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Abstract 

The isogeometric finite volume analysis is utilized in this research to numerically simulate the two-

dimensional viscous wet-steam flow between stationary cascades of a steam turbine for the first time. In 

this approach, the analysis-suitable computational mesh with “curved” boundaries is generated for the fluid 

flow by employing a non-uniform rational B-spline (NURBS) surface that describes the cascade geometry, 

and the governing equations are then discretized by the NURBS representation. Thanks to smooth and 

accurate geometry representation of the NURBS formulation, the employed isogeometric framework not 

only resolves issues concerning the conventional mesh generation techniques of the finite volume method 

in steam turbine problems, but also, as validated against well-established experiments, significantly 

improves the accuracy of the numerical solution. In addition, the shock location in the cascade is predicted 

and tracked with a sufficient accuracy. 

Keywords: wet-steam flow; turbine cascades; NURBS surface; isogeometric analysis; finite volume 

method 

1 Introduction 

The concept of isogeometric analysis (IGA), first introduced by Hughes et al. [1], tries to significantly 

bridge the gap between computer-aided design (CAD) and computational physics/mechanics by employing 

the same representation for both the geometry and solution. More precisely, in the isogeometric framework, 

the computational mesh is inherently created by non-uniform rational B-spline (NURBS) description of the 

geometry and the governing equations are then discretized by transforming from the “curved” grids (of 

arbitrary degree) on the computational domain to the “rectangular” ones on the parameter space of the B-

spline/NURBS geometry. Thanks to the accurate and efficient geometry representation of the IGA 

approach, it has been successfully implemented in various practical applications such as computational 

mathematics [2-5], electromagnetics [6, 7], solid and fluid mechanics [8-12], fluid–structure interaction 

[13, 14], heat transfer [15, 16] and eigenvalue problems [17, 18]. 
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A common problem in the last stages of low-pressure (LP) steam turbines is “condensation shock” that can 

be interpreted as a non-equilibrium and unsteady thermodynamic phenomenon. Due to the negative effects 

of condensation on the performance of steam turbines, this phenomenon has been investigated in many 

studies both numerically [19-23] and experimentally [24-29]. During the expansion of steam, under certain 

circumstances in LP steam turbines, the one-phase vapor changed into a two-phase mixture after 

supercooling and nucleation. The liquid phase of the mixture causes mechanical and thermodynamic losses 

and, as a result, a reduction in the efficiency of the turbines. In order to improve the modeling accuracy and 

enhance the physical understanding of such “wet-steam flow” in turbine cascades, majority of studies with 

the aim of correcting the nucleation equation, adopting more appropriate droplet growth model, and 

considering the slip condition effects and coalescence of droplets have been performed (see, e.g., [30-34]). 

Furthermore, the accuracy of the wet-steam flow simulation in turbine cascades, like other problems in 

computational fluid dynamics (CFD), significantly depends on the accuracy and quality of the 

computational mesh. Some common mesh types that can be found in the literature are, e.g., O-mesh [35, 

36], quasi grid [37, 38], and H-type grid [39-41]. On the other hand, when it comes to finite volume method 

(FVM), as one of the most frequent numerical approaches in CFD, it is of interest to discretize the 

computational domain by volumes (or cells) with curved boundaries that is, indeed, a common bottleneck 

in most of common grid generation techniques. The mentioned difficultly, however, can be considerably 

resolved by employing the isogeometric finite volume analysis. 

In this paper, by employing the isogeometric finite volume analysis (presented by Heinrich et al. [42]) the 

numerical modeling of the two-phase viscous flow in turbine cascades is performed for the first time using 

the isogeometric framework. Given the smooth and accurate geometry representation of the NURBS 

formulation, the main advantage of the employed methodology is in accounting for curved control volumes 

in the FVM approach that is well consistent with the geometry of the cascades and enhances the accuracy 

of results. For this purpose, the Eulerian–Eulerian model combined with the 𝑘–𝜔 turbulence formulation is 

used to analyze the viscous wet-steam flow in the last stages of an LP steam turbine. Additionally, the 

corrected Courtney–Kantrowitz nucleation model [43, 44], and the Young droplet growth model [45] are 

employed to simulate the condensation phenomenon. The weak forms of the governing equations are then 

created using discontinuous Galerkin method and discretized by NURBS representation. The results, 

validated by well-established experiments, indicate that employing IGA approach will significantly 

improve the numerical solution outputs as compared to the cases in which a conventional mesh (e.g., H-

type grid) is used. 

The remainder of this paper is organized as follows. Section 2 presents the governing equations of the wet-

steam flow. In Section 3, the isogeometric framework integrated with finite volume analysis is introduced. 

Section 4 expresses the modeling process of wet-steam flow in turbine cascades. The grid generation as 

well as results validation is also studied in this section, followed by Section 5 that presents the numerical 

simulation results. Finally, Section 6 draws some conclusion. 
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2 Governing equations of wet-steam flow 

In this section, we present the governing wet-steam flow formulation. 

2.1 Conservation equations 

The conservation equations are the Reynolds-averaged time dependent compressible Navier–Stokes 

equations that can be written for a two-dimensional flow as follows (see, e.g., [46, 47]): 

𝜕𝜌

𝜕𝑡
+ 𝜵 ⋅ (𝜌𝒖) = 0 

𝜕(𝜌𝒖)

𝜕𝑡
+ 𝜵 ⋅ (𝜌𝒖 ⨂ 𝒖) + 𝜵𝑃 − 𝜵 ⋅ 𝝉 = 0 

𝜕𝑒

𝜕𝑡
+ 𝜵 ⋅ [(𝑒 + 𝑃)𝒖] − 𝜵 ⋅ (𝝉 ⋅ 𝒖) − 𝜵 ⋅ 𝒒 = 0 

(1) 

where the energy term 𝑒, viscous stress tensor 𝝉 and heat flux 𝒒 are given by: 

