
LOCAL TOPOLOGICAL OBSTRUCTION FOR DIVISORS

INDRANIL BISWAS AND ANANYO DAN

Abstract. Given a smooth, projective variety X and an effective divisor D ⊆ X, it is well-
known that the (topological) obstruction to the deformation of the fundamental class of D as
a Hodge class, lies in H2(OX). In this article, we replace H2(OX) by H2

D(OX) and give an
analogous topological obstruction theory. We compare the resulting local topological obstruction
theory with the geometric obstruction theory (i.e., the obstruction to the deformation of D as
an effective Cartier divisor of a first order infinitesimal deformations of X). We apply this to
study the jumping locus of families of linear systems and the Noether-Lefschetz locus. Finally,
we give examples of first order deformations Xt of X for which the cohomology class [D] deforms
as a Hodge class but D does not lift as an effective Cartier divisor of Xt.
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2 I. BISWAS AND A. DAN

1. Introduction

The base field k is always assumed to be algebraically closed of characteristic zero. Consider
a family of smooth, projective varieties

π : X −→ B

parameterized by a complex manifold B. Fix a closed point o ∈ B and denote by X := π−1(o)
the fiber over o. Let D ⊆ X be an effective divisor. Recall that, by Hodge decomposition,
H2(X, C) decomposes as a direct sum of sub-vector spaces H i,2−i(X) for 0 ≤ i ≤ 2. The
integral elements of H1,1(X), meaning the elements of H1,1(X) ∩ (H2(X, Z)/(torsion)), are
known as Hodge classes. It is well-known that the fundamental class of a divisor, given by
the first Chern class of the associated line bundle, is a Hodge class, which is proved using the
exponential short exact sequence.

There is an obvious “topological” obstruction for an effective divisor D ⊆ X to deform
along with the variety X: the fundamental class [D] of the divisor D is needed to deform as
a Hodge class. Using the Lefschetz (1, 1)–theorem, this topological obstruction is precisely the
obstruction to the deformation of the invertible sheaf OX(D). Using the exponential short
exact sequence, one can then check that this obstruction actually lies in H2(X, OX). We will
say that the fundamental class of D deforms as a Hodge class along t ∈ ToB if the invertible
sheaf OX(D) deforms to an invertible sheaf on the first order infinitesimal deformation Xt of
X, in the direction of t. If the obstruction vanishes, we may further ask whether the divisor
D deforms as an effective Cartier divisor in Xt? This happens if and only if the section sD of
OX(D) cutting out the divisor D deforms to a global section of the infinitesimal deformations of
the invertible sheaf OX(D). It is known that the obstruction to such deformations of the section
sD lies in H1(X, OX(D)) (see [15, § 3.3]). In this article, we replace the classical topological
obstruction space H2(X, OX) by the local cohomology group H2

D(OX).

We prove the following (see Theorem 3.3):

Theorem 1.1. Consider deformations of X parameterized by B with base point o ∈ B, as
above. To each effective divisor D ⊆ X and tangent vector t ∈ ToB, there is a canonically
associated element ξtD ∈ H2

D(OX) that satisfies the following condition: The vanishing of ξtD is
equivalent to the existence of an integer n > 0 such that nD deforms as an effective Cartier
divisor, as X deforms in the direction of t.

Theorem 1.1 says that given an effective divisor D in X, the obstruction to the deformation
of a high enough multiple of D as an effective Cartier divisor lies in H2

D(OX). Of course, if the
obstruction vanishes then the fundamental class of D deforms as a Hodge class. The question
then arises, if no multiple of D deforms as an effective Cartier divisor, is it still possible for the
fundamental class of D to deform as a Hodge class? As noted in Remark 4.1, this is possible.
However, it can be shown that the difference between the two obstruction theories (i.e., the
topological obstruction for the deformation of the fundamental class of D as a Hodge class and
the geometric obstruction for the deformation of a multiple of D as an effective Cartier divisor)
arises from 1-cocycles of the structure sheaf of an open subset U of X such that X\U is of
codimension at least 2 in X. In particular, we prove (see Theorem 4.2):

Theorem 1.2. There exists a proper, closed subvariety T ⊆ D (proper meaning the dimension
of T is strictly less than that of D) such that for the natural morphism

Φ(T⊆D) : H1(OX\T ) −→ H1(OX\D) −→ H2
D(OX) ,

and any tangent vector t ∈ ToB, the fundamental class [D] deforms as a Hodge class in the
direction of t if and only if the image of ξtD ∈ H2

D(OX) defined in Theorem 1.1 above, maps to
zero in coker(Φ(T⊆D)).
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In other words, the topological obstruction space is in fact contained in the cokernel of the
morphism Φ(T⊆D) mentioned above. The natural question to ask is, whether Theorem 1.2 holds
for any proper, closed subvariety of the divisor D? Before we answer this question, we fix a
couple of definitions. Given a proper, closed subvariety T of D, we say that D is T -semi-regular
if Theorem 1.2 above holds for such a choice of T . We say that D is effective Lefschetz if it
satisfies the following property: for any t ∈ ToB, the fundamental class [D] deforms as a Hodge
class along t if and only if a multiple of D deforms as an effective Cartier divisor, as X deforms
along t. In this context the following is proved (see Theorem 4.4):

Theorem 1.3. The divisor D is T -semi-regular for every proper, closed subvariety T of D if
and only if D is effective Lefschetz.

We give an explicit example in Theorem 6.3 of a divisor which is not effective Lefschetz. See
Remark 4.1 for a simpler example, given by the referee.

Let us now compare the above results with some classical results. We will call an effective
divisor D ⊆ X saturated if for every first order infinitesimal deformation of X, the divisor D
deforms as an effective Cartier divisor if and only if every positive multiple of D deforms as an
effective Cartier divisor. By Theorem 1.1, the divisor D is saturated if and only if the natural
morphism from the geometric obstruction space Oπ

D ⊆ H1(ND|X) (i.e., obstruction to the

deformation of D as an effective Cartier divisor) to H2
D(OX), induced by the natural morphism

from H1(ND|X) to H2
D(OX) (see § 2.4), is injective (see Corollary 3.5). Note that, for saturated

divisors, being effective Lefschetz is equivalent to the injectivity of the natural morphism from the
geometric obstruction space Oπ

D to the topological obstruction space ObsπD ⊆ H2(OX) (i.e., the
obstruction to deforming the fundamental class of D as a Hodge class). Note that semi-regular
sub-varieties obey such an injectivity statement. Recall that the theory of semi-regular sub-
varieties was first developed by Kodaira–Spencer [12] in the case of divisors, and subsequently
it was generalized for the higher codimensions by Bloch [1]. However, semi-regularity is a rather
rare phenomenon (see [5]). In contrast, saturated divisors are much more common than semi-
regular divisors. For example, a high enough multiple of any effective divisor is saturated.

Application: One can immediately apply these results to study the jumping locus of families
of linear systems. Consider a flat family of smooth, projective varieties X parameterized by a
complex manifold B. Fix a point o ∈ B. Let L be an invertible sheaf over X . Denote by W the
universal sub-locus of B containing the point o such that for every w ∈ W , the dimension of
the linear system associated to Lw := L|Xw is constant and every sub-loci satisfying the same
properties factor through W (see § 5.1 for a precise definition). We prove (see Theorem 5.3):

Theorem 1.4. Denote by Lo the restriction of L to the fiber over o. The tangent space at o to
W coincides with that of the parameterizing space B (i.e., up to first order, the dimension of
the linear system over the point o ∈ B does not jump) if and only if every effective divisor D, in
the linear system defined by Lo, is T -semi-regular for every proper, closed subvariety T ⊆ D.

