] e (n)) oy — 0.

The limit (4.21)) has to be understood in the sense of distributions. Inserting (4.18)—-(@.21) into (4.17) we
deduce the claim, proving the Step 3. g

5. GLOBAL EXISTENCE OF THE LIMIT SYSTEM.

In Section 4.1 and 4.2] we performed a careful analysis whose goal was to understand which equations are
solved (in the sense of distributions) by the functions U and U,y which were defined as the projection re-
spectively onto the non-oscillating subspace Ce® and the oscillating space Ce™ @ Cet of U, distributional
solution of (Sp)). The present section is devoted to study the propagation of strong (Sobolev) norms under
the assumption that the initial data is sufficiently regular.
In particular we are interested to understand if the system (Sy)) propagates (isotropic) Sobolev data H* (']I‘3) ,8 >
1/2 and, if so, under which conditions on the initial data. Our expectation in that such system can propagate
sub-critical Sobolev regularity globally-in-time without any particular smallness assumption on the initial
data. The results we prove are the following ones:
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Proposition 5.1. Let Uy € H® (']1‘3) N L (TU;H” (T%)) and Vy,Uy € L*° (TU;H" (T%)) for s >
1/2,0 > 0, and let Uy be of zero horizontal average, i.e.

/ Uo (21, x3) dzj, = 0 for each 3 € T},
T3

then the weak solution of
ol + - vya —vATt =0,
(5.1 div pa" = —V,p,
U (0,2) = Uo
is in fact strong, and has the following regularity:
a" € C(Ry; H* (T%)) N L? (Ry; H (T?)) .

Moreover for each t > 0 the following estimate holds true

(5.2)
2 CK
_h —h —h
) < L o 0518 )
Hu ( HS (T3) + V/ H HS+1 11‘3) ¢ HUO HHS(’]I‘3) exp{ cv (o) | Vatia L{J’(Hg)}
where
CR? [ 1
_ e (17) K
>3) 2 (Lo) = exp cv P {cy ( * HUOHLOO L2 ) thuoHLw(L?)}'
Proposition 5.2. If Uy o € H® (’]1‘3) , 8 > 1/2 then Uy, weak solution of
O Uose +20Q (U, Uosc) —(v+ Vl) AUpsc = 0,
Uosc|t:0 = UOSC,O-
is global-in-time and belongs to the space
Uose € C (R H* (T%)) N L? (Ry; HH (T%)) ,
for s > 1/2. For each t > 0 the following bound holds true
v+ [t
54 |[Uose (t)H%IS(T?*) + / [[Uose (ﬂ”%{#l(ﬂri”) dr
0
<¢ HUOGCOHHg (13) XP {C HV ’ L2(Ry; Hs(’]l‘3))} '

For a proof for Proposition 5.2 we refer to [[19, Appendix B].

Thanks to the bounds above we can hence claim that, if Uy € H? ('I[‘3) N L> (TU; H? (']I‘i)), and V,U €
L*> (Ty; H® (T3)) for s > 1/2, and let U be of zero horizontal average, then
U =U + Us,
distributional solution of (Sy)) is in fact global-in-time and belongs to the space
U eC(Ry; H® (T?) N L? (R HH(T?)),

fors > 1/2.
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5.1. The kernel part: propagation of H* (T?),s > 1/2 data. This section is devoted to the proof of
Proposition [5.1]

The equation ([#.9) is the vorticity equation associated to @", which solves distributionally (T.7). Hence @
satisfies a stratified 2D Euler equation with full diffusion and the 2D Biot-Savart @" = VﬁAglwh law
holds.

h

Lemma 5.3. Let 116‘ € H? (’]1‘3) , 8 > 1/2 and of zero horizontal average i.e.

/ ﬂg (yh,xg) dyh =0.
'JIQ

h

The function @" local solution of (I.7) defined in the space
a" e C([0,7%; H* (T*)) n L* ([0, T*]; H™ (T?)),
for some T™* > 0 is of zero horizontal average in its lifespan, i.e.

/2 ﬂh (tath’UB) dyh = 07

s

foreach 0 <t < T™*.

Remark 5.4. The above lemma in particular implies that, for local solutions of equation (1.7)), the horizontal
homogeneous and nonhommogeneous Sobolev spaces are equivalent i.e.

J-an

(-, z3) 12 ~ HU(#US)HH;L

For this reason, from now on, we shall always use the nonhomogeneous Sobolev space (although, as ex-
plained, for equation (I.7) they are equivalent) since the embedding H'*¢ (T%) < L> (T%),e > 0 holds
true (which is not the case with homogeneous spaces, generally) and we do not leave any place to ambiguity.

¢

5.1.1. The kernel part : smoothing effects oh the heat flow. This first subsection is aimed to prove some
global-in-time integrability results for some suitable norms for (weak) solutions of the limit system (1.7).
The result we present here are a consequence of the fact that is a transport-diffusion equation in the
horizontal variables, but a purely diffusion equation in the vertical one, in the sense that there is no vertical
transport contribution.

The final result we want to prove is the following one

Proposition 5.5. Let @ be a weak solution of (I.7), and assume that ult,Vyul € L (HY). Let the inital
data be of zero horizontal average, i.e.

/ ap (yn, 3) dyp = 0,
TZ

h
for each x3 € T}.. Then the solution a" belongs to the space
a" e L? (Ry; L™ (T%)) ,

and in particular

|
where ¢, C, K are constants which do not depend by any parameter of the problem and ® (Uy) is defined in
(.3).
The tools required in order to prove Proposition [5.5] are rather easy, but the procedure adopted is slightly

involved, for this reason we decide to outline the structure of the proof in the following lines:
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(1) Using the fact that the transport effects in are horizontal only we perform an L?-energy estimate
in the horizontal direction. Next, on the vertical direction we exploit the fact that is purely
diffusive and linear equation: this fact allows us to use the smoothing effects of the heat kernel (at
least along the x3-direction) in order to prove that

a" e L? (Ry; L (L)),
vy € L* (Ry; L (L)) -

(2) We use the results of the point [I]in order improve the regularity result to the following statement (at
a cost of having smoother initial data):

u" € L (Ry; LY (HY))
Vya" € L? (Ry; L (HY)) .

for o > 0.

