CONVERGENCE OVER FRACTALS FOR THE
SCHRODINGER EQUATION
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ABSTRACT. We consider a fractal refinement of the Carleson prob-
lem for the Schrodinger equation, that is to identify the minimal
regularity needed by the solutions to converge pointwise to their
initial data almost everywhere with respect to the a-Hausdorff
measure (a-a.e.). We extend to the fractal setting (o < n) a recent
counterexample of Bourgain [5], which is sharp in the Lebesque
measure setting (¢ = n). In doing so we recover the necessary
condition from [23] for pointwise convergence a-a.e. and we ex-
tend it to the range n/2 < a < (3n +1)/4.

1. INTRODUCTION

We consider the problem of pointwise convergence for the linear
Schrédinger equation

ou = igAu
u(z,0) = f(z) € H*(R");

here h = 1/(2m). A classical question is: what is the minimal regular-
ity the initial datum must have for the solution u to converge almost
everywhere (a.e.) to f? More precisely, which is the smallest s > 0
such that

(1) 11tin(1) u(z,t) = f(x), for a.e. x € R™ and for all f € H*(R").
—

This problem was introduced by Carleson in [8|, where he proved the
validity of (1) for s > 1/4 in dimension n = 1; soon later Dahlberg
and Kenig [10] proved this to be sharp. The considerably harder higher
dimensional problem was subsequently studied by many authors [9, 6,
30, 34, 3, 26, 32, 33, 31, 22, 4, 25, 11, 24, 14].

Recently, the problem has been settled, up to the endpoint, thanks
to the contributions of Bourgain [5] (see [27] for a nice detailed exposi-
tion), who proved the necessity of s > 5755, and of Du-Guth-Li [13]
and of Du—Zhang [15], who proved the sufficiency of s > s i di-
mensions n = 2 and n > 3, respectively. We mention that, besides
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Bourgain’s counterexample, the necessity of s > can be proved

Py
also by different counterexamples [23].

In this paper we consider a fractal refinement of the Carleson prob-
lem. Given a € (0,n], the goal is to identify the smallest 0 < s < n/2

such that
(2) PH(]) u(z,t) = f(x), for a-a.e. € R™ and for all f € H*(R"),
—

where a-a.e. means almost everywhere with respect to the a-dimensional
Hausdorff measure.

This fractal refinement of the Carleson problem was introduced in
[29]. In [2], the authors gave a complete solutions for o € [0,n/2],
proving that s > (n — «)/2 is necessary and sufficient for (2) to hold.
The necessity of this condition depends on the Sobolev space frame-
work, since for smaller s there exist initial data in H*(R™) that are
not well defined on sets of dimension «; see [35]. On the other hand,
for s > (n — a)/2 one can make sense of the initial data and of the
relative solution a-a.e.; we refer to the proof of Theorem 9 for details.
When « € (n/2,n], Du and Zhang [15] proved the best known sufficient
condition for (2) to hold:

n
(3) 3>2<n+1)(n+1 Q).
As mentioned, this is optimal (up to the endpoint) when o = n, but it
is not clear yet whether this is optimal for « strictly smaller. It is worth
mentioning that (3) is necessary for the a-a.e. pointwise convergence
in the periodic setting [16], however in this setting it is still unknown
if it is sufficient (not even for a = n).
In [23] it was proved that for (3n + 1)/4 < a < n the condition
n n—1
(4) s>2<n+1)+2<n+1)(n a),
is necessary for (2) to hold. Here we extend this result to the full
range n/2 < a < n (recall that for smaller o the problem has been
solved in [2]); thus the result is new for n/2 < o < (3n + 1)/4. To
prove this result, we use a modification of the Bourgain’s counterex-
ample rather than the counterexample in [23]. We consider this fact of
independent interest. The possibility of adapting the Bourgain’s coun-
terexample to the fractal measure setting was also suggested by Lillian
Pierce in [27].

Theorem 1. Letn > 2 and n/2 < o < n. Then for every
n n—1
+
2(n+1) 2(n+1)

(5) s < 5= (n—a)



CONVERGENCE OVER FRACTALS FOR THE SCHRODINGER EQUATION 3

there exists a function f € H¥ (R") such that
(6) lim sup|e™/2 f(z)| = oo

t—0t

for x in a set of Hausdorff dimension > «.