List of frequently used notations. We list a set of frequently used notations. Let X be a
smooth, projective variety and D be an effective divisor in X. We then denote by:

(1) HiD(−) the local cohomology sheaf defined in § 2.1.
(2) y{D} the contraction map from the tangent sheaf T X to H1

D(OX), defined in § 2.3.
(3) y{D}′ the contraction map from the normal sheaf ND|X to H1

D(OX), defined in § 2.3.

(4) πD is the morphism from H1(T X) to H1(H1
D(OX)) ∼= H2

D(OX) induced by y{D}.
(5) π′D is the morphism from H1(ND|X) to H1(H1

D(OX)) ∼= H2
D(OX) induced by y{D}′.

(6) ΦD is the natural morphism from H2
D(OX) to H2(OX) guaranteed by Lemma 2.1 below.

(7) ρD is the natural morphism from T X to ND|X defined in § 3.2.
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(8) ObD from H1(T X) to H1(ND|X) is the natural obstruction map, induced by ρD .
(9) KS denotes the Kodaira-Spencer map (see § 2.5).

(10) Φ(T⊆D) for a proper closed subvariety T of D is the composition

H1(OX\T )→ H1(OX\D)→ H2
D(OX).

(11) ηT is the natural morphism from the cokernel of Φ(T⊆D) to H2(OX) defined in (4.2).

2. Preliminaries

In this section we recall the local description of an effective divisor D contained in a smooth
projective variety X. Using this, we define inner multiplications y{D} and y{D}′. We end the
section with recollections of some basics on Hodge loci.

2.1. Cohomology with support. Let X be a smooth projective variety and D ⊆ X be an
effective divisor. Let F be a sheaf of OX -modules. A (local) section s of F is said to be supported
over D if s is annihilated by a power of the ideal sheaf ID|X of D (as a subscheme of X). In
particular, the sheaf ΓD(F) of sections of F supported over D is the sheaf associated to the
presheaf which assigns to an open subset U ⊆ X, the OX(U)-module

{s ∈ F(U) | ID|X(U)n.s = 0 for some n > 0} .
Note that ΓD(F) is isomorphic to ΓDred

(F), where Dred is the reduced scheme associated to D.

Let ΓD(F) be the space of global sections of the sheaf ΓD(F). Denote by HiD(F) (respectively,
H i
D(X,F)) the right derived functor of the left exact functor ΓD(−) (respectively, ΓD(−)) ap-

plied to the sheaf F . See [3, Chapter 1] or [10, § 1] for further details. We now recall the
following useful result that encodes the difference between the cohomology groups H i(F) and
H i
D(F):

Lemma 2.1 ( [10, Corollary 1.1.9]). Let F be a quasi-coherent sheaf on X. Let U := X\D be
the complement with j : U ↪→ X the inclusion. There is a long exact sequence

0 −→ H0
D(X, F) −→ H0(X, F) −→ H0(U, F|U ) −→ H1

D(X, F)

−→ H1(X, F) −→ H1(U, F|U ) −→ H2
D(X,F) −→ · · · .

Similarly, there is a short exact sequence of sheaves

0 −→ H0
D(X, F) −→ H0(X, F) −→ H0(U, F|U )−→H1

D(X, F) −→ 0 ,

and Hi+1
D (F) ∼= Rij∗(F|U ) for all i > 0.

2.2. Local description of cohomology class of divisors. Let D ⊆ X be as in § 2.1. Define
U := X\D, and let j : U ↪→ X be the natural inclusion. Using Lemma 2.1, we have the short
exact sequence

0 −→ Ω1
X −→ j∗Ω

1
X\D

δ−→ H1
D(Ω1

X) −→ 0 . (2.1)

Let {Ui}i∈I be an open affine covering of X such that D ∩ Ui is defined by a single equation,
say fi = 0 with fi ∈ Γ(Ui, OX). For i 6= j, since fi = λijfj over Ui ∩ Uj for some invertible
regular section λij over Ui ∩ Uj , we have by Leibniz rule,

δ

(
dfi
fi

)
= δ

(
dfj
fj

)
+ δ

(
dλij
λij

)
over Ui∩Uj . As dλij/λij ∈ Γ(Ui∩Uj ,Ω1

X), (2.1) implies that the last term of the above equality
vanishes. Hence, the collection of sections{

δ

(
dfi
fi

)}
i∈I

,
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glue to give a global section, say {D} ∈ H0(H1
D(Ω1

X)). We now observe that in the case F
is locally-free, then the cohomology group H i

D(F) is isomorphic to H i−1(H1
D(F)). In fact, we

recall a more general result.

Proposition 2.2. Let X be a scheme, and Z be a local complete intersection subscheme in X.
Let F be a sheaf of abelian groups on X. Then the spectral sequence with terms

Ep,q2 = Hp(X, HqZ(X, F))

converges to Hp+q
Z (X, F). Furthermore, if F is a locally free OX–module, then

Hp+q
Z (X, F) ∼= Hp(X, HqZ(X, F)),

where q is the codimension of Z in X and p ≥ 0.

Proof. The first statement is proven in [10, Proposition 1.4].

If F is locally free, then [4, Theorem 3.5.7] implies that HkZ(X, F) = 0 for k 6= q. Since

Ep,q2 = Hp(X, HqZ(X, F)) ⇒ Hp+q
Z (X, F) ,

we conclude that Hp+q
Z (X, F) ∼= Hp(X, HqZ(F)). This completes the proof. �

In particular, Proposition 2.2 implies that H0(H1
D(Ω1

X)) ∼= H1
D(Ω1

X). By Lemma 2.1, there
exists a natural morphism from H1

D(Ω1
X) to H1(Ω1

X). The image of {D} in H1(Ω1
X) under this

morphism is the cohomology class [D] of D (see [6]).

2.3. Inner multiplications with cohomology class of divisors. Let D ⊆ X be as in § 2.1.
Denote by ID|X the ideal sheaf of D in X and i : D ↪→ X the natural inclusion. Recall,

ND|X ∼= HomX(ID|X , i∗OD) and T X ∼= HomX(Ω1
X , OX).

Fix an open affine covering {Ui}i∈I as in §2.2 such that for each i ∈ I, the intersection D ∩ Ui
is defined by a regular section, say fi ∈ Γ(Ui,OX). On each Ui, a local section φ ∈ Γ(Ui, T X)
(resp. φ ∈ Γ(Ui,ND|X)) sends dfi ∈ Γ(Ui,Ω

1
X) (resp. fi ∈ Γ(Ui, ID|X)) to φ(dfi) ∈ Γ(Ui,OX)

(resp. φ(fi) ∈ Γ(Ui ∩D,OD)). Using (2.1), we have the short exact sequence

0 −→ OX −→ j∗OX\D
δ′−→ H1

D(OX) −→ 0 . (2.2)

Define the contraction morphism

y{D} : TX −→ H1
D(OX) ( respectively, y{D}′ : ND|X −→ H1

D(OX)),

which on each Ui takes φ ∈ Γ(Ui, T X) (respectively, φ ∈ Γ(Ui,ND|X)) to

δ′
(
φ(dfi)

fi

)
∈ Γ(Ui,H1

D(OX)) (respectively, δ′

(
φ̃(fi)

fi

)
∈ Γ(Ui,H1

D(OX))),

where φ̃(fi) is a preimage of φ(fi) ∈ OD(Ui ∩D) under the natural surjective morphism

OX(Ui) −→ OD(Ui ∩ D) .