(3) Since the equation (I.7) propagates the horizontal average we exploit the embedding LS° (H iJ“’) —
L™ (T3) to deduce the result.

The following Poincaré inequality shall be crucial in the proof of time-smoothing effects we want to prove

Lemma 5.6. Let f € W12 ([0,27 a1] x [0, 27 az]) and such that it zero average, i.e.

2T a1 2 ag
/ / .Tl, 1?2 dCCQd.Tl =0.

Then the following inequality holds true

||f||L2( 0,27 a1]x[0,27 az]) <C ||foL2([O 27 a1]%[0,27 ag])

where in particular the constant C'is independent of the parameters a1, a2 characterizing the torus [0, 27 a1]x
[0, 27 ag).

The following lemma is a key step for the rest of the results presented in the present paper

Lemma 5.7. Let 0" be a (weak) solution of the equation (I.7). Let us suppose moreover that ug, Vpug €
L (L%) for some p € [2,00]. Let us assume as well that

/ af (yn, x3) dyp, = 0,
']1‘2

h

for each x3 € T, Then

(5.5) a" €L (Ry; L (L7)), forq € [l,00], p € [2,00],
(5.6) Vil €LY (Ry; LE (L)), forq € [1,00], p € [2,00].

In particular the time-decay rate is exponential, i.e.

Hﬂh (t)) rh(r2) et Hag’ ry(r2)’
thﬂh (t)) Ly(L2) S ! ‘vhﬂg p(r2)’

where c, K are strictly positive constants which depend on the dimension of the horizontal domain only (in
this case two).
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Proof. Let us multiply the equation (T.7) for @” and let us take L% scalar product. Since the vector field @”
is horizontal-divergence-free, i.e. O1u' (1, T2, x3) + 0212 (71, T2, x3) = 0 for each x € T3 we deduce the
following normed equality

2 2
R
h h

—i—l/Hth 1’3)’

+v H(‘)gu acg)‘

2 dt H x3)’

The term v Hﬁgﬂh (x3) H L2 has indeed a positive contribution, hence we deduce the following inequality

2

P )

<

2 dt H "”3)) ; v Hv’ﬂh (x?’)‘

At the same time we can use the Poincaré inequality as stated in Lemma [5.6|to argue that

2
Lh

2 2

v ) AT (:Ug)‘

L ECVH@]L (xg)‘ ,

2
h h

where ¢ = C~1 appearing in Lemmam 5.6, Whence we deduced the inequality

2 —h 2 2 ||-n 2
>7) 2 dt H (z3) ‘L,g e Hu (x?’)‘ P H“ (x?’)‘ S0
Let us now consider a p € [2, 00), and let us multiply (5.7) by
p—2

(r—2) 2
2 = (/ ﬂh (yha 113‘3)2 dyh) )
Lh T%

and hence integrate the resulting inequality with respect to x3 € T.. The resulting inequality we deduce is

o)

p 2

8(p—2 i
P82 / 03 / wldzy | | das <0,
L5 (L) D T} T2

:Ip(u)

and since I, (u) > 0 for each p we deduce the following inequality neglecting it

a (( | L£<L3>)p> <0

Integrating in-time the above equation we deduce hence that.

Hd

s

L3(L7)

—cvt g

)

(5.8) Hah (t)’

i

5(12) 8(13)

and hence " is L7-in-time for each p € [2,00). In order to lift the result when p = oo it suffice to recall
that, given a finite measure space (X, 3, u) and a ¢ € LP (X, %, u) for each p € [1, 00|, the application
p— x|t 11l Lp (52,0 1s continuous, increasing in p and converges to [|¢|| ;0 (x) as p — oo, hence it
suffice to consider the limit for p — oo in (3.8).

To prove the statement for V" let us consider the equation satisfied by w” = curl,@”. The equation is the
following one

ol 4+ a" - Vi — vAW" =

wh = wé‘ = curlhag.
t=0
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We can perform the exactly same procedure as it has been done with @”, obtaining hence that
| o] ]

Since the application w” — V,@" is a Calderdon-Zygmund operator it maps continuously L%L to itself and
has operator norm K we deduce that

< —cvi
()~

5(13)

e

e LA .
L”(Lh)

Ly(L7)
for each p € [2, o0]. O

Lemma deals hence with the propagation of some anisotropic L} (L%) regularity for (weak) solutions
of equation (I.7). In our context we are particularly interested to study the propagation of the anisotropic
Ly (L%) norm.

Similarly we are interested to understand how propagates data which are bounded in the horizontal
variables. Standard theory of two-dimensional Navier-Stokes and Euler equations suggests that, if the data
is sufficiently regular in terms of Sobolev regularity, the propagation of horizontal norms should not be
problematic.

The regularity statements proved until now are not sufficient to perform our analysis, for this reason we
require the following lemma

Lemma 5.8. Let us consider @ a (weak) solution of (I.7), with initial data ﬂg, Vhﬂg € LY (HY),0 >0
and assume 716‘ has zero horizontal average, then

u" €LY (Ry; LY (HY)) forq € [1,00], p € [2,00],
Vhu' €LY (Ry; LE (HY)) forg e [l,00], p € [2,00].