𝑒 =
𝑃

𝛾 − 1
+
1

2
𝜌𝒖 ⋅ 𝒖 

𝝉 = 𝜇[(𝜵𝒖)𝑇 + 𝜵𝒖] −
2

3
𝜇(𝜵 ⋅ 𝒖)𝑰 

𝒒 = 𝐾𝜵𝑇 

(2) 

In the above equations, 𝜵 = [
𝜕

𝜕𝑥
   
𝜕

𝜕𝑦
]
𝑇

 is the gradient vector, 𝑰 is the identity matrix, 𝒖 = [𝑢   𝑣]𝑇 is the 

velocity vector in the 𝑥–𝑦 coordinate system and 𝛾 is the specific heat ratio. In addition, 𝑃, 𝑇, 𝐾, and 𝜇 

correspond to pressure, temperature, effective thermal conductivity, and viscosity, respectively. Finally, 𝜌 

is the density of the mixture that is related to the density of the vapor phase 𝜌𝑣 and mass fraction of the 

liquid phase 𝛽 as follows: 

𝜌 =
𝜌𝑣

(1 − 𝛽)
 (3) 

It is important to note that the conservation equations are expressed with regard to the properties of the  

two-phase mixture which can be estimated by the respective properties of the liquid and vapor phases as 

[48]: 

𝜑 = 𝜑𝑙𝛽 + (1 − 𝛽)𝜑𝑣 (4) 

where 𝜑 refers to the mixture properties (e.g., enthalpy, entropy, specific heat, viscosity, and thermal 

conductivity) and subscripts 𝑙 and 𝑣 refer to the liquid and vapor phases, respectively. 

In order to model the wet-steam condensation flow, two additional transport equations should be taken into 

consideration as follows: 
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𝛽
𝜕𝜌

𝜕𝑡
+ 𝜵 ⋅ (𝛽𝜌𝒖) = 𝛤 

𝜂
𝜕𝜌

𝜕𝑡
+ 𝜵 ⋅ (𝜂𝜌𝒖) = 𝜌𝐼 

(5) 

The first equation is related to the mass fraction of the liquid phase 𝛽 where 𝛤 is defined as the mass 

generation rate per unit volume per second and is due to condensation and evaporation. The second transport 

equation estimates the number of liquid droplet per unit volume (designated as 𝜂) where 𝐼 shows the 

nucleation rate in number of generated droplets per unit volume per second. The computation procedures 

of 𝐼 and 𝛤 will be discussed in the following subsection. Finally,  the number of droplets 𝜂 is related to the 

mass fraction 𝛽 by the following equation [49]: 

𝜂 =
𝛽

(1 − 𝛽)𝑉𝑑(𝜌𝑙 𝜌𝑣⁄ )
 (6) 

where 𝑉𝑑 =
4

3
𝜋�̅�𝑑

3 denotes the average droplet volume obtained by the average droplet radius �̅�𝑑. 

2.2 Nucleation and droplet growth models 

The condensation phenomenon consisting two main processes of nucleation and droplet growth. The 

classical nucleation theory presents the nucleation and formation of spherical droplets from a supersaturated 

condition. Hence, a steady-state homogenous nucleation rate is formulated as follows [41]: 

𝐼𝑐𝑙𝑎𝑠𝑠𝑖𝑐 = 𝑞𝑐
𝜌𝑣
2

𝜌𝑙
√
2𝜎

𝜋𝑀𝑚
3  𝑒𝑥𝑝 (−

4𝜋𝑟∗2𝜎

3𝑘𝑏𝑇𝑣
) (7) 

In the above equation, 𝑞𝑐, 𝑘𝑏, 𝑀𝑚, and 𝜎 are, respectively, the condensation coefficient, Boltzmann 

constant, molecular mass, and liquid surface tension and 𝑟∗ is the Kelvin–Helmholtz critical droplet radius 

given by [50]: 

𝑟∗ =
2𝜎

𝜌𝑙𝑅𝑇 𝑙𝑛 𝑆𝑟
 (8) 

where 𝑅 is the gas constant and 𝑆𝑟 is the  supersaturation ratio defined as the ratio of the vapor pressure to 

the equilibrium saturation pressure [20]. Since the expansion of vapor is occurred rapidly, the process 

changes into non-equilibrium condition. As a result, the supersaturation ratio can be greater than one [41]. 

A variety of corrections is proposed to apply on the classic nucleation theory for non-isothermal 

homogeneous condensation, where the accuracy of the Courtney–Kantrowitz correction approach has been 

proven by previous studies (see, e.g., [38, 51, 52]). Hence, the nucleation rate is to be computed as follows 

where that 𝜃 denotes the non-isothermal correction and ℎ𝑙𝑣 is the enthalpy of evaporation [53]: 
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𝐼 =
1

(1 + 𝜃)
 𝐼𝑐𝑙𝑎𝑠𝑠𝑖𝑐 

𝜃 = 2
𝛾 − 1

𝛾 + 1
(
ℎ𝑙𝑣
𝑅𝑇
)(
ℎ𝑙𝑣
𝑅𝑇

−
1

2
) 

(9) 

In the classical nucleation theory, the rate of mass generation is defined as the total mass increase by the 

nucleation and growth of droplets as follows [49]: 

𝛤 =
4

3
𝜋𝜌𝑙𝐼𝑟

∗3 + 4𝜋𝜌𝑙𝜂 �̅�
2
𝜕�̅�

𝜕𝑡
 (10) 

In the above equation, 𝜕�̅� 𝜕𝑡⁄  is the droplet growth rate obtained by the following equation where 𝐶𝑃 is 

specific heat of liquid [54]: 

𝜕�̅�

𝜕𝑡
=

𝑃

ℎ𝑙𝑣𝜌𝑙√2𝜋𝑅𝑇

𝛾 + 1

2𝛾
𝐶𝑃(𝑇𝑙 − 𝑇𝑣) (11) 