For o € (n/2,n) we can in fact immediately improve the statement,
saying that (6) occurs on a set with a-Hausdorff measure = oco. This
is because in (5) we have a strict inequality. Thus, given o > « and
sufficiently close to « in such a way that

n n—1
s < 5= - n—a),
2(n+1) 2(n+1)( )
we would in fact prove that (6) occurs on a set of dimension > o'
When a = n we can not self-improve the statement, however we know
by [23] that (6) holds on a set of strictly positive Lebesgue measure.
A consequence of Theorem 1 is the necessity of the condition

S n n n—1 ( )

s n—a

~2(n+1)  2(n+1)

for the validity of the maximal estimate

@ [ sup (e pa)Panto) 5 CE1 B,
Br t€(0,1)

where B C R" is a ball of radius R > 1, and p is an a-dimensional
measure on Br C R", i.e. a positive Borel measure that satisfies

p(Br(x)) < Cur,

for all balls with center x and radius r > 0. One may see (7) as the
weighted L? inequality

®) [ sup [gdo(a)Pdu(o) S Gl
Br t€(0,1)

where S is a bounded hypersurface in R? := R"*! with non zero gauss-

ian curvature (for instance, a portion of the paraboloid in the case of

(7)) and do is the measure induced on S by the Lebesgue measure. A

closely related family of weighted L? estimates is

9) | a7 (Ra) Pduta) S €t s

where B is now a ball in R? of radius 1, and p is an a-dimensional
measure on B; C R%. The problem here is to identify the largest « such
that (9) holds. Interestingly, these problems are very sensitive to the
arithmetical structure of the hypersurface S. For instance, the known



4 LUCA R. AND PONCE-VANEGAS, F.

necessary conditions are different for the sphere and the paraboloid;
see [21, 1, 25, 12, 28, 19].

In section 2 we introduce some preliminary results we need to prove
the main lower bound for the solution of the Schédinger equation—
Theorem 6—in section 3, where the initial data are basically the same
described by Bourgain in [4]. Bourgain’s counterexample is a function
with frequencies at a fixed scale, so in section 4 functions at different
scales are assembled into a single function, and we show that the inter-
action between different scales is negligible (Theorem 9). In section 5
we compute the dimension of the divergence sets, and we conclude the
proof of Theorem 1 in section 6.

Notations.

o c(z) = €.

o If A C R", then |A] is its Lebesgue measure, and if A is a
discrete set, then |A| is the cardinality. For example, if [ =
la,b] C Z denotes the interval of integers a < k < b, then |I| is
the length of the interval.

o If ] =la,b] C Z, for a,b € R, denotes an interval of integers,
then we write L(I) := minges k and R(I) := maxge; k.

e B.(r) C R" is a ball of radius r and center z—the center is
usually omitted. Q(x,l) C R" is a cube with side-length [ and
center x.

o If z <y, then x < Cy for some constant C' > 0, and similarly
forx 2y, if o ~ythen o Sy S o If 2 <y then z < ¢y,
where c is a sufficiently small constant, and similarly for x > .

o limsup, o Fr = (x> Ursn Fr

e Hausdorfl dimension of a set: for 0 < o« < n and § > 0 we
define the outer measure

HE(F) = inf{z r* | F C U B, and r < §};
BreB BreB

we do not exclude the case § = oo. The a-dimensional Haus-
dorff measure of a set F'is H*(F') := lims_,o H§ (F'). The Haus-
dorff dimension of a set F' is sup{a | H*(F) > 0}.
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tion SEV-2017-0718 and by the IHAIP project PGC2018-094528-B-100.
Additionally, the first author is supported by Ikerbasque and the sec-
ond author is supported by the ERCEA Advanced Grant 2014 669689-
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2. PRELIMINARIES

We recall some classical estimates about exponential sums that we
will use repeatedly in the rest of the paper.

We recall first a classical result about Gauss quadratic sums, whose
proof can be consulted in Lemma 3.1 of [27].

Lemma 2 (Gauss quadratic sums). If a,b,q € Z satisfy the conditions
(a,q) =1 and

beZ when q is an odd number,
(10) b is even when q¢ =0 (mod4),
b is odd when ¢ =2(mod4),

then for the quadratic phase

(1) F) = 0% 4 2

1t holds that
q—1

(12) > 6(27Tf(7“))‘ = /4,
r=0

where ¢, = 1 when q is odd, and ¢, = V2 when q is even.

The following estimate due to Weyl will be useful to handle incom-
plete Gauss sums.

Lemma 3. Let I be an integer interval. If a,b,q € Z satisfy the con-
ditions (a,q) = 1 and (10), then for the quadratic phase f in (11) it
holds that

(13)

Ze 2rf(k ‘ l/l_ (\/M),

where < O < V2.
Proof. We can assume that L(/) := minges k = 0. In fact,

R(I) a, b B a , b |7]-1 o . b+2aL(])
k_;me@?r(ak —|—5k‘)) = e(ZW(gL(I) +5L(I>>) g 6(27T(5k +Tk)>’

and the absolute value at both sides is the same; we observe that the
parity of b and b+ 2aL([]) is preserved.

If |I] < g, then
(14)

Z 2rf(k))| < Cy/qlng;

kel
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for the proof we refer to Lemma 3.2 of [27].
If |I| > g, then we can sum in blocks of length gq. Let M be the
largest integer that satisfies Mq < |I|, i.e. Mq < |I| < (M + 1)q, then

I=1[0,Mqg—1]UJ
M-—1

= < U[mq,qurq—lDUJ,

m=0

where |J| < g. The sum over each block [mgq, mq + ¢ — 1] is a Guass
quadratic sum, and we arrive to

Ze(%rf(k)) ::Mz_:e (2m f(r +Z (2m f(k

kel keJ

By our election of M we have M = C|I|/q, for 3 < C' <1, and by (14)
we have

-1
Z (2m f(k e2rf(r))| + O(/qlng).
kel r=0
Finally, we apply Lemma 2 to get (13). O

To deal with perturbations of quadratic sums, we will use the fol-
lowing Lemma, which is consequence of Abel’s summation formula; see

Lemma 2.3 of [16].