Note that, any two pre-images of φ(fi) differ by a section of ID|X(Ui). Since g/fi is a regular
section over Ui for any section g ∈ ID|X(Ui), (2.2) implies that δ′(g/fi) = 0. As a result,
y{D}′(φ) does not depend on the choice of the pre-image. In other words, y{D}′ is well-defined.
Similar argument shows that the morphisms y{D} and y{D}′ does not depend on the choice of
the local defining equations of D.

The morphisms y{D} and y{D}′ induce on cohomology the morphisms

πD : H1(T X) −→ H1(H1
D(OX)) ∼= H2

D(OX) and
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π′D : H1(ND|X) −→ H1(H1
D(OX)) ∼= H2

D(OX),

where the isomorphisms follow from Proposition 2.2. As pointed out by the referee, the mor-
phism π′D may also be obtained by pairing H1(ND|X) with Hn−2(KX |D) and then applying
formal duality. More precisely, by the adjunction formula (see [8, Theorem III.7.11]), we have
N∨D|X ⊗KD

∼= KX |D (here KD denotes the dualizing sheaf of D). By Serre duality, this implies

H1(ND/X)∨ ∼= Hn−2(N∨D/X ⊗KD) ∼= Hn−2(KX |D).

By formal duality (see [7, p. 48, Proposition 5.2]), we have an isomorphism of (not necessarily
finite-dimensional) C-vector spaces:

lim←−
m

Hn−2(KX ⊗OX / ImD|X) ∼= H2
D(OX)∨,

where ID|X is the ideal sheaf of D in X. By the definition of inverse limit, this gives us a natural
morphism

H2
D(OX)∨ ∼= lim←−

m

Hn−2(KX ⊗OX / ImD|X) −→ Hn−2(KX |D).

As Hn−2(KX |D) is isomorphic to H1(ND|X)∨, dualizing the resulting morphism from H2
D(OX)∨

to H1(ND|X)∨ will give us the morphism π′D above.

2.4. Relations with the cup product. Let X be a smooth, projective variety. Given two
OX -modules F and G, there is a natural cup-product morphism

Hp(F)⊗Hq(G) −→ Hp+q(F ⊗ G) .

See [17, § 5.3.2] for a detailed description of this morphism. In the case when G is the dual
of F , we can further compose this morphism by the natural pairing from F ⊗ F∨ to OX .
More-precisely, we get a composed morphism

Hp(F)⊗Hq(F∨) −→ Hp+q(F ⊗ F∨) −→ Hp+q(OX) .

In the case, where F is the tangent sheaf T X , we have the morphism⋃
: H1(T X) ⊗ H1(Ω1

X) −→ H2(OX) .

We now observe that for a given effective divisor D in X, the induced morphism
⋃

(− ⊗ [D]),
sometimes denoted by −

⋃
[D], can be expressed in terms of the contraction morphism y{D}

described in § 2.3 above. More precisely, using [1, Proposition 6.2], we have for any t ∈ H1(T X)
that t

⋃
[D] coincides with the image of t under the composition

H1(T X)
πD−→ H2

D(OX)
ΦD−→ H2(OX) ,

where the morphism πD is induced by y{D} (see § 2.3) and ΦD follows from Lemma 2.1.

2.5. Hodge locus for divisors. Consider a family

π : X −→ B

of smooth, projective varieties with a reference point o ∈ B. Let X := π−1(o) be the inverse
image. The differential of π produces a short exact sequence of sheaves

0 −→ TX −→ TX |X −→ π∗ToB −→ 0 , (2.3)

where ToB is the tangent space to B at o. The Kodaira–Spencer map

KS : ToB ∼= H0(X , π∗(ToB)) −→ H1(X , TX)

is the coboundary morphism in the long exact sequence of cohomologies associated to the short
exact sequence in (2.3).
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Let D be an effective divisor in X. The Hodge locus associated to the cohomology class [D],
denoted NL([D]), is the subspace of B consisting of points b ∈ B such that [D] deforms to a
Hodge class on Xb = π−1(b). By the Lefschetz (1, 1)-theorem, every cohomology class of a divisor
arises as the first Chern class of a line bundle. As a result deformations of the cohomology class
[D] is equivalent to the deformation of the line bundle OX(D). Hence, the subspace NL([D])
can also be seen as a subspace of B over which the invertible sheaf corresponding to D deforms
as an invertible sheaf. See [18, § 5.3.1] for a scheme-theoretic description of NL([D]).

Denote by To NL([D]) the tangent space at o of NL([D]). By [17, Theorem 10.21], the tangent
space To NL([D]) to the Hodge locus NL([D]) at the point o consists of all t ∈ ToB such that
[D]

⋃
KS(t) = 0. Given any t ∈ ToB, we say that [D] deforms as a Hodge class of Xt if

[D]
⋃

KS(t) = 0 ,

where Xt denotes the first order infinitesimal deformation of X in the direction of t.

3. Torsion geometric obstruction

Let X be a smooth, projective variety and D ⊆ X be an effective divisor. In this section, we
associate to a first order infinitesimal deformation Xt of X an element of H2

D(OX), the vanishing
of which is equivalent to the deformation of a multiple of D as an effective Cartier divisor of Xt

(Theorem 3.3).

3.1. Cokernel of the inner multiplication y{D}′. Note that, there is a natural morphism
from OX to OX(D) defined by multiplication by a global section, say sD ∈ H0(OX(D)). Then,
for any n > 0, the natural morphism from OX to OX(nD) is defined by multiplication by snD.
For simplicity of notation, we denote by

snD : H1
D(OX) −→ H1

D(OX(nD))

the morphism induced by multiplication by snD. We then observe that the morphism snD is
surjective with kernel isomorphic to N nD|X :

Lemma 3.1. Let X be a smooth projective variety, and let D ⊆ X be an effective divisor. For
every n ≥ 1, there is a short exact sequence of the form

0 −→ N nD|X
y{nD}′−−−−→ H1

D(OX)
snD−−→ H1

D(OX(nD)) −→ 0, (3.1)

where y{nD}′ is the inner multiplication described in § 2.3.

Proof. Let j : X\D −→ X be the natural inclusion. Consider the commutative diagram of
short exact sequences

0 // OX //

snD
��

j∗OX\D

id

��

// H1
D(OX)

snD
��

// 0

0 // OX(nD) // j∗OX\D // H1
D(OX(nD)) // 0

(3.2)

where the first horizontal exact sequence is the one in (2.2) and the second one is obtained after
replacing OX in (2.2) by OX(nD) (use the identification OX\D ∼= OX(nD)|X\D). Let {Ui}i∈I
be an affine open covering of X such that for each i ∈ I, the intersection D ∩ Ui is defined by
exactly one equation, say fi ∈ Γ(Ui, OX); the equation is unique up to multiplication by units.
Consider now the short exact sequence

0 −→ OX
snD−−→ OX(nD) −→ N nD|X −→ 0 ,
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where the morphism from OX(nD) to N nD|X is defined over each open set Ui by sending
any g ∈ Γ(Ui, OX(nD)) to the morphism φ ∈ HomUi

(OX(−nD)|Ui , OnD∩Ui) satisfying the
condition

φ(fni ) = gfni mod OX(−nD)|Ui .

Using the Snake lemma and diagram chase applied to (3.2), we then get the short exact sequence

0 −→ N nD|X
y{nD}′−−−−→ H1

D(OX)
snD−−→ H1

D(OX(nD)) −→ 0.

This proves the lemma. �

3.2. Geometric obstruction. Let π : X −→ B be a flat family of smooth projective varieties
with a fixed base point o ∈ B. Let Xb := π−1(b) be the inverse image of any b ∈ B, and set
X := π−1(o).