Hence, for determining the droplet temperature 𝑇𝑙 as a function of vapor temperature 𝑇𝑣, supercooling 

degree 𝑇𝑠 and droplet radius 𝑟, Eq. (12) should be employed where the droplet radius is assumed to be 1μm 

or less [55]: 

𝑇𝑙 = 𝑇𝑠(𝑃) − [𝑇𝑠(𝑃) − 𝑇𝑣]
𝑟∗

𝑟
 (12) 

2.3 Equation of state 

The vapor’s pressure, temperature and density are related by means the equation of state as follows [56]: 

𝑃 = 𝜌𝑣𝑅𝑇(1 + 𝐵𝜌𝑣 + 𝐶𝜌𝑣
2) (13) 

where 𝐵, and 𝐶 are the second and third virial coefficients given in m3/kg and m6/kg2, respectively and 

defined as follows: 

𝐵 = 𝑏1 (1 +
𝜏𝐵
𝛼𝐵
)
−1

+ 𝑏2 𝑒
𝜏𝐵(1 − 𝑒−𝜏𝐵)5 2⁄ + 𝑏3𝜏𝐵 

𝐶 = 𝑐1(𝜏𝐶 − 𝜏0) 𝑒
−𝛼𝐶𝜏𝐶 + 𝑐2 

(14) 

The parameters involved in the above equations are expressed in Table 1. 

 

Table 1.  Parameters of the equation of state 

𝜏𝐵 𝜏𝐶  𝜏0 𝛼𝐵 𝛼𝐶 𝑏1 𝑏2 𝑏3 𝑐1 𝑐2 

1500 𝑇⁄  𝑇 647.286⁄  0.89780 10000 11.16 0.0015 0.000942 −0.0004882 1.722 1.5 × 10−6 
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2.4 Turbulence model 

In the present paper, the 𝑘–𝜔 turbulence model is employed to simulate the turbulent wet-steam flow 

through turbine cascades. This common turbulence model accounts for wall effects and attempts to predict 

turbulence by two partial differential equations as follows [57, 58]. The equations are in terms of two 

variables 𝑘 and 𝜔, which are the turbulence kinetic energy and specific rate of dissipation, respectively, 

noting that the coefficients of the equations are 𝛼0 = 5/9 , 𝛽0 = 3/40 , 𝛽∗ = 9/100 , and 𝜎0 = 𝜎
∗ = 1/2. 

𝜕(𝜌𝑘)

𝜕𝑡
+ 𝜵 ⋅ (𝜌𝑘𝒖) = 𝝉 ⋅ 𝜵𝒖 − 𝛽∗𝜌𝑘𝜔 + 𝜵 ⋅ [(𝜇 + 𝜎∗

𝜌𝑘

𝜔
 )𝜵𝑘] 

𝜕(𝜌𝜔)

𝜕𝑡
+ 𝜵 ⋅ (𝜌𝜔𝒖) = 𝛼0

𝜔

𝑘
𝝉 ⋅ 𝜵𝒖 − 𝛽0𝜌𝜔

2 + 𝜵 ⋅ [(𝜇 + 𝜎0
𝜌𝑘

𝜔
 )𝜵𝜔] 

(15) 

3 Isogeometric finite volume analysis 

3.1 A brief review of B-spline surfaces 

NURBS formulation is considered as a universal class for geometry modeling in computer-aided design, 

manufacture and engineering (CAD/CAM/CAE). The trajectory of a robot [59], geometry of a curved 

structure [60-63], free surface of a fluid [64], a tool-path in multi-axis machining [65, 66] and automotive 

body panels [67-69] are common examples described by NURBS formulation. 

B-splines, as unweighted or non-rational form of NURBS surfaces, can model a rich variety of free-form 

geometries and are well consistent with commercial CAD software with different engineering applications. 

Along with other geometry representation methods of the IGA approach (like, e.g., elliptic [70] and T-

spline [71] formulations), B-splines play a central role in the isogeometric finite volume analysis of flows 

thorough turbine cascades since they serve both for the geometric representation of the physical domain 

and for discretization of the governing equations. In the present paper, the physical domain of the fluid flow 

between turbine cascades can be interpreted by a planar B-spline surface as a mapping from the bivariate 

parameter space (𝜉, 𝜁) ∈ [0,1]2 onto the geometric (i.e. physical) space 𝑺(𝜉, 𝜁) = [𝑥(𝜉, 𝜁), 𝑦(𝜉, 𝜁)]. This 

B-spline surface of degree (𝑝, 𝑞) is characterized by a bidirectional net of (𝑛 + 1)(𝑚 + 1) control points 

𝑷𝑖𝑗 = [𝑃𝑥
𝑖𝑗
 , 𝑃𝑦

𝑖𝑗
] and defined as: 

𝑺(𝜉, 𝜁) =∑∑𝑁𝑖,𝑝(𝜉)𝑁𝑗,𝑞(𝜁) 𝑷𝑖𝑗

𝑛

𝑖=0

𝑚

𝑗=0

 (16) 

where 𝑁𝑖,𝑝(𝜉) and 𝑁𝑗,𝑞(𝜁) are the 𝑖-th and 𝑗-th basis functions of degree 𝑝 and 𝑞, respectively, and defined 

by the Cox–de Boor recursion formula over the non-decreasing knot vectors 𝜩 and 𝜡 as follows [72]. 

