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Abstract. We construct double layered solutions to the extended Fisher-
Kolmogorov P.D.E., under the assumption that the set of minimal het-
eroclinics of the corresponding O.D.E. satisfies a separation condition.
The aim of our work is to provide for the extended Fisher-Kolmogorov
equation, the first examples of two-dimensional minimal solutions, since
these solutions play a crucial role in phase transition models, and are
closely related to the De Giorgi conjecture.

1. Introduction and Statements
We consider the extended Fisher-Kolmogorov P.D.E.
APu(t,z) — BAu(t,x) + VW (u(t,z)) =0, u: R* = R™, m >1, >0, (1)
where (¢,z) € R?, and W is a function such that
W € C?*(R™;R) is nonnegative, and has exactly 2 zeros a~ and a™, (2a)

V2W (u)(v,v) > ¢, Yu € R™: |u —a®| < r, Vv € R™: |v| =1, with r, ¢ > 0,
(21)
lim inf W (u) > 0. (2¢)
|u|—o0
That is, W is a double well potential (2a), with nondegenerate minima (2b),
satisfying moreover the standard asymptotic condition (2c) to ensure the
boundedness of finite energy orbits. To clarify the notation, we point out that
VW (u(t,z)) is the gradient of W evaluated at wu(t, ), while V2W (u)(v, v)
2
ti=1 %ﬂl/wﬁ Vu = (ug,...,uy,) € R™,
Yo = (v1,...,vm) € R™. We also denote respectively by | - | and -, the

stands for the quadratic form )
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Euclidean norm and inner product. Finally, given smooth maps v : RZ2 — R™,
and ¢ : R? — R™, we set

o |Vul? =37 |2

i=1|0x;
2 2,
i |V2U|2 = Zi,j:l aiaxj
2 u 0
o Vu-Vo:=Y1 (55 a0
. 2 9%u 52
i v2u : v2¢ T Zi,j:l (89:1-8:0]- ’ aziai:j)'
In the scalar case (m = 1), by taking the Allen-Cahn potential W(u) =
1(u* —1)%, we obtain the standard Fisher-Kolmogorov O.D.E.
d*u
dax?t
which was proposed in 1988 by Dee and van Saarloos [15] as a higher-order
model equation for bistable systems. Equation (3) has been extensively stud-
ied by different methods: topological shooting methods, Hamiltonian meth-
ods, variational methods, and methods based on the maximum principle (cf.
[10], [27], and the references therein). In these monographs, a systematic ac-
count is given of the different kinds of orbits obtained for O.D.E. (3), which
has a considerably richer structure than second order phase transition mod-
els.

2

’
2

9

— B +u—u=0, u:R—R, (3)

The existence of heteroclinic orbits of (3) via variational arguments was
investigated for the first time by L. A. Peletier, W. C. Troy and R. C. A. M.
VanderVorst [28], and W. D. Kalies, R. C. A. M. VanderVorst [22]. In the
vector case m > 1, we established [31] the existence of minimal heteroclinics
for a large class of fourth order systems, including the O.D.E.:

dtu

dzt
with a double well potential W as in (2). By definition, a heteroclinic orbit is a
solution e € C4(R; R™) of (4) such that lim, 4 (e(), €' (z), " (z), " (x)) =
(a*,0,0,0) in the phase-space. A heteroclinic orbit is called minimal if it is
a minimizer of the Action functional associated to (4):

LW%‘XBW%W+§W@W+WWW)MJCR, (5)

(x)—pu"(x) + VW (u(z)) =0, u: R—>R™ (m>1), >0, z€R, (4)

in the class A := {u € HZ _(R;R™) : lim, 4o u(z) = aT}, ie. if Jr(e) =
minge 4 Jr(w) =: Jmin. Assuming (2), we know that there exists at least one
minimal heteroclinic orbit e (cf. [31]). In addition, since the minima a* are
nondegenerate, the convergence to the minima a® is exponential for every
minimal heteroclinic e, i.e.

@) — a7 +1¢(@)] + 1€ (@) + e (@)] + [ ()] < Keb* Yo <0, (6a)

le(z) — a® |+ [e'(2)] + [e" ()] + [¢" ()| + | (x)| < Ke ", ¥z >0, (6b)
where the constants k, K > 0 depend on e (cf. [31, Proposition 3.4.]). Clearly,
if © — e(z) is a heteroclinic orbit, then the maps

r el (x) i=e(x — T),VT € R, (7)
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obtained by translating x, are still heteroclinic orbits.