Lemma 4. Let I be an integer interval. Let a > 0 be a sequence of
real numbers and by, be sequences of complex numbers such that

(1) g1 < A,
(2) }Zkg[/ bk‘ <C, for every interval I' C I.

Then,

(15)

Z akbk

kel’

< Cary, for every interval I' C I.

If (1) 1s replaced with axy1 > ay, then

Z akbk

kel

< Caprry, for every interval I' C I.




CONVERGENCE OVER FRACTALS FOR THE SCHRODINGER EQUATION 7

3. THE MAIN LOWER BOUND

The initial data we consider are modifications of the Bourgain’s
counterexample in [5]. Let ¢ be a smooth positive function such that
supp ¢ C B1(0) and ¢(0) = 1. We define the function

(16) Folw) = filen) @)

where

filz)) = e(2n Rz p(RExy),  f(3) ;:1"[@(1»]-)( 3 e(ztzjxj))
i=2 B<ly<E

where | = (ly,...,l,) € Z"' and z = (71,%) € R x R""'. For now
we set D as a free parameter, and we will choose its value later as a
suitable power of R.

We need the following definition before investigating the divergence
set of e™"A/2 f,: compare with (10).

Definition 5 (Admissible fractions). Let pq,...,pn,q¢ € Z. A point
(p1/q, ..., pn/q) is an admissible fraction if (p;,q) = 1 and if

(p2,...,pn) € Z"' when ¢ is an odd number,
(17) p; are even when ¢ = 0 (mod 4),
p; are odd when ¢ = 2 (mod 4).

Theorem 6. Let ¢ < 1 and let ¢ > 0 be an integer such that D% >
VIng. If f is the initial datum (16), then

(18) [ fo(e)] Ri( R )

1ol Dq
for (x,t) such that 0 < t = 2p,/(D?*q) < 1/R and
(19) xe E,pni0,d",
where E, p is the set of points
(20)
x1 € 22%§+[—CR_é,CR_§] and x; € %+[—CR_1,CR_1], 2<j<m

here (p1/q, .. .,pn/q) is an admissible fraction in the sense of Definition
b; see Fig. 1.

Proof. If f is an integrable functions, the solution of the Schrédinger
equation with initial datum f can be represented as

SO/ () = / F(&)e(—mtig? + 2m - €) de.
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FIGURE 1. Set F, p in Theorem 6. Some slabs may dis-
appear to satisfy the conditions of admissibility.

We want to compute the modulus of e*"2/2 f1,(x) in the region |z| < ¢
and 0 < t < ¢/R. We note that

|eithA/2fD(x)| _ |eithA/2f1 (1‘1)’ |eithA/2f(a~7)] ]
A direct computation shows that for |t| < ¢/R and

(21) 21 €tR+ [~cR ™%, cR™7]
we have
(22) |82 £ ()] = |p(R? (21 — LR))| =~ 1

Again, a direct computation gives (7 € R 1)

(23)
zthA/Qf H/ 53 77155 +27ij£])

> e(=nt|DL + 2nDlj(x; — t&5)) dE;.

H<Li<H
To estimate the absolute value of this product, we recall our hypotheses
(20): z; = p;/(Dq) + ¢, for |¢;] < ¢/R. We split each factor in (23)
into the main term
. _ithA/2 2 Dj
(24)  Fua(t,p5/q) == €™ ?0(x;) Y e(=mt|DI* + Qﬂljg)

R _; R
35 <li<pH
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and the perturbation

(265) Fpeelt, ;) = / (6 )el—rt€? + 2ma,)

3" e(—mt|DLP + 21l ) (1 — e(2r Dl (e — 1)) de;.
Lcli< B 9
2D J>D
By hypothesis t = 2p,/(D?q), so we can exploit Lemma 3 and the
condition R/(Dq) > /Inq to estimate the main contribution (24) as

D1 bj

Foainl 2 Y e(— 2W(Ez§. — jzjm
35 <bi<p

R .
D7
we used [e"2/2p(z;)| ~ 1.

We claim that the perturbation term (25) satisfies | Fie:| < R/(D/q),
which, together with (23) and (26), leads to

(26) ~

; ~ R n—1
(27) @)= (5 )
Then, we multiply by (22) to reach

; R n—1
(28) |€ thA/ZfD (Q})‘ ~ (D—\/a) .