Notation 3.2. Let D ⊆ X be an effective divisor. There is a natural morphism

ρD : T X −→ ND|X

obtained as a composition of the restriction morphism from T X to T X |D with the morphism
from T X |D to ND|X arising as the dual of the restriction to D of the morphism

OX(−D)
sD−→ OX

d−→ Ω1
X ,

where sD is the global section of OX(D) corresponding to the divisor D. Let

ObD : H1(T X) −→ H1(ND|X)

be the homomorphism of cohomology groups induced by ρD .

Recall, the morphism πD from H1(T X) to H2
D(OX) obtained by applying the cohomology

functor to the contraction morphism y{D} from T X to H1
D(OX) described in § 2.3. We now

observe that the image of πD contains the obstruction to the deformation of a multiple of D.

Theorem 3.3. Let t ∈ ToB and D ⊆ X an effective divisor. Then, πD ◦ KS(t) = 0 if and
only if there exists an integer n > 0 such that nD deforms as an effective Cartier divisor in the
first order infinitesimal deformation Xt of X corresponding to t.

Proof. Take any t ∈ ToB. Denote by Xt the first order infinitesimal deformation of X corre-
sponding to t. Recall, for any positive integer n > 0, the effective divisor nD deforms as an
effective Cartier divisor in Xt if and only if ObnD ◦KS(t) vanishes (see [9, Theorem 6.2]). There-
fore, to prove the theorem, we need to compare the obstruction morphisms ObD and ObnD,
where n is some positive integer. Let sD be the global section of OX(D) corresponding to the
divisor D. Now, for any regular local section f of OX , we have

d(fsnD) = nsn−1
D fd(sD) + snDdf.

Restricting to nD, the last term of the equality vanishes. We then get the commutative diagram:

T X
ρ
D //

×no
��

ND|X

sn−1
D

��
T X

ρ
nD // N nD|X

(3.3)
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where the morphism from ND|X to N nD|X is induced by multiplication by sn−1
D . This relates

ObD to ObnD. Now, by Lemma 3.1 we have the following diagram of short exact sequences:

0 // ND|X
y{D}′ //

sn−1
D

��

H1
D(OX)

ido
��

sD // H1
D(OX(D)) //

sn−1
D

��

0

0 // NnD|X
y{nD}′ // H1

D(OX)
snD // H1

D(OX(nD)) // 0

(3.4)

Note that, the contraction morphism y{D} from T X to H1
D(OX) factors as

T X
ρ
D−−→ ND|X

y{D}′−−−→ H1
D(OX).

This implies π′D ◦ ObD = πD. The long exact sequence associated to (3.4) then implies that
πD ◦KS(t) = 0 if and only if there exists f ∈ H0(H1

D(OX(D))) such that the image of f under
the coboundary map

H0(H1
D(OX(D))) −→ H1(ND|X)

equals ObD ◦ KS(t). Observe that given any global section f of H1
D(OX(D)) there exists an

integer N > 0 such that for all n ≥ N , fsn−1
D extends to a regular section of OX(nD), hence

defines a zero section in H0(H1
D(OX(nD))) by the exact sequence given in Lemma 2.1. The

theorem then follows by a simple diagram chase of the diagram of long exact sequences arising
from (3.4). This proves the theorem. �

Theorem 3.3 motivates the following definition.

Definition 3.4. For any t ∈ ToB, denote by Xt the first order infinitesimal deformation of X
corresponding to t. Let D ⊆ X be an effective divisor. We say that D is saturated, along B, if
for every t ∈ ToB, the divisor D lifts as an effective Cartier divisor in Xt if and only if nD lifts
as an effective Cartier divisor in Xt for every n ≥ 1.

Corollary 3.5. Let D ⊆ X be an effective divisor. Then D is saturated if and only if

Im(ObD ◦KS) ∩ ker(π′D : H1(ND|X) −→ H1(H1
D(OX))) = 0.

Proof. Using Theorem 3.3, note that the intersection of Im(ObD ◦KS) with ker(π′D) consists of
all elements of the form ObD ◦KS(t) such that there exists n > 0 for which nD deforms to an
effective Cartier divisor in the first order infinitesimal deformation Xt of X corresponding to t,
but D does not deform. Hence, the divisor D is saturated if and only if

Im(ObD ◦KS) ∩ ker(π′D) = 0.

This proves the corollary. �

4. Local topological obstruction

Throughout this section, π : X −→ B stands for a flat family of smooth projective varieties
with a fixed base point o ∈ B. Let Xb := π−1(b) be the inverse image of any b ∈ B, and set
X := π−1(o). Let D ⊆ X be an effective Cartier divisor. As discussed in the introduction, the
topological obstruction to deforming the fundamental class of D as a Hodge class, lie in H2(OX).
The goal of this section is to replace H2(OX) by H2

D(OX). For this we consider the natural
morphism ΦD from H2

D(OX) to H2(OX). We observed in Theorem 3.3 that for any t ∈ ToB,
the element πD ◦ KS(t) measures the obstruction to deforming a multiple of D as an effective
Cartier divisor. It is of course possible for πD ◦ KS(t) to be non-zero, but ΦD ◦ πD ◦ KS(t) to
vanish (see Remark 4.1). However, we observe that all such πD ◦KS(t) come from the 1-cocycle
of the structure sheaf of the complement of X by a codimension 2 subvariety T (see Theorem
4.2). We study this further in Theorem 4.4 and Corollary 4.5.



10 I. BISWAS AND A. DAN

4.1. Topological obstruction. Let D ⊆ X be an effective divisor. Recall the morphism πD
from H1(T X) to H2

D(OX) defined in § 2.3. Let

ObsπD,loc := Im(πD ◦KS) ⊆ H2
D(OX) and ObsπD := Im(ΦD ◦ πD ◦KS) ⊆ H2(OX)

be the topological obstruction spaces associated to D, where ΦD is the natural morphism from
H2
D(OX) to H2(OX). It follows immediately that there exists a natural surjective morphism

from ObsπD,loc to ObsπD, induced by the morphism ΦD. It is possible that this morphism is not
injective. In fact, we now give an example when this map is the zero map.

Remark 4.1. The example arises from the blow-up of two points, say p, q in P2, as p approaches
q. More precisely, set Y := P2×A1 and take T1 ⊆ Y (respectively, T2 ⊆ Y ) closed subvarieties
consisting of points of the form ([1 : 0 : t], t) (respectively, ([1 : t : 0], t)) as t varies over A1. Let
Y1 be the blow-up of Y along the closed subscheme T1, and let E1 be the associated exceptional
divisor. Let T ′2 be the strict transform of T2 in Y1. Denote by

p : Y2 → Y1

the blow-up of Y1 along T ′2, and let E2 ⊆ Y2 be the exceptional divisor. Let Y2,0 be the fiber
over 0 ∈ A1 of the natural morphism

π : Y2 −→ A1.

Note that the generic fiber of π is the blow-up of P2 at two distinct points and in the limit the
central fiber has an A2-configuration of P1s. Let, E1,0 and E2,0 respectively are the fibers over
0 ∈ A1 of the natural morphisms E1 −→ A1 and E2 −→ A1. Note that, E1,0 is isomorphic to
P1. Denote by D the strict transform of E1,0 in Y2. Clearly, D is isomorphic to P1. Using [8,
Propositions V.3.2 and V.3.6], we conclude that

D2 + 1 = (D + E2,0).D = p∗(E1,0).D = (E1,0)2 = −1 .

Hence, D2 = −2. This implies ND|Y2,0
∼= OD(−2). As KD

∼= OD(−2), we have by Serre duality

H1(ND|Y2,0) ∼= H0(OD)∨ ∼= C.

