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Abstract

The aim of the current paper is to illustrate, in a simple example, our recent, very gen-
eral, rigorous results [1,2] on the dynamical properties of fermions and quantum-spin systems
with long-range, or mean-field, interactions, in infinite volume. We consider here the strong-
coupling BCS-Hubbard model studied in [3,4], because this example is very pedagogical and,
at the same time, physically relevant for it highlights the impact of the (screened) Coulomb
repulsion on (s-wave) superconductivity.
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1 Presentation of the Model
The most general form of a translation invariant model for fermions with two-body interactions in
a cubic box ΛL

.
= {Z ∩ [−L,L]}d (d-dimensional crystal) of volume |ΛL|, L ∈ N0, is given in

momentum space by

HFull
L =

∑
k∈Λ∗

L, s∈S

(εk − µ) ã∗kãk +
1

|ΛL|
∑

k,k′,q∈Λ∗
L

s1,s2,s3,s4∈S

gs1,s2,s3,s4 (k, k
′, q) ã∗k+q,s1

ã∗k′−q,s2
ãk′,s3 ãk,s4 . (1)

See [5, Eq. (2.1)]. Here, S is some finite (spin) set representing the internal degrees of freedom of
quantum particles and Λ∗

L is the reciprocal lattice of quasi-momenta (periodic boundary conditions)
associated with ΛL. The operator ã∗k,s (respectively ãk,s) creates (respectively annihilates) a fermion
with spin s ∈ S and (quasi-) momentum k ∈ Λ∗

L, the function εk represents the kinetic energy of a
fermion with (quasi-) momentum k and the real number µ is the chemical potential. The last term
of (1) corresponds to a translation-invariant two-body interaction written in the momentum space.

One important example of a fermionic system with long-range interactions is given in the scope
of the celebrated BCS theory – proposed in the late 1950s (1957) to explain conventional type I
superconductors. The lattice version of this theory is obtained from (1) by taking S

.
= {↑, ↓} and

imposing
gs1,s2,s3,s4 (k, k

′, q) = δk,−k′δs1,↑δs2,↓δs3,↓δs4,↑f (k,−k, q)

for some function f : It corresponds to the so-called (reduced) BCS Hamiltonian

HBCS
L

.
=
∑
k∈Λ∗

L

(εk − µ)
(
ã∗k,↑ãk,↑ + ã∗k,↓ãk,↓

)
− 1

|ΛL|
∑

k,q∈Λ∗
L

γk,qã
∗
k,↑ã

∗
−k,↓ã−q,↓ãq,↑ , (2)
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where γk,q is a positive1 function. Because of the term δk,−k′ , the interaction of this model has a
long-range character, in position space. The simple choice γk,q = γ > 0 in (2) is still physically
very interesting since, even when εk = 0, the BCS Hamiltonian qualitatively displays most of basic
properties of real conventional type I superconductors. See, e.g. [6, Chapter VII, Section 4]. The
case εk = 0 is known as the strong coupling limit of the BCS model. The dynamical properties of
the BCS Hamiltonian HBCS

L with γk,q = γ > 0 can be explicitly computed from results of [1, 2],
but we prefer here to consider another BCS-type model including the Hubbard interaction, this
being a much richer example.

An important physical fact not taken into account in the BCS theory is the Coulomb inter-
action between electrons or holes, which can imply strong correlations, like in cuprates with the
universally observed Mott transition at zero doping. This problem was of course already addressed
in theoretical physics right after the emergence of the Fröhlich model and the BCS theory, see,
e.g., [7].

We present below a model, named here the strong-coupling BCS-Hubbard Hamiltonian, which
is rigorously studied at equilibrium in [3] in order to understand the possible thermodynamic im-
pact of the Coulomb repulsion on (s-wave) superconductivity. An interesting mathematical out-
come of [3] on the strong-coupling BCS-Hubbard Hamiltonian is the existence of a superconductor-
Mott insulator phase transition, like in cuprates which must be doped to become superconductors.

