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Abstract

We study the process of dispersion of low-regularity solutions to
the Schrodinger equation using fractional weights (observables). We
give another proof of the uncertainty principle for fractional weights
and use it to get a lower bound for the concentration of mass. We
consider also the evolution when the initial datum is the Dirac comb
in R. In this case we find fluctuations that concentrate at rational
times and that resemble a realization of a Lévy process. Furthermore,
the evolution exhibits multifractality.

1 Introduction

This work grew out of the interest in understanding the process of dispersion
of solutions to the Schrodinger equation with initial data with low regularity.
By Schrédinger equation we mean the initial value problem:

{@u = %hAu
u(z,0) = f(x),

where h := 1/(2m).

*skumar@bcamath.org
tfponce@bcamath.org
lvega@bcamath.org



We measure the regularity using the space
Z5(R") = {f € L2R™) | [ fI%, := =z’ FI3 + ID° I <0}, (1)

where D?f := |€]°f(€) and

f) = [ ey s

We will consider 0 < ¢ < 1, and refer to solutions with u(z,0) € X5(R™), for
0 <0 < 1, as low-regularity solutions.
Similarly, we measure the dispersion of a solution u with the functional

half1(t) = f 2P, £) da 2)

for simplicity, we may write hs(t). Nahas and Ponce studied this functional
during their work on persistence properties of decay and regularity in the
non-linear setting [21]. As a consequence of Lemma 2 in [21] we have

hal f1(8) < Csll flI%ymm (1 +£2)°, (3)

where f is the initial datum, so the functional (2) makes sense for every
time. Another proof of this persistence property is given in [1|, where the
motivation is to give sufficient conditions for uniqueness of linear and non-
linear Schrodinger equations following the ideas in [9)].

From another point of view, hs[ f](¢) is the evolution of the average value
of a quantum observable and the corresponding quantity for a classical par-
ticle in free-motion is h&[xo, po](t) := |xo + pot|?, where zy and py are the
initial position and momentum, respectively. It is interesting to compare the
quantum and classical behavior; for example, after computing A/ or by using
the identity "™k (ihd)e~ "™ = ihd + t€ we can see that

BaLf106) = (0 + pot)?) = f f(x)(@ — ithd)f dr,

where zg = x and py = —ihd are the initial (in the Heisenberg picture) po-
sition and momentum operators, respectively. Does this simple and smooth
behavior hold equally when 0 < § < 17

The classical Heisenberg’s Uncertainty Principle asserts that

[ [laPLr@Pde [16-1FOR ]’ > -1y (4)
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Using translations in physical space and in phase space (i.e. Galilean transfor-
mations) it is always possible to assume that § z| f(z)[? dz = €| £(€)|>d¢ = 0,
and (4) is then a measure of the concentration of |f| and | f| around the ori-
gin. Finally, using translations in time and dilations we can also assume
that {(zopy + poroy = 0 and that a® := {(z2) = (p?), so that in that case
hi[f](t) = a*(1 + t*). Hence, using (4) we conclude that if || f|| 2gs) = 1

then
n

Ilf]() = (1 + ), ()

and the identity holds if and only if f = c¢fq(z) := 2" ™** where |¢| = 1.
In fact, in that case the corresponding solution is explicitly given by ug =
A1 + it) "2 mle /(i) g6 that

hslfel(t) = hs[ fa](0)(1 + ¢7)°. (6)

The above argument suggests that a lower bound of hs[f](t) might be
proved by means of a generalization of the uncertainty principle (4) with
weights |2|% and |¢|%, for 0 < § < 1. As it is well known, the uncertainty
principle has been already extended in several directions, see e.g. [7, 2, 11,
3, 19, 25|, and the “fractional uncertainty principle” we are interested in was
proved by Hirschman in [16]. One of the results in this paper is another proof
of this fact.

Theorem 1 (Static, Fractional Uncertainty Principle). There exists a con-
stant as > 0, for 0 < 0 < 1, such that

z1° f | L2 1D | 2 ey = sl f 172 (m)- (7)

Equality is attained and the minimizer Qs is unique under the constraints:
Qs > 0, |Qsll2 = 1 and |||z°Qsll2 = ||D?Qsll2.  Furthermore, Qs(x) ~
2|74 for |x| » 1.

The decay result is direct consequence of the work of Kaleta and Kulczycki
[20]. Observe that, interestingly, the minimizer of the fractional uncertainty
principle does not decay exponentially.

As a consequence of the above theorem we easily obtain a lower bound
for hs[f](t) as stated in our next theorem.



Theorem 2 (Dynamical, Fractional Uncertainty Principle). If f € ¥5(R™),
for0 <o <1, and || f|l2 =1, then

as
Iz fll2l1D° 12
where as is the constant in (12). Furthermore, for any T # 0

hsf1(0)hs[F1(T) = ag|TJ*,

with equality if and only if

hsl 1) = ( ) mass (el £ 13,10 £ 1B

f([[’) _ Ce—ﬂ'i\x|2/T)\n/2Q5(/\x)
for some A >0 and |c| = 1.

One could wonder up to what extent the behavior exhibited by the gaus-
sian in (6) is generic for hs[ f](t). One of the main purposes of this paper is
to start to explore the answer to this question. We first study the regularity
of hs[f](t) and also give precise results about its Fourier transform. From
the proofs of these results one can easily guess that the so called Talbot effect
can generate plenty of fluctuations from the generic behavior (1 + #2)°; the
reader is referred to [8] for more information on the Talbot effect.

Then, as a second step, we focus our attention in one space dimension
and to the particular case when f is the Dirac comb

Fp(z) := Z Sz —m).

Even though Fp is not a proper function but a distribution, so that at first
hs| Fp] does not make sense, we are able to extend, after renormalization, the
functional hg to periodic functions and then to the Dirac comb. To approach
the Dirac comb in R we use functions of the form for

Jerea () 1= NG W(e22) Fy /|| ey 2, (8)

where 1) is a smooth function with ¢(0) = 1, N, is chosen so that || f-, o, || =

L and —1_—n((x—m)/e1)? —m(eym)? 2mizm
F. (x) ::Zsl e 226 e .

meZ meZ

We will prove that in the limit o — 0 (g7 fixed) the function hs[f:, -]
splits into a smooth background and a oscillating, periodic function that
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Figure 1: The red line is the plot of hs[f:, c,] using its definition in (2),
and the blue line is h,s[F%, ], to be defined in (71). In this plot we have
removed from hs[f., .,] a constant term C., and then multiplied by 5'; this
will be clear when we reach (81). The choice of £; = 0.2 is due to the high
computational cost of taking a smaller value of €; and then to diminish e,.

we call h,s[F:,]. In Figure 1 we can see how hs[f:, o,] approaches, after
renormalization, hy, s[Fy, .

The final step is to pass to the limit e, — 0. In this way we obtain a
periodic, pure point distribution h, s5[Fp] with support at rational times, a
fact which is very reminiscent of the Talbot effect. More concretely, we prove
the following result; see Fig. 2.

Theorem 3.

2, 5 1
ol Fp)(20) = ~ TR+ 0) | Y —rsdr(0)-
’ s
¢>0 o
9)
2(21+26 _ 1) 22(1+5) (
- Z ¢2(1+9) 65 (t) + Z ¢2(+9) 5% (t)]’
(p,g)=1 (p,a)=1
q=2(mod 4) q=0 (mod 4)

where ((s) is the Riemann zeta function, and

b | I'(20)
YT (2@ [D(=0)[0(5)
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Figure 2: Plot of hys[FL., ], to be defined in (71). In Figure 1 the plot of
hys[F= ] lacks the rich structure suggested by (9) because ¢; is still small
there, however as €; approaches zero the emergence of Dirac deltas is clearly
visible.

Our final result is about the properties of h,s[Fp|. Let us consider its
primitive, that is,

Hy(t) J[ | aal25)ds. (10)

Quite surprisingly, we find out that Hs can be seen as a “realization” of a pure
jump a-Lévy process with a := 1/(1+J)—see Fig. 3, which suggests strongly
the presence of intermittency. To prove this we compute its Holder exponent
at each irrational time and show that it depends on its “irrationality” u(t);
the precise definition of p(t) is given in Definition 29. We look also at the so
called spectrum of singularities dp,(y) := dim F,, where

F,:={te]0,1) | Hs; has Hélder exponent v at t}. (11)

Our main result in this direction is the following one.
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Figure 3: Plot of Hs in (10). Even though Hjs has some symmetry, e.g.
Hs(1 —t) = ¢s — Hs(t—), the appearance of “unpredictable” large jumps
resembles an a-Lévy process with small exponent a.

Theorem 4. Let o := 1/(1+0), then

dus(7) = ary,  for vy € [0,1/a).

Jaffard proved in Thm. 1 of [18] that the spectrum of singularities of an
a-Lévy process is almost surely

da(7) = {ﬁo 1?;3/04

do(y) = —oo means that no point has Holder exponent . This identity
tightens our suggested relationship between Hs and Lévy processes, and we
suspect that d,(y) = dg, () for every 7.

Structure of the paper:

e Insection 2 we discuss the static, fractional uncertainty principle (Thm. 1)
and prove some properties of the space 35(R"™).
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e In section 3 we discuss the dynamical, fractional uncertainty principle
(Thm. 2); in sec. 3.1 we compute the Fourier transform of hs|f](t)
and the main result there is Theorem 10; and in sec. 3.2 we exploit
Theorem 10 to obtain regularity properties of hs[ f](¢).

e In section 4 we define hs[f](t) for periodic initial data; and in sec. 4.1
we study the “dispersion” properties of the Dirac comb, and prove The-
orems 3 and 4.

Finally, some questions that arise naturally for future work are:

1. What are the optimal constants in Theorems 1 and 27 Can hs[Qs] be
explicitly computed?

2. What is the result about the Dirac Comb in higher dimensions and in
the non-linear setting?

3. Study different regimes for £; and &, in (8);

4. For other observables (weights) W (z), can we estimate (e #4211/ ¢ithA/2)
in terms of classical trajectories W (x + tp)?

Notations

e Relations: If v < y then z < Cy, where C' > 0 is a constant, and
similarly for x 2 y and x ~ y. If z <« 1 then x < ¢, where ¢ > 0 is a
sufficiently small constant, and similarly for x » 1.

o Miscellaneous: a+ = a +¢, for 0 < ¢ « 1. (z) := (1 + |z[?)2. sgn
is the sign function. The volume of the unit sphere is denoted by w;,,
and the standard measure on it as dS.

e If A c R™ then |A] is its Lebesgue measure and 1,4 is the indicator
function.

e The fractional derivative as (D°f)"(€) := |€]°f(€).