By [8, Proposition V.3.4], we have H2(OY2,0) = 0. This means that ObsπD = 0.

We will now observe that ObsπD,loc = C. For this purpose, we will show that D or any
positive multiple of D does not deform even upto first order, as an effective Cartier divisor, as
Y2,0 deforms along A1 in the family π. Using Theorem 3.3, this will imply ObsπD,loc ⊆ H2

D(OX)

is non-trivial. As H1(ND|Y2,0) = C, it will follow from definition that ObsπD,loc = C. We now
prove the obstruction to the first-order infinitesimal deformation of nD for any n > 0. As Y2,0

is a fiber over 0 ∈ A1, we have N Y2,0|Y
∼= OY2,0 . Then, the normal short exact sequence is of

the form:
0 −→ ND|Y2,0 −→ ND|Y2 −→ OD −→ 0 (4.1)

Since ND|Y2,0
∼= OD(−2), only one of the following is possible:

• Either ND|Y2 is isomorphic to OD(−2)⊕OD, in which case (4.1) splits,
• or ND|Y2 is isomorphic to OD(−1)⊕OD(−1).

Note that, D can be contracted to a 3-fold with ordinary double point given by the blow-up of
Y along T1 ∪ T2. This implies that ND|Y2 must be isomorphic to OD(−1)⊕OD(−1) (see [14, p.
158, 159]). The obstruction to the first order deformation of D (as an effective Cartier divisor)
as Y2,0 deforms along A1, is the image of 1 ∈ H0(OD) under the coboundary map:

H0(OD) −→ H1(ND|Y2,0)

arising from (4.1). Since H0(OD(−1)⊕OD(−1)) = 0, the coboundary map is injective. Hence,
the obstruction does not vanish. In other words, D does not deform to first order as an effective
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Cartier divisor, as Y2,0 deforms along A1. We now prove the same for higher multiples of D.
Since D2 = −2, we have H0(OD ⊗OY2,0(mD)) = 0 for all m > 0. Then for any m > 0, the
long exact sequence associated to short exact sequence:

0 −→ OY2,0((m− 1)D) −→ OY2,0(mD) −→ OD ⊗OY2,0(mD) −→ 0

implies that

H0(OY2,0((m− 1)D)) = H0(OY2,0(mD))

and the morphism from H1(OY2,0((m − 1)D)) to H1(OY2,0(mD)) is injective. Recursion on m
implies that for any n > 0:

• C = H0(OY2,0(D)) = H0(OY2,0(nD)), and

• the natural morphism from H1(OY2,0(D)) to H1(OY2,0(nD)) is injective.

Denote by Lt the first order infinitesimal deformation of OY2,0(D) (along the family π). By
standard deformation theory, we have the following commutative diagram for any n > 0:

H0(Lt) //

��

H0(OY2,0(D))

o
��

// H1(OY2,0(D))
� _

��
H0(L⊗nt ) // H0(OY2,0(nD)) // H1(OY2,0(nD))

Note that there exists a first order infinitesimal deformation of nD (respectively, D) if and only
if the corresponding section in H0(OY2,0(nD)) (respectively, H0(OY2,0(D))) comes from a section

of H0(L⊗nt ) (respectively, H0(Lt)). Using the diagram, we then conclude that since D does not
deform as an effective Cartier divisor up to first order, neither does nD for any n > 0. As
explained above, we then conclude that ObsπD,loc = C.

We will now observe that the difference between ObsπD and ObsπD,loc arises from 1-cocycles of
the structure sheaf of X, after removing a codimension 2 subvariety. More precisely, let T ⊆ D
be a proper, closed subvariety (by proper we mean that dimx T < dimxD for all x ∈ T ) of D.
Let

Φ(T⊆D) : H1(OX\T ) −→ H2
D(OX)

be the composition of homomorphisms

H1(OX\T ) −→ H1(OX\D) −→ H2
D(OX) ,

where the first morphism is natural and the second morphism arises from the short exact se-
quence (2.2) (note that, H1(OX\D) ∼= H1(j∗(OX\D)) as j is an affine morphism). From the
exactness of the sequence

H1(OX\D) −→ H2
D(OX) −→ H2(OX)

it follows that the cokernel of the morphism from H1(OX\D) to H2
D(OX) is naturally contained

in H2(OX). This induces a natural map:

ηT : coker(Φ(T⊆D)) −→ H2(OX) . (4.2)

Theorem 4.2. There exists a non-trivial, proper, closed subvariety T ⊆ D, for which the
image of ObsπD,loc in coker(Φ(T⊆D)) maps isomorphically to ObsπD, under the natural morphism
ηT mentioned above.
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Proof. Let E be an effective divisor on X. Set T := D.E. We then have the following commu-
tative diagram of exact sequences where both the horizontal rows and the vertical columns are
exact:

H1(OX\T )
δ3 //

Φ′T
��

H1(OX\D) ⊕ H1(OX\E)

Φ′D ⊕Φ′E
��

δ4 // H1(OX\D∪E)

Φ′D∪E
��

H2
T (OX)

δ1 //

ΦT
��

H2
D(OX) ⊕ H2

E(OX)

ΦD ⊕ΦE
��

δ2 // H2
D∪E(OX)

ΦD∪E
��

H2(OX) �
� i // H2(OX) ⊕ H2(OX)

r // H2(OX) // 0

(4.3)

In (4.3), the top two rows are the Mayer–Vietoris sequences (see [8, Ex. III.2.4]), i(a) = a ⊕ a,
r(a ⊕ b) = a− b and Φ(−), Φ′(−) are natural morphisms arising from Lemma 2.1. We want to

show that in the case when E is sufficiently ample, if there exists a non-zero element ξ in the
image of πD ◦KS which maps to zero under ΦD, then ξ lies in the image of Φ(T⊆D) = Φ′D ◦ δ3.

As E is sufficiently ample (in particular, OX(D)(E) and OX(E) are very ample), we have
X\E and X\(D ∪ E) are affine. This implies

H1(OX\E) = 0 = H1(OX\(D∪E)).

Hence, ΦE and ΦD∪E are injective morphisms. This implies that for any ξ ∈ ker(ΦD), we have
δ2(ξ ⊕ 0) = 0. Hence, by the exactness of the middle horizontal row of (4.3), there exists
ξ′1 ∈ H2

T (OX) such that δ1(ξ′1) = ξ ⊕ 0. By the injectivity of i, note that ΦT (ξ′1) = 0. Then,
by the exactness of the first vertical column of (4.3), there exists ξ′ ∈ H1(OX\T ) such that
Φ′T (ξ′) = ξ′1. By the commutativity of the upper left hand square in (4.3), we have that

ξ ⊕ 0 = δ1 ◦ Φ′T (ξ′) = (Φ′D ⊕ Φ′E) ◦ δ3(ξ′).

In particular, Φ′D◦δ3(ξ′) = ξ. Note that, for T = D.E, we have (by definition) Φ′D◦δ3 = ΦT⊆D.
This means, for any ξ ∈ ker(ΦD), there exists ξ′ ∈ H1(OX\T ) such that ΦT⊆D(ξ′) = ξ. This
implies that the image of ObsπD,loc in coker(Φ(T⊆D)) maps isomorphically to ObsπD, under the
natural morphism ηT mentioned above. This proves the theorem. �

The above theorem motivates the following definition:

Definition 4.3. Given a proper, closed subvariety T ⊆ D, we say that D is T -semi-regular
(along B) if the conclusion of Theorem 4.2 holds for such T i.e., the image of ObsπD,loc in
coker(Φ(T⊆D)) maps isomorphically to ObsπD, under the natural morphism ηT as in (4.2).