𝜩 = [0, 0,⋯ , 0⏟      
𝑝+1

, 𝜉𝑝+1, 𝜉𝑝+2,⋯ , 𝜉𝑛, 1,1,⋯ , 1⏟    ]
𝑝+1

 

𝜡 = [0, 0,⋯ , 0⏟      
𝑞+1

, 𝜁𝑞+1, 𝜁𝑞+2,⋯ , 𝜁𝑚, 1,1,⋯ , 1⏟    ]
𝑞+1

 
(17) 
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𝑁𝑖,0(𝜉) = {
 1
 0

𝜉𝑖 ≤ 𝜉 < 𝜉𝑖+1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝑁𝑖,𝑝(𝜉) =
𝜉 − 𝜉𝑖
𝜉𝑖+𝑝 − 𝜉𝑖

 𝑁𝑖,𝑝−1(𝜉) +
𝜉𝑖+𝑝+1 − 𝜉

𝜉𝑖+𝑝+1 − 𝜉𝑖+1
 𝑁𝑖+1,𝑝−1(𝜉)   

(18) 

According to the tensor-product characteristic of the NURBS format, for a B-spline surface of degree (𝑝, 𝑞) 

with a (𝑛 + 1)(𝑚 + 1) control net, the product of the knot vectors 𝜩 and 𝜡 results in a set of 

(𝑛 − 𝑝 + 1)(𝑚 − 𝑞 + 1) patches on the surface that correspond to non-zero knot spans of the knot vectors. 

In the isogeometric finite volume analysis, every “curved” patch 𝛺𝑘 on the geometric domain, as the map 

of the respective 𝛺0
𝑘 of the parameter space, is considered as a control volume in the physical space. As 

illustrated for a bicubic (i.e., 𝑝 = 𝑞 = 3) surface in Fig. 1, the local support property of B-spline definition 

necessitates that each patch has 𝑝 + 1 and 𝑞 + 1 non-zero (i.e., active) basis functions in 𝜉 and 𝜁 directions, 

respectively. This property will then be helpful in isogeometric discretization of the computational domain, 

since only the active basis functions will participate in the numerical integration. As stated earlier, the 

advantage of incorporating IGA and FVM approaches lies in accounting for control volumes with curved 

boundaries that enhance the accuracy of results. 

 

 
Fig. 1.  A bicubic B-spline surface in the physical space (right) and its corresponding domain in the parameter space with 

respective basis functions (left) [73] 

3.2 Weak formulation 

By partitioning the physical domain into finite volumes 𝛺𝑘, 𝑘 = 1, 2,⋯ , (𝑛 − 𝑝 + 1)(𝑚 − 𝑞 + 1), the 

strong forms of governing equations, i.e. Eqs. (1), (5) and (15), are expressed in the weak forms as follows 

based on the standard discontinuous Galerkin (DG) method described in, e.g., [42, 74]. 

       Parametric space              Physical space   
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∫
𝜕𝜌

𝜕𝑡𝛺𝑘
𝑑𝛺 +∫ (�̂��̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0   

∫
𝜕(𝜌𝒖)

𝜕𝑡𝛺𝑘
𝑑𝛺 +∫ (�̂��̂� ⨂ �̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 + ∫ �̂�𝒏

𝑠𝑘
𝑑𝑠 − 𝜇∫ {[(𝜵�̂�)𝑇 + 𝜵�̂�] −

2

3
(𝜵 ⋅ �̂�)𝑰} ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

∫
𝜕

𝜕𝑡
(
𝑃

𝛾 − 1
+
1

2
𝜌𝒖 ⋅ 𝒖)

𝛺𝑘
𝑑𝛺 +∫ (

�̂�

𝛾 − 1
+
1

2
�̂��̂� ⋅ �̂� + �̂�) �̂� ⋅ 𝒏

𝑠𝑘
𝑑𝑠 

−𝜇∫ ({[(𝜵�̂�)𝑇 + 𝜵�̂�] −
2

3
(𝜵 ⋅ �̂�)𝑰} ⋅ �̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 − 𝐾∫ 𝜵�̂� ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

∫ (𝛽
𝜕𝜌

𝜕𝑡
− 𝛤)

𝛺𝑘
𝑑𝛺 +∫ (�̂��̂��̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

∫ (𝜂
𝜕𝜌

𝜕𝑡
− 𝜌𝐼)

𝛺𝑘
𝑑𝛺 +∫ (�̂��̂��̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

∫ [
𝜕(𝜌𝑘)

𝜕𝑡
+ 𝛽∗𝜌𝑘𝜔]

𝛺𝑘
𝑑𝛺 +∫ (�̂��̂��̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 

−𝜇∫ ({[(𝜵�̂�)𝑇 + 𝜵�̂�] −
2

3
(𝜵 ⋅ �̂�)𝑰} ⋅ �̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 − ∫ [(𝜇 + 𝜎∗

�̂��̂�

�̂�
 )𝜵�̂�] ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

∫ [
𝜕(𝜌𝜔)

𝜕𝑡
+ 𝛽0𝜌𝜔

2]
𝛺𝑘

𝑑𝛺 +∫ (�̂��̂��̂�) ⋅ 𝒏
𝑠𝑘

𝑑𝑠 

−𝜇∫ (𝛼0
�̂�

�̂�
{[(𝜵�̂�)𝑇 + 𝜵�̂�] −

2

3
(𝜵 ⋅ �̂�)𝑰} ⋅ �̂�) ⋅ 𝒏

𝑠𝑘
𝑑𝑠 −∫ [(𝜇 + 𝜎0

�̂��̂�

�̂�
 )𝜵�̂�] ⋅ 𝒏

𝑠𝑘
𝑑𝑠 = 0 

 

(19) 

In the above weak formulation, two different integration schemes are employed. 1) Integration over the 

control volume 𝛺𝑘 where the integrands are in terms of field variables within the control volume (i.e.,     

𝜙 = [𝜌, 𝑢, 𝑣, 𝑃, 𝑇, 𝛽, 𝜂, 𝑘, 𝜔]); and 2) boundary integrals over faces 𝑠𝑘 of the control volumes noting that 

the integrands are in terms of flux variables passing through the faces (i.e., �̂� = [�̂�, �̂�, 𝑣, �̂�, �̂�, �̂�, �̂�, �̂�, �̂�]). 