). The projection to frequencies
Cl]f(f), where ¢;(§) = ¢((£ —
1

e If X is a function space, then X, := {f € &’ | (f € X for every ( €
Cy}

e Let I < R be an interval with center ¢(/
€] € I is the operator (Prf)"(§) :=
c(I))/|1]) and ( is a fixed cutoff of [—1



e Spaces: for Y5(R") see (1), and for A*(R"™) see (54). H*(R") is the
space of f e L? with D*f e L2.

e hy(t) is the Holder exponent of a function f at ¢ € R; see Def. 28; d; is
the spectrum of singularities; see (11).

e 4(t) is the irrationality measure of ¢ € R; see Def. 29.
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2 Static, Fractional Uncertainty Principle

In this section we study the static, fractional uncertainty principle. We prove
some general properties of ¥5(R™), which will play an important role in our
investigation of hs.
The (static) uncertainty principle asserts that there exists as > 0 such
that
2’ Fl2|1 D flla = asl fll3,  for 0 <8 <1,

Actually, this is equivalent to the continuous embedding ¥5(R") — L?(R").
In fact, let us define
aj = inf [z’ fID° ]2, (12)
[£ll2=1

We can exploit the symmetry fy(z) := Az f(\z) to force the condition
Iz]° fallz = |[|D° fallz while preserving || || = 1, so that

202 = inf 2|||z[° D° > inf 2
N YO [ B o P Y Y
lllz1° fll2=[1D° |2
Or; th(? other handQ, 2|[|z]° fll2]|D° fll2 < [|f]|%, implies the reverse inequality
2a;5 < infyp,=1 || f15,, s

202 = inf 2
P nt /1B,
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Lemma 5. The class X5(R™) is a Hilbert space compactly embedded in L*(R™);
in particular,

I£llz < CCl= 113 + 11D £112)=. (13)

Furthermore, there exists a function Qs with ||Qs||o = 1 such that
inf = 14
nt 11, = sl (1)

Proof. We choose a sequence of functions {f,}, with ||f,|l2 = 1 that mini-

mizes ”9”257 that iS, ||fn||25 - inf||g||2=1||g||25'
By the Fréchet-Kolmogorov theorem, the sequence { f,,} will be relatively
compact in L*(R") if the following two conditions holds uniformly in n:

(1) J |ful?dr <&, foreverye>0and R>» 1
|z|>R

(2) |fu(- —h) = fulla <e, forevery e >0 and |h| « 1.

The condition (1) follows from
f | ful? dz < R_z‘sﬁx|25]fn|2d:v < R,
|z|>R
The condition (2) follows from
I = 1) = Fll = [I5 1m0~ 1 dg

<J 1 _‘_J 1’fn|2|e—2ﬂ-i£-h_1|2d£
I<|hl™2 13

€ |>|h| 3
< |h| + |R|°.

Hence, we can choose a sub-sequence {f,, }x that converges in L*(R") to some
function Qs € L*(R") with ||Qs|l2 = 1.

If inf | g,=1lg]ls; = O then [||z]°f,, |l2 = 0 and, passing to a sub-sequence
if necessary, we see that f,, — 0 a.e., which contradicts ||@s|l2 = 1. Thus,
infg,=1]|9/ls, > 0 and s5(R") is continuously embedded in L*(R™), which
is (13). Incidentally, the proof shows that the ball {||g||s, < 1} is relatively
compact in L?*(R™), so the embedding is compact.

We prove now that Qs € 35(R™). Since ¥5(R"™) is a Hilbert space, we
can pass to a sub-sequence, say {f,, }r, that converges weakly to some f* €
35(R™). By (13) every h € L*(R") defines a continuous linear map g — { gh
in Eg(Rn), then SQ(sh = Sf*h and Q5 = f* € Zg(Rn) L]
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The minimizer is the ground state of a differential equation.

Lemma 6. If [|Qsl|s; = infju,-1l[ulls; and [|Qs]l2 =1, then

D*Qs + [2]* Qs = 2a3Qs. (15)
Proof. We take v € 35(R™), with |[v|s = 1, orthogonal to Qs in L*(R™). Let
us define w(f) := cos 6 Q5 + sinfv so that f(#) := ||w(0)][3, has a minimum

at @ = 0. Since the derivative is
F(0) = sin(20) (||v]|3, — 2a3) + 2cos(20)(Qs, v)s;,

then (Qs,v)s, = 0; considering o = v/||v||2, we can remove the condition
folls = 1.

For any v € ¥5(R") the function Pv = v — (Qs, v)2Qs is orthogonal to Qs
in L*(R"™), so we have (Qs, Pv)s, = 0 or

<Q§7 U)Z(j = 2@?(@57 U)Q?
which is (15). O

By the Perron—Frobenius theorem—see Ch. XIII.12 of [22]—the lowest
eigenvalue of the operator D% + |z|? is unique and can be chosen positive.
To apply this method we need to know that the heat kernel e D" ig positive;
see e.g. [6] or Lemma A.1 in [13]. Uniqueness implies that Q5 = Qs and that
Qs is radial.

In Corollary 3 of [20], Kaleta and Kulczycki proved that the lowest eigen-
value satisfies Qs(7) ~ 1/|2["™* (0 < § < 1), for |z| » 1.

We summarize the discussion so far in the following theorem, which was
stated in the introduction.

Theorem 1. There exists a constant as > 0, for 0 < § < 1, such that

l2]° Fll 2y 1D° Fll 2qzny = asll £ (16)

Equality is attained and the minimizer Qs is unique under the constraints:
Qs > 0, ||Qsll2 = 1 and |||z]°Qsll2 = |D°Qsll2.  Furthermore, Qs(z) ~
2|74 for |z| » 1.

We prove now a few additional properties of ¥5(IR™).

Lemma 7. The space C°(R™) is dense in ¥5(R™).

11



Proof. We choose a symmetric function ¢ € Cf° (R™) such that ¢ > 0; we
might replace ¢ by ¢ * ¢ to assume also that ¢ 2 . By dilation and mul-
tiplication by a constant, we assume that ((0) = 1 and {¢ = 1; we define

() = (/).

We prove first that functions with compact support are dense in X5(R™).
We fix ¢ > 0 and choose R ». 1 such that |||z]°(1 — Cg)f]l2 < &, so we only
have to prove that |||€]°(f — (Crf)” )H2 <efor R>» 1.

We choose A ». 1 such that |||£]° 1|§\>>\fHL2 <. Since (Cpf)" — f in L2,

then for R »., 1 we have that H\f]é]lmd,\[f (Cru)"]|l2 < . By Jensen’s
inequality |(Caf) |2 < Cr = |f]?, so

J|£| 2A|€‘26|(CRf)A‘2df < J(m%]“b?%) « Cr|fI? de

1 o N
L f €212 de
= €]<A €[>2

< oy 1P de 2

where we exploited the rapid decay of Cg; if R »e 1, then |||€°T =0 (Cr )M l2 <
Ce. Hence,

IEP(f = (CrF)Ml2 < NEPLg<arlf — (Crf) ]2+
+ €L L= fll2 + 111E1°Lig=on (CrS) |2 < Ct,

which shows that functions with compact support are dense in 35(R").
A similar, though simpler argument shows that a function f € ¥s with
compact support can be approximated by functions ¢, = f € Cg°(R"). O

We can give a description of the dual space ¥3(R").

Lemma 8 (Dual space X3 (R")). The dual space of £5(R™) can be represented
as the space of distributions

SE = {v|v=uv, + vy, such that |z| vy € L*(R") and D %vy € L*(R™)}

with norm
V][5 = inf (NI~ vill3 + [ D0 [3), (18)

and duality pairing (v, f) = (5. fvdz.
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Proof. We define the space
. 2 n 2 n 1 2 d 2
Xs = {(f1, ) € L°(R") x L*(R") | [[[=[* f1 ]|z + [|1D° fol|53 < o0},

so that X5(R™) is the subspace {fi; = fo}. The dual space of X is X 5 under
the pairing

<<U1, UQ), (fl, f2)> = f1U1 + f2v2 d[L’, fOI' v E X,(g and f S X(;, (19)

R”

so by the Hahn-Banach Theorem we can extend a functional w € ¥ to a

functional v € X_s with norm ||v||x_, = [Jwl|z(R"), which proves (17). The
identity (18) holds because the norm of a functional does not decrease after
extension. O

The next lemma contains some embedding properties.

Lemma 9. If f € S5(R"), then f, f € H*(R") n LP(R™), where p satisfies:

196 1 1 9 1
5~ <2+n ifn>=2, orn 1and(5<2,
1 1
0<-<1 ifn=1and =, (20)
p 2
1 , 1
0<-<1 ifn=1andd > —.
P 2
Proof. The inequalities at the left follow from the Sobolev Embedding The-
orem, and those at the right follow from Hélder inequality. O

We cannot improve the strict inequalities in (20), and we can use the
examples f(z) := ((|z])|z|"2%(log|z|)"2 ¢, for 0 < ¢ < §/n, where ¢ €
C*(R) vanishes around zero. When n = 1 and 6 = 1/2, it is known that f

may not be bounded.

3 Dynamical, Fractional Uncertainty Principle
In this section we turn our attention to hs[f] in (2). We begin with a lower
bound for hs[f] and then focus on the Fourier transform of hs[f] (sec. 3.1).
In section 3.2 we determine the Holder regularity of hs and the rate of decay

of il(;.
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Theorem 2. If f e ¥5(R"), for0 <d <1, and || f|l2 = 1, then

B0 > () e ([l 5, 1D B, (20
[zl £ 1121 D° £l
where as is the constant in (12). Furthermore, for any T # 0
hs[£1(0)hs[fU(T) = a5|T|*, (22)
with equality if and only if
f(z) = ce ™ ETA2Q5 (M) (23)

for some A > 0 and |c| = 1.

Proof. The solution u can be represented as

1 . . .
u(z,t) = Wemmlz/t Fly)emlvl/t=2mizylt g where Re/it > 0.

If we define g,(y) := f(y)e™¥"/* then the solution can be written as

1 .
w(z,t) = —— ™ g, (/).

(it)2
By the uncertainty principle (16) we have
- 1 1
ai < |1z gll2[1D°gell2 = [t hs(0)2hs(1)2,

with equality if and only if g;(z) = cA"2Q;s(\x) for some A > 0 and |c| = 1,
so (22) and (23) hold. This inequality implies the lower bound

ag
||| £[]3
On the other hand, again by (16), we have
o < hilt) [1€late. 0 ds = ha(e) [IEPIF O de

which implies the lower bound

hs(t) = . (24)

hs(t) = & (25)
s(t) 2 53

1D°£13
From (24) and (25) we conclude that

aj a}
hs(t) 2 max (ot s 1),
D2 F1I5 ™ [ £113

which is (21) after reordering. O
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3.1 The Fourier Transform of h;

The computation of the Fourier transform of hs[f] is motivated by the os-
cillations that appear in numerical simulations when f approaches the Dirac
comb.