The question we now want to study is:

Question: Given an effective divisor D in X, what are all the possible choices of proper
closed subvarieties T ⊆ D such that D is T -semi-regular?

4.2. Comparison with the geometric obstruction. Let π be the family of smooth, projec-
tive varieties described above and D ⊆ X be an effective divisor. Let

Oπ
D := Im(ObD) ◦KS ⊆ H1(ND|X)

be the obstruction space for deforming D as an effective Cartier divisor. Recall that the mor-
phism π′D from H1(ND|X) to H2

D(OX) induced by the contraction morphism y{D}′ as defined
in § 2.3. Let

TorsD := ker(Oπ
D

π′D−−→ H2
D(OX))
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be the kernel. By Theorem 3.3, TorsD encodes information on infinitesimal deformations of X
such that D does not deform as an effective Cartier divisor, but some multiple of D does deform.
By the first isomorphism theorem, the morphism π′D induces an isomorphism from Oπ

D/TorsD
to ObsπD,loc. Then, the following composed morphism is surjective:

Oπ
D/TorsD

π′D−−→
∼

ObsπD,loc
ΦD−−→ ObsπD .

We say that D is effective Lefschetz if this composed morphism is an isomorphism (this means
that the fundamental class of D deforms as a Hodge class if and only if a multiple of D deforms
as an effective Cartier divisor). We now give a partial answer to the question posed above.

Theorem 4.4. Let D ⊆ X be an effective divisor. The following two hold:

(1) D is T -semi-regular for every proper subvariety T ⊆ D if and only if D is effective
Lefschetz,

(2) let L be an invertible sheaf on X and E ∈ |Lo| an effective divisor intersecting D
transversally, such that the union D ∪ E is effective Lefschetz. Then, D is T -semi-
regular, where T is the intersection product D.E.

Proof. (1) Suppose that D is T -semi-regular for every proper closed subvariety T ⊆ D, in
particular, in the case T = ∅. If T = ∅, then H1(OX\T ) = H1(OX) and the morphism Φ(T⊆D)

coincides with the composition:

H1(OX) −→ H1(OX\D) −→ H2
D(OX)

which is the zero map, as this is an exact sequence (see Lemma 2.1). Hence, for T = ∅, we have
coker(Φ(T⊆D)) ∼= H2

D(OX) and the morphism ηT from coker(Φ(T⊆D)) to H2(OX), as in (4.2),

coincides with ΦD : H2
D(OX) −→ H2(OX). Then, by the definition of T -semi-regularity for

T = ∅, we have that ΦD maps ObsπD,loc isomorphically to ObsπD, i.e., D is effective Lefschetz.

Conversely, suppose that D is effective Lefschetz. Note that, for any proper closed subset
T ⊆ D, the morphism ΦD factors as:

H2
D(OX) −→ coker(Φ(T⊆D))

η
T−−→ H2(OX) .

By assumption, ΦD maps ObsπD,loc isomorphically to ObsπD. Hence, the image of ObsπD,loc in
coker(Φ(T⊆D)) maps isomorphically to ObsπD, under the morphism ηT . Therefore, D is T -semi-
regular for any proper closed subset T ⊆ D. This proves (1).

(2) Consider the commutative diagram (4.3) of short exact sequences. Let

δ′2 : H1
D(OX) ⊕ H1

E(OX) −→ H1
D∪E(OX)

the natural morphism. Using the Leibniz rule, observe that

δ′2 ◦ (y{D}⊕ y{E}) : T X −→ H1
D∪E(OX)

coincides with y{D ∪ E}. Taking cohomology, this implies δ2 ◦ (πE ⊕ πD) = πE ∪D. As
E ∈ |Lo|, we have ΦE(ObsπE,loc) = 0 (as there is no obstruction to the deformation of the
invertible sheaf OX(E) along B). Then, by the commutativity of the lower right hand square
of (4.3), we have for any t ∈ ToB,

ΦD ◦ πD ◦KS(t) = 0⇔ (ΦD ⊕ ΦE) ◦ (πD ⊕ πE) ◦KS(t) = 0⊕ 0⇔ ΦD∪E ◦ πD∪E ◦KS(t) = 0 .

Since D∪E is effective Lefschetz, the restriction of ΦD∪E to ObsπD∪E,loc is injective. This implies
that for any t ∈ ToB, we have ΦD ◦ πD ◦KS(t) = 0 if and only if

δ2((πD ⊕ πE) ◦KS(t)) = πD∪E ◦KS(t) = 0.
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By the exactness of the middle row of (4.3), this implies for any t ∈ ToB, ΦD ◦πD ◦KS(t) = 0 if
and only if there exists ξt ∈ H2

T (OX) (depending on t) such that (πD⊕πE) ◦KS(t) = δ1(ξt). By
the injectivity of the morphism i, this is equivalent to ΦT (ξt) = 0. By the exactness of the first
vertical column, we conclude that for any t ∈ ToB, ΦD ◦πD ◦KS(t) = 0 if and only if there exists
ξ′t ∈ H1(OX\T ) such that Φ′D ◦ δ3(ξ′t) = πD ◦KS(t), i.e., ker(ΦD)∩ Im(πD ◦KS) = Im(Φ′D ◦ δ3).
Note that, Φ′D ◦ δ3 = Φ(T⊆D). This implies that the image of ObsπD,loc in coker(Φ(T⊆D)) maps
isomorphically to ObsπD, under the morphism ηT , i.e., D is T -semi-regular. This proves (2). �

Corollary 4.5. The following are equivalent:

(1) D is saturated and T -semi-regular for every proper subvariety T of D
(2) for any t ∈ ToB, D deforms as an effective Cartier divisor of the first order deformation

Xt of X along t, if and only if the associated cohomology class [D] deforms as a Hodge
class in the sense that [D]

⋃
KS(t) = 0.

Proof. (1) ⇒ (2): Suppose that D is saturated and T -semi-regular for every proper subvariety
T ⊆ D. This implies that TorsD = 0. Moreover, by Theorem 4.4, we have D is effective
Lefschetz. This implies that the natural morphism

Oπ
D −→ ObsπD

is injective, which is a simple reformulation of statement (2).

(2) ⇒ (1): Statement (2) implies that the natural morphism from Oπ
D to ObsπD is injective.

This implies that TorsD = 0 and D is effective Lefschetz. Using Corollary 3.5, this implies D
is saturated. Then (1) follows immediately from Theorem 4.4. This proves the corollary. �

5. Applications

In § 4 above, we observed that every divisor D of a smooth, projective variety X is T -semi-
regular for some closed subvariety T of D, which means that the obstruction to the first order
deformation of the cohomology class of D as a Hodge class lies in the cokernel of a natural
morphism from H1(OX\T ) to H2

D(OX). In this section, we wish to study the variation of T -
semi-regularity in families. We prove the existence of relative T -semi-regularity in Theorem
5.3. We use this to to re-interpret classical questions in deformation theory, in terms of T -semi-
regularity (see Theorems 5.3, 5.4).

5.1. Jumping locus of linear system. We use notations as in § 2. Let

π : X −→ B

be a flat family of smooth projective varieties with a fixed base point o ∈ B. Let Xb := π−1(b)
be the inverse image for any b ∈ B, and define X := Xo = π−1(o). Fix a relative polarization
H on X . Let L be an invertible sheaf on X such that h0(Lb) ≥ 1 for all b ∈ B, where
Lb := L|Xb . The goal of this subsection is to give a necessary and sufficient condition under
which every divisor D ∈ |Lo| lifts to an effective Cartier divisor in any first-order deformation
Xt of X along B (Theorem 5.3).