3.3 Isogeometric discretization 

In the isogeometric finite volume analysis, the discretization technique is performed by means of B-

Spline/NURBS formulation. For this purpose, the underlying integral formulation of the FVM needs to be 

transformed to the parametric domain that describes the geometry. As a result, control volumes with curved 

boundaries can be considered in the physical space aiming at improving the accuracy of results. As stated 

earlier in §3.1, the patches on the B-spline surface of the physical domain are equivalent to control volumes 

and, therefore, any additional procedure for generating computational meshes is eliminated and the 

computational domain is well consistent with the geometry. 

In order to compute the integrals of Eq. (19), a transformation from the physical domain Ω𝑘 to the 

parametric space 𝛺0
𝑘 is required (see Fig. 1). This transformation is performed by means of the Jacobian 

matrix and its determinant given by: 
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𝑱 = [

𝜕𝑥

𝜕𝜉

𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜉

𝜕𝑦

𝜕𝜁

]       ,      𝐽 = 𝑑𝑒𝑡(𝑱)  (20) 

where the derivatives are computed based on the B-spline representation of the geometry as [72]: 

[
𝜕𝑥

𝜕𝜉
 ,
𝜕𝑦

𝜕𝜉
] =∑∑ 

𝑑𝑁𝑖,𝑝(𝜉)

𝑑𝜉
𝑁𝑗,𝑞(𝜁) 𝑷𝑖𝑗

𝑛

𝑖=0

𝑚

𝑗=0

 

[
𝜕𝑥

𝜕𝜁
 ,
𝜕𝑦

𝜕𝜁
] =∑∑ 𝑁𝑖,𝑝(𝜉)

𝑑𝑁𝑗,𝑞(𝜁)

𝑑𝜁
 𝑷𝑖𝑗

𝑛

𝑖=0

𝑚

𝑗=0

 

(21) 

Hence, the gradient and normal vectors in the Cartesian space 𝑥–𝑦 can be related to their respective vectors 

in the parameter space 𝜉–𝜁 as: 

𝜵 = 𝑱−𝑇𝜵0      ,      𝜵0 = [

𝜕

𝜕𝜉

𝜕

𝜕𝜁

]  

𝒏 = |𝐽| 𝑱−𝑇𝒏0      ,      𝒏0 = [
𝑛𝜉
𝑛𝜁
] 

(22) 

For any arbitrary integral over the control volume 𝛺𝑘, the standard transformation to the parametric space 

𝛺0
𝑘 implies that: 

∫ 𝑓(𝑥, 𝑦)
𝛺𝑘

𝑑𝛺 = ∫ 𝑓(𝑥(𝜉, 𝜁), 𝑦(𝜉, 𝜁))
𝛺0
𝑘

|𝐽|𝑑𝜉𝑑𝜁 (23) 

while for the boundary integrals, based on the definition of the inner product (𝒂 ⋅ 𝒃 = 𝒂𝑇𝒃), one can obtain 

for some terms of Eq. (19) that: 

∫ 𝜵�̂� ⋅ 𝒏
𝑠𝑘

𝑑𝑠 = ∫ (𝜵0�̂�)
𝑇
𝑱−1𝑱−𝑇𝒏0

𝑠0
𝑘

|𝐽|𝑑𝑠0 

∫ 𝜵�̂� ⋅ 𝒏
𝑠𝑘

𝑑𝑠 = ∫ (𝜵0�̂�)
𝑇 𝑱−1𝑱−𝑇𝒏0

𝑠0
𝑘

|𝐽|𝑑𝑠0 

∫ �̂�𝒏
𝑠𝑘

𝑑𝑠 = ∫  �̂� 𝑱−𝑇𝒏0
𝑠0
𝑘

|𝐽|𝑑𝑠0 

∫ (�̂��̂�) ⋅ 𝒏
𝑠𝑘

𝑑𝑠 = ∫  �̂��̂�𝑇 𝑱−𝑇𝒏0
𝑠0
𝑘

|𝐽|𝑑𝑠0 

∫ (�̂��̂� ⨂ �̂�) ⋅ 𝒏
𝑠𝑘

𝑑𝑠 = ∫ (�̂��̂� ⨂ �̂�)𝑇 𝑱−𝑇𝒏0
𝑠0
𝑘

|𝐽|𝑑𝑠0 

(24) 
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Considering that 𝑑𝑠0 = 𝑑𝜉 (when 𝑑𝜁 = 0) and 𝑑𝑠0 = 𝑑𝜁 (when 𝑑𝜉 = 0), each boundary integral should 

be split up into four integrals over the northern (n), eastern (e), western (w) and southern (s) faces of the 

control volume. For instance, the first integral of Eq. (24) is rewritten as: 

∫ 𝜵�̂� ⋅ 𝒏
𝑠𝑘

𝑑𝑠 = ∫ (𝜵0�̂�)
𝑇
𝑱−1𝑱−𝑇𝒏0

𝑠0
𝑘

|𝐽|𝑑𝑠0 = ∑ [∫ (𝜵0�̂�𝑙)
𝑇
𝑱−1𝑱−𝑇𝒏0

𝑙

𝑠0
𝑘,𝑙

|𝐽|𝑑𝑠0]

𝑙=𝑛,𝑒,𝑤,𝑠

 (25) 

3.4 Finite volume analysis 

A common procedure in the FVM approach is to presume the field variables to be constant values in each 

control volume. Hence, considering 𝜙 as the representative of the dependent field variables, it needs to be 

approximated over the computational domain by its discrete counterparts �̅�𝑘 which are constant in the 

respective control volumes 𝛺𝑘. The values of �̅�𝑘 are then to be interpolated by B-spline formulation to find 

the distributed values of 𝜙 through the cascade. Additionally, by introducing the computational node at the 

center (P) of the control volume (see Fig. 2), the fluxes and their gradients through faces (n), (e), (w), and 

(s) can be expressed in terms of the approximated field variables in neighboring control volumes, e.g., (N), 

(E), (W) and (S). For this purpose, the upwind difference scheme [75, 76] is employed to take into account 

the effect of flow direction in the analysis. Hence, referring to Fig. 2 and assuming the flow direction is 

from left to right, the flux through eastern face of the control volume would be �̂�𝑒 = �̅�𝑃 + (𝜉𝑒 − 𝜉𝑃)
𝜕�̂�𝑒

𝜕𝜉
 . 