Theorem 10. If f € ¥5(R™), then the Fourier transform of hs| f] in R\{0}
can be represented as

A o [nf? — J¢[*\ _dedy
hs(T) = —2b, 5o — (26
() = =2y | FOF (- T ) e (20)
where
, 1 T
m0 T 5 nj2126 ID(=8)|
If p € S(R) is supported outside the interval (—a,a), then
s £], @) < Call F 13511 lloo- (27)
Furthermore, R
1Ps[f] 21\ [—a,a]) < Ca”f||225- (28)

Proof. The computation is based on the identity (see [12])

ho(®) = b J e~ TR £ (€) — e~ fip)

& — n|t2 dédn, for 0 <d < 1.
R xR™

Let ¢ € S(R) be a test function that vanishes in the interval (—a,a). We
apply Fubini to write the Fourier transform of hs as

(s, @) = bus J 3 f [F@P + 17 — e ™ 1 f(6) f ()~

e TS (6) F) o 0) it

e
(29)

~—ins [ [f@Fme(LEL)

i@ fme ()| 6o




We have to show that this integral represents a bounded functional in S(R).
We can assume that a < 1. We bound the integral (30) as

o= 2|\ déd
hav 31 = € [ 7607 oo (M5 R ) |

< [l [ o (M) e
+ [lse] [ o (M5 EE) o

;CJM@WAQ&+CJMmmeMm (31)

where J and J' are the integrals in square brackets.

We only bound the first integral in (31), the other being analogous; recall
that o((In]* —1€%)/2) = 0 if ||n|> — |£)*| < 2a. When |€| > y/a we control J
as

dn _
ﬂ@<nmwf < Ca ||,

ro\B(&.a/2lg))) 1€ — "
and when [£| < 4/a we integrate instead over R™\ B({, y/a/2). The final result

18
a P[E* (€] > Va,
J(€) < Cllgllo {aa €] < va.

€l > va T2

e
p(nl* ~ 16*)/2) =0 \

@)

(32)

m
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We replace (32) in (31) and use the inclusion 35 < L? to conclude that

[<hs, &) < Ca™@llo I £,

which is (27).

Since S(R) is dense in the space of continuous functions that vanish at
infinity, then from (27) and the Riesz-Markov Theorem we can see hs as a
(signed) regular measure in R\[—a, a] with total variation < C,| f||3,-

The measure hg is actually a L!-function away from the origin. If U <
R\[—a, a] is an open set, then we can approximate monotonically 1y with
Schwartz functions ¢ such that 0 < ¢ < 1 and supp ¢ < U, so by dominated
convergence we can write

A A 2 |€)1? déd
(hs, Ty) = —2bys fEf (77)]1U<’n| 5 <l ) € —§U|Z+25'

R2n

Since hg is a regular measure, we can actually extend this identity from 1
to all bounded, Borel measurable functions. If A ¢ R\[—a,a] is a bounded,
Borel set with |A| = 0, then we can apply this identity to ¥1 4, for || < 1,
to conclude that hg is absolutely continuous away from the origin. O]

Corollary 11. The function hs is continuous.

Proof. We split hs into P-1hs (an analytic function) and P.ihs. By (28)
(P-1hs)" € L*(R) and the claim follows. O

Theorem 10 only describes hs away from the origin, so, for the record,
we describe now the action of hs on a general test function ; even though
this analysis is not crucial in the subsequent sections, it offers moral support
when we remove the low frequencies of hy in Section 4.

We isolate the origin with a symmetric, positive function (.(t) := ((t/e),
where ¢ € C°(R) has support in (—1,1) and ((¢) = 1 in a vicinity of zero.
We develop ¢ € S(R) as (1) = (0) + ¢'(0)7 + 7(7), and write hs as

(hs, o) = (s, (1 =)o) + 0(0)Chs, &y + ¢ (0)Chs, ¢ + Chs, Cory. (33)

The first term at the right is well defined by Theorem 10, and in the next
Theorem we show that we can neglect the last term at the right—and also
the term ¢’'(0) when 6 < 3.
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Theorem 12. Let ( € C(R) be a function with support in (—1,1) and such
that ¢ = 1 around zero. If f € 35(R™) and r € C*(R) satisfies r(0) = r'(0) =
0, then R

£1_1>I(1)<h6 [f]? <€T> = 07 (34>

where ((t) := ((t/e).
Furthermore, if § <
vanishes.

L and r only satisfies r(0) = 0, then the limit also

N

Proof. Let us define . := (.r and test hs against it:

.= 2 _|el2\  ded
havpy = ~2hs [ FOF oM R )

R2n

We reuse (31) and bound J in {|{| > \/c} as

Inl* — 1€ dn
s@<| w[ e (M
Bes/le)  JRMBge/le]) 2 & — n|nt+2

We exploit the conditions r(0) = 7/(0) = 0 to control the first integral as
dn
l1€1* = |77|2|2|
B(&.e/I€])

é‘_ 77|n+26
dn
< Ol ol ? f S —
P I 1€ = nlnr®2

< Clr"[loe® €[>

IBee/e)(§) < CIIT‘”HooJ

We bound the remaining part of J as
dn

T Cllr"|loe® 11>,

Jam B(e./le) < CE2[|r"[|oo J —
R \B(Ee/lel) 1€ =1
We have shown thus that J(£) < Ce2=2[¢|% for €] = /2.
To bound J(&) in {|£] < 4/}, we notice that the support of ¢, forces
In| < C'y/e, so we can exploit again r(0) = 7/(0) = 0 to reach

d
J(€) < Ot f 7

" 2—6
l<cye [§ —nlnt20-2 < Cllrlles™

We replace our bounds for J in (31) to see that

Kha, 323 < 20 j

FOPde 12 f FOPIEP de =0,
|€|</e

€1>v/e
18



which shows that no term of order > 2 appears at the origin of hs.
A similar argument shows that the limit (34) vanishes if § < 3 and r(0) =
0. O

In the next Theorem we show that the term ¢’(0) also vanishes in the
limit when ¢ > 1/2, so no term of order > 1 appears in the limit.

Theorem 13. Let ( € CF(R) be a symmetric function with support in (—1,1)
and such that ¢ =1 around zero. If f € S5(R™) and § = L, then

hr%@, 7 =0, (35)

where ((t) := ((t/e).
Proof. From (30) we get

N . — 2 2 2 2
(a7 = =g [ 1l F©F le. (ML) |'§"'_ 77|,|§|25d£d77;
We use the identity 2i Im(ab) = |a|?> — |b|> — (a + b)(@ — b) to get
. . . . A 2 1¢2 2 1e)2
(Ghav 1 <[5+ 1@DIF© - Foie.(M5150) (DKL dedy

since the integrand tends to zero a.e. as ¢ — 0, then, by dominated conver-
gence, it suffices to show that the integral is finite when ¢ = 1.
By the Cauchy-Schwarz inequality

(ool = ( a1+ 1Fonnze (M50 ) W dean)
£~ fwl .y}
() e tein)

and the last integral is finite because it equals |||’ f||» < oo, so we are left
with the first integral, or

P [ 1] [ (M ER) MR ) e

We can control [ in the region {|{| < 2} as
dn

Ljjg<2y < stl<2|f<§)|2”|n|<4 W] d¢ < oo, (36)
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The region {|¢| > 2} is harder, and we begin with definitions

Ljg>2) = L|>2|f(€)|2un C(W 5 |£|2) (;?Q_;”ﬂzg dn] d¢

—C j FOPL(E]) de,
|€]>2

so the goal is to prove L(|¢]) < C|¢[*.
We assume that & = [£|e,, so, passing to spherical coordinates centered

at €,
B r? + 2r[€|0,\ (r + 2[£]6,)?
L(g) = f | e(—55) i drdS o),

where dS(0) = w,_o(1 — 62)"z df, when n > 2, and dS(0) = 6(f, — 1) when
n = 1. We can verify that

C(Tz + 2T|§|9n) = ) iri<2/telony + Litrraieioni<2/igion)y  if 0n > 2/[¢]
2 ]l|r‘<5 if 4, < 2/|§|

‘gl > 2 * 2
C((Inf -~ €[2)/2) # 0= K
/ 4

m
¢ r
~ 1/l R
When n = 1, we get the bound (recall that || > 2)
2/l (1 + 2/¢])? —2e+2/1€] (1 1 ol¢])?
wens [ R gy [T R g g
0o T ~2lel-2/iel 17l
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which shows that Ifj¢~9 < C|lI€1°f|I2, so this bound and (36) imply that I
is finite, and the Theorem follows in this case.
When n > 2, we get the bound

1
— + ¢ < 1¢g¥

L < ds (6 0,)% dS(9) <
() = | PRLECE | e ds0) <

which shows that {¢~2) < C|l1€1°f]12, so this bound and (36) imply that I
is finite, and the Theorem follows. O]

Theorems 12 and 13 simplify (33) to
(hs, i) = lim (¢hs, (1~ Q) + ¢1(0)Chs, &)

The term (hg, () describes the mean size of hg(t) for times || < 1/e, and its
analysis is considerably more laborious, demanding more careful estimates
of integrals already appearing in Theorem 13.

We begin with (29) and write (hs, () as (recall ¢(0) = 1)

<iL5>Ca> = anﬁ J‘f(g)ﬁc(m . Re(]?(s)m)g(’m ; |£| ) d&dn

[§ —nlm+e
2 2
= ans [15600 [ [1- (™ ;'5' )| e
2 2
s [176©) = Flpe (M5 ) s )

the last integral goes to zero as ¢ — 0 by dominated convergence, so we can
ignore it in the limit. Therefore, we only have to understand the first term,
or the function

K.(€) 1=“1—C€(|”| ;\§| >]|£ Cf?n|n+25
f f 7" +2|5|9 r>]|r|af7;25d5(9), )

where dS(6) = wy_o(1 — 62)"2 db, for n > 2, and dS(6) = 6(6, — 1) for
n = 1; compare with the function L in the proof of Theorem 13. We observe
that K.(§) = e °K(£/4/2), so we fix ¢ = 1 in (38).
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When |£] < +/2 the integrand in (38), with € = 1, is zero if |r| < 1, so

K| <C.
When |¢] > 1/2, we integrate by parts in r using the identity |[r[7172% =
—(sgn(r)|r|7%)"/(26), which holds outside the origin, so that

1 (72 21E]0nr (r + 1£16:)
7 Ln>OJ< <—2 ) sgn(r)—MZ5 drdS(0).