For the scalar O.D.E. (3), the uniqueness (up to translations) of the
minimal heteroclinic is a very difficult open problem. On the other hand, in
the vector case (m > 2) explicit examples of potentials having at least two
minimal heteroclinics can be given. More precisely, Lemma 2.5 provides the
existence of potentials W for which the set F' of minimal heteroclinics of (4)
satisfies the separation condition

F=F UF" with F~ # 9, Ft # @, and dyi, :=d(F~,F") >0, (8)

where d stands for the distance in L?(R;R™), and d(F~, F'*) := inf{|e” —
et 2@mmm) : €7 € F~,et € F*}. Under this structural assumption, we are
going to construct heteroclinic double layers for (1), that is, solutions u(t, x)
such that

Jlim_d(u(t, ), F*) = 0. (92)
T _ .t
VieR: wgrjrtloou(t,x)—a . (9b)

The existence of double layered solutions for the system Au — VW (u) = 0,
goes back to the work of Alama, Bronsard and Gui [1]. Subsequently, Schatz-
man [30] managed to remove the symmetry assumption on W considered in
[1] (ct. [20, 26] for recent developments on this result). On the other hand,
Alessio [2] constructed the Alama-Bronsard-Gui solution under the weaker as-
sumption (8), by viewing it as the orbit of an infinite dimensional Lagrangian
system. This idea was previously introduced by Alessio and Montecchiari in
[4, 5], studying the failure of Gibbon’s like property for Allen-Cahn non au-
tonomous equations, and extending some results in [3]. The same viewpoint
is also adopted in the present paper, and we refer to [6, 16] (resp. [2, 7, 21])
for further applications to other types of equations (resp. for the construction
of periodic in ¢ solutions satisfying the boundary conditions (9b)).

Our construction of heteroclinic double layers for (1) follows the varia-
tional method used in the elliptic context (cf. [32]) to prove the existence of
connecting orbits in Hilbert spaces, and give an alternative proof of Schatz-
man’s result [30]. As mentioned previously, we shall view a solution R? >
(t,z) = u(t,z) of (1), asamap t+— [U(t): z — [U(t)](x) := u(t, z)] taking
its values in an appropriate space of functions, and reduce the initial P.D.E.
to an O.D.E. problem for U. Indeed, the uniform in ¢ boundary conditions
(9b) suggest to set a map

a”, for x < —1,
T TR
eg(r) = %—i—(a*—a )?’"LT"L7 for —1<z<1,
at, for z > 1.

and work in the affine subspace H = ey +L?*(R;R™) = {u = ey +h : h €
L?(R;R™)} which has the structure of a Hilbert space with the inner product

(u,v)1 = ((u —eg), (v — €q)) L2(r;rm), Yu,v € H.
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We also denote by || - [ the norm in H, and by d(u,v) := ||[u — v|| 2 ®;rm)
the corresponding distance. In view of (6), it is clear that e € H, and €’,¢" €
L3(R;R™), for every minimal heteroclinic e € F.

Next, we reduce system (1) together with the boundary conditions
(9), to a variational problem for the orbit U : R — H, t — [U(t) : z —
[U(®)](x) := u(t,x)]. We shall proceed in several steps. The idea is to split
between the variables x and ¢, the terms appearing in the energy functional

Fo(u) ::/Q[%|v2u(t,z)|2+g\vu(t,x)ﬁ+W(u(t,z))]dtdx, (10a)

with u € H?(Q;R™),Q C R?, (10b)

associated to (1). By gathering the derivatives of u with respect to x, and the
potential term, we first define in H, the effective potential W : H — [0, +-o0]
by

Jr(w) — Jmin, if u',u” € L2(R;R™) in the distributional sense,
W(u) = .
400, otherwise,

(11)
where Jiin = minge 4 Jr(v). Note that W > 0, since v/ € L?(R;R™) implies
that lim, 100 u(z) = a® ie. u € A, and thus Jg(u) > Jmin. It is also obvious
that W only vanishes on the set F' of minimal heteroclinics.