Moreover the decay rate of the L} (HJ) norms is exponential-in-time, in particular the following bounds
hold

(59) Hah (t)‘ Ly(HE) s Cexp { - <1 + H H w (L2 > HW“SH;(L@} s Haﬁ‘ Ly (Hg)’
(5.10) thah (t)‘ i) SCK O (Uy) e~ % ¢ thaff‘ o
v (Hf] v}
where ® (Uy) is defined in (5.3).
Proof. We prove at first (5.9).
Let us recall the bound
G (@ (ag)- Vo )| (aw)
h
<C <1 + @ (- as)] Li) | Vit (- ms) el (- 3)] i 170" C zs)| .
oo ol ) ot oy sl Sl
:C’f(t,:cg)H@h('?azg)‘2 thu z?’)‘;”

h
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Performing an Hy energy estimate onto (I.7) with the bound (5.1T) we deduce that

[ ol + 59t ool o fonst o - vt [ .o
2dt 2 hu I3 HZ v 3U , L3 Hg Vo3 ||U , L3 Hg
2
= C J (tag)||a" ()|, <0
Hy
By use of Lemma and the fact that v H@gah (-, x3) HZU > 0 we deduce
h
cv 2
12 [ ol + (5 -0t - r @) [t oo, <0
(5.12) 2dt 5 — V03— C f(t3) U(333)HZ
Let us define
t
F(t,xg):C/f(t/,acg)dt/,
0
The function F' is bounded in L:° thanks to the results in Lemmal[5.7, in particular
K 2 2
e < {8 (4[4l ) 5
‘ exP{W( B PO VA M PR )
hence again as it was done in equation (5.7) we multiply (5.12)) for
[ ol "= ([, 0= s e P )
Hy T2
where p > 2, 0 > 0 and we integrate in x3 to deduce
K 2 cv
_h _h —w |l _p
Misgipy < @ o (18 0g)) 19t [ ©] 03
[# 0], < © e 5 (1] N PR T Ll s

in the same fashion as it was done in (5.8)) for any p € [2, o0]. The bound (5.9) is then proved.

For the inequality (5.10) the procedure is the same but slightly more involved. We recall that the following
bound holds true for zero-horizontal average vector fields:

2

o

h

613 (" () Vi G| (2) < 5[Vt )

2 2 2
€ K* [Ja o), [l G, [l o),
+ u(xg)ng(.Ig)Liw((Eg)HZ
We postpone the proof of (5.13).
We set
t a (t ® | e ’
g( ,$3) — Hu ( 7'7$3)HH}‘: w ( 7')333)‘ Li’

t
G (t,x3) = CK2/ g (t',azg) dt’,
0

where K denotes again the norm of w” — V" as a Calderon-Zygmung application in L,Ql.

Performing an H} energy estimate onto the equation satisfied by w" with the bound (5.13) we deduce the
inequality

2

2
2dt Hw $3)) H

+ (% ~CK?g(t,a3) — ”a«%) Hwh (333)‘

h

N
o

Hy
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Net, we multiply the above inequality for Hw T3 H H p > 2 in order to deduce as it was done for @”
that

< Ce_%t
Ly(Hy)

o)

i 8

The function e € L* (T}) thanks to the results in Lemma|5.7|and the estimate (5.9), hence we deduce the
bound

Ly (Hy)

OR? [[bl} 13 2 2
e < 0 Dy (1 (14l ) 7o
e < Cexp - exp - =+ [|uo L (2) nUg L= (22) ,

which lead to the final bound

h
d
Hw (*) LY (Hy)
2|, |2

. CK HWOHLgC(Li) K -|—H ’ HV —h‘Q

ST cv P e to Le(L?) ntio L (L2)
— |l h

X 2
¢ Hw ‘L,’J(Hg)7
for p € [2, 00].

Since the application w” — V" is a Calderon-Zygmung application we can conclude with the following
estimate
"

SCK®(Uy) xe 2! tha’(}’

thu LY (Hy)

where @ (Up) is defined in (5.3), this proves (5.10).

Ly (Hy)’

O

Proof of Proposition [5.5] At this point the proof of Proposition [5.5]is direct corollary of Lemma[5.8] Since
the vector field %" has zero horizontal average the following equivalence of norms hold true

9 2~ [ €]

It is sufficient in fact to remark now that, for vector fields with zero horizontal average, the embedding
H'Y7 (R}) < L> (R?),0 > 0 holds true. Le.

o ol < [

L 3)HH;L’+1'

These considerations together with the inequality (5.10) (setting p = oo) lead us to the following estimate

|

CK ® (Up) e th ‘

HLOO(’]I‘3) LB(HY)

An integration-in-time completes hence the proof of Proposition[5.5] (|

Proof of (5.13). This is the only part of the present paper in which we use the anisotropic (horizontal)
paradifferential calculus introduced at Sectionu 1.5.1) We recall that, given two functions f,g € H}

(Flg)ug ~ D227 (24| &lg)
q€Z L,
38



This deduction is a consequence of the almost-orthogonality property of dyadic blocks. Whence it is suffi-
cient to prove bounds for terms of the form

Ag = (Dl (@ () - Vi () )| Al ()
= (28 (@ ¢ ag) " (3) )| DBV (- 25) )
Using the (horizontal) Bony decomposition (I.12)) we decompose A, into the following infinite sum

Aq = (AZ (ﬂh (- 3)w" ('7$3)> ’ ANAvAL (',563))

’
2
Lh

)
Ly

L2’

S (Ag (S,?/_lﬂh (- 23) Al (.,xg)) ’ APY et (-,m3)>L2 ,
lg—q'|<4 "
+ Y (AZ <A2,ﬂh (- z3) Shjw" (-,x3)> ‘ APV " ('»$3))L2 ,

q'>q—4 g
=A,+ A2

We start bounding the term A;. We recall that thanks to Bernstein inequality the operator AZ maps contin-
uously any H} space to itself.
Using Holder inequality (twice)
At (. ’
w" (-, z3) :

A< 2 Hah('””?’)’Lz “

4
lg—q’|<4 h

Agvhwh (',.%3)’

5"
Ly

Thanks to the Remark we know that @ and w” are vector fields with zero horizontal average for each
x3. Hence we can use the Gagliardo-Nirenberg-type inequality (I.13)), to deduce
1/2
.20

9
Lh,

1/2

L s¢ Hah (-,933)‘

‘Vhfth () 963)‘

L
[t )], < [[ahet )] .