We apply the change of variables t = (r? + 2|£]0,,r)/2:

L s * o, dt
K(E) = —ele f[ f_eg/f“)(eﬁ et

[ cwsmn VR ) asio)

—02/a ‘at‘Qé

where a := 2/|¢|* < 1. After the dilation ¢ — t/a and exchange of integrals,
we reach

dS(0)

t
©= '5' a pomo TG, 4 2+ 1)
—sgn(t) ,/t O, + /02 + )%
& (-) J ]1{93L>—t}< ) dS(G)] dt
60,>0

a |t|25

We split K into the terms

o i e P ROL (39)

and
Rale) = gl [ ZEL(N [ v 0o VI 50)]
= g5l€l™ | —E0 (D) m0 (10)

Before studying the asymptotic expansion of <iL§, (., we need an auxiliary
result.
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Lemma 14. If f € ¥5(R"), for n > 26, and R(§) < (&)™, for a > 26, then

iy [ 1(€)e *R(¢/VE ¢ =0 (41)

Proof. Since o > 26, then e °R(£/4/) — 0 pointwise outside zero, so, by
dominated convergence,

f FOPREND = [ 17©PRE/VE) de + o(1).

l§l<1

If f is smooth, then

A _ n_s A d
[ irertrevases e [ &
gl<1 gj<e=3 <&
When a > n, the last integral is bounded by a constant and the right hand
side tends to zero because n > 26. When a < n, we have

f | JFOPREVR) de 5 A IFIE 0

because o > 26. Therefore, the Lemma holds for smooth functions f

For general f, we use Theorem 9 with % = % -2 to control the integral

as

F(€)Pe™ (¥l g " A2 .
[ JHrRenE e W[ oo Ts) " < Cllk

here, we used again o > 20. We decompose f into a smooth part g € C°(R")
and a small part ||h||g; (Theorem 7), so we deduce the limit in (41) goes to
ZE€ro. [

Having paved the way, we are ready for the analysis of (hs, (.), and we
warm-up with the analysis at dimension one.

Theorem 15. Let ¢ € CP(R) be a symmetric, positive function with support
n (=1,1) and such that ((t) = 1 around zero; recall ((t) := ((t/e).
f e Xs(R), then {hs[f], () admits the following asymptotic expansion in e:

y<1/2 X R
Chalf], 6y = AeT2IIEL f15 + o(1). (42)
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§=1/2

iulf1,6y = AP AR+ [1F(©) P RE/VE) de + o)

= A571|H§|‘5fH§ + O4(e7%), forevery 0 < a < 1,

(43)

where R(§) < C{&)73.
§>1/2
Chslf1, ¢y = A2 €] 112 + Bz 0| f(0)2+
¥ f<|f<s>|2 C1FO)P)eERE/VE) deE + (1) (44)
),

N

= Ae2|[¢ 12 + Be2 | f(0)2 + O(e~2C~
where R(£) < C&)*1,

The constants A and B, as well as the function R, depend on ¢ and 9.

Proof. From (37) and (38) we have
s = [IF©)F Kg/VE € + of1),

so we split K into K (39) and K, (40).
To estimate K; we notice that

1
L+VI+0)2

where t is restricted to supp( < [—1,1]; since ¢’ is anti-symmetric, then
(recall a := 2/|£]?)

Ji(t) = J1(0) + O(1),

a

K, () < Ole[ f L etfa dt < Cle[ (45)

To estimate K5 we notice that

Jo(t) := (1 + V1 + )% = Jy(0) + J5(0)t + O(t?);
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since sgn(t)(’(t/a)|t|~% is symmetric, then

Kl = g5l [ =00 ((0) + 01
= A|€|25+O(|€|25 9. (46)
If we define R(€) := K (&) — Al¢]%, then we have

(hg ) = Ae™ f|§|2“|f<f>|2 aé + flf(§)|2€‘5R(§/x/5) d +o(1).  (47)

When ¢ < 3, we see from (45) and (46) that the residue satisfies R(§) <
C(£)722 We apply Lemma 14 to conclude that the residual integral goes
to zero, and then (42) holds.

When § = 1 , the best we can say using Holder and Theorem 9 is

f|f(§)|2€_53(§/\/5) dé = On(e7),  forevery 0 <a « 1,

where R(£) < 1/(¢)?; this is (43).
When & > 1 the residue satisfies R(¢) < C{€)?~4 By the Sobolev

29

embedding Theorem f € W¥2(R) — C%2(R), so

ﬁf R(E/VE) de = B f0)P +
n j (F©F — 1FO)P)e P R(e/vE) de:

the last integral at the right has the upper bound
f(\f(€)|2 —f 0P R(¢/vE) dé < 7| floo ﬁf (0)[KE/vey* " d¢

< Ol ooy f e /v/eH 4 de
= Ce72 D fllol Fll sy
which concludes the proof of (44) . O

Not surprisingly, the leading term As=29|||¢|° f||3 is consistent with the
L2-limit
SN2 () s oo ()
(it)>

25



which leads to limy_,. t~2hs[f](t) = |||¢]°f||3—to prove this, use the conti-
nuity of hs[f](7) = 72 hs[f](1/7) at T = 0.

In Theorem 15, very small frequencies play a distinctive role; in fact, the
residue e °R(£/4/€) — 0 pointwise outside the origin, so only very small
frequencies, or momenta, contribute to the residual term, and actually all
the lower order terms in ¢! disappear if f = 0 in a neighborhood of zero.

In the next Theorem, we continue our analysis of <iL5, (.> in higher di-
mensions, but now computations are more demanding than in R.

Theorem 16. Let ( € CP(R) be a symmetric, positive function with support

n (=1,1) and such that ((t) = 1 around zero; recall (.(t) = ((t/e). If
f e Ss5(R), for n = 2, then (hs[f],¢.) admits the following asymptotic
ETPANSION, N E:

§<1/2 A A
(s, oy = A2 |EP FI12 + o(1). (48)
§=1/2
. 1A A d
(hs Gy = A VIE1FI2 + B f FOPE 4 o)
jel>/2e €l (49)
= Ae7MJ€]Z f113 + O(~loge).
d>1/2

Chi, Gy = Ae Y[ fII3 + BexlliEl 2 flI5 + (1) (50)
The constants A and B depend on (, n and §.
Proof. From (37) and (38) we have

s & = [IF©Fe K¢/ Ve € + of1), 51

so we split K into K; (39) and K, (40). Since K(€£) < 1 for |¢| < +/2, then
we only have to estimate K for [£] > /2.

The heart of the matter lies in the analysis of J; and J5, so we paste their
definition here for reference:

f L ds() for t > 0
0 (0n + /02 + 1) ’
A =9 p ds(6)
f , fort <0,
On>~/—1 (Qn + \V 972L + t)26
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and

1
J (0, + /02 +1)* dS(6), for t > 0,
0

Jo(t) = 1
f (0, + /02 + 1) dS(6), fort <0,
On>+/—t
where dS(0) = w,_o(1 — 62)"2 d,.
Case § < 1/2

To estimate K; we have to estimate J;, especially around the origin. The
function J; is continuous at zero, and for ¢t > 0

1[ 1 1

Ji(t) — J1(0) = f 6 + \/W)Q(g - (26n)26]

0

the same bound holds for ¢ < 0. Hence, .J;(t) = J;(0) + O(|t|2~?) and
L2 -1, 15 -1
Ki(§) = 5[] —((t/a) O(|t[>7%) dt < |§7
20 R @

recall a := 2/|¢|?. This model computation will repeat itself during the proof.
To estimate Ky we have to study .J,, which is also continuous. For ¢ > 0,

10— 00) = [ [100+ VI 0% 2,07 asio) < vt

the same bound holds for ¢ < 0. Hence, J5(t) = J5(0) + O([t|2®) and

Kal) = 5lel™ [ 200 a) (a(0) + O+

a

= Al + O(lgl ™).

If we define R(¢) := K (&) — A|¢|%, then we have
(g () = A f PP ) de + j F©)PR(E/VE) de + o1).
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From the estimates for K} and K, we conclude R(£) < ||}, which is in the
scope of Lemma 14, and (48) holds true.

Case 6 = %

When |¢| is small, J;(t) approaches the even function

1

1
Jio(t) :== §f | ldS(G)/Hn ~ —log|t|.
¢

We remove J; o from J; to get, for ¢t > 0,

B - (t)_JWL@) [ P ——
! 1o 0 On+A/02+t Juall,+/02+t 20,

= [1 + IQ.

] ds(6)

The first integral is

L (1 —t62)"3" a6,
11=wn—2f ( n)2
0

! db,
= wn_QJ —— 1+ O(t)
0, + /0% +1 0 0 +4/602+1

The second integral is

! 1 1
L= w,_ - _—_|de,
2T 2Lz[en+«/93+t QGJ i
1

1 1 n—3
+w (1 -6)"F —1)ds,
“ 2J;/Z|:8n+ 02 +t 29n](( ) )
1/v/t 1 1
— W —  —|df, +O(t(—logt + 1
“ QL [9n+ 62 + 1 29n] (t(=log )

1

Q0
1
w"_QL [en + 021 20,

We arrive so at

] db,, + O(t(—logt + 1))

0

(J1— Jio)(t) = wn—zfo [#&%ﬁ -

=as +O(t(—logt +1)).

1
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In the same way, for ¢t < 0, we get

(= D)®) = s [ [ 1
—_— = Wn— _— — —
P ) Lo, + /2 -1 20,

=a_ + O(t(—logt +1)).

]d@n + O(t(—loglt| + 1))

The estimates above carry us to

1
Ji(t) = J\/ dQSQ(Q) + ay Loy + a_lgoop + O(—t(—log|t| + 1))
= JL()(t) + Jl,l(t) + O(t(— log|t| + 1)),
and then
Ki(©) = 617" [ /() + Ofe(~logle + 1) d
= B¢ + O(l¢]* (logf¢] + 1));

recall a := 2/|¢]%
The function Js is continuous at zero, and for t > 0

L ds(o)

Jo(t) — Jo(0) =t | — =2 — g, (¢);

)= hl0) =1 | G =)
fort <0

! ds(0)
Jo(t)—J2(0) =t ———————twn ot +O(1?) = tJ1(t) +wn_st+O(t?).
=0 = | b O = U0 O
Hence,

€)= 167 [ 200 (00) + (0 + sty + O T

I
= Al¢| + BlE[TT + O(I¢] 7 Loglé]).
Therefore, for [£] > /2,

K(§) = Ki(§) + K2(8) = Al¢| + BIEI™ + O(I¢] logl¢]),

and (49) follows after inserting this estimate in (51) and applying Lemma 14
to the residue.
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Case 6 > %

We remove from J; the even function Jyo(t) := Si/m dS(0)/(20,)% ~ \t’%fa’
so that, for t > 0,

vt dS ()
Ji(t) — Joa(t) ZL NI

n

! J\/g [(Qn + \/19721ﬁ)25 B (231)25] d5(0)

=1 + Is.

The first integral is

1 ! db,, :
I = wn2t25f +O(t279).

0 (O +4/0%2+1)%

The second integral is

! 1 1 3
I = w,_ - do, + O(t27°
2=t | Gy~ ] e 0
Q0

1_
= Wn—QtQ 4

d, + O(t27°).