Finally, we divide (28) by ||fpll2 ~ R~1(R/D)"z" to obtain (18), and
so the statement of the Theorem follows up to the claim [Fe| <
R/(D/d)

To prove the upper bound |Fpe;| < R/(D+/q), where I, was defined
in (25), we begin with

|Foer| S sup| Y 6(—27T%lf + 27%%)(1 — e(2mDl;(e; = 155))|

1&1<1 g R
55 <li<p

Z e(—QW%ljz- + QW%lj)qu,t,fj (1)

R <R

= sup
1€;1<1

where (p1,q) = 1, and ¢, 1¢,(l;) = 1 — e(2nDl;(g; —t&;)).
By the triangle inequality, it suffices to prove
(29)
: , R
‘ S e-2n e o ligl ()| S e el i=12
q q

~ D\/q?

R
2p <li<

ol=
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where

gb%,)(lj) = 1—cos(2rDl;(e;—t;)) and (b?)(lj) = [sin(27Dl;(e;—1&5))| -
Again by Lemma 3, and using R/(Dgq) > v/Inq, we have that

(30)

b by
‘Z 6(—271';[]2 -+ 27'(';][])

l]‘EI

I
S u+ Vqlng

q D

On the other hand, the functions ¢é,)(lj) are real valued, positive, in-
creasing in /;, and satisfy
¢, (ly) S IDIGlle; —tgl Sep e

recall that |[;] < £ |g;| < £, |t| < £ and |¢] < 1 in the support of ®;.
Thus (29) follows by the second part of Lemma 4 taking

w, = ¢iy(l;)  and by, = e(—20222 4 2x iy,
q q

and the proof is concluded.

4. CONSTRUCTION OF THE EXAMPLES

According to Theorem 6, the function sup,_,_,|e"*/2 fp| is large in
the set
U Ewpn[0,d") cR", 0<e<1,
1<q<@
as long as D—RQ > +/InQ.

To cover the largest possible area, we should ensure that the collec-
tion of sets E, p, for 1 < g < @), is essentially pairwise disjoint. In a
unit cell [0,1/D]""!, the number of fractions (p2/(Dq), .. .,pn/(Dq)),
for 1 < ¢ < Q, is ~ Q", and if we think of the fractions as if they
were uniformly distributed, then the average distance between them is
~ 1/(Q71D), so we impose the restriction
(31) Re:= 1 >R

n—1

We remark that R/(DQ) = Q7T1R'", so the condition R/(Dq) >
VIng, for 1 < ¢ < Q, is easily satisfied.

The slabs that form E, p have dimensions ¢R™2 x ¢cR™' X -+ - x ¢R™,
for ¢ < 1, and they do not overlap in the Z-space because R/(DQ) > 1,
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however they may overlap in the x; direction. To exploit the whole area
of the slabs, we impose the new restriction

R
QD? ~

(32) R = > R

see Figure 1.
The conditions (31) and (32) allow us to solve for @ and D as

(33) D — R(n=(n=1)atnb)/(n+1) and Q= RZ—E@afbfl)‘

Since ) > 1, then we have to be sure that 2a > 1+ b, so we can write
our conditions as

1
(34) 0<a<l, 0<b§§ and 2a>1+1b;
in particular, a > %
1
2
b 2a =b+1
0 3 1
a

Definition 7 (Divergence Sets). Let a and b satisfy the conditions
(34), and let Ay, for k > ko > 1, be the collection of slabs S such that:

1

(i) S has dimensions cR, ?> x cR,' x -+ x cR, ', for Ry = 2F and
c 1.

(ii) S has center at

(2p1Ry./(qD3), p2/ (Diq), - - - - pn/ (Diq)),

where (p1/q, ..., pn/q) is an admissible fraction (Definition 5) with
1 < q < Qy, and Dy and Q) are given by (33).

A (a,b)-set of divergence F' is defined as
(35) F:=limsup Fy, Fr= ]S

k—o00

For fixed a and b, we define the initial datum

(36) =3 B o

k>ko
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where Rj, = 2% and ko > 1. Inequality (18) dictates the value of s, and
in terms of a and b we have

1 n—1
7 =4+ ———(n—(n—1)a—b).
(37) sim {+ gy (= Da=b)
Since
(38) Hf| iIS/(Rn) = Z kRi(SI_S) < 0, fOI' S/ < S,

k>ko

we have that f € H* (R") for every s’ < s.
We have to prove that the different terms in the sum (36) do not
interfere with each other. We need the following Lemma.

Lemma 8. If the Fourier transform of ¢ € S(R) is supported in
(—1,1), then for every N > 1 it holds
1

(39) |thA2p(2)] < C’NW, for |x| > 2t.

Proof. We use the principle of non-stationary phase. We assume that
x > 2t; the other case is similar. The solution is

GHO/2 (1) = / H(E)e(—mtiE]? + 2mat) de.