As a result, by defining the flux gradient as 

𝜕�̂�𝑒
𝜕𝜉

=
�̅�𝐸 − �̅�𝑊
𝜉𝐸 − 𝜉𝑊 

 (26) 

one can write 

�̂�𝑒 = �̅�𝑃 + 𝛼(�̅�𝐸 − �̅�𝑊) (27) 

where 𝛼 =
𝜉𝑒−𝜉𝑃

𝜉𝐸−𝜉𝑊
 . The flux gradient with respect to 𝜁 can also be calculated as: 

𝜕�̂�𝑒
𝜕𝜁

=
�̅�𝑁 − �̅�𝑆 + 𝛼(�̅�𝑁𝐸 − �̅�𝑆𝐸 − �̅�𝑁𝑊 + �̅�𝑆𝑊)

𝜁𝑁 − 𝜁𝑆 
 (28) 

The flux values and gradients through other faces can be expressed in the same way. It should be also 

pointed out that the grids in the parametric domain are orthogonal but not necessarily square since they 

have been arranged based on the knot vectors of the B-spline geometry of the physical space.  
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Fig. 2.  A control volume centered at (P) and its boundaries and neighbors in the parametric domain 

 

In order to perform the time discretization of the integral formulae of Eq. (19), we employ the standard time 

marching algorithm. For instance, the continuity equation in the parametric domain can be expressed as: 

∫
�̅�(𝑡+1) − �̅�(𝑡)

𝛥𝑡𝛺0
𝑘

|𝐽|𝑑𝜉𝑑𝜁 + ∑ [∫ (�̂��̂�𝑙
𝑇
)
(𝑡)
 𝑱−𝑇𝒏0

𝑙

𝑠0
𝑘,𝑙

|𝐽|𝑑𝑠0]

𝑙=𝑛,𝑒,𝑤,𝑠

= 0   (29) 

where 𝑡 is the pseudo time step. All other equations follow the same time marching scheme so that by 

applying the appropriate boundary conditions, the values of field variables in each control volume will be 

calculated. The choice of 𝛥𝑡 is, however, of central importance to avoid instability in the analysis. It is also 

interesting to mention that since the values of �̅� and �̂�𝑙 are constant in the control volumes, only geometric 

quantities should be accounted for in the integrals. The integration is then to be performed based on the 

standard Gauss–Legendre quadrature rule. 

Finally, before investigating the two-phase flow in steam turbine cascades, in order to verify the 

implementation of the isogeometric finite volume method in a well-established wet-steam flow problem, 

the interested reader is referred to Appendix. 

4 Modeling two-phase flow in steam turbine cascades 

In this section, we present the physical domain of the two-dimensional wet-steam flow in turbine cascades 

investigating how the respective geometry is constructed and an appropriate grid can be generated. In 

addition, the numerical results are validated against the experimental data. 

4.1 Physical domain of the problem 

Fig. 3 represents some stationary blades and flow passages in the last stages of an LP steam turbine. This 

well-known cascade model has been frequently considered for flow simulations in the literature (see, e.g., 

[37, 41, 52, 77]). In order to simulate the wet-steam flow through cascades, one flow passage with periodic 
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boundaries, as shown in the figure, is considered. The geometrical specifications of the turbine blades and 

the boundary conditions at inlet and outlet are listed in Table 2 and Table 3, respectively, taking into account 

that the outflow is assumed as a supersonic flow. More details regarding the experimental setup and cascade 

technical data can be found in [77]. 

 

 

Fig. 3.  Physical domain of the flow in cascades (one passage between two blades is highlighted) 

 

Table 2.  Geometrical specifications of the blade profile 

Length (mm) Chord (mm) Pitch (mm) Axial chord (mm) Inlet flow angle 

76.00 35.76 18.26 25.27 0 

 

 

Table 3.  Boundary conditions of the turbine cascade 

𝑃0,𝑖𝑛 (kPa) 𝑇0,𝑖𝑛 = 𝑇𝑠(𝑃0,𝑖𝑛) − 8 (K) 𝑃𝑜𝑢𝑡 = 0.48𝑃0,𝑖𝑛 (kPa) 

172 380.66 82.56 

4.2 Geometry construction and grid generation 

As stated earlier, the grid generation in the isogeometric finite volume analysis is inherently performed by 

B-spline representation of the geometric space of the physical domain (see §3.1). For this purpose, the 
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position of control points, degrees and knot vectors of the physical domain needs to be extracted from the 

CAD model of the cascade. It is also important to consider that a basic mesh generation technique is not 

suitable for flow simulation through cascades since accounting for condensation shock zone and boundary 

layers in near-the-wall zones needs finer grids in those regions. As a result, a block-structured mesh 

generation technique (described in, e.g., [78]) integrated with an adaptive mesh refinement based on the 

standard ℎ-refinement technique of the IGA approach (see, e.g., [79]) should be employed. Fig. 4a 

illustrates three different sections for mesh generation, namely inlet, interior, and outlet sections, as well as 

zones that need finer grids. The original control points of the respective sections are also depicted in           

Fig. 4b. Considering a bicubic B-spline surface for each section and based on the B-spline properties 

described in §3.1, the original arrangement of control points will generate a (coarse) grid of size 4 × 69 for 

the entire cascade that should be refined later for achieving reliable results. 