1 1
L [(Gn +/2+ )% (29,026]

We arrive so at

(Jy — Ji0)(t) = wy otz ™° JOOO [( ! 1 ! ] b, + O(t27%)

In the same way, for ¢t < 0, we get

w -
(1= Jio)(t) = ""”—2“_6J b, + O(Jt|2~?)

1 1
1 [(9n + /02 — 1) N (2gn)25]

= a_[t|270 + O(Jt]2 )

Therefore,

' dS(0) 15 325
Jl(t) = J;/ﬂ (29n>26 + ‘t’Q (a+]1{t>0} + a/_]l{t<0}) + O(’t‘Q )

= Jio(t) + Jui(t) + O(t]270).
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Finally, as we did in the case § = 1/2, we reach
Ki(€) = BlE[™ + O(I¢[ ). (52)

It remains to estimate Ks.
The function J; is differentiable, so we consider Jyo(t) := Jo(t) — J2(0) —
tJ5(0). For t > 0,

To(t) = fo 1[(9n 02+ )2~ (20,)% — 25(20,)*72t] dS(6).

As we have done until now, we replace dS(0) by w,,_2d0,:

1
Joao(t) = wn_gf [(0, + W)% _ (2‘971)25 _ 26(20n)25_2t] o, + O(t%+5),
0

and then we dilate:
Joo(t) = 270 Jﬁ[(en +A/02 + 1) — (20,)% — 26(26,)%72]d6, + O(t777)
0

0

= 2% f (0 + /02 +1)% = (20,)% — 25(20,)%2]dB,, + O(t270)
0

1= by t70 4+ O(t3%),

In the same way, for ¢ < 0, we have

Ta®) = 10577 [ 1000+ VB = 1% = (20,02 + 25(20,)%2)d0, + O(1)
= bwé:ﬁ + O([t]2+9).
Therefore,
Jo(t) = Ja(0) + J5(0)t + [t (b Lypsy + b-Tcy) + O(J#]27),
which leads, as before, to
K(€) = Al + Ble|™ + O(l¢] ™). (53)
We join both estimates, (52) and (53), to get
K (&) = Al + Blg|™" + O(l¢g] ™),

which implies the last asymptotic expansion (50) after replacing it in (51);
recall Lemma 14. O
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3.2 Regularity of h;

Corollary 11 says that hs is continuous, however we can improve our estimates
and refine the information about regularity.
The space of Lipschitz functions A*(R"), for a > 0, is

A*(R") := {f € L*(R") |
||P[2k72k+1]f|’oo < C2iak, for k = 0, and HP[O71]f||(b < C}
(54)
If feA*(R), for 0 < a < 1, then |f(z) — f(y)| < C|z —y|*; see Ch. V.4 of
[23].

Theorem 17. If f € X5, for 0 < § < 1, then

[hs[ fllae S Cyll£I13, (55)
where Y € CP(R) and
20 forn =2, 0rf0rn=1and5<%,
a=+<1- fornzlandézé,
1

The result is best possible—up to the end point in the case n =1 and § = %
In particular, hs € Cj, (R) when § > 3.

Proof. Since P<ihs and its derivatives are bounded in compact sets by the
Nahas-Ponce inequality (3), then it suffices to prove that P1hs € A*(R).

Since hy is real, then hs(7) = h§(—7) and we only need to work with positive
frequencies. Hence, by the Hausdorff-Young inequality, it suffices to prove

920k forn>2, orforn=1andd <

9-(i+39k forp =1 and § > %

1
2

1hsll 2 rnory < SIS, {

We define I, := [A,2)], for A > 1, and re-scale (30) so as to get, for
gl < 1,

Fag fapi, (R e g,

A .
(hs.g1)] < 22 | )

R2n
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where I = [1,2].
To bound the integral over the region {|{| > 1}, we begin with

FOAOP] oo (MESER) ae

2 |§ _ n|n+25

|(hs, gLl g1y < C/\g_éf

l§1>1

= ONE | FWA I de
§1>1
compare with (31). We use (32), for a = 1, to find out
G gLy < N [IFVAOPIE dg

<OV fIR,. (57)

To bound the integral over the region {|¢| < 1}, we begin with (56) and
notice that the factor 1;((|n|* — [£]?)/2) forces |n| ~ 1. Hence,

(s, ghr )l qie<1y < CAHJ |F(VAE) F (V)| dédn

[€1<1,|n|~1

oAl J (o) de j F)l dn
lel<v/X Inl~v/X

< CONi730 ) d i 58

< (], Jf@ra)imst G

We control the term in parentheses as

J_Jf@raes (] ifera)s

a ng‘f’% df);(L|€<ﬁ|5|25|f<s>12ds)é;

after replacing in (58) we arrive to

A2 forn>2,orn=1and5<%,
[<hs, gLl gej<1y < Hfl\%a A 'IogA forn =1and§ = 3,
A"1729 forn=1and 0 > 3,

which together with (57) implies (55)—notice that I + 2§ < 24.
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Sharpness of the regularity
We consider functions f,(€) := ()™, for v = 5 +0+. The Fourier transform

of hs[f] is symmetric and, for 7 > 0, it equals
Tl

ho(r) = <2t [ rOL (1~ )

Since hs < 0, it is enough to prove that |hs(7)| = er~ 1% for |7| » 1,

where
20+ forn>2, orforn=1and § < 2
B=11 ; ) ? (59)
7 +t50+ forn=1andé > 3.
In fact, if {(;} is a cut-off function of I := {2% < || < 281}, then
2% < ||¢rhs|lx = [Prhs(0)] < [|Prhs]|os
and hs ¢ AP+ (R)joc. A
We use spherical coordinates and bound hs from below as
i 11 ; ; ry — i
Rl I ACC ST ANC ST (e
T 2<ri<l (60)
df,dbs el 1
|n+25] 1y drdrs.

[fsnlxsnl |7”1¢91 — 7’292

We denote by J(ry, ) the term inside parentheses; by rotational symmetry
b

ne1 T, — rof|n 20’

J(ry,m9) = cf

S
The term 6(1 — (r2 —r?)/2) forces o ~ 1, so J(ry,72) = 1, and from (60) we
deduce
1 0 2 2
n 1 -
|hs(T)| = 072_1_5f ~ f 5(1 _ Dk Tl) dry T tdr,
7_% TOCTI 0 2
1
> cr2 170 O‘f r Y dry
T 2

Since o = § + 6+, we conclude, for |7| » 1, that

1720 forn =2, orforn=1andd <3

hs(T =c
|hs (7)) {T—l—i—gé— forn =1and > 1,
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which implies (59).

As a final remark, if f is one of the examples we used, then hs[f], which
is an even function, has a singularity at zero of the form [¢|?. By translation
in time, we can place the singularity at any other time. O]

We may compare the regularity of hs with its classical counterpart h§|z, £](t) :=
|z + t£]%, which belongs to AZ (R). If n > 2 then A$ is smooth in general,

loc
but if n = 1 then A§ is singular in general, which agrees with the loss of

regularity in Theorem 17 when n = 1.
When ¢ > 1/2 we can give an alternative proof of Theorem 17, which we
sketch below.

Alternative proof of Thm. 17 when § < 1/2. Suppose we have proved (55) in
the simpler case n = 1. We write |2[* = ¢, |w - 2[* dS(w) so that

mlAO = ¢ [ [l luRon P deds )

where R, is a rotation. We write fg_ (x) := f(R,x) so that

U(Rw{]j’ t) = J [Jwa (5)627&9615177”'1?5% dfl]ezmx/f/*”t‘f’\Q df’
By Plancherel
(R, B)llgz, = 16372 fr (21,2 2z,

then we can apply (55) to the function zy — fr,(z1,2’) and arrive at

ot fle < [ | ol s ddS@) 5 11,

]

In the following theorem we investigate the rate of decay of izg; however,
first we have to prove an auxiliary result.

Lemma 18. Let n > 1 and let vy and ry be different, positive numbers. If
a>n-—1and A, B e L?*(S"1), then

f A(6,)B(65) do,dos
§n—1xgn-1

71601 — 1202

< Cry ol Al L2 (sm-1) | Bll 2(sm-1y (61)
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where

1/r¢ for 1y > 2ry,
Crimy S 1/r8 for ro > 2rq,

(7"17”2)_%%1 — o1 for %TQ <7y < 2r9.
Proof. We assume that ro < r; and that ||A||2 = ||B||2 =1, so
JA(Ql)B(QQ)dGld@Q 1 J
|7’191 — 7’292“1 2 |T191 — 7”262’0‘ 2 92p ‘7’191 — r292|0‘

1 J do
78 Jon-1 [p0 — en|*’
where p :=1ry/ry > 1.

When p > 2, we notice that |pf —e,| = p/2, so

J do <C 1
0 — el ~ 7 p

which implies C,, ., < 1/rf, for r; > 2rs.
When p < 2, we notice that

(0 = en) + (p— Denl® = 20*(0, — 1)* + (p = 1)° + 2p(p — 1) (6, — 1)
> 2020, — 12+ (p— 1) — ap*(0,, — 1)> —a " (p— 1),

so we can take either a = 2 or a = 1 to see |pf —e,,| = cmax{p|d —e,|, p—1}.
Hence,

o . d .
f e =7 J PRI Gty f d9
P en’ pl—en|>p—1 | en’ pl0—en|<p—1

~(p—1)" "

. . . 1
which implies C,., ., < |ry — 7o|" 1~ “ ()T T, for Ty < 1y < 21, O

Theorem 19. If f € X5, for 0 <6 < 1, then for || = 1 it holds

— forn=3and ) <% —1,
hs[f1(7)] < C|IfI|3, {75730 forn =2,3 and 5 >2-1, ae (62)
7§7§5+
T 172 forn = 1.

The rate of decay is best possible—up to the end point when n = 1.
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Theorem 19 provides an alternative proof of the Theorem 17 when n > 3
and 6 < § — 1.

Proof. We can assume that f € C°(R"). In fact, for general f € 35(R"™) we
can take a sequence of functions {f,}, in C{°(R") (Lemma 7) converging to
fin Xs(R™). If we reprise the arguments in the proof of (28) we can see that

IALF] = hlgllloi -1y < CLF = gllzs (115 + llglls,)-

Thus, we can assume that hs[f.] — hs[f] a.e. and we are done.
Since hs(—7) = hs(7), we assume 7 > 0. We re-scale (26) to write

ey dsdn
2 € —nl"+2”

hatr) = ~2b575 0 [ FVROF (Vo

passing to spherical coordinates we have
2,2

[hs(r)] < C7301 J e

[J |F(\/Tr1601) f (\/71205))| d91d92] drydrs.
Sn—1x gn-1

|7’191 — 7‘262|n+26

The term 6(1 — (r2 — r%)/2) forces |ry/r1| = A/1 + 2/73.