‘Af;vhwh (-,xg)‘

.
Ly,

Since the application w” — V,@" is a Calderon-Zygmung application we can say that, there exists a

constant independent of any parameter of the problem such that

1/

fous o

2 1/2
< K1/2 Hwh (.71;3)‘
h

2
Moreover for vector fields whose horizontal average is zero the embedding HY — L2 o > 0 holds true,

hence ) )
1/2 1/2

—h —h
Hu (-,1'3)‘ L2 S CHu ("x?’)‘ H

Since there exists a £ (Z) sequence such that

o
h

1/2 1/2 , 1/2 1/2
k. h h h - h
HAq,w (~,$3)‘Li ‘Aqlvhw (-,arg)’L% < Ccey 2777 lw (-,xg)‘Hg Vyw (';%)’Hgy
h h —qo h
HAqvhw (',ﬂfg)HL% <Ccy27% ||V pw (-,:cg)HHg,
we formally deduced the bound

1/2 1/2 1/2 3/2

All < OF/2¢,27200 ||gh (. ‘ ) ‘ ‘ ho(. ‘ v, (. ‘ .

|4l cq2 2 || Coas)l| o [ G|, [l G| [V G|
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It remains to prove the same kind of bound for the term Ag. Again, using Holder inequality

1< X [t ], s
q'>q—4 h

Agvhwh ('7 .iUg)’

2’

4
h h

h

Since the vector fields have zero horizontal average we can apply (T.13)), the fact that w” > V,a" is a

Calderon-Zygmund operator and (I.14)) to deduce

HAZ,ah (-,333)‘ <C HAZ,ah (.7$3)‘ 1L/22 1/2
h

(Ag,vhah ¢, xg)(

9
Lh

4
L ,
1/2

< CKY2 HAZ,ah (,,xg)HlL/QQ H

Agw (-,$3)‘ .
h
< CKY? cq2_q,°' V2

a (-, ws)‘

h
w' (- x .
HE ‘ g 3)HH;;

Using (T.13) and the embedding H? <+ L2 which hods for vector fields with zero horizontal average

1/2 1/2
Hsﬁ;,ﬂwh(.,g;g)‘ 1 S C’Hwh (.,xg)‘ v ‘Vhwh (.,xg)\ e
1/2 1/2
h h
<C’Hw (-,xg)‘Hg Vhw (-,1:3)‘]:% .
Hence with the aid of (I.14)
h h —qo h
HAqvhw (-,xg)‘LichqZ 91V pw (-,xg)HHg.
We hence deduced that
1/2 1/2 1/2 3/2
— _h h
43 < eR Ve [t ()| o G| o )| [t G
With these bounds we hence proved that
(ﬂh (-, 23) - Vo' ('7563)‘ w" (',363))
Hy
1/2 1/2 1/2 3/2
12050 (. : hy. .
SCK Hu <’$3)’Hg “ <’x3)‘L§L “ (’x?’)HHh thw <’x3)HHg

C4a4—i— 3 _pA/3

To deduce the estimate (5.13) it is sufficient hence to apply the convexity inequality ab < < Ve

to the above estimate.

5.1.2. Propagation of isotropic Sobolev regularity. We apply in this Section the result proved in the previ-
ous one in order to conclude the proof of Proposition [5.1]

Proof of Proposition Let us apply the operator A\, to both sides of (5.I)) and let us multiply what we
obtain with A,u" and let us take scalar product in L? (T?), we obtain in particular

1d 2

2
A fh‘
2dt H q

(5.14) L219)

—i—uHAquLh‘

)

<|(a (& v [ A0")

L2(T3)
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whence to obtain the claim everything reduces to bound the term ’(Aq (a" - Viah) | Agu") . By

Bony decomposition (I.13) we know that

‘(Aq (ah . vhah) ‘ Aqah>L2(T3)

+ > {‘([Aq,sq/_lah} Aq/_lvha"‘&qah)

lg—q'|<4

L2(T3)

< ’ (Sq_la%qvhah] A

L3(T?)

+ ‘ ((Sq - Sq’—l) ﬂhAqu/_lvhﬂh‘ Aqﬂh)

|

L2(T9) L2(T3)

+ Z (Aq (5q’+2vhﬂhAQ’—1ﬂh)‘Aqﬂh)

q'>q—4 =

Since div ,a" = 0 we immediately obtain that /; = 0, whence if we consider the second term, thanks to
Holder inequality and Lemma [[.T1| we can argue that

I, <C 271 ||Sy 1 va | |agviat| g
2 Z v Lo (T3) ¢—1Vht L2(T3) gt L2(T3)
lg—q'[<4
Accordingly to Bernstein inequality we have that
A T e .
Loo(T3) Loo(T3)
and hence, since HAquLz(Tg,) < Ccq () 277 || f|| g (13 we obtain that
becem || @[]
Lo°(T3) H(T3) Hs(T3)
Similar calculations lead to the same bound for I3, i.e.
1 e [ [ [0
Lo (T3) Hs(T3) Hs(T3)
Finally form the reminder term I, the following computations hold
—h —h _h
_[4 = Z (Aq (Sq/+2VhU Aq/_lu )‘Aqu )LQ(’E3)
q'>q—4
—h —h ~h
s Z HS‘J’HVW HLOO(T?’) ‘Aq/_lu ‘L2(’IF3) ’Aqu )L?(TS)’
q'>q—4
but, since we are dealing with localized functions
S50, oy <2 s,
H ¢+2 VAU Lo (T3) ¢+24 Loo(T3)
&y <erz vt
L2(T3) Hs(T3)
HAqah L2 # ahH ,
L2(T3) H#(T?)
whence we obtain
tes0n ] 9 199
Loo(T3) Hs(T3) Hs(T3)
which in particular implies that
S 0 O Rt O Y L
(5.15) g\ Ve 1) 219y “a U oo sy 11 W sy 1YY s sy
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Whence inserting (5.19) into (5.14), multiplying both sides for 229 and summing over ¢ we obtain that

2
4

(5.16) Hs+1(R3) HahHLm('ﬂ‘3)

2dt H H ’]I‘3) ’ahHHs(w) ‘_hHHsH(RB)’

whence by Young inequality

2
Ly P
He(T3)

2
17 ey 1 g 17 sy < 3 [ ey + 1]
Lo°(T3) Hs(T3) Hs+1(R3) 2 Hs+1(R3) Lo (T3)

which, together with (5.16) and a Gronwall argument lead to the following estimate

R A L Ll P T el et S

We can hence apply on the above inequality Proposition [5.5]to deduce the bound (5.2). O

6. CONVERGENCE FOR € — ) AND PROOF OF THEOREM [I.§]

Remark 6.1. Given an N € N (generally large) in the present section we denote with K and ky two
constant such that Ky — oo and kxy — 0 respectively as N — oco. These constant depend on N only, and
their value may vary from line to line.