The results of [3] are based on an exact study of the phase diagram of the strong-coupling
BCS-Hubbard model defined, in a cubic box ΛL

.
= {Z ∩ [−L,L]}d (d ∈ N) of volume |ΛL| for

L ∈ N0, by the Hamiltonian

HL
.
=
∑
x∈ΛL

(2λnx,↑nx,↓ − µ (nx,↑ + nx,↓)− h (nx,↑ − nx,↓))−
γ

|ΛL|
∑

x,y∈ΛL

a∗x,↑a
∗
x,↓ay,↓ay,↑ (3)

for real parameters µ, h ∈ R and λ, γ ≥ 0. The operator a∗x,s (resp. ax,s) creates (resp. annihilates)
a fermion with spin s ∈ {↑, ↓} at lattice position x ∈ Zd, d = 1, 2, 3, ..., whereas nx,s

.
= a∗x,sax,s

is the particle number operator at position x and spin s. They are linear operators acting on the
fermion Fock space FΛL

, where

FΛ
.
=
∧

CΛ×{↑,↓} ≡ C2Λ×{↑,↓}
(4)

for any Λ ⊆ Zd and d ∈ N. The first term of the right-hand side of (3) represents the (screened)
Coulomb repulsion as in the celebrated Hubbard model. The second term corresponds to the
strong-coupling limit of the kinetic energy, also called “atomic limit” in the context of the Hubbard
model. The third term is the interaction between spins and the external magnetic field h. The last
term is the BCS interaction written in the x-space since

γ

|ΛL|
∑

x,y∈ΛL

a∗x,↑a
∗
x,↓ay,↓ay,↑ =

γ

|ΛL|
∑

k,q∈Λ∗
L

ã∗k,↑ã
∗
−k,↓ãq,↓ã−q,↑ . (5)

See (2) with γk,q = γ > 0. This homogeneous BCS interaction should be seen as a long-range
effective interaction, the precise mediators of which are not relevant, i.e., they could be phonons,
as in conventional type I superconductors, or anything else.

1The positivity of γk,q imposes constraints on the choice of the function f .
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2 Approximating Hamiltonians
The thermodynamic impact of the Coulomb repulsion on s-wave superconductors is analyzed in
[3], via a rigorous study of equilibrium and ground states of the strong-coupling BCS-Hubbard
Hamiltonian: An Hamiltonian like HL defines in the thermodynamic limit L → ∞ a free-energy
density functional on a suitable set of states of the CAR algebra of the lattice Zd. See [3, Section
6.2] for more details. Minimizers ω of the free-energy density are called equilibrium states of
the model and, for any L ∈ N0, the Gibbs states ω(L), defined on the algebra B(FΛL

) of linear
operators acting on the fermion Fock space FΛL

(4) by

ω(L) (A)
.
= TraceFΛL

(
A

e−βHL

TraceFΛL
(e−βHL)

)
, A ∈ B (FΛL

) , (6)

at inverse temperature β > 0, converges2 in the thermodynamic limit L → ∞ to a well-defined
equilibrium state. The important point in such an analysis is the study of a variational problem
over complex numbers: By the so-called approximating Hamiltonian method [8–10] one uses
an approximation of the Hamiltonian, which, in the case of the strong-coupling BCS-Hubbard
Hamiltonian, is equal to the c-dependent Hamiltonian

HL (c)
.
=
∑
x∈ΛL

(
2λnx,↑nx,↓ − µ (nx,↑ + nx,↓)− h (nx,↑ − nx,↓)− γ

(
ca∗x,↑a

∗
x,↓ + c̄ax,↓ax,↑

))
(7)

with c ∈ C. The main advantage of using this c-dependent Hamiltonian, in comparison with
HL, is the fact that it is a sum of shifts of the same on-site operator. For an appropriate choice
of (order) parameter c ∈ C, it leads to the exact thermodynamics of the strong-coupling BCS-
Hubbard model, in the limit L → ∞: At inverse temperature β > 0,

lim
L→∞

1

β |ΛL|
lnTraceFΛL

(
e−βHL

)
= sup

c∈C

{
−γ|c|2 + lim

L→∞

{
1

β |ΛL|
lnTraceFΛL

(
e−βHL(c)

)}}
(8)

and the (exact) Gibbs state ω(L) converges3 to a convex combination4 of the thermodynamic limit
L → ∞ of the (approximating) Gibbs state ω(L,d) defined by

ω(L,d) (A)
.
= TraceFΛL

(
A

e−βHL(d)

TraceFΛL
(e−βHL(d))

)
, A ∈ B (FΛL

) , (9)

the complex number d ∈ C being a solution to the variational problem (8). Since γ ≥ 0, this can
be heuristically be seen from the inequality