We apply Lemma 18 to the term in parentheses to deduce

~ n_ s r2—r2 nel n— ~ ~
fs(r)] < ort070 [[8(1= et f ) el e
1 1 1 L drid
[ (=723} () 510 + {r1<«/2/3}743+25:| rars

= ]{T1>\/%} + ]{T1<\/ﬁ}’ (63)
We bound the contribution over the region {r; > 4/2/3} as

Lo oy < OTF L>\/%5<1_ - )
[P () I3 + 15 2 F (Vo) 3] dradrs
<Crt s [ (e

< O PP 5. (64)
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It remains to control the integral over {r; < /2/3}.
When 7 < ¢, the term §(1 — (r2 — r})/2) forces ry ~ 1, so

Ty <O | TR a2 + ) i

r1<4/2/3

We leave aside momentarily the case n = 1. We use Holder to get (we write
r=r)

1
ey < O (| P00 i ar)”

r<c
1

(| _rliwre+miga)

after the change of variable t = 4/2 4+ 2 we get

i < ([ aqra\“rﬂﬁ@r?dg)%( |

F(Vre)Pde)’
l€]~1
<ort (| iR ) el

If n — 2 > 20, then we bound the last integral in parentheses as

L| €I f (VT de < CJ € f(VTEIPds < =011 113,

¢l<e

SO I{T1<\/%} < C77271 which together with (63) and (64) implies the first

case in (62).
If0<n-—2<20, then

f \5!”2\f(ﬁ£>\2d6<7"“f 17 )P de
|€]<c |€l<+/TC

<CTfIS,

n+2 3

SO I{’”1<\/%} < O~ "1 72° which together with (63) and (64) implies the

second case in (62).
Now we consider the case n = 1, so we have to bound the integral

g = O Wi s
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We intend to use the embedding 5 < LP in Lemma 9. We apply Holder
inequality (twice) and the change of variables t = /2 4+ r2 to get

i <o ([ ([ o )

1
< E ([ 17 ) T
t~1

If 6 < 3, then we take 2+€) = 1 — ¢, in which case % =2+¢e)0—¢/2<
$+9, 80 that

< b < CriE g2
I s < O 1Al Fleew < T8 £,

which together with (63) and (64) implies the third case in (62), for 6 < 3.
Ifo=> %, then we take p very large and notice that

1—-0

([ 1emoer a)™ < ([ \iwmea)'( [iiwmra) .

where ﬁ = g + 17797 so 0 < 0 < 1 can be made arbitrarily close to 1 if

p > 1. Hence,

%)
/ 71767% £112—0 ¢ 2 2
Ty < Cr IR ([ iR ar)
3_3
< O3 0 € 1

< Crmi | I3,

which together with (63) and (64) concludes the proof of the last case in (62).
Sharpness of the rate of decay

The example used in Theorem 17 shows that the decay |7|71~%, for f e ¥j,
cannot be improved, so we turn to the case n < 3.

Let ¢ € CF(R) be a symmetric cut-off of By, and let dS) denote the
standard measure on the sphere with radius 2 and center at the origin. To
construct the example, we define (i (§) := 2’“"‘”((2’“5) and set

F&) = ¢le) + Y ot~ @*dsk)(f)

k=1
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n=1 5:1/2 2—k
A A" ; n
0

Direct computation shows that|||¢]° f||2 < o0, so we must show that |||z]° f||» <
o0; we only consider the harder case n > 2.
By the triangle inequality

. Cnez o 1 . ,
el fll < Mal’Clz + 3 272D S 2 GuldSk) 2.

k=1
After the dilation z — 2 %z, each term in the sum gets into
2[°Ce(dSk) " [l = 25G270[[2]°C(27%2) (dS) |2,

From the inequality |(dS)¥(€)| < (¢€)~"7 [24, Ch. VIII-3] we deduce that
217G (dSk) ¥ |2 < 282" +9), which leads to [[|z[°f]], < o.
We estimate now |hs(7)| for 7 = 2%~ and k » 1:

i €2> dédn

hs(r)| = exg2 D [ ()G s )i

R2n 2 ‘é‘ _ n’n+25
L k=25 k r3 — i\ ri " drydrs
> 527H 0 | Cree (rQ—\/%))é(r— . > me
1 n—
> g2 HOE O | )02 (/25 + 3 — Vst .
R2
5 s
§ = —=———
2
/ 1
To ~ V25 + ]
2V 2s
d : ,',.1
1
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Since ((2F(y/2s + 17 — 4/25)) = 1 for |¢| < ¢, then

> I ne2 3

|hs(T)| = CipT 2%,
Hence, if |hs(7)| < C7~°, then o < 222 + 25 and the rate of decay in (62)
cannot be improved. O

4 Periodic Data

In the section we extend the definition of hs to solutions of the Schrodinger
equation with periodic initial data, with the aim to define hs[f] when f is
the Dirac comb.

We choose a real, symmetric function ¢ € S(R") with supp? < B; and
¥ (0) = 1. Now we approach a periodic function F' in R"/Z" as

fe(x) := N Wp(ex) F(x) = N7 "(ex) Y. F(v)e(2miz - v), (65)

vEZL™

where N2 = ¢~ "||¢||3|| F ||2L2(’]1‘) is the normalization constant; henceforth, we
will assume that || F||z2(ry = 1. The Fourier transform is

&) = N1 3 FWw)i((e - v)/e).

vezn

We want to study how hs[ f:] evolves as e — 0.
The Fourier transform of hs[ f.] away from the origin is

| - |§|2> dédn
2 |£ _ n‘n+26

ooy = =2z | J(OF ) (

~

N o
= 2,55 D F(n)F (n)

P — ol _deds
T

where ¢ € S(R) is supported away from the origin. In this expression we can
distinguish two types of terms: diagonal (11 = 1) and off-diagonal (14 # 15).
Diagonal terms are more related to the behavior of hs in the large, and off-
diagonal terms are more related to the local phenomena we are interested
in.

| ot =it - mysere(
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Definition 20 (Decomposition of hs). Let F' be a normalized periodic func-
tion in R"/Z". The e-periodic part h, . s[F] (off-diagonal part) is given by

2bn5 - =
S LA F(v))F (v
oo 2 FeE @)

1712

| dtte = myeritin = were

<Itbp,s,6a ()0> =

P oty _det
2 =
(66)

where ¢ € S(R) is a test function. The e-background part hy, . s (diagonal
part) is given by
hoe s F| = hs|fe] — €"hpes[F]. (67)

Once we have defined the decomposition of hs, we concentrate for the
moment on the behavior of the e-periodic part h,. s as € tends to zero, but
we need first a definition.

Definition 21. Let F' be a normalized periodic function in R"/Z"™. The
periodic limit h, 5[ F] is given by

(s, ) = 200 > F(M)E(m)@('yl' — || > ! (68)

S 2 =

where ¢ € S(R) is a test function.

Lemma 22. Let F be a normalized periodic function such that F € (2(|v|*).
If hyes|F| and h,s|F'| are the distributions in (66) and (68), respectively,
then hy, . 5[ F'| converges uniformly in compact sets to h, 5| F|, and ||hys[F]||l 01 <
1.

Proof. The distribution hy, . s[F] is an integrable function. In fact, we can
bound [(hy .5, )| as

[<hpesr )l < Cliello,

where C' is independent from €. The same arguments used in Theorem 10
to prove (28) show that ||hpcsl|1 < 1, so there exists a measure x and a
sequence {hy ., s}x, with e — 0, that converges weakly* to p with |u|(R) < 1.

To evaluate the integral in (66) we fix a number R > 1 and notice that
for (¢,7n) at distance ¢ from (v, 1v5) we have two bounds: if {max|v;| > R}
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then

S0<|€I2—Inl2> 1 _¢<IV1\2—IV2|2> 1 _
2 e A

]
o )
‘Vl _ 1/2’11+25

and if {max|v;| < R} then

g0<I£I2—Inl2> 1 _@(IMP—IWIQ) 1 _
2 |§ _ n|n+26 2 |V1 _ V2|n+26

O( lolloe &l e )

|l/1 _ V2|n+26+1 |I/1 _ V2|n+26

With these two bounds we get the following estimate of (66):

- 2by,.5 N |12 — |va? 1
<hP,6,6a 80> = Z F(Vl)F (V2)|:Q0< ) |I/1 — I/2|n+26+

Tl & 2
lelloo
+ ]].{maX|V¢‘>R} O <’I/1 — ]/2|_n+25>+
lellooe " l|oo B2
+ ]1 max|v; O ( >]
{max|v;|<R} ’m _ VQ‘n+26+1 |V1 _ V2|n+26
= <ilp75, §0> + E1 + EQ.
We bound the first error term as
. 1
By < Cllplle MIFOIP Y, s

vy max|v;|>R

< Cllplls DIFODP (LniraR ™ + Lo

< CllglleR™ (1 + ||F||§2(|l,‘25)); (69)
we bound the second error term as
Ey < O([l¢llwe + €[l Re). (70)
We have thus
N 2b, A = |2 = |sl? 1
hpesrip) = — s S o) F () 20) +

Tl & 2 )=

+ O(llello R + ll@lloce + 1"l Re).
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1

Taking R = £~z we see that (hp.s, ) = =9, (hp5, ) when ¢ € S(R), which
implies that = hy s is unique and that ||y )1 < 1.

To compute hy, s we set (1) = €™ and since the error terms (69) and
(70) are uniform in ¢ when [¢t| < T, for any T' > 0, then we conclude that
hp s converges uniformly in compact sets to hp 5. ]

The function h,s[F] is our desired extension of hs[f] to periodic func-
tions, and we may write it as

A 2bn5 ~ = 1
hys|F|(T) = ——= > (T Fn)F (vy) . 71
P75[ ]( ) ||77Z)||% ];Z 2( ) V;}Q ( 1) ( 2) |V1 — I/2|n+25 ( )
|12 —|val?=k

We observe that h, s is a periodic function with period 2.

Lemma 22 says that we can recover hy,s[F] if we remove hy, . s[F] from
hs| f-]—recall (65)—multiply by e~™ and then take the limit as e — 0, i.e.
we can recover hy, 5[ F'] if we renormalize hs f.].

We investigate now the background of hs [f-]; this function contains the
information of hs[ f.] around zero, which we already described in Section 3.1.

Lemma 23. Let F' be a normalized periodic function in R™/Z™. If F e
C2(|v]*), then the background hy. s[F] is

hoos(t) = ﬁzmw f 2Pl (o — )P dr,  (72)

v

; [l @) d + o), (73

—26
IR

where the error term o(1) is uniform in compact sets.
If F e 2(|v|"*%), then

1P 1Py e sll0 = 0(e"). (74)

If we assume further that n =1 and § < %, then
—25

113

where the error term o(e) is uniform in compact sets.

hyes(t) = f 2[4 (@) de + o(e), (75)
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We can understand (72) also as a self-interaction term because the evo-
lution of e™"A/2f. ig

eithA/2f€ _ N;l Z F(V)e27rix-u77rit|y|2ei52thA/2w(€<x _ tu)).

vezm™

Hence, h,s[F| represents the sum of the pairwise interaction of different
waves.