In the present proof for the convergence we shall reduce ourselves to the simplified case v = /. It is a
simple procedure to lift such result when the diffusivity is different. We chose to make such simplification
in order not to make an already very complex notation even heavier. ¢

The previous section has been devoted to the study of the global-well-posedness of the limit system (Sg)) in
some sub-critical H* (’]I‘3), s > 1/2 Sobolev space. The present section shall use this result to prove that,
for 0 < e < g sufficiently small the (local, strong) solutions of (PBS’)) converge (globally) in the space

C (Ry; H? (T%)) N L? (Ry; H¥T (T?)) ,

to the now global and strong solution U of (Sg). This shall imply that as long as ¢ is sufficiently close to
zero the strong solutions of are in fact global.

The method we are going to explain reduces to a smart choice of variable substitution that cancels some
problematic term appearing in the equations. This technique has been introduced by S. Schochet in [26]]
in the context of hyperbolic systems with singular perturbation. 1. Gallagher in [|19]] adapted the method to
parabolic systems. We mention as well the work of M. Paicu [23|] and E. Grenier [20].

Let us subtract (Sg) from (S.)), and we denote the difference unknown by W¢ = U¢ — U. After some basic
algebra we reduced hence ourselves to the following difference system

OWE + Q°F (W, We +2U) — vAW® = — (Q° (U, U) — Q (U,U)),
(6.1) div W& =0,
We|,_o=0.

We define RS, = Q° (U,U) — Q(U,U). We remark that R

c« — 0O only in D', since it is defined as

Rgbc - Rosc,l + Rgsc,ll where
a,b,c .
(62 Rewr= F [ D0 R (U () (0 — k) U (n = B () € () |
a,b,c
wk n—=k, VL#O
j=1 2 ,3
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6.3) cen=F0 Y e (s (U"“’?’(k:)Ub(m))‘é?)@é? ,
k-&—jni?(;gm)

~a,b
wk,m;éo

where @Zi’n = w®(k) + w®(m). The term Risenn represents the high-frequency vertical perturbations

induced by the horizontal average fTQ (Q° (U#,U¢?)) which converges to zero only weakly as explained in
h

Lemma[.T] Hence we divide it in high-low frequencies in the following way, for the low-frequency part

€ _ 1 €
Rosean =F " (Lnlenvyngiri<vyF Roscr) »
€ _ 1 €
Reseatn =F  (Lingleningk<niF Rosen)
€ _ e €
osc,N — 7:‘)’osc,I,N + Rosc,H,N?

while the high-frequency part is defined as

(6.4) REN = RE

€
0SC osc ~ "Yosc,N-

Lemma 6.2. Let R be defined as in (6.4). REY 7o, NZoo 0 in 12 (R+; H 3*1) uniformly in €, and the
following bound holds

N—oo

(6.5) R <ky —= 0.

|2y smo)

The proof of Lemma[6.2]is postponed to the end of the present section, at Subsection
Let us now perform the following change of unknown
(6.6) vy =W+ R v

where, in particular, RS, , is defined as RS, y = RS x + Reeqp v Where

0sc,

6.7)
it®be
) — e e kn=kn a,j c c
ey =F | Lgnieny D Lkieny —ape— (U (k) (nj = k) U (n = k)| e (n)) e (n) |,
a,b,c Wkn k.n
Wi kn;é()
j=1,2,3
(6.8)
zi ab
€ km
Rowrn =Fo ' [ Hmieny D Lweny = (03 (U (0) UP (m) | €9) , &0
k+m=(0,n3) v Whm
7=1,2,3
Bk A0
in particular we remark that
t
(6.9) O (‘SRgsc N) Risc N T E,Risc N>
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. ~E,t . SE,t _ P&t ~E,t
with ROSC’N is defined as ROSC,N = ROSC,LN + ROSC’H’N where

-t a,b,.c
elswk,n—k,n

Retan =F [ Lgewy 2 Lmtem g0 (U (4.5) (n; = k) U (6,0 — )

e (m)) e (n) |

‘*’Z’f{ik,n#() k,n—k,n
Jj=12,3
itpot
Set R e e hm a3 b 0\ 0
Roenn =F ' | Wmaleny D Lguemy——ag 0 (na (U2 (W)U (m) ) | &) &
k+m=(0,n3) v Wim
Jj=12,3
S 0

We underline the fact that the term R¢ . y in (6.9) is what we require in order to cancel the low frequen-
cies of RS, which otherwise converge to zero only weakly due to stationary phase theorem. This here is
the key observation and most important idea on which Schochet method is based: despite the fact that the
difference system presents nonlinearities which does not converge strongly to zero we can define an alterna-
tive unknown 1%, which is an O (¢)-corrector of the difference W* which solves an equation in which this

problematic nonlinear interaction vanishes.

Tanks to definition (6.6) and system (6.1)) we can deduce the equation satisfied by 1%, after some elementary
algebraic manipulation, which is

Oy + Q° (U5 U — 26Ree y +2U ) — vAUR = —RGY —eT,
(6.10) div ¢ =0,

¢?V|t:0 = 71’?\/,0 = 57?’(6)50,NL:0 )
with I'y; defined as

- - ~ St
F{]EV :VARisc,N + Qa ( (€)SC7N7 5R§SC,N + 2U> + 7z(E)SC,]V'

We outline that 95, is divergence-free since it is a linear combination of the eigenvectors ¥, e* defined in
(2.4) which are all divergence-free.
Now we claim that

Lemma 6.3. I'S; is bounded in L? (R+; H 3_1) by a constant K n which depends on N solely.