Since dce(—7t|E[* + 2mxl) = —2mi(t€ — x)e(—7t|E|* + 2mxf), then by
repeated integration by parts we obtain

1
|z — 2V

which is the statement of the Lemma. O

|€ithA/2(,0(£L‘)| S ON

Before proving the main result of this section, we need to make an
observation on the way we define solutions. For f € H?® we define
solutions for Sobolev functions, in such a way that they are well defined
on sets with large Hausdorff dimension. Recall that Q(N) is the cube
of side N centered at zero. We set

(40) A2 () = Tim Sy (1)f(2),
where

(41) Sw(t)f(x) = /Q | f@rrtlel  omr € de

The limit (40) is usually taken with respect to the L? norm, but here
we take all the limits pointwise at each point x where they exist. When
[ € L*(R), it is known that the limit exists pointwise for almost every
2 € R and that it coincides with the L?-limit. When n = 1, this result
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t Rk1 < Rp+ < RkQ

Ci1 ;
/'/.// 1
e b —1
' NRkQ k*
/ ! — 1
€o C1 ~ Ry, R;.

F1GURE 2. The gray lines represent the regions where
the functions e'*"2/2h, concentrate.

is due to Carleson |7], whose proof extends to higher dimensions as
proved, for instance, in [18]. Moreover, we can show that this limit
exists y-almost everywhere for every f € H® with s € (0,n/2], as long
as 7 > n — 2s; see the appendix of [16]. This can be regarded as a
refinement of Carleson’s result, although it does not recover it.

Theorem 9. If g, is the initial datum defined in (36), then
(12) lin sup|e 2 2g, , ()] = oo

t—0+
for every x € (F N ([co, c1] x [0,¢1]"71)) \ Q, where

® Cy = %Cl, KK 1,’

e Fis a (a,b)-set of divergence;
e H'(Q) =0 fory>n—2s.

Proof. We define hy, := kR, *fp, /|| fp,|l2, where Ry := 2. From the
proof of Theorem 6 we know that for ¢ = 2p,/(D3q) < 1/Ry, the value
of the solution at z € Fj, N[0, c1]" = U, <o, Fa.p, N[0, c1]" is

(43) |eitm/2hk(:v)| 2 k.
We fix k* > kg > 1 and = € Fj«, and we know that
_1
(44) z1 = tRe + O(R?),  coR <t <R
It suffices to prove

(45) |2y (@)] S Ry, for k# kT
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because then for t = 2p;/(D3?.q) < 1/Ry~ we would have, for all k; >
k*, the following (recall (41))

(46) |y (t)gap(x)] > | PRy ()| = D [ Py ()| 2 K,
ko<k#k*<k1

as long as ky > 1; then in order to deduce (42) we note that for all
x € FN([cy, 1] X [0,¢1]"71) we can choose any k* > ko > 1, and we we
have a lower bound as (46) and the sequence of times ¢ = 2p; /(D?.q) <
1/ Ry~ goes to zero as k* — co. More precisely, since we have

(47)  eSPf(@) = Tim Sy(gun(r) = lim Sy ()gus(2)

except possibly on sets Q, t = 2p;/(D3.q) with H?(€;) = 0 and these
sets are countably many, then (42) would follow by (46)-(47), taking

Q= |J
t=2p1/(D}q)

It remains to prove (45). From (23), we see that we can bound
A2, (%) with the crude estimate

. ~ n—1
€22 @) S ()
so we can control each term e™"*/2h;(z) as
ithis /2 tRBAJ2, (Y LR
€A 2y ()] < [ 20 R (2 — tRONIRR () T By

Dy,
S |20 (Ry (@1 — tRY))RQ,T

~Y

and we can apply Lemma 8 to ¢.
We verify the hypotheses of Lemma 8 when R, < Ry~. By (44) we
get

RE (w1 —tRy)  RP(t(Rp — Ri) + O(R..2))

tRk tRk
_1
> Ry 2Ry > 2,

. n1 N
for k,k* > ko > 1; hence, |e">/2hy(z)| <y kQ,> R, > < R;', for
N> 1.
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We verify now the hypotheses of Lemma 8 when Ry > Ry«:
1 1 _1
Rli (tRk - :L‘l) _ R,? (t(Rk - Rk*) + O(Rk*z))
tRk tRk‘
1
2 R} >2,

. n—1 _3
for k, k* > ko > 1; hence, |e®™/2h;(z)| <y kQ,? (Rp-R.*)N < R,
for N > 1. O

5. DIMENSION OF THE DIVERGENCE SET

In the previous section we constructed initial data parameterized by
a and b. To simplify matters, we choose those values of a and b for
which computations are easier and exhaust all possible outcomes. Our
choices are:

1
(48) (1) §<a§§1 and b=2a—-1
1
(49) (II) ;1 <a<l1 and b= 5

We refer to these (a,b)-sets of divergence (Definition 7) as of type I
and type II. We remark that for [ we have () = 1, and that a = 1 and

b= % is Bourgain’s counterexample.

Theorem 10. Let 0 < ¢o < 1. If F = limsup,_,, Fi is a (a,b)-set of

divergence (Definition 7), then dim(F N[0, ¢|") < a := 3+ (n—1)a+Db.