 

 

 
(a) (b) 

Fig. 4.  (a) Different sections and important zones for grid generation, (b) original control points of the physical domain 

 

4.3 Validation  

In order to find the suitable grid for flow simulation and validate the accuracy of the numerical modeling, 

a mesh study with different grid sizes is conducted and the simulated pressure ratios (𝑃/𝑃0) are compared 

to experimental data of Bakhtar et al. [37]. In all meshing scenarios, the grid becomes gradually denser near 

the walls and close to the shock zone. Fig. 5a depicts an 18 × 115 grid as the coarsest mesh of this study, 

which neglects near-the-wall zones, while the finest grid with 48 × 306 cells is shown in Fig. 5b. The 

numerical results of all studied grids are compared to experimental data as demonstrated in Fig. 6. The 

 

      

 

 

 

 

 

 Interior section 

Near-the-wall zones 

Shock zone 

Outlet section 

Inlet section 

 

 

 

 

 

 

    7×4 control net 

 

 

       7×70 control net 

 

 

 

 

          7×4 control net 



14 

 

results show that the grids with higher densities are well consistent with experimental data and predict the 

location of shock with a sufficient accuracy. The convergence plots of the average pressure error in entire 

cascade and shock-capturing error in the shock zone (Fig. 7) also confirms that the 48 × 306 grid can be 

selected as the appropriate mesh for further analysis (see Section 5). It should be noted that meshing the 

leading and trailing edges of airfoils is a challenging task in CFD problems. There may be some extra mesh 

refinements in the leading/trailing edge (see, e.g., [80, 81]) or some trim/extension in the geometry of the 

airfoil (see, e.g., [40, 82]) in order to deal with the issue of meshing those regions. In this paper, we used a 

practical way of geometry extension (see Fig. 5) to reduce the computational cost of unnecessary mesh 

refinement at the leading edge. This geometry extension, with a shape that is mainly related to our meshing 

scheme, may add a very little local effect on results; however, it has a negligible effect on the overall outputs 

of the wet-steam flow simulation through the cascade as shown by our validation against experimental data. 

 

  

(a) (b) 

Fig. 5.  (a) Coarsest mesh of this study with 18 × 115 grid neglecting near-the-wall zones, (b) finest mesh with 48 × 306 grid 
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Fig. 6.  Pressure ratios in suction and pressure sides of all studied grids compared with experimental data 

 

 

Fig. 7.  Convergence graphs of the average pressure error in entire cascade and shock-capturing error in the shock zone 

 

Additionally, in order to compare the accuracy of the employed IGA framework with other approaches that 

utilize a conventional mesh generation technique, the FVM results of this paper are compared with those 

obtained by an H-type grid of the same size as reported in Table 4. The comparison reveals that 

incorporating IGA with FVM has significantly improve the numerical results. 
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Table 4.  Comparison of numerical errors of the FVM approach: IGA vs. H-type grid 

 IGA error (%) H-grid error (%) 

Pressure side 4.45 6.21 

Suction side 3.88 5.74 

Average error 4.17 5.97 

Shock zone 1.86 3.28 

Periodical boundary at outlet 0.55 7.34 

 

5 Numerical simulation results 

The numerical simulation results of the wet-stream flow in turbine cascades obtained by the isogeometric 

finite volume method is presented in this section. In the following graphs, the ratio 𝑥/𝑥𝑐 is starting from 

the leading edge (𝑥 = 0) of the blade and normalized with respect to the 𝑥-position of the trailing edge 

(𝑥𝑐). As seen in Fig. 8a, the density of vapor decreases because of the blade geometry and also due to the 

condensation shock at 𝑥 𝑥𝑐⁄ ≈ 0.73. However, the density of liquid phase rapidly increases up to the 

maximum value where nucleation starts. Afterwards, the droplets’ density reduces slowly and becomes 

constant by passing the trailing edge. It is worth mentioning that inasmuch as the mass fraction of the liquid 

phase is far smaller than the vapor phase, no significant variation could be seen in the density graph of the 

mixture after nucleation (Fig. 8b). The contour of the mixture density is also shown by Fig. 8c. 

 

   

(a)         (b) (c) 

Fig. 8.  Density distribution in cascades: (a) density of liquid and vapor phases, (b) and (c) density of mixture 

 

Fig. 9 illustrates the absolute velocity of the wet-steam flow inside the passage between stationary cascades 

of steam turbine blades. Due to the blade geometry, the pressure reduces and therefore, the velocity has an 

increasing trend until the condensation shock occurred (Fig. 9a). At this place, the rate of increase in the 

mixture velocity is reduced, which is due to the condensation shock and droplets’ nucleation. Afterwards, 
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the velocity continues increasing up to  𝑥 𝑥𝑐⁄ = 1 at trailing edge where it reduces sharply because of the 

aerodynamic shock and also the inflection of the pressure surface shock on the suction surface. The 

variation of velocity through the computational domain of cascades is shown in Fig. 9b. 

 

 
 

(a) (b) 

Fig. 9.  Velocity distribution of the wet-steam flow: (a) absolute velocity on the suction side, pressure side and midpassage,      

(b) velocity contour in entire cascade 

 

Fig. 10 demonstrates the variations in temperature of liquid and vapor phases. As can be seen in Fig. 10a, 

the vapor temperature reduces because of the non-equilibrium conditions that governs the wet-steam flow. 

Then, by nucleating and appearing the first droplets, the temperature of liquid phase increases rapidly. 

Simultaneously, the vapor temperature has an increasing trend, which is due to the heat transfer of droplets 

to the continuous phase. Finally, the temperatures of both phases become equal which indicates the 

establishment of equilibrium conditions. The contours of liquid and vapor temperature are represented in 

Fig. 10b and Fig. 10c, respectively. 