Equation (73) says that e?°hy,. s tends to a constant function as e — 0;
unfortunately, the rate of convergence is not fast enough, so the e-periodic
part €"h,.s; may be thwarted by the noise in the limit. However, if F'is

smooth, i.e. F' e (2(|v|"*?%), then the high frequencies P>%hb,€75 are smaller
than €"h, s and, in the limit, we can think of hs|f;] as

h&[fs] ~ P<ihb,5,5 + 5nhp,57

where P <ihb7575 is an analytic function, essentially constant at scale 2, while
hps is periodic with period 2. This representation offers the possibility of
“watching” h, s numerically as tiny oscillations over a smooth background.

Proof of Lemma 23. We begin with the proof of (72). Since Suppqﬂ c By,
we can write hs[ f:] as

—mit|€|? £ _ —mitln|? £ 2
h,g(t) — bn,&J\ |€ fE(f) € 5 fE(n)‘ dfdﬁ
€ —n["*
bn5

R
J‘e”tﬂz?ﬁ(%) _ e—mtm\?&(n - V) 2 d&dn ey ()

e JLIg—n|m+*

1 - —3 TV n
— s SIFWR [la e ) @) da + eyt
2

where e2™V1)(y) 1= "e*™ V1) (ey), so
— Ty n|(e—ic
e ) )] = €S ) e — ).

We replace it above to get

1s(0) = o SIFOIP [Jal |2 e = ) + <0,

v
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which implies (72) by the definition of hy, . s—see (67).
Let us define
d€dn

AE,V(t) = bn,5 J|eﬂ'€2t§|21ﬂ(£ - Eily) - eiﬂ-iEthlQ@(n - 871V)|2 |£ - T]|n+25

so that
hb,sﬁ(t Z‘F ’ AE V( ) (76>
\Isz

v

Since 1) is real and symmetric, the Fourier transform of A, , is symmetric
and then we can restrict ourselves to symmetric test functions, so

s 09 = bus | W(ﬁ ) Pl0) + [ (n — =) Pp(0) -

o | |a:r25|w\2das+
N déd
# 2 [ [0) = (255 4 0) el 5))]w<s>w<n>%(|’l+;5
7

We use a test function supported in R\[—a, a] to bound Ag,,, away from
the origin as

d§dn
€ — |t

If [v] < ae™'/4 then (A.,,¢) = 0 because p(t) = 0 when |¢| < a; otherwise,
we change variables and bound the integral as

(e < € 510755 +0) -l - ©)]

(ewr| < € [0 (e ) o) S

dv
<Cllgl | U
. |>a/2lle) [0["T%

< Ol (5)”
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Hence, by Hausdorff-Young inequality, ||P~qA: .|l <a (Jv]€)* and then, by
(76),
1Peatesllo Sa )5 1E@)PIYI* = 04(1);
lv|>ae—1/2
to prove (73) it remains to estimate P_ihycs. If we assume further that

F e 2(|v[**?), then we can state the stronger upper bound|| Psohp.c5]lc =
04(€"), which is (74).
We turn now to the term P<%hb7675. We will prove that

(e, 25— 9(0)e |02 j 2P [ dx — 0, (78)

which implies (73) after replacing ¢ by the test function 7 — (1) cos(2ntT),
where 1 is a symmetric cut-off of [—1/4,1/4]; the bounds will be uniform in
tif |t| < T, so the convergence is uniform in compact sets.

From (77) we see that e=2((A.,, ) — ©(0) §|z|*|¢|> dz) — 0 as € — 0.
In fact,

e = PN A ) — (0) f 2P 2 de]

=ce ju|v|v|<1|¢(0) - ¢((€n J2r £ v) - eln - £)>|

< 052—26”@//”00

d&dn
|77 _ £|n+26

and the last term tends to zero, so the claim follows.

To prove (78), and so (73), it suffices to show that e 20|F(v)|?|L.,| is
uniformly dominated in € by an integrable (summable) function; recall (76)
and ||F|| = 1. To control I.,, we change variables and bound the integral

as
dudv
Ll<cC f 9(0) — p((eu + v) - ev) | Y
ul,lv]<1 |U|
dv dv
< " o2 f el f o
Jv|<r |U| r<jv|<1 |U|

S HSO”HOO£2<V>2 min{r%lié), 1} + H@Hoori2éﬂr<1.
When (e(v))? < ||©|leo/]|¢”"|lc We choose r = 1 and we get

el < Clle"loe®(@)* < Cle)* [l " 1%
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When (e(1))* > [[@lloo/ll¢"llc We choose r* = [lp]|w/(€%)*[|¢" l0) and we

get
I < CE)? el I 11%-
Thus, we have that 6_26|F(l/)’2|]57,/| < CHSOHéo_&HQOI/HSO’F(V)|2<V>25, and (78)

follows by dominated convergence.

The proof of (75) goes along the same lines, but the new hypotheses

are n = 1, 6 < 5 and ||v|z2HF||e < oo. Since § < + we have that

B (AL L, o) — 9(0) §|z|®[Y)?dz) — 0 as e — 0, so it suffices to show
that e~ 12| F(v)|?|1.,| is uniformly dominated in ¢ by an integrable func-
tion.

The previous bounds of |I.,| lead to

15 Lys
Lou| < Oll" ™) < Cle) ™ el 1”15,

when (e(v))? < [|¢plo/]1¢"]|o0, and

_ 15 1is
Lo < CE)?llells e 15 < Clew) ™ lleld e 13,

when (e())? > ||¢|lw/|l#" |l Therefore,

_1— - 146
VB EW)PIL| < COOPlllE 15T

By dominated convergence again we get (75). O

Recall that our main interest is the Talbot effect in n = 1, so (75) in
Lemma 23 provides the convenient asymptotic representation

2
10113

as long as F' e 2(|v|'"**) and § < L.

We summarize our main findings in the following theorem.

hat) = f| 21 (@) P dee + ehys(t) + ofe),

Theorem 24. Let F' be a normalized periodic function with period 1 in R™—
recall the definition of f. in (65).
If F e (*(|v|?), then

—26

nslFE1E) = s

; [l (@) do + o). (79
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If F e (2(|v|"*20), then
hslf](8) = Poshpes(t) + € hys(t) + o(e"). (80)

Ifn=1,6<1and F e 2(Jv|"*2), then

726

113

The error terms in all the limits are uniform in compact sets of R.

hslfe1(t) = f|x|25|¢($)|2 dx + ehy5(t) + o(e). (81)

In Figure 1 we saw how convenient is (81) to visualize h, 5 numerically.

4.1 The Dirac comb

Now that we have succeeded in defining a functional h,s[F] for a periodic
function F', we want to pass again to the limit to study the Dirac comb, i.e.
the periodic distribution Fp(z) := >, _, 6(z —m) in R.

To approach the Dirac comb in R we use the function

: Z 671 —m((x—m)/e1)? Z e m(e1m)? 27rmm

meZ meZ

and define so the approximation

feren () 1= Ns—21¢<52$)||F61 5" Fey

where N., is the normalization constant of f., .,. Since the periodic function
F.,—¢; fixed—is smooth, then from (80) we see that hs|f:, c,| splits, in the
limit e — 0, into a smooth background and a oscillating, periodic function

hp,s [FEI:I'
We use (68), or (71), to see that
) 2, 5 . . 1
hy.s| F: =——2=>0 F., F. —_
P,5[ 1](7-) ||¢H% s g(T) mlgmz (ml) (mQ) |m1 _ m2’n+25

Ima |?—|ma =k
(82)
At this stage, we let 1 go to zero and take the weak limit of ﬁp,g[Fgl] to get
the distribution

2b15 1
nolEp)(7) =~z 2,050) D

mi1#mg

2 2_
mi—ms=k
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which is our definition of periodic hs for the Dirac comb Fp. Surprisingly,
hys[Fp] is a pure point measure; to see this, we compute first the coefficients
of hp75 [F D]-

Lemma 25.

( 1
2), s JorkeZ odd
d|k
T = ) ! _ 83
m§m2 ‘ml — m2|1+2(5 ﬁ Z w fOT k=0 (mod 4) ( )
mi—m3=k adlk
d>0
L0 for k =2 (mod 4)

Remark. In number theory notation, for & odd the coefficients are 20_1_95(k),
and for k = 0 (mod 4) the coefficients are 2720, _o5(k/4).

Proof. We write m? —m3 = (my — my)(my + mg) := de = k, so necessarily
d | k. On the other hand, we have m; = (e + d) and my = (e — d), so d

and e have the same parity, i.e. d = e (mod 2). Consequently,

1 1
Z [y — mg|1+20 =2 Z J1+25°

mi#ma d=e (mod 2)
mffmgzk de=k,d>0
from which the Lemma follows. O
Theorem 3.
2by 5 1
hy[Fpl(20) =~ Tc(2(1+6))| ( Z) -
o0 odd (84)
2(21+26 _ 1) 22(1+6)
- ( Z):—l q2(1+6) 65 <t) + ( 2)_1 q2(1+6) 6§ (t)]’
qEngn;d 4) ngk({m;d 4)
_ as,q
= 201+ 0z (t) (85)
(pg)=1
q>0

where ((z) is the Riemann zeta function.
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Proof. We split hy, s[Fpp] into

ilg%d(T) =2 Z 0_1—26(/f)5§ (7)

k odd

7 even 1
pe(7) = o D ooias(k/4)5

k=0 (mod 4)

(7).

MBS

We rearrange the terms in the sum of the odd part so that

B =2 3 (S mm) i =2 Y g 2 a4 (o)

kodd d|k d>0 odd l odd

The very last sum is a Dirac comb supported on the arithmetic progression

{l odd | dl/2}, so the inverse Fourier transform of izg%d is
1
odd 1y _ !
hos (1) =2 Z WZ(_D 01 (t)
d>0 odd leZ
(-1

=2 0 (t) Z 2(1+9) °

(p,g)=1 d>0 odd,!

q>0 l/d=p/q

We follow a similar argument to evaluate the even part

1 11 1 |
st (7) = 5z 20 (7)o = o5 . givas 2 Ol

keZ, d|k d>0 leZ

o1



hence, the inverse Fourier transform of A" is

b (1) = 21+25 Z dQ (1+9) 6217 (t)

d>0 leZ
1
=2 Z 92 (t) 2 J2(1+9)
(p,9)=1 d>0 even,l
q>0 I/d=p/q
_ o 5 1 1
- [ Z §(t)qz(1+5) Z r2(1+5)+
(p,q):]_ r>0 even
q>0 odd
1
T Z 5% 2(1+490) Zrz(ua)]'
(p.g)=1 r>0
q>0 even

We sum even and h"dd to conclude that

C (1+9)) —n(2(1 +9))
hys(t) = > TS 55 (t) + W(sf (t)+
ql;o odd q>(€:§z]))0:dlds
((2(1 +9))
T 21 20+ 5% (t)]
q(>pbq)e;en

where n(z) = =%, _,(=1)"/n* = (1 —2'"%)((2) is the Dirichlet eta function.
Finally, we dilate and rearrange the terms so as to get (84). O

To study the function hy, 5[ Fp] we deem appropriate to consider its prim-
itive

Hy(t) f[o sl Fo](29)ds; (86)

This function is right-continuous, the limits from the left exist, has jumps
at rational times and is continuous elsewhere. We think that Hs; can be
seen as a realization of some stochastic process when t € [0,1); we do not
consider t > 1 because the derivative of a random process is almost surely
non-periodic. We will review briefly some aspects of Lévy processes.