Proof. Fix a scale 0 < A < 1 and choose k' such that R,;' < \. Since
1

Fy, is union of < R V" slabs with dimensions R, > x R, X+ - x R,

1
and each slab can be covered by R; balls B,, for r = R,;l, then we can
find a collection By, with |Bx| = RY of balls with radius R, ' covering
F}., so that

Hf(F):inf{Z,OMFC U Bpandp<)\}§z Z R,;‘i

B,eB B,CB k>k' B,€By

and the last sum is smaller than ), ., Rg_ﬁ , which tends to zero as
k' — oo whenever 8 > a. O

To prove the corresponding lower bound of dim F', we employ the
techniques in Section 4 of [24]. We recall a result of Falconer, which is
consequence of Theorem 3.2 and Corollary 4.2 in [17].
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Lemma 11. Let 0 < ¢ < 1. Suppose that there exists a constant
C' > 0 such that, for all § > 0 and all cubes Q(z,d) C [0,c]", we have
the density condition

%mﬁﬁmﬂmQ@j»zcﬁ,

where {Fi}r>0 s a sequence of open subsets of B(0,1). Then, for all
g <P,
H (lim sup Fy,) > 0.

k—o00
We prove now the lower bound of dim F' in the easier case, in the
case of sets of type I.

Theorem 12. If F' = limsup,_ .. Fy is a set of type I, that is, 2 <

2
a< % and b =2a — 1, then dim F'N [0, ¢o]" > a where
1
(50) a::§+(n—1)a+b.
Proof. From Lemma 11 it will be sufficient to show that

(51) H(Fr N Q(x,0)) > C87, YQ(x,6) C [0, )",
holds for all k sufficiently large, where f = a — ¢ for 0 < ¢ < 1.
The size of k for which (51) holds will depend on §. To prove (51)
we define an auxiliary measure which is a uniform mass measure over
Fr, N Q(x,6), namely

ANF.NQ(x,6
Note that py depends on the set Fy N Q(x,d), but we will only stress
the dependence on k in the notation.

Assume we have proved
(52) pe(B,) < CrPe=F

for all sufficiently large k (the size of k will depend on ¢). Using (52)
we can prove (51) easily, noting that if B is a collection of balls B, that
covers Fj,, then

1= e(Fe N Q(x,8)) < Y pue(B,) < C677 > o7,

B,eB BreB

Thus we have reduced to prove (52). To do so we have to work at
several scales. It will be useful to keep in mind that if £ > 1 then

(53) |F, N Q(x,6)] ~ Re"6"

and that Ry — oo as & — oo. Many estimates below will be indeed
justified taking k large enough, depending on 4.
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(1) Scale 7 < R;' In the worst case a ball is entirely contained in
a slab from Fj,, so

pe(By) SRS < g = pPgB pe BB < pB5B g0 P ghon,
since « — 3 > 0 and r < R;' we have R;(O‘*ﬁ)éﬂ_” < 1 for
k >5 1 thus (52) holds at this scale.

_1
(2) Scale R;' < r < R;* Recall that R;* < R, ?, so a ball B,
cannot contain a slab. On the other hand, since r < R,/ a ball

B, intersects at most one slab, so

. R]; (a—1)

—(n—1 —a+n £—n —Q —-n —-n aS$—n
#k(Br)STRk( )R/,c Tt = R = e o<,

using R,;l < rand a > 1. Using also r < R, “ we see that
pr(Br) < TﬁRZ(B_a)(S_” < P57 P, k> 1.
_1
(3) Scale R;* < r < R, 2. A ball B, intersects < R *"~1 slabs,
SO

pil
i (Br) S T”R,(C"_l)a’_"HRgaJrn(;—n <R b+35n
_1
where we used (50). Since r < R, ? we have that
1o 1. py 1 14
e(By) S PR A < o g g

where we used
1 -3
54) a=(m—Da+b+-=——"b+o+1+2—1<n+2b—1.
2 2 2
Thus
(B, < P55, k>; 1.
4) Scale R.? < r < R, A ball B, contains < R" V=1 glabs,
( k k ~ Ly
so recalling again (50) we get

n—1)a—n+1
,uk(Br> < Tn_lR](,C 1) +3 R];a+n6_n — T’n_lRI;b(S_n < T,n—1+2b5—n7

where we used R, > < r. From r < R and (54) we have that

pe(Br) S T’BR;b(ng_l_ﬂ)(S_” < rﬂR;b(a_ﬁ)é_” < rB§ b, k> 1.

(5) Scale R,* <r < §. A ball intersects < R,(C"_l)aerr" slabs, so

n—1)a+b—n+1
#k(Br) S 7JLR’(C Da+b—n+3 R;a-i-n(s—n N e ,,055—5‘

The inequality (52) thus holds, and so the statement of the Theorem.
U
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a) 1 - 1
T q¢ T Q?
—
Z2
P2 Py
q q
b) I3
,
»
/o’
.‘/

,~ fractions are very
.‘ . .
. crowded over this line

i ZC2

FIGURE 3. (a) When n = 2 the fractions are already
well separated; Lemma 13 is unnecessary. (b) When n >
3 the fractions might concentrate around some regions,
which prohibits the Frostman measure technique we used
in Lemma 12.