Denote by PicX/B the relative Picard functor associated to π (see [2, Chapter 8, Definition
5]). Recall that PicX/B is representable by a B-scheme ( [2, no 232, Theorem 3.1]), say PicX/B.
Therefore, the invertible sheaf L on X induces a canonical B-morphism

fL : B −→ PicX/B

such that the composition

B
fL−→ PicX/B −→ B
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is the identity map. Denote by DivX/B the relative effective Cartier divisor functor (see [2, p.
212]). The functor DivX/B is representable by a B-scheme, say DivX/B. Moreover, there is a
canonical B-morphism:

d : DivX/B −→ PicX/B

which associates to an effective Cartier divisor D of X , the invertible sheaf OX (D) (see [2, p.
214]). Let

dL : DL −→ B

be the base change of the morphism d by the morphism fL. By [11, Theorem 2.1.5], there exists
an unique locally closed subscheme W ⊆ B containing o such that

d−1
L (W ) −→ W

is flat and a scheme morphism W ′ −→ B factors through W if and only if the base change
W ′ ×B W −→ W ′ is flat with every fiber of dimension m, where m = dim |Lo| (note that
|Lo| = d−1

L (o)). This is called the universal property of flattening stratification.

Definition 5.1. Let Y be a scheme and M an invertible sheaf on Y . A global section s of
H0(M) is called regular if the natural morphism

s : OY −→ M
induced by multiplication by s, is injective.

The following lemma gives a necessary and sufficient condition for regularity of a global section
of an invertible sheaf over a non-reduced scheme.

Lemma 5.2. Let A be a local Artinian OB,o-algebra. Define LA := L ⊗OB,o A , and let

ηo : H0(LA) −→ H0(Lo)
be the natural morphism. Take any s ∈ H0(LA) such that ηo(s) 6= 0. Then, s is a regular
section.

Proof. Let J be the kernel of the morphism from OXA to LA induced by multiplication by s.
Denote by mA the maximal ideal of A. Restricting the multiplication morphism to the closed
fiber, we get a multiplication morphism by ηo(s). Restricting this morphism further to J , we
get the morphism

ηo(s) :
J

mA.J
−→ J ⊗ LA

mA.J ⊗ LA
,

which is simply multiplication by ηo(s). By the definition of J , this is a zero morphism. Since
ηo(s) is non-zero, this means that J/(mAJ) annihilates the section ηo(s). As Lo is an invertible
sheaf, this means that J/(mAJ) must be the zero ideal. By Nakayama lemma, this implies
J = 0 i.e., s is regular. This proves the lemma. �

Theorem 5.3. The following two hold:

(1) Let D ⊆ X be a family of effective divisors parameterized by B i.e., for every b ∈ B,
the fiber Db is an effective divisor in Xb. Then, there exists a B-flat, proper, closed
subvariety T of codimension 2 in X such that Db is Tb-semi-regular for every b ∈ B.

(2) ToW = ToB if and only if every D ∈ |Lo| is saturated and T -semi-regular for every
proper closed subvariety T ⊆ D.

Proof. (1): Since π is a projective morphism, there exists a relative very ample line bundle H
over X , embedding X into a projective space over B and satisfying the conditions

H1(OXb(Db)⊗Hb) = 0 and H1(Hb) = 0
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for all b ∈ B, where Hb := H|Xb . The existence of such an invertible sheaf H is guaranteed by
Serre’s vanishing theorem. Take a general section, say H ∈ H0(H), and set T := H.D. For
H general, T is B-flat, proper, closed subvariety of codimension 2 in X . The proof then follows
identically as the proof of Theorem 4.2 after replacing X by Xb, E by Hb and D by Db for all
b ∈ B, where Hb := H ∩ Xb. This proves (1).

(2): Let t : Spec(k[ε]/(ε2)) −→ W correspond to a tangent vector ToW i.e., the closed point
of Spec(k[ε]/(ε2)) maps to o, under t. Let

dt : Dt −→ Spec(k[ε]/(ε2))

be the base change of dL under the morphism t. By the universal property of flattening stratifica-
tion mentioned above, t ∈ ToW if and only if Dt is flat over Spec(k[ε]/(ε2)). Since Do := d−1

L (o)
is smooth (projective space), dt is flat if and only if it is smooth. This implies that t ∈ ToW if
and only if for every local Artinian k[ε]/(ε2)-algebra A and a small extension of A

0 −→ I −→ A′
η−→ A −→ 0,

the natural map Dt(Spec(A′)) −→ Dt(Spec(A)) is surjective. Define

LA := L ⊗OB,o A and LA′ := L ⊗OB,o A
′ .

Recall, elements in Dt(Spec(A′)) (respectively, Dt(Spec(A))) is in 1 − 1 correspondence with
regular global sections of LA′ (respectively, LA) (see [16]). Recall, [8, Propositions III.12.5 and
12.10] states that the natural morphism from H0(LA′) to H0(LA) is surjective if and only if the
homomorphism

ηt : H0(Lt) −→ H0(Lo)
is surjective. Using Lemma 5.2, we conclude that t ∈ ToW if and only if ηt is surjective. By
Corollary 4.5, any D ∈ |Lo| is saturated and T -semi-regular for every proper, closed subvariety
T ⊆ D if and only if for every t ∈ ToB, we have sD ∈ Im(ηt), where sD ∈ H0(Lo) is a global
section corresponding to D. This proves (2). �

5.2. Noether-Lefschetz locus. Denote by Ud the space parameterizing smooth, degree d sur-
faces in P3, and let

π : X −→ Ud

the corresponding universal family. The Noether-Lefschetz locus, denoted by NLd, parametrizes
smooth, degree d surfaces in P3 with Picard number at least two. Using the Lefschetz (1, 1)-
theorem, observe that any irreducible component L of NLd is locally isomorphic to the Hodge
locus NL(γ) for some γ ∈ H1,1(Xo, C) ∩ H2(Xo, Z) and o ∈ L (see [18, § 5.3.3]).

Denote by Qd the Hilbert polynomial of a smooth, degree d surface in P3 and HilbP,Qd the
flag Hilbert scheme parameterizing pairs (C ⊆ X), where C (respectively, X) is of Hilbert
polynomial P (respectively, Qd) (see [15, § 4.5]). Let

pr2 : HilbP,Qd −→ HilbQd

be the natural projection.

Theorem 5.4. Let L be an irreducible component of NLd, o ∈ L a point and Xo the corre-
sponding surface. Choose C ⊆ Xo such that NL([C]) = L (closure under Zariski topology).
Then, there exists an irreducible component W of HilbP,Qd such that pr2(W ) ∼= L if and only
if C is saturated and T -semi-regular for every proper, closed, subvariety T of C.

Proof. This follows directly from Corollary 4.5. �
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6. An example

In this section, we produce a family π : X −→ B along with a point o ∈ B and an effective
Cartier divisor D ⊆ Xo, which does not satisfy the effective Lefschetz property i.e. there exists
a first order infinitesimal deformation of Xo corresponding to a tangent vector t ∈ ToB such that
D does not deform as an effective Cartier divisor but the cohomology class of D deforms as a
Hodge class (Theorem 6.3). The example is motivated by Remark 4.1. In particular, the divisor
D arises from the limit of the blow-up of a fixed smooth, projective surface along a finite set of
points, as the set of points converges to the base locus of a linear system.