This is usually referred as small divisor estimate in the literature. The proof is due to the fact that all the
elements composing I'y, = I'Y; (U) are localized in the frequency space, hence they have all the regularity
we want them to have at the cost of some power of N. We omit a detailed proof only for the sake of brevity,
but this can be deduced thanks to the energy estimates performed on U in the previous section.

Let us, at this point, perform an H?® (’]I'S) energy estimate on equation (6.10), we obtain that
1d 9 9
©.11) S [N sy + v V8 s o)

<

(Re +eD + @ (v v — 2Reen + 20U ) |05

Now, if we consider two four component vector fields A, B such that their first three components are
divergence-free it is indeed true that ||Q° (A, B)|| ys(ysy < C |[A ® Bl pas+1gs), we shall use repeatedly
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this property in what follows. We shall use as well the fact that F**! (R3) , s > 1/2 is a Banach algebra.
Whence

(Q° (W5, W3 | 0% o) < C 195 ® Ul o oy 1905 sy -
< C NS s sy 188 g1 sy
©12 (0 (&, 20) 43 o () <

Q° (V5,26 Rewen ) | ¥R < Ce [Nl s sy 19N s (s
(e ( )|vk)

Hs(T3)

C NN ers ro) 108 | rsss oy 1U | rosa sy

’ROSCNH

Hst1 ']1'3)

we obtain

Using the estimates in (6.12) into (6.1T) and using repeatedly Young inequality ab < Za? ﬁbg

v

1d
6.13) 5 Wl gy + (5 = C 105 s ro) ) 965 e

<”UHH5+1(T3 t+e HRosc NH ) H¢16VH]2LIS(']1‘3) + O || RS + T HH -

Hs+1(T3

Whence let us define

1
6.14) 30 (0= € (0o + < [Roen [ )
by variation of constant method we transform (6.13)) into

1d t v _rt
6.15) 5o (1 Ty e 0 OO - (F = Claragrs) ) 10kl oy e 0 O

2
<C HR(E)S]CV + eI'§ HH9 L e—fo e,N(s)d s
Now we claim the following

Lemma 6.4. The function O, y defined in (6.14) is an L' (R..) function uniformly in e, moreover we can
write the L' (R )-bound as

(6.16) ”es,NHLl(RJr) <C+eKy<C

The proof of Lemmal6.4]is postponed to Section[6.2]

Lemma [6.4]in particular asserts, that fixing an (eventually large) N > 0 there exists an € = ey > 0 such
that there exist two constants 0 < ¢; (g, N) < 1 such that

c1(e,N) < ‘e‘ Jo ©c,n(s)ds

<1

)

independently of ¢t € R..

We fix now an 77 > 0 such that
v
4C"’

and we select two quantities N = N, and ¢ = ey = ey, such that

(6.17) n <

H'lp]EV,OHiIs(T3) < min{%7 ge*(CJrEKN)}

C (kny +eKn) <

Y

(6.18)

N3
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The first inequality in (6.18) holds true thanks to the following procedure: we consider the definition of %,

given in equation (6.6) we immediately deduce that ¢5, , = £ RE,. N‘ , but, in particular
’ M=o

C||F! (YnjenF (div (Uo @ Uo)))|| s »

En [F7 (UjenF Uo @ Uo)) || ;-2 5
Kn HUOH?—[l/Qa
N 1Tl

R o
H ose: N, g HS(T3)

NN //\

ifs>1/2.

We integrate now (6.13) in time, using the above consideration combined with Lemma [6.3] and (6.3) we
transform (6.13)) into

t t .
6.19) |lvy (t)ll?{s(wﬁ/o (u—zcwv (S)HHS(TB)) 105 () 201y el O ()9 g
<O (ky +2K) + [ [yn ooy €50 O

where we used the following notation: 9%, , = ©5|,_,. Whence considering the hypothesis (6.18)) that we
set for the bootstrap procedure we deduce

2 ¢ S)das
(6.20) 1950 570 sy €70 O <g, C (ky +Kn) <2.

Thanks to the existence result given in Theorem |1.3| we can assert that the application t — ||¥%; (2)|| Hs(T?)
is continuous in a right neighborhood of zero, hence, since we considered Hz/; NOH %) small in (6.18) it

makes sense to define the time

6.21) T* = sup {0 <t<

N Ol < 55 1

The positive value 775 denotes the maximal lifespan of U® and, consequently, of ¢5,. The definition of
TZ implies that v — 2C |5, ()l s sy < v/2in [O,TE*], and moreover, since ‘efst Oen(s)ds") > 1 and
estimates (6.20) transform (6.19) in the following differential inequality

622) 95 O+ 5 [ 150 ) sy 05 < .
Since 7 satisfies the condition (6.17) we deduce that T = T, .

Considering the continuous embedding
L (10,8 H43 ) > 1 (0,8 B 0 L2 ([0, ] )

we deduce hence that, for each t € [O, T{jo]

v t
1650 e < waoc {150 (1030 e + 5 [ 108 Oy 85
(6.23) 0



Considering now the definition of ¢35, given in (6.6) we can infer that, for each t € [0 17, ]

6240 107N g sy < N0 g sy + 0 e ety | Rée] (o)

Similarly as in the proof of Lemma we infer that, being 7@2307 n localized on the low frequencies,

(6.25) H e N‘ < Ky < 0.

L4 R+ H2 )

Moreover we can infer that

1
(6.26) |’UHL4(R+;HS+%> < max {1, 21/} (\Ifl (Uo) + Wy (Uo)) < 00

where ¥; and W are respectively the right-hand-side of (5.2) and (5.4).