γ |ΛL| |c|2 +HL (c)− HL = γ
(
c∗0 −

√
|ΛL|c̄

)(
c0 −

√
|ΛL|c

)
≥ 0 ,

where
c0

.
=

1√
|ΛL|

∑
x∈ΛL

ax,↓ax,↑ (10)

2In the weak∗ topology.
3In the weak∗ topology.
4More precisely, it converges to the barycenter of a Choquet measure.
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(resp. c∗0) annihilates (resp. creates) one Cooper pair within the condensate, i.e., in the zero-mode
for fermion pairs. This suggests the proven fact [3, Theorem 3.1] that

|d|2 = lim
L→∞

ω(L) (c∗0c0)

|ΛL|
(11)

for any5 d ∈ C solution to the variational problem (8). The parameter [**|d|2**] is the condensate
density of Cooper pairs and so,[** d ̸= 0**] corresponds to the existence of a superconducting
phase, which is shown to exist for sufficiently large γ ≥ 0. See also [3, Figs. 1,2,3].

3 Dynamical Problem in the Thermodynamic Limit
As is usual, a Hamiltonian like the strong-coupling BCS-Hubbard model drives a dynamics in the
Heisenberg picture of quantum mechanics: The corresponding time-evolution is, for L ∈ N0, a
continuous group {τ (L)t }t∈R of ∗-automorphisms of the algebra B(FΛL

) of linear operators acting
on the Fermion Fock space FΛL

(see (4)), defined by

τ
(L)
t (A)

.
= eitHLAe−itHL , A ∈ B(FΛL

), t ∈ R . (12)

The generator of this time evolution is the linear operator δL defined on B(FΛL
) by

δL (A)
.
= i[HL, A]

.
= i (HLA− AHL) , A ∈ B(FΛL

) .

If γ = 0 then it is well-known that the thermodynamic limit of {τ (L)t }t∈R exists as a strongly
continuous group {τ t}t∈R of ∗-automorphisms of the CAR algebra of the infinite lattice. If γ > 0

then the situation is not that obvious. A first guess is to approximate {τ (L)t }t∈R by {τ (L,c)t }t∈R,
where

τ
(L,c)
t (A)

.
= eitHL(c)Ae−itHL(c) , A ∈ B(FΛL

), t ∈ R , (13)

for any L ∈ N0 and some complex number c ∈ C. In this case, the linear operator

δL,c (A)
.
= i[HL (c) , A] , A ∈ B(FΛL

) , (14)

is the generator of the dynamics {τ (L,c)t }t∈R. A natural choice for c ∈ C would be a solution to
the variational problem (8), but what about if the solution is not unique? As a matter of fact, as
explained in [1, Section 4.3], in the thermodynamic limit L → ∞, the finite-volume dynamics
{τ (L)t }t∈R does not converge within the CAR C∗-algebra of the infinite lattice for γ > 0, even if
d = 0 would be the unique solution to the variational problem (8)! Observe, moreover, that the
variational problem (8) depends on the temperature whereas the time evolution (12) does not.

The validity of the Bogoliubov approximation (13) with respect to the full dynamics (12) was
an open question that Thirring and Wehrl [11, 12] solve in 1967 for the special case HL|µ=λ=h=0,
which is an exactly solvable permutation-invariant model for any γ ∈ R. An attempt to generalize
Thirring and Wehrl’s results to a general class of fermionic models, including the BCS theory, has
been done in 1978 [13], but at the cost of technical assumptions that are difficult to verify in prac-
tice. This research direction has been strongly developed by many authors until 1992, see [14–33].
All these papers study dynamical properties of permutation-invariant quantum-spin systems with
mean-field interactions. Our results [1, 2] represent a significant generalization of such previous
results to possibly non-permutation-invariant lattice-fermion or quantum-spin systems. To under-
stand what’s going on in the infinite-volume dynamics, we now come back to our pedagogical
example, that is, the strong-coupling BCS-Hubbard model.