Notation 6.1. Let Y be a smooth projective surface and L an invertible sheaf on Y . Denote
by F the reduced base locus of L (this means the base locus with reduced scheme structure).
Suppose F 6= ∅. Fix a point o ∈ F such that o is a reduced base point in the sense that there
exists a global section s ∈ H0(L) such that its image so under the localization morphism

H0(L) −→ Lo
defines a non-zero element in (mo/m

2
o)Lo, where mo is the maximal ideal of OY,o. Denote by B

the union of the complement Y \F and the point o. Let D be the surface in Y ×B which is the
union of {(b , b) | b ∈ B} and (F \ {o})× B. Denote by

π : X −→ Y ×B

the blow-up of Y ×B along D. Let E ⊆ X be the exceptional divisor. Let

π : X −→ B

be the composition of natural morphisms

X π−→ Y ×B pr2−−→ B ,

and let

π|E : E −→ B

be the restriction of π to E. Denote by Xb := π−1(b) and Eb := (π|E)−1(b) for all b ∈ B.

Lemma 6.2. The above morphisms π and π|E are flat.

Proof. Let pr2 : D −→ B be the natural projection. For every b ∈ B,

pr−1
2 (b) = ((F\{o})× {b}) ∪ ({b} × {b}).

Hence, pr2 is a flat morphism (to prove this use [8, Theorem III.9.9]). By the definition of a
blow-up, observe that X is flat over B, under the morphism π. The flatness of π|E follows
directly from the description of the exceptional divisor of a blow-up along a regular subscheme
as given in [13, § 8.1.2, Theorem 1.19]. This proves the lemma. �

Consider the following short exact sequence of sheaves on X :

0 −→ OX (−E) −→ OX −→ OE −→ 0 . (6.1)

We are interested in the invertible sheaf arising from the pull-back of L under the natural
morphism from X to Y , after twisting by the ideal sheaf of the exceptional divisor. More
precisely, consider the composed morphism

π1 : X π−→ Y ×B pr1−−→ Y

Define

M := π∗1L ⊗ OX (−E) .
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Tensoring (6.1) by π∗1L, we get the following short exact sequences:

0 −→ M −→ π∗1L −→ π∗1L ⊗ OE −→ 0 (6.2)

For any b ∈ B, let Mb := M|Xb . We then observe:

Theorem 6.3. Let KS : ToB −→ H1(T Xo) be the Kodaira–Spencer map associated to π. There
exists t ∈ ToB and C ∈ |Mo| such that KS(t) ∪ [C] = 0 but C does not lift to an effective
Cartier divisor of the corresponding first order infinitesimal deformation Xo,t of Xo.

Proof. Any tangent vector t ∈ ToB corresponds to a ring morphism,

φ : OB,o −→ k(o)[ε]/(ε2).

As (6.2) is a short exact sequence of B-flat OX -modules, applying − ⊗φ k(o)[ε]/(ε2) preserves
exactness:

0 −→ M⊗φ
k(o)[ε]

(ε2)
−→ π∗1L ⊗φ

k(o)[ε]

(ε2)

ρφ−→ (π∗1L ⊗ OE)⊗φ
k(o)[ε]

(ε2)
−→ 0 .

Given any coherent sheaf F on X , define the morphism

ε :

(
F ⊗φ

k(o)[ε]

(ε2)

)
⊗ k(o)[ε]

(ε2)

k(o) −→
(
F ⊗φ

k(o)[ε]

(ε2)

)
⊗ k(o)[ε]

(ε2)

k(o)[ε]

(ε2)
,

which maps s ⊗ 1 to s ⊗ ε for s a section of F ⊗φ k(o)[ε]/(ε2). Applying the global section
functor to the above short exact sequence, we obtain the following diagram:

0 // H0(Mo) //

ε
��

H0(π∗1,oL)

ε
��

ρo // H0(π∗1,oL ⊗ OEo)

ε
��

0 // H0
(
M⊗φ k(o)[ε]

(ε2)

)
//

r1

��

H0
(
π∗1L ⊗φ

k(o)[ε]
(ε2)

)
r2

��

ρφ // H0
(

(π∗1L ⊗ OE)⊗φ k(o)[ε]
(ε2)

)
��

0 // H0(Mo) // H0(π∗1,oL)
ρo // H0(π∗1,oL ⊗ OEo)

where all the rows and columns are exact and the morphisms ε are injective and π1,b : Xb → Y
is the restriction of π to Xb, for any b ∈ B. Using the Zariski main theorem and the projection
formula, we get

H0(π∗1,bL) = H0(π1,b∗π
∗
1,bL) = H0(L) for all b ∈ B and

H0(π∗1,oL ⊗ OEo) = H0(π1,o∗(π
∗
1,oL ⊗ OEo)) = H0(L ⊗ OF ).

Since F is the base locus of L, this means the evaluation map ρo is the zero map. By Grauert’s
upper semicontinuity theorem [8, Corollary III.12.9], the morphism r2 is surjective. If r1 is
surjective, then the Snake lemma implies that ρφ is the zero map. Therefore, it suffices to show
that ρφ is not the zero map. Indeed, this would imply that r1 is not surjective. This directly
means that there exists C ∈ |Mo| not contained in Im r1. In other words, C does not lift to
an effective Cartier divisor of the corresponding first order infinitesimal deformation Xo,t of Xo.
This will prove the theorem.

Since π1 = π ◦ pr1, the projection formula along with Zariski’s main theorem implies that

H0(π∗1L ⊗φ k(o)[ε]/(ε2)) = H0(pr∗1 L ⊗φ k(o)[ε]/(ε2)) and

H0(π∗1L ⊗ OE ⊗φk(o)[ε]/(ε2)) = H0(pr∗1 L ⊗ OD ⊗φk(o)[ε]/(ε2)) =

=
⊕
q ∈F

H0((pr∗1 L ⊗ OD)q×o ⊗φ k(p)[ε]/(ε2)) .
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By assumption, there exist s ∈ H0(L), fs ∈ mo\m2
o and gs ∈ Lo (the localization of L

at o) such that so = fsgs and gs 6∈ moLo; here so is the image of s under the localization
morphism H0(L) −→ Lo. Since fs ∈ mo\m2

o and Y is a smooth surface, we can choose a
regular sequence (fs, f1) generating the maximal ideal mo. Define,

φ : OB,o −→ k(o)[ε]/(ε2)

the ring morphism by 1 7−→ 1, fs 7−→ ε and f1 7−→ 0. Then, s defines a non-zero element

s ⊗ 1 ∈ H0(pr∗1 L ⊗φ k(o)[ε]/(ε2))

and the image of s ⊗ 1 under the natural localization morphism

ρ(φ)′o : H0(pr∗1 L ⊗φ k(o)[ε]/(ε2)) −→ H0(Lo ⊗φ k(o)[ε]/(ε2))

is non-zero (use (pr∗1 L)(o,o) = (L ⊗k OB)(o,o) = Lo ⊗k OB,o).

Recall, the composition ∆ ↪→ Y × Y pr1−→ Y is an isomorphism. Hence,

pr#
1 : OY,o

∼−→ O∆,o×o .

Since the only irreducible component of D containing o× o is ∆, we have

(pr∗1 L ⊗ OD)o×o ⊗φ k(o)[ε]/(ε2) ∼= Lo ⊗pr#1
O∆,o×o⊗φk(o)[ε]/(ε2) ∼= Lo ⊗φ k(o)[ε]/(ε2).

Write the evaluation map ρφ =
⊕
q ∈F

ρφ,q, where ρφ,q is the restriction of the evaluation map to

q. Then, ρφ,o coincides with the morphism

H0(π∗1L ⊗φ k(o)[ε]/(ε2)) = H0(pr∗1 L ⊗φ k(o)[ε]/(ε2))
ρ(φ)′o−−−→ H0(Lo ⊗φ k(o)[ε]/(ε2)).

Since ρ(φ)′o is non-zero, so is ρφ. This completes the proof of the theorem. �
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