Subsequently, we define the constrained class’

V(t)e F~, fort <ty

_ 2 . .
A= {V € Hioo(R; 1) : V(t) e FT, for t > t,

for some t;, < t$},

where
_ veH,dv, F7) <dw,FT), }
F-=qv+h: m A ,
{ h e L*(R;R™), [|h] g2 < i
respectively
+ CveH, dw,FT) <d(v,F),
P o he ) E D, il < o |

are neighbourhoods of F'~ (resp. F7) in H, and the numbers t;, < t$ depend
on V.
Finally, we define the Action functional in H by

V)= [ [GIV" O + 51V Oy -0V ()W (0)] .
(12)

1The method of constrained minimization to construct minimal heteroclinics for the system
u' = VW (u) = 0, goes back to [8]. We refer to [25], [23], [14] and [13], for the general theory
of Sobolev spaces of vector-valued functions.
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where we have set for h € L?(R;R™):

(h) = Jg lhe(2)|?dz, if hy € L?(R;R™) in the distributional sense,
= +o00, otherwise.
(13)

One can see that the definitions of W and J are relevant, since on a strip
[t1,t2] X R, the energy functional E is equal to J up to constant. More
precisely, if u € C?(R?;R™) is such that u(z1,22) = a™, Vo1 > 1 > 0, and
u(zy,29) = a=, Vo1 < —lI, then setting [U(t)](xz) := u(t,x), one obtains
Epy, xr (W) = Tjty ) (U) + (t2 — t1) Jmin.

In the proof of Theorem 1.1 below, we show the existence of a minimizer
U of J in the constrained class A. This result follows from an argument first
introduced in [31, Lemma 2.4.], and from the nice properties of the effective
potential W and the set F' established in section 2. Let us just mention that
W : H — [0,+00] is sequentially weakly lower semicontinuous (cf. Lemma
2.3), and that the sets F* intersected with closed balls are compact in H.
Next, from the orbit U : R — H, we recover a solution u of (1). On the
one hand, the constraint imposed in the class A, forces U to behave asymp-
totically as in (9a). On the other hand, the second boundary condition (9b)
follows from the definition of the space H. In addition, since U is a minimizer,
the double layered solution w obtained is minimal, in the sense that

Esupp () < Esupp s (u+ ), Yo € CF(R%R™). (14)

This notion of minimality is standard for many problems in which the energy
of a localized solution is actually infinite due to non compactness of the do-
main. Thus, Theorem 1.1 provides the existence of two-dimensional minimal
solutions for (1), whenever the potential W satisfies the separation condition
(8).

In contrast with second order phase transition models, the development
of the theory of fourth order phase transition models in the P.D.E. context is
very recent. The second order Allen-Cahn equation Au = u3 —u, v : R® — R,
has been the subject of a substantial amount of publications in the past 40
years, certainly motivated from several challenging conjectures raised by De
Giorgi (cf. [17] and [18]). As far as fourth order P.D.E. of phase transition type
are concerned, only a few aspects of this theory have been investigated. Let
us mention: the I'-convergence results obtained in [19, 24], the saddle solution
constructed in [11], and the one-dimensional symmetry results established in
[12], where an analog of the De Giorgi conjecture is stated, and a Gibbon’s
type conjecture is proved.

The aim of our present work is to provide for equation (1), the first
examples of two-dimensional minimal solutions, since these solutions play a
crucial role in phase transition models, and are closely related to the De Giorgi
conjecture (cf. [29] in the case of second order phase transition models). After
these explanations, we give the complete statement of Theorem 1.1:
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Theorem 1.1. Assume the potential W satisfies (2) and (8). Then, there
exists a minimal solution u € C*(R*;R™) of (1) such that

. ) £ _ . N s 2 /. M
t_l}imood(u(t, ), F*) =0, and tl}glmut(t’ ) =0 in L*(R;R™), (15a)

hrf u(t,z) = a* uniformly when t remains bounded. (15b)
T—>I00

For the sake of simplicity we only focused in this paper on the ex-
tended Fisher-Kolmogorov equation, since it is a well-known fourth order
phase transition model. However, the proof of Theorem 1.1 can easily be
adjusted to provide the existence of heteroclinic double layers for a larger
class of P.D.E. than (1). It trivially extends to operators such as aijus +
A12Uttee + A22Uzpes — b1 — botiz, (instead of A?u — BAw), where a;j, b;
are positive constants. We also point out that by dropping the term o (V' (t))
appearing in the definition of J, we still obtain a minimizer U in the class
A, and thus a weak solution u : RZ — R™ of