An important property to measure in the wet-steam flow analysis is the degree of supercooling that is 

defined as the difference of the vapor and the saturation temperatures corresponding to the pressure of flow 

𝑇𝑠(𝑃) − 𝑇𝑣. As illustrated in Fig. 11a, the diagram of supercooling degree has a steady trend until the 

moment in which the condensation shock occurs on the suction surface (𝑥/𝑥𝑐 ≈ 0.73) and inflected on the 

pressure surface at 𝑥/𝑥𝑐 ≈ 0.92. At the mentioned places, the supercooling degree reaches the highest 

values of 31.4 K. However, it is worth noting that the highest value of the supercooling degree occurs inside 

the cascade at the condensation zone that is equal to the 33.78 K. Afterwards, the supercooling degree 

sharply drops due to the difference in pressure. Finally, the variations decrease because of the reduction in 

difference between the vapor and droplets temperatures. As shown in the supercooling contour of Fig. 11b, 

the fluid is diverted rapidly from the thermodynamic equilibrium at the condensation zone and returns to 

the equilibrium after nucleating and heat transferring between phases. 
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          (a) (b) (c) 

Fig. 10.  (a) Temperature graphs of the liquid and vapor phases along the streamlines, (b) and (c) temperature contours of liquid 

and vapor, respectively 

 

 
 

(a) (b) 

Fig. 11.  Degree of supercooling: (a) along the streamlines, (b) around the blade cascades 

 

The mass fraction of the liquid phase 𝛽 is another important feature to investigate in the wet-steam flow 

analysis. The mass fraction of the nucleated droplets increases by beginning the nucleation process and 

become almost constant after leaving the condensation zone. As shown in Fig. 12a, the average droplet 

radius �̅�𝑑 also starts increasing at 𝑥/𝑥𝑐 ≈ 0.84 on the midpassage streamline and reaches a maximum near 

the trailing edge. It is important to mention that a reduction in wetness fraction of the wet-steam flow can 

be observed by passing the trailing edge where the aerodynamic shock occurs. The reason is that the 

evaporation temperature increases in that region and causes a decrease in the value of 𝛽. Fig. 12b also 

represents the wetness fraction contour. 
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(a) (b) 

Fig. 12.  (a) Distribution of wetness fraction and average droplet radius along the midpassage, (b) wetness fraction contour 

around the blade cascades 

  

Finally, the turbulence parameters (i.e., the kinetic energy 𝑘 and the rate of dissipation 𝜔) are depicted in 

Fig. 13. As shown in the figure, the kinetic energy increases through the passage since the velocity of the 

wet-steam increases along the blade and therefore, the flow gradually becomes turbulent. The dissipation 

rate also clearly changes along the blade that is because of the turbulent condition of flow. In addition, the 

dissipation rate decreases near the trailing edge under the influence of velocity drop due to the aerodynamic 

shock. 

 

 
  

 (a) (b) (c) 

Fig. 13.  Kinetic energy and dissipation rate on the pressure and suction surfaces (a) and through the blade cascades (b) 
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6 Conclusions 

This paper presents an isogeometric finite volume analysis with the aim of having a reliable solution for 

the two-phase flow simulation through the stationary cascades of low-pressure steam turbines. Based on 

the presented formulation and results of this paper, the following conclusions can be drawn: 

 Utilizing the isogeometric framework, a more compatible grid with the geometry of the steam 

turbine cascades is generated. 

 Computed results are validated against experimental measurements based on static pressure 

distribution. 

 The numerical results show a significant improvement in comparison with the H-type grid of the 

same size as a conventional grid generation technique. 

 The condensation shock locations are accurately predicted and tracked. 

 Main specifications of a wet-steam flow like, e.g., wetness, degree of supercooling, temperature 

and density of the liquid and vapor phases, as well as the flow velocity and turbulence parameters 

are computed using the employed isogeometric framework. 
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Appendix. Verifying isogeometric FVM by a well-established example 

In order to verify the implementation of the isogeometric finite volume method in wet-steam flow problems, 

a well-established example, presented by Moore et al. [83], is herein considered. In this regard, three 

convergent–divergent nozzles (A, B, and C) with geometrical specifications reported in Fig. A.1 and Table 

A.1 are studied. The inlet conditions of the wet-steam flow for different nozzles are also given in Table 

A.2. 

 

Fig. A.1.  Geometry of studied convergent–divergent nozzles 
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Table A.1.  Coordinates of different sections shown in Fig. A.1 for nozzles A to C [83] 

Position 𝑥–coordinate (m) 
𝑦– coordinate (m) 

Nozzle A Nozzle B Nozzle C 

1 −0.25 0.03785 0.05635 0.06985 

2 −0.2 0.03785 0.05635 0.06985 

3 0 0.0315 0.05 0.0635 

4 0.5 0.057 0.072 0.074 

   

Table A.2.  Inlet conditions of the wet-steam flow for different nozzles 

 Nozzle A Nozzle B Nozzle C 

𝑃0,𝑖𝑛 (kPa) 25 25 25 

𝑇0,𝑖𝑛 = 𝑇𝑠 (𝑃0,𝑖𝑛 ) − 8 (K) 354.6 357.6 358.6 

 

The nozzle geometry in this example is symmetric about the centerline and, therefore, only one half the model is studied. 

Furthermore, it should be noted that the nozzle geometry is not curved and all control volumes are straight. Fig. A.2 depicts the 

meshed geometry of the nozzles A to C, noting that the mesh is finer near the walls and also in the diverging region after the 

throat (shock zone). The refinement level for each nozzle is obtained by the convergence study shown in  

Fig. A.3. Finally, the static pressure distributions computed by isogeometric FVM along the centerline in 

the diverging zone of nozzles are verified by experimental data reported in [83] as shown in Fig. A.4. 

 

Nozzle A 

 

Nozzle B 

 

Nozzle C 

Fig. A.2.  Generated grids for different studied nozzles  
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Fig. A.3.  Convergence study of the average pressure error in nozzles A to C (the relative errors are obtained by comparing the 

computed pressures with reference values reported in Moore et al. [83]) 

 

 

Fig. A.4.  Comparison of the static pressure along the centerline in the diverging zone of nozzles A to C: distributions computed 

by isogeometric FVM (solid lines) vs. experimental data (markers) reported by Moore et al. [83] (for interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article) 
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