We start defining Poisson point processes, so we have to consider first

point functions
p:D,c(0,0) - X,
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where D, is countable, and X is some measure space—X = R\{0} in our case.
We denote by II the set of all point functions. To every interval I < (0, 0)
and measurable set U < X we assign the counting function

N,(I,U):=|{te D,nI|p(t) e U}
We endow II with the minimal o-field B generated by the functions p —
N,(I,U).
A (stationary) Poisson point process is a random variable p from some
probability space (2, F, P) into the space of point functions (IT, B), which
satisfies, among other properties,

BIN,(1,U)] = | Mo (1) dP(w) = 1ln(D),

where n the characteristic measure of the process. We refer the reader to
Ch. 1.9 of [17] for details. The point function ps attached to Hy represents
the location and size of the jumps:

ps: Q@ [0,1) = X = R\{0}.

The following theorem shows that, in a weak sense, E[N,(I,U)| ~ N,,(I,U)
for some measure n on R\{0}, i.e. ps resembles an outcome of some Poisson
point process p.

Theorem 26. For I c [0,1), the function

|Nps(I,7) := Ny, (I, (=0, —r] U [r,0)), forr >0, (87)
satisfies the bounds
|Nlps (I,7) < Cs|I|r~H0F0) 41, all v <5 1, (88)
1
Nl,.(I,7) 25 ————p~1/(1+9) I <g |I]20F9, 89
‘ |P5( ,T) = lOg(Cg/T)r ’ a 7’~5| ’ ( )

The theorem is consequence of the following lemma.
Lemma 27. For I < [0, 1), the function
M(I,N):=|{p/ge I <R |q< N and (p,q) =1}|, for N >1,

satisfies the bounds

M(I,N) < |IIN? + 1, all N > 1, (90)
NQ

M(I,N) = |I LN >2/|I| 91

(1, )~|’1og1v’ all N > 2/|1| (91)
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Proof. We arrange the rationals inside [ in increasing order p;/q; < -+ <
par/qar and then use the fact that p;1/qiv1 — pi/gi = 1/(gi+14i), see Thm. 28
in [15], to get
M—1
1 M -1
ney LMot
i=1 QZ+1qZ

which is (90).

For the lower bound, we only count fractions p/q with prime denominator.
Given a prime ¢ < N such that ¢|I| > 1, the number of fractions p/q € I is
> q|I|/2, so for N > 2/|I| we have

1 1
M(I,N) = 5|1 dog= THIN{N/2 < g < N | g prime}].
|[I|-1<g<N

Using the prime number theorem and the Bertrand’s postulate we arrive at
(91). O

We expect the bounds in the lemma can be improved, in particular, the
log N-loss in (91) should be removable. It is interesting to investigate the
behavior of M(I,N) when N < 2/|I|. For example, in the interval I =
(0,1/N) there is no rational p/q with ¢ < N, so M (I, N) can be zero when
q < 1/|I|, but (0,1/N) is a very special interval, can we do any better for
other type of intervals?

Proof of Theorem 26. According to (84) the value of the point function p; at
a rational time ¢t = p/q is ps(t) = as4/q* 1, where |as,| ~5 1, s0

M(I,e5r™ 7)< | N1y, (1) < M(I, Cor™7059),

and the bounds in the theorem follow from the Lemma. ]

Theorem 26 suggests N,,(I,U) ~ |I|n(U) with characteristic measure
dn(r) ~ r~17Y(+9 dr. We can write Hs in (86) in terms of N, as

Hy(t) = j f y N, (dsdy).
[0,t] JR\{0}

We recognize here a ‘“realization” of an (asymmetric) a-Lévy process with
exponent o := 1/(1 + ¢). We ignore the compensator term because it would
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add a linear term in ¢, and we can always think of Hs as a Lévy process with
drift; see Ch. 11.3-4 of [17].

This connection between Hs and Lévy processes also suggests that Hg
behaves intermittently, with bursts at rational times with small denominator.
It is worth mentioning that a-Lévy processes, with 1 < o < 2,! have already
been studied and described as strongly intermittent; see Sec. 3.3 in [5].

Yet another evidence of intermittency lies in the variability of the Holder
exponent of Hs or multifractality, which is the content of the next theorem,
but first we introduce a few definitions and a lemma.

Definition 28 (Holder exponent). Let ¢y € R. A function f is in C'(ty),
for [ € Ry, if there is a polynomial P, of degree at most |/| such that in a
neighborhood of

() = P ()] < |t = tol"

The Holder exponent of f at ty is

hy(to) := sup{l | f € C'(to)}. (92)

Definition 29 (Irrationality measure). Fix t € R and let A < R, be the set
of exponents m € R, such that

1
0<‘t—]—)’<—,
q

q’m
has infinitely many solutions. The irrationality measure pu(t) of t € R is
p(t) := sup A. (93)

If ¢ is rational, then p(t) = 1; if ¢ is irrational, then by the Dirichlet’s
approximation theorem pu(t) > 2; if ¢ is an irrational algebraic number, then
wu(t) = 2 by Roth’s theorem; and t is a Liouville number if and only if

pu(t) = oo.

Lemma 30. Let t be an irrational number with finite u(t) and let € > 0.
If P/Q is the fraction with the smallest denominator among all fractions
it —p/q| < h, for h <. 1, then h=V/r+e) < Q < p=1+/(n+e),

Fort = po/qo, if h >0 and 0 < |t — p/q| < h, then q = 1/(qoh).

'The larger the exponent, the lower the probability of very large jumps.
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Proof. We only consider the case when t is irrational. Suppose on the con-
trary that there is p/q with ¢ < Y+ such that 0 < |t — p/q| < h, then
0 < |t —p/q| < 1/¢"*¢, but this can only happen for finitely many fractions,
so taking h «. 1 we can avoid those fractions and necessarily h=Y*#+) < Q.

The bound Q < h~'T1/(+2) ig consequence of the Dirichlet’s approxima-

tion theorem and our bound A~Y/®#+9) < Q. In fact, for ¢ < N = h~1+1/(u+e)
we can always find a fraction such that

1
’t—£‘<—<h,
ql ~gN

50 Q < N = p1+1/(ute), O
Theorem 4. Let o := 1/(1+0), then
dy; () = ay,  forv€[0,1/a). (94)
If t is rational, then |Hs(t + h) — Hs(t)| < Cs(t)h**? for all h > 0.
Proof. Let t be irrational. We prove first that for every ¢ > 0
|Hs(t + h) — Hs(t)| < C|p|?AH/E+e) - for b« . 1, (95)

and the exponent has to be < 2(1+9)/pif 2 < p < .
We can assume that h > 0. We integrate by parts to write the difference
as

H(t + h) — Hy(t) = f YN, (I, dy)
R\{0}

_ J N (1, 1,0)) — Ny (I, [~ dy. (96)

Among all p/q € I = (t,t + h], let P/Q be the rational with the smallest
denominator, so

Hs(t + h) — Hy(t) = —2Q

- Q2(1+9)

Jas gl/@21+9 450
+] (N8, 1:50)) = Ny (1, [ —<0) = 12 dy
0 |as,0]

asqQ
= W + Ji.
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To control the integral J; we recall the definition of |N|,,(I,r) in (87) and
write

2(1+6)

las,ql/Q*1+%) las,Qq/Qx
|J1|<L |]\7|p6(I,7‘)—1alr=J0 |N |, (I,7) — 1dr,

where @, > @ is the next to the smallest denominator in I := (¢,¢+h]. Since
P/Q and P,/Q. have to be successive in a Farey sequence, then 1/Q% <
1/(QQ+) < h, so, using (90), we have that |J;| < CshQ;% < Cs;h'*°. Hence,

Hj(t + h) — Hs(t) = as,0/Q*M ™) + O(h'+?) (97)

and from Lemma 30 we get (95), so hp,(t) = 2(1 + 0)/u; recall Def. 28.

To see that the exponent in (95) is best possible when 2 < p < oo, let
{¢;}; be an infinite list of numbers such that |t — p;/q¢:| < 1/¢/""° for some
e > 0. If we take h; = 1/¢"°, then the smallest denominator in (¢,t + h;] is
Q = ¢ and then, by (97), |Hs(t + h) — Hs(t)| = B2 i p, « 1.

Up to now, we know that for 2 < pu(t) < oo there is a sequence h; — 0
such that |h|20+9/ (=) < |Hs(t+ h;) — Hs(t)| < |h|?0+9/0+9) 50 necessarily
hu,(t) = 2(1 + 0)/p as long as 2(1 + 0)/u # 1. On the other hand, when
p(t) = 2 we have that hp,(t) = 1+ 0, so to prove the theorem we still need
to settle the case 2(1 +9)/pu = 1.

From (97) we see that Hs(t+h)—Hs(t)—Ah = a5o/Q* ) —Ah+O(h'*9),
where A is any constant. Again, |Hs(t + h) — Hjs(t) — Ah| < |h|?(0+0)/(nte)
but now, to see that it is best possible, we use Dirichlet’s theorem to find a
sequence {g;} such that |t —p;/q;| < 1/q?. We choose h; = 1/¢? and use again
a Farey sequence to see that () = ¢; is the smallest denominator among all
fractions in (¢,¢ + h;]. Thus, |Hs(t + h) — Hs(t) — Ah| 2 |h| and hy,(t) = 1.

When ¢ is rational hy,(t) = 0, but we can still measure the Holder expo-
nent from the right using (96), (88) and Lemma 30.

To conclude the theorem we use a deep result of Giiting [14], which asserts
that the Hausdorff dimension of the set of numbers with irrationality u is 2/p;
see 4] for a shorter proof of Giiting’s theorem. This result refines Jarnik’s
theorem; see e.g. Thm 10.3 of [10]. The set of numbers where Hs has Holder
exponent v < 146 := 1/« coincides with the set of numbers with irrationality
2(1 4 6)/~, and the dimension of the latter is v/(1 + ), which is (94). [
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