Otu(t,z)  Otult,x)

ot oxt

satisfying (15a). Finally, instead of the space H = ey +L?*(R;R™), other
Hilbert spaces may be considered in the applications of Theorem 1.1. Indeed,
since the properties of the effective potential W and the sets F'* (established
in section 2) hold for the H? norm, we may construct an heteroclinic orbit U
connecting F'~ and F, either in e +H'(R;R™) or ey +H?(R; R™). Then,
we recover from each of these orbits, a weak solution of a sixth (resp. eighth)
order P.D.E. satisfying (15a). We refer to [32, section 5] for a similar con-
struction in the space eg +H'(R;R™), and for the adjustments to make in
the proof of these results.

— BAu(t,z) + VW (u(t,xz)) =0, m>1, 8 >0, (16)

2. Properties of the effective potential )V and the sets F'*, F*

Assuming that (2) holds, we establish in Lemma 2.3 below some properties
of the functions W and o defined in the previous section. We first recall two
lemmas from [31].

Lemma 2.1. [31, Lemma 2.2.] Let Ay, = {u € A: Jgr(u) < Jo}, for some
constant Jy > Jmin. Then, the maps v € Ay as well as their first derivatives
are uniformly bounded and equicontinuous.

Lemma 2.2. Given a sequence {uy} € H, such that limy_, oo W(ux) = 0, there
exist a sequence {xr} C R, and a minimal heteroclinic e € F, such that up
to subsequence the maps () = ug(x — x)) converge to e in Cf (R;R™),
as k — oo.

Proof. Since {ur} C Ap is a minimizing sequence of Jg, we reproduce the
proof of [31, Lemma 2.4.], and obtain the existence of a sequence {z;} C R,
as well as a minimal heteroclinic e € F', such that up to subsequence the
maps 1y () = ug(x — x)) converge to e in CL (R;R™), as k — oo. O
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Lemma 2.3. (i) The functions W : H — [0,+00] and o : L*(R;R™) —
[0, 4+00] are sequentially weakly lower semicontinuous.
(ii) Let {ur} C H be such that limg_oo W(ux) = 0. Then, there exist a
sequence {x} C R, and e € F, such that (up to subsequence) the maps
g () = up(r — w) satisfy limp_ o0 [|Ur — €|l g2@;rm) = 0. As a conse-
quence, d(u, F) — 0, as W(u) — 0, and for every ¢c; > 0, there exists
c2 > 0 such that d(u, F) > ¢1 = W(u) > cs.

Proof. (i) Let {ux} C H be such that up — uw in H (i.e. uxg —u — 0 in
L?(R;R™)), and let us assume that | = liminfy_, . W(u) < 0o (since oth-
erwise the statement is trivial). By extracting a subsequence we may as-
sume that limg_yoo W(ug) = I. Next, in view of Lemma 2.1, we can ap-
ply to the sequence {uy} the theorem of Ascoli, to deduce that up — u
in CL_(R;R™), as k — oo (up to subsequence). On the other hand, since
llui |l L2 (rrmy (vesp. ||uy,||L2(r;gmy) is bounded, we have that u), — va, (resp.
uf, — v1) in L*(R;R™) (up to subsequence). In addition, one can easily
see that u € HE (R;R™), and v/ = vy as well as u” = vy. Finally, by the
weakly lower semicontinuity of the L?(IR; R™) norm we obtain |ju” ||2L2(R;Rm) <
liminfs oo HugH?LQ(R;Rm) (resp. ||u’||2L2(R;R,,L) < liminfi_ e ||u§€||%2(R;Rm), while
by Fatou’s Lemma we get [, W(u) < liminfy_o [ W(uy). Gathering the
previous results, we conclude that W(u) <1 ie. W(u) < liminfj_, oo W(ug).
To show the sequentially weakly lower semicontinuity of o, we proceed in a
similar way. Let {hyx} C L?(R;R™) be such that hy — h in L*(R;R™), and
limg 00 0(hi) = I < 0. Since ||y, ||2(r;rm) is bounded, we deduce that (up
to subsequence) hj — g in L?(R;R™) for some g € L*(R;R™), such that
191172 (apmy < Hminfyo0 [|A]]|72 g pm) = I Clearly, we have &’ = g. Thus,
we conclude that o(h) <l ie. o(h) <liminfx_, o o(hg).