Inserting now the bounds (6.23)), (6.23) and (6.26) in (6.24) we deduce that

(6.27) limsup || U¢|| < 00.
ST,

L4([o,t];HS+%)

The assertion (6.27) is obviously a contradiction of the blow-up criterion (L.6)), which implies that

T}, = 0.

6.1. Oscillating behavior of V4. In the past section we proved that the Poincaré renormalization U of
the solutions of is globally well-posed in some Sobolev subcritical topology. In the present section
we want to provide a (very brief) qualitative description of the oscillating properties of the (now global)
solutions of . For a much deeper and general discussion on the oscillating behavior of solutions of
periodic skew-symmetric singular perturbation problems we refer to the reference work [19] of I. Gallagher.

At this stage of the work is hence clear that
Us (t,z) =U (t,x) +r° (t,x),

where r¢ — 0, in L (R4, H* (T%)) . Hence r€ is a perturbative term in the L> (R, H* (T?)) topology.
As it has been explained in detail in Section [2] we can decompose the limit U projecting it onto the non-
oscillating and oscillating space U = U + Uy, where the orthogonal projections are defined in (2.6)-(2.7).
Since U® = L (é) V¢ we can hence deduce

VE(tz) =L (—z) U(t,z)+ L (—z) Uose (t, ) + L (—i) et ).

By the definition itself of U we know that U belongs to the kernel of the singular operator P.A, hence

ﬁ(—i)ﬁ:ﬁ.

Moreover the operator £ (7) , 7 € R is unitary in H* (’]I‘g), whence the function
t

w0 =c(-1)r 0.

€

is still an o, (1) function in the L> (R, H* (T?)) topology. Hence
— t
Ve(t,z) =U(t,z)+ L <—6> Uosc (t,z) + R° (t,x),
i.e. V¢ is a (high) oscillation around a stationary state U modulated by a L> (R4, H* (T?%)) perturbation

which tends to zero as € — 0.
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6.2. Proofs of technical lemmas.

Proof of Lemmal6.4; Obviously, considering the definition in (6.14)

2

L2 (R HH+1(T3))

DE
Rosc,N‘

2

10l 3y < N0 ey + |

Thanks to the results proved in Section [5| we can hence assert that
2

WU (my o1 (13y) < C-

For tlze term 7~2§SC7 n Wwe proceed as follows: let us recall that 7~2§SC7 N = 7@25% LN T 7@25071{’ N » Where 7~2§SC,L N
and R | v are defined in and (6.8). The summation sets on which R |  and RS |  are defined

osc, I, osc,I, osc,II,
a,b,c -1
T and

1 ~
imply in particular that ‘wk,nf ko @Z:zi k) are well defined. Being moreover Risq ~ localized in

the set |n|, |k| < N we can hence infer that

-1

I

a,b,c

~a,b
wk,nfk,n

W n—k

-1
’ < Ky,

uniformly in a, b, k, n. We deduced hence that

S Ky [|[F7 (L ienF (U - VU))
< KN ||U”L<>o HUHHS ’
< KN Ul s 10|l g

DE
HRosc,NH HH5+1 ’

Hs+l

where in the last inequality we used the embedding H*! «— L if s > 1/2. Whence

2

- ) )
HRgsc,N‘ L2y Ho) < En Ul 2y msy 10N ooy ey < K,

thanks to the results proved in Section 3] (|

Proof of Lemma6.2] : The proof of Lemma [6.2] consists in an application of Lebesgue dominated conver-
gence theorem. Since every time that Schochet method is applied (notably we refer to [[19]) an estimate of
this form on the high frequencies has to be performed we shall outline the proof of Lemma[6.2]

The element Rf)s]cv converges point-wise (in the frequency space) to zero when N — oo (computations
omitted), and it is indeed true that

2 2
o FREY (L)l < |l IF @ e U) 0l | = Gs(tm).

0sc

By Plancherel theorem the L' (R+ x 73, dt x d#) norm of G is indeed the square of the L% (R ; H®)
norm of U ® U (here we denote with # the discrete homogeneous measure on Z3). The function G, will be

the dominating function. We apply the following product rule (for a proof of which we refer to [4, Corollary
2.86, p. 104])

U@ Ul grsrsy S U poo sy 1U1] grs (s -
while thanks to the embedding H*+! (']I‘3) — L (T3) for s > 1/2 we can finally state that
HU ® U||L2(R+,HS) S ||U||L2(R+;Hs+1(T3)) ||UHLOO(R+,HS(TJ)) < Q.

Since Rgic converges point-wise to zero in the Fourier space as N — oo we can hence deduce (6.3). O
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APPENDIX A. PROOF OF LEMMA [4.1]

Let us introduce the following notation which will be used in the proof, given a vector field V' we denote
vem) = (Vim)em) , e ),
Cra _ ¥ a
vem) = (V)| e @) .

for @ = 0,4 and where the vectors e, a = 0, %+ are defined in (2.4). Moreover we denote as V%7, j =
1,2, 3, 4 the j-th component of the vector V¢ and as Vel the first two components of the vector V¢.

Let us write explicitly the expression of FQ (U, U) restricted onto the Fourier subspace {n;, = 0}:

FQWU)Om)=Pony > (na(Umutom)| &) &,
k+m=(0,n3)
W (k)4wP(m)=0
a,b=0,%t
i=1,2.3
3
Pomg) >, D, (n3 (Ua3 )Ub(m)>‘ég)c4~9’

a,b=0,% j=11T, y(n3)

where indeed the set Z, j, (n3) is defined as
(A1) Top (n3) = {(k:,m) e 78 ‘ k+m=(0,n3), w (k) + b (m) = o} :
We prove that for each couple (a, b) € {0, i}2 the contribution

Jup (n3) = > n3 (Ua’3 (k) U (m)> :
Zap(n3)

is null, implying hence that

3
(A.2) F(QU,U))(0,n3) =Py > Y (Tap(n3)] &) =0.
a,b=0,+ j=1
e We consider at first the case in which (a, b) = (0, 0), then the contributions of FQ (0, n3) restricted
on the set (a, b) = (0,0) are