The lower bound for type II sets is harder to prove, and we need
a Lemma that assures us that for all F}, we can find a large sub-
collection of slabs uniformly distributed. Similar arguments were used
in Lemma 4.3 of [16] and in Sections 5.6-5.8 of [27].

Lemma 13. Let F' = limsup,_,., Fx be a set of type II, that is, % <
a<1andb= % If Ay is the collection of slabs in Fy, N Q(x,9), for
0 < 1, then, for everye > 0 and k >, 1, we can extract a sub-collection

of slabs A, C Ay, such that

(i) [ Ayl Z By 7| Al
(1) If v = (21,Z) and y = (y1,9) are the centers of two slabs in Aj,

and ¥ # §, then |T — §| 2 1/(Q; " Dy,).

Proof. The sets Fy, := |, 4, § have a periodic structure. In fact, recall
that the centers of the slabs are

(2p1Ry,/(qD3), p2/ (Diq), - - - . pn/ (Diq)),
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where (p1/q,...,pn/q) is an admissible fraction (Definition 5); hence,
F}, is made up of translation of the slabs in the unit cell [0, 2R/ D3] x
[0,1/Dg]""!. We assume that k is so large that the number of unit cells
not entirely contained in Q(z, ) is negligible. Therefore, the number of
slabs in Q(x,0) is |Ax| =~ Dy R 167"|{slabs per unit cell}|, and the
Lemma reduces to extract a large number of admissible fractions in
[0, 1]™ with denominator < Q.

| il i
r—r—rrr—r—r T T T 1
1 T T T S N (N N SO SR N B | l
1 T T T S Y (N SN SN SR N B |
1 T T T O O (N N S B N B | P | | | |
B St it St B bl il il Sdi it ettt s Rl Rt bl St o -
1 T T O A SO BN A B | : | | | | | I
1 T T T O A Y SO B N S|
1 [ 1 1 [ l l [ l l [ l l |‘| | | | | |\|
T T N Ty A N (P DU A | IS |
1 [ T T T S N (N N S SN S B | | | | | | | | |
] T T T N A Y SN BN N BN | OO
1 T T O A Y S BN S BN | A h
| I S T T T S T A A B T S| B |‘| | | | | |\|
B TaATTT T T rTT AT AT T T T T T T s |‘| | | | | |\|
. 1 I il , l
unlt Cell l D [ T l , l
| [ T e R R N A | |‘| | | | | |\|
-H - e et o e e e e el e -H -+ !
1 [ T T T O A N S B atT BV | | | | | | | |
1 T T (O Y S (Y S BN SR BN | P
1 T T T O (N Y SO B S B | , i
P R S S N S N AN 1 (P N bese. .
i 1 1 [ 1 i 1 2R i 1 1 1 1 I 1 iy 90000000 000000 P8 — -~~~
] [ T R B B [ T I | I BRI
[ 1 1 1 1 1 1 ) 1 1 1 1 1 ! 1 1
| [ T B S| D2 [ O T R B | , l
L it Bt Tl Ll el [t e Bt s ) !
1 1 1 1 1 1 1 ! ! ! — 1 1 1 1 1 |
] T e R (R T N | [ T | B
] T e T T S T 1 [ T | B
| T N T [ ) [N P IR | S
| L = R R B (Y
] T O Y T B S B D [ T | B
1 —— —— —
[ T S T T T SR S T N S B S B
AL e e I I A A A R S B R R

We drop the subscript & > 1. Let A° be the set of admissible
fractions, and let A' C A" be the collection of fractions (p1/q, - - -, pn/q)
with ¢ = 0 (mod 4) and p; even for 2 < j < n, so that [A'] ~|A°|.

We denote by PA' the projection of A' into the plane (xs, ..., z,),
so PA' is the set of fractions (ps/q,...,pn/q) with ¢ = 0(mod 4)
and even p;. The Dirichlet’s approximation Theorem asserts that for
2y € R"™! there exists (p,...,p,) € Z"! such that

P 1

2 < —,
¢ qQ/A)
so if we write ¢ = 4¢' and p; = 2p;, then we can assert that for every

y € R"™1 there exists a fraction (p2/q, ..., pn/q), for ¢ = 0 (mod 4) and
p; even, such that

(55) |2y — for some 1 < ¢’ < Q/4,

~ n 1
|y_%|§2n+} o for some 1 < ¢ < Q.
q n—1

In general, a point y € [0,1]""! cannot be sufficiently well approxi-
mated by fractions if it satisfies (55) with a fraction (ph/d,...,p./q)
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with small ¢/, so it is convenient to ignore those points. The volume in
[0,1]"7! occupied by those undesirable points is less than

1 n-1 1
(56) > () =5
L<g<qanre ~4(Q/4)7 2

Let G := {y € [0,1]""! | y satisfies (55) for some Q/2""? < ¢ <
Q/4}, then by (56) the volume of G is > 1. Cover G with cubes Q(y,1),
where y € G and [ := 2”+2+%/ Q7 1. By Vitali’s covering Theorem
we can find a disjoint collection of cubes {Q(y;,)}1<j<n such that

N
G c |JQ(y;.30);
j=1

hence, N > ¢,Q". We pick from within each Q(y;,l) a fraction and
construct so a collection of fractions C C PA'; we define A* C A! as
the set of fractions such that P.A* = C. By construction, |PA?| 2 Q"
and any two points in P.A? lie at distance > 1/ Q7-1; the latter, after
dilation by 1/D, implies the condition ().