(ii) We first establish that given u € H such that «/,u” € L*(R;R™),
and e € F', we have

W(u):/R[%|u”—e”\2—|—g\u'—e’|2+W(u)—W(e)—VW(e)-(u—e)}. (17)

In view of (6), it is clear that €', e”, €, """ as well as VW (e) belong to
L?(R;R™). As a consequence, we can see that

/R[e” (" ="+ Be’ (W =€)+ VW (e) (u—e)] =

/R[e”” — Be" +VW(e)]- (u—e)=0. (18)

Finally, by substracting (18) from W(u) = [; [2u”]2 — L€ > + Z|u/|2 -
g\e’|2 + W (u) — W(e)], formula (17) follows.

Now, we consider a sequence {uy} C H such that limg_,oo W(ug) = 0.
According to Lemma 2.2, there exist a sequence {z;} C R, and e € F, such
that (up to subsequence) the maps () := uk(x — i) satisfy

klim g (r) = e(z), in Ch (R;R™). (19)
—00
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Our claim is that
lim Hﬂk — SHHQ(R;]R"L) =0. (20)
k—oo

According to hypothesis (2b) we have

W (u) > g|uf a2 Vu s ju—aF| <, (21a)

W(v)—W(u)—VW(u)-(v—u) > g|v7u|2,Vu,v Su—aF| <7, Jv—at] <7
(21b)

Let p > 0 be such that

W(u)§g|u—ai|2,Vu€Rm:|u—ai|§r, (22)
and let € € (0,7/2). Given v € B := {v € H?([A\7, \T|;R™), [u(AT) — a¥| <
€/8,[v'(AE)| < €/4}, we set ¢p(AE) := v(AE) — 20/(A%), and define the com-
parison map
vAT)+ (= A7)+ W)v'(/\f), forz € (A7 —1,\7],
PAT) + 2@ - A"+ 12— (- A"+ 1)) (@ — (A7),
forze A —=2,A7 —1],
a”, forx < \7 —

z(x) =

An easy computation shows that

o 2(A7) =v(A7), Z'(A7) =v'(A\7), 2 € H ((—o0, AT R™),

o Vo < A7 z(z) —a| <€/4, |Z(x)] <e |2 ()] < 2,

o Joon)(2) < (A+ B+ p)e
Clearly, by reproducing the same argument in the interval [A*, c0), we can
find a comparison map z € HZ_([A\*,00); R™) such that z(AT) = v(AT),
Z(AT) = v/(A1), and Jjp+ 00)(2) < (44 B + p)e’. As a consequence, we
obtain

inf{Jpn- 3+)(0) : v € B} > Jin — 2(4 4+ B+ p)é?, (23)

since otherwise we can construct a map in A whose action is less than Jyi,.
On the other hand we have

inf{J[m,xQ](v) cv € H?([xy, 22); R™), { E g } i } > \/Be(r/2)>.

(24)
Indeed, for such a map v, there exists an interval [, 2] C [z1, 22], such that
|v(#1) —at| = /2, |v(F2) — at| = r, and |v(x) — at| € [r/2,7], V& € [Z1, T2],
thus we can check that

Jira (0) = Jia, / V2BW @)W > /Be(r/2)%.

In the sequel, we fix an € € (0,7/2) such that [2(4+8+u)+1]e? < /Be(r/2)?
and choose an interval [\, AT] such that |e(z) —a~| < €/16, Vo < A~
le(z) —at| < €/16, Vo > AT, and |e/(z)| < ¢/8, Vo € R\ (A7, AT). According
o (19), we have for k£ > N large enough:

lan(AE) — aF| < ¢/8, |a,(\F)| < ¢/4, (25a)
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| /[ W) = W(e) = VW (e) - (3 = [ <e (o)
A2
[k — ellL2 (- At pmmy <6 (25¢)
W) < €. (25d)
Then, combining (23) with (25d), one can see that
Jap- ) (@) < [2(4+ B+ p) + 1]e? < /Be(r/2)%. (26)

Therefore, in view of (24) and (25a), it follows that |ug(z)—a™| < r, Vo < A~
(resp. |tg(x) —a™| < r, Vo > AT). Furthermore, as a consequence of (21b)
we get

_ _ c, -
/ (W(ay) —W(e) = VW(e) - (ux, —e)) > §||Ulc — el T2 @\ - At )
R\[A=,AF]

27
To conclude, we apply