Joo (n3) = Z ns (U0’3 (k) U° (m)) ,
k+m=(0,n3)
but U%3 = 0 (see (2.4) and (2.3))) hence this contribution is null.
e Let us suppose (a,b) = (%, 0),whence

Jro(nz) = > ng (U (k) U°(m)).
k+m=(0,n3)
wE(k)=0
The condition w® (k) = 0 implies that k;, = 0, while the condition k 4+ m = (0, n3) implies that
myp = 0, but U%3 (0, k3) = 0 (see (2.3)), whence such term gives a null contribution. The same
approach can be applied for the case (a,b) = (0, £).
e We consider now the case in which (a, b) = (&4, +), the contributions are hence

Jx+ (n3) = Z ng (U2 (k) U* (m)).
k+m=(0,n3)
wE (k) +wE (m)=0
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Since k +m = (0,n3) then |k| = |my| = . Taking in consideration the constraint w® (k) +
w® (m) = 0, which reads as (thanks to the explicit formulation of the eigenvalues in (2.3))

A n A
VA2 +ES A+ mE
which implies that A = 0. Then we can argue as in the two points above to deduce that such
contribution is null.

e Next we handle the more delicate case in which (a,b) = (£, F). In this case the contributions are
given by

A3) Temg)= Y ng(U=4(k) UT (m).
k+m=(0,n3)
wE(k)=w* (m)

)

where we used implicitly the divergence-free property of the vector U*. The conditions k + m =
(0,m3), w* (k) = w* (m) imply now that kj, = —my, and

A A

VAR /N2 md

which implies that mg = +ks.
— If mg = —ks3 the convolution constraint ks 4+ ms3 = ng in (A.3)) implies that n3 = 0, and hence
the contributions in (A.3)) arising from this case are nil.

— In this case k;, = —my, and k3 = mg3 = % Hence we are dealing with an interaction of the
form
T+ 5 (n3) = Z n (Ui’?’ (—m E) U+ (m E)) n3 € 27
7 3 3 h» 2 h» 2 ’ 3 .
my, €72

Let us now define the elements

:t7:F — :‘:,3 _ @ q:7h g
Bn3 = Z n3<U ( mh,2>U (mh,2)>, ns € 27,
mheW
n3 n3
C%SQF — Z na (Ui,3 (_mh’ ?) A (mh, ?>> 7 ns € 22,
mp,EZ?

since the eigenvectors ég, j = 1,2, 3 are of the form (2.5) we deduce that the contributions of
(A.2) which arise from the sum of the couples (a,b) = (&, F) is

3 B~ 4 Byt
(A4) Plomg) | D (T (n3) + T+ (n3) | €)) e | €] = Pomy) P
=1 Cns™ + Cry
Whence in order to prove that (A.4) is identically null it is sufficient to prove that the identities
n3 n3
A5  BEF =3 m (Ui"g (—mh, 7) UTh <mh, 3)) — —B&*, nz € 27,
thZQ
n n
A6 CEF= > g (U5 (—ma, ?3) U (m, é’)) =-CFTE nye2z
my, €72
If (A.3)) and (A.6) are proved we can finally assert that (A.2) holds true.
Proof of (A.5):
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We shall now reformulate the infinite sum B;{:;_ + BTZ:;Jr in way in which its symmetric prop-
erties are explicit.
If we consider the element

A Slmn = 3 [6 (mn ) 0 ) 1073 () 5 ()

07 ) 07 (o ) 072 o 5) 0 (o )

we can indeed say that
Bl + Bt = Z B (mp,n3) .
mp, €22
We claim that
(A8) B (mp,n3) =0, v mp, ng,
the proof of (A.8)) is postponed, this implies that B;r{ + Bﬁf = 0, and we conclude the proof

of (&3).
Proof of (A.6):

We write now the explicit formulation of the bilinear interaction (A.6))

o8- 3 (0% () v ()

my €72

_ bl MLl ma\eo( o
= > mse <mh’2)U<mh’2>U<mh’2>‘

mh€Z2

We symmetrize such sum writing it as

A9) Cim+Ct = S B[ (—m, ) 0% (=i, 22) OF (i, 22

2 2 2 2
my, €72
+ e () O (e ) 0% (= )
recalling the explicit expression of the eigenvectors in (2.4) we deduce that
(A.10) et (—mh, %) = —¢™3 (mh, %) ,

whence inserting the result of (A:10) in (A.9) we deduce (A-6).

A.1. Proof of (A:8). Let us write the elements 3 (my, n3) as

B (mp,n3) = BE (mp,n3) + BT (mp,n3),

where
A ) = 07 () 0 () 0 o ) 07 (o )
) = 2 [0 (o 2) 0 ) 407 ) 02 ()|



We shall prove only 3% (my,, n3) = 0 being the proof of 3 (my,, n3) = 0 identical. By definition itself of

such elements we know that
ns ns ns
(e )| (e ) oo (= 3)

Ut3 (—mh, @> u—h (mh,B) = (U
(7 (s @)16‘ (m1:5)) " ()
U

2 2
2
(5 ) e () ) e (e 5)
’ "2 /)¢ "2
e () ()
(U( mp, 2)‘6 mp, 5 (C4e mp, 5 )

By the aid of the explicit definition of the eigenvectors given in (2.4) we can argue that

—h N3\ _ +.h n3\ _ n
e 2) = () =

+3 ng\ -3 n3\ _ 43
e (—mh,? = —e mp, — ) = Ay ng-

2

<
X
03 o ) 07 ()
X

Whence setting

Conns= (7 (on )| (on ) (D) ().

by the aid of the above definitions we hence deduced that
+3 <_mh7 @) {7—h (mh’ @) = Oy Al A3

2 2 Mp,N3~ "Mp,N37

U3 <mh%> U+h (—mh,@) = Cpy g Al A3

2 mp,N3* "Mp,N3"

Inserting such relations in the definition of 3% (A.TT) we deduce hence that 5% (my,, n3) = 0, concluding.
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