5This implies that any solution |d| to the variational problem (8) must have the same absolute value.
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4 Self-Consistency Equations
Instead of considering the Heisenberg picture, let us consider now the Schrödinger picture of quan-
tum mechanics. In this case, recall that, at fixed L ∈ N0, a finite-volume state ρ(L) is defined by

ρ(L) (A)
.
= TraceFΛL

(
d(L)A

)
, A ∈ B(FΛL

) ,

for a uniquely defined positive operator d(L) ∈ B(FΛL
) satisfying TraceFΛL

(d(L)) = 1 and named
the density matrix of ρ(L). Compare with (6) and (9). At L ∈ N0, the time evolution of any
finite-volume state is

ρ
(L)
t

.
= ρ(L) ◦ τ (L)t , t ∈ R , (15)

which corresponds to a time-dependent density matrix equal to d
(L)
t = τ

(L)
−t (d

(L)).
The thermodynamic limit of (15) for periodic initial states can be explicitly computed, as ex-

plained in [4, Section 4.3.2]. It refers to a non-linear state-dependent dynamics related to self-
consistency: By (4), B

(
F{0}

)
can be identified with the set Mat(4,C) of complex 4× 4 matrices,

in some orthonormal basis6. For any continuous family ω
.
= (ωt)t∈R of states acting on B

(
F{0}

)
,

we define the finite-volume non-autonomous dynamics (τ (L,ω)t,s )
s,t∈R by the Dyson-Phillips series

τ
(L,ω)
t,s ≡ “ exp

(∫ t

s

δωu
L du

)
” .
= 1B(FΛL

) +
∑
k∈N

∫ t

s

dt1 · · ·
∫ tk−1

s

dtkδ
ωtk
L ◦ · · · ◦ δωt1

L

acting on B(FΛL
) for any s, t ∈ R, with 1B(FΛL

) being the identity mapping of B(FΛL
) and where

δρL is the generator of the group {τ (L,c)t }t∈R, defined by (14) for c = ρ(a0,↑a0,↓). Compare with
(11) and (10). Note that, for every continuous family ω

.
= (ωt)t∈R of on-site (even) states acting

on B
(
F{0}

)
, s, t ∈ R, L0 ∈ N0 and all integers L ≥ L0,

τ
(L,ω)
t,s (A) = τ

(L0,ω)
t,s (A) , A ∈ B(FΛL0

) . (16)

It follows that the family {τ (L,ω)t,s }s,t∈R strongly converges in the thermodynamic limit L → ∞ to
a strongly continuous two-parameter family {τωt,s}s,t∈R of ∗-automorphisms of the CAR algebra
of the lattice. With these observations, we are in a position to give the self-consistency equations:
By [4, Eq. (19)], for any fixed initial (even) state ρ on B

(
F{0}

)
at t = 0, there is a unique family

(ϖ(t, ρ))t∈R of (on-site) states acting on B
(
F{0}

)
such that

ϖ(t, ρ) = ρ ◦ τϖ(·,ρ)
t,0 , t ∈ R . (17)

Observe that (17) is an equation on a finite-dimensional space, see (4).

5 Infinite-Volume Dynamics of Product States
For simplicity, as initial state (at t = 0), take a finite-volume product7 state ρ(L) .

= ⊗ΛL
ρ associated

with an even8 state ρ on B
(
F{0}

)
. An example of finite-volume product states is given by the

6For instance, (1, 0, 0, 0) is the vacuum; (0, 1, 0, 0) and (0, 0, 1, 0) correspond to one fermion with spin ↑ and ↓,
respectively; (0, 0, 0, 1) refers to two fermions with opposite spins.

7The product state ρ(L) is (well-) defined by ρ(L)(αx1(A1) · · ·αxn(An)) = ρ(A1) · · · ρ(An) for all A1, . . . , An ∈
B
(
F{0}

)
and all x1, . . . , xn ∈ ΛL such that xi ̸= xj for i ̸= j, where αxj (Aj) ∈ B

(
F{xj}

)
is the xj-translated copy

of Aj for all j ∈ {1, . . . , n}.
8Even states are the physically relevant ones. Even means that the expectation value of any odd monomials in

{a∗0,s, a0,s}s∈{↑,↓} with respect to the on-site state ρ is zero.
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approximating Gibbs states (9). Then, in this case, as explained in [4, Section 4.4], for any t ∈ R,
L0 ∈ N0 and A ∈ B(FΛL0

), one has that

ρt (A)
.
= lim

L→∞
ρ
(L)
t (A) = lim

L→∞
ρ(∞) ◦ τ (L)t (A) = ρ(∞) ◦ τϖ(·,ρ)

t,0 (A) , (18)

with ρ
(L)
t ,ϖ(·, ρ) being respectively defined by (15) and (17) and where ρ(∞) .