The fractions in A? that lie over (p2/q, . .., pn/q) € PA? is in number
at least (q), where ¢ is the Euler’s totient function. Since p(q) > ¢'—¢
for every € > 0 and ¢ >, 1-—see Theorem 327 in [20]—then the number
of fractions in A% is > Q' ~°|PA?| 2 Q"¢ ~ Q¢|A°|, where A" is the
set of admissible fractions; this concludes the verification of condition
(i). O
Theorem 14. Let 0 < ¢g < 1. If F = limsup,_,. Fx is a set of type
11, that 1s, % <a<landb= %, then dim F'N [0, ¢o]™" > a where

(57) a:=14+(n—-1)a.

Proof. We use the same method as in Theorem 12. For fixed € > 0, let
Aj. be the collection of slabs provided by Lemma 13, and let F} be the
corresponding set. Given Q(z,9) C [0, ¢]", we define again a measure
pr on Fr, N Q(x,d) that will be useful in the proof; the measure is
/
,uk(A) = ’A ﬂ/Fk N Q(ZB, 5)|
[F, N Q(z,0)]

If £ >_. 1 then
[Fe N Q(x,0)] 2 Ry 50"
We take f := o — 2ne < a —e. The goal is again to prove (52),
from which we deduce Theorem 14 proceeding as we did in the proof
of Theorem 12.
Since b = £, we can think of the slabs over (p2/(¢Dy), - - ., pn/(qDy))
as a single tube of length 1.
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(1) Scale 7 < R™!. In the worst case a ball is entirely contained in
a slab from Fj, so

pi(By) S PR TR < g = P B (B e gP oy,

since @ — 8 > ¢ and r < R;', then yu,(B,) < r?§~# whenever
k>;1.

(2) Scale R;' < r < R.“ By the properties of separation of
the slabs in A}, a ball B, intersects at most one slab—recall
Lemma 13(ii) and (31)—so

,Uk(Br) 5 TR]:(nfl)faJrnJrséfn _ TR;aJrlJrEéfn < Tozfs(sfn’
where we used o > 1. Since r < R, “ we see that
pe(B,) S PRI g s 1

1

n=1(g, 3y_1
(3) Scale R,* < r < Ry/D? = R,:“(z 272 A ball intersects
< Rl(f_l)ar"*1 “tubes” of length 1 and radius R;l, so (recall

(57))

pp(B,) < prRIam (et son _ npeson 858 (pn=b Re A,

since 7 < Ry/D? < R, ™', we see that
pr(Br) < TB(Tﬂ, k>s 1.

(4) Scale Ry/D? < r < 4. A ball B, contains ~ D} R, 'r™ trans-
lations of the unit cell [0,2Ry/ D3] x [0,1/Dg]""'. If V is the
volume of F} per unit cell, then |B, N F}| ~ VD R, '™ and

|Q(x,8) N FY| ~ VDt R16™,
hence
pe(B) SrteT < rP5P
The inequality u(B,) < Cr?6~" holds for k sufficiently large (depend-
ing on ), so the proof is complete. O

6. CONCLUSION OF THE PROOF

We are now ready to prove our statement combining the results from
the previous section. First we take a,b as in (48)-(49) and recall that
we have defined

(58) a:z%—i—(n—l)a—i-b.

Note that we have a bijection between a € (1/2, 1] (which predicts also
the value of b by (48)-(49)) and « € (n/2,n], which is the range we are
interested in (the case @ = n was handled in [5]).
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First we claim that given any
n n n—1 ( )
n—ao
2(n+1) 2(n+1)
we can find a solution wu(z,t) with initial datum uy € H* (R™) such
that

(59) < 5=

limsup |u(x,t)| = oo

t—0+
for x € (F N ([co, 1] x [0,¢1]"71)) \ ©, where F is an (a, b)-set of diver-
gence, 0 < ¢y := %cl < 1 and €2 has dimension < n — 2s. Indeed, it
suffices to choose uy := g, defined in (36) so that v, € H* (R™) for
1 n—1

see (38)-(37). Since under (58) the inequality (60) becomes (59), then
the claim follows invoking Theorem 9.
Thus, to conclude the proof, we need to show that

(61) dim ((F N ([co, e1] % [0,e1]"7)) \ Q) >«

First, covering (F N ([co, c1] X [0,¢1]"71)) with ~ (¢1/co)"! cubes of
side ¢y, we see as consequence of Theorems 12 and 14 that

dim(F N ([co, c1] x [0,¢1]"™ 1)) > o

On the other hand, we know that dim < n — 2s; see Theorem 9.
Thus, since for our choice (59) of s we have « > n — 2s when o > n/2,
then (61) follows and the proof is concluded.
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