= ⊗Zdρ is the
(infinite-volume) product state associated with the even state ρ on B

(
F{0}

)
.

For any t ∈ R, the limit state ρt is again a product state and hence, it is completely determined
by its restriction to the single lattice site (0, . . . , 0) ∈ Zd, that is, by the on-site state ϖ(t, ρ) for
all t ∈ R. Below, we give the explicit expressions for the time evolution of the most important
physical quantities related to this model, in this situation for any time t ∈ R:

(i) Electron density:

d(ρ)
.
= ρ (n0,↑ + n0,↓) = ρt=0 (n0,↑ + n0,↓) = ρt (n0,↑ + n0,↓) ∈ [0, 2].

(ii) Magnetization density:

m(ρ)
.
= ρ (n0,↑ − n0,↓) = ρt=0 (n0,↑ − n0,↓) = ρt (n0,↑ − n0,↓) ∈ [−1, 1].

(iii) Coulomb correlation density:

w(ρ)
.
= ρ (n0,↑n0,↓) = ρt=0 (n0,↑n0,↓) = ρt (n0,↑n0,↓) ∈ [0, 1].

(iv) Cooper field and condensate densities:

ρt (a0,↓a0,↑) =
√

κ(ρ)ei(tν(ρ)+θ(ρ)) with ν(ρ)
.
= 2 (µ− λ) + γ (1− d(ρ))

and κ(ρ) ∈ [0, 1], θ(ρ) ∈ [−π, π) such that ρ (a0,↓a0,↑) =
√

κ(ρ)eiθ(ρ).

See [4, Lemma 1]. In the special case λ = 0, i.e., without the Hubbard interaction, (i)-(iv) repro-
duce the results of [21, Section A] on the strong-coupling BCS model, written in that paper as a
permutation-invariant quantum-spin model.

From Assertions (i)-(iv) observe that we recover the equation of a symmetric rotor in classical
mechanics: Fix an even on-site state ρ. For any t ∈ R, define the 3D vector (Ω1(t),Ω2(t),Ω3(t))
by

ρt (a0,↓a0,↑) = Ω1(t) + iΩ2(t) and Ω3 (t)
.
= 2 (µ− λ) + γ (1− ρt (n0,↑ + n0,↓)) .

Then, this 3D vector satisfies, for any time t ∈ R, the following system of ODEs:
Ω̇1 (t) = −Ω3 (t) Ω2 (t) ,

Ω̇2 (t) = Ω3 (t) Ω1 (t) ,

Ω̇3 (t) = 0 ,

which describes the time evolution of the angular momentum of a symmetric rotor in classical
mechanics.
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In fact, by seeing quantum states as elements of a state space in classical mechanics, this
dynamics can be written in terms of Poisson brackets, i.e., as some Liouville’s equation of clas-
sical mechanics, as proven in [1, Corollary 6.11] for any translation invariant long-range models.
Moreover, [1,2] show that long-range dynamics in infinite volume are equivalent to intricate com-
binations of classical and quantum short-range dynamics, opening new theoretical perspectives, as
explained in [34]. This phenomenon is a direct consequence of the highly non-local character of
long-range, or mean-field, interactions.

Assertions (i)-(iv) lead to the exact dynamics of a physical system prepared in a product state
at initial time, driven by the strong-coupling BCS-Hubbard Hamiltonian. This set of states is still
[**restrictive**] and our results [1, 2] go beyond this simple case, by allowing us to consider
general periodic states as initial states, in contrast with all previous results on lattice Fermi, or
quantum-spin, systems with long-range, or mean-field, interactions. See [4, Section 2.6].
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143-186.

[32] Duffield N.G., Werner R.F. Rev. Math. Phys. 1992. V. 4(3) P. 383-424.

8



[33] Duffield N.G., Werner R.F. in: Stochastics and quantum mechanics (Swansea, 1990), Eds.
Truman A. and Davies I.M. World Sci. Publishing, River Edge, NJ 1992. P. 115-129

[34] Bru J.-B. and de Siqueira Pedra W., Classical Dynamics from Self-Consistency Equations in
Quantum Mechanics – Extended Version. Preprint arXiv:2009.04969 (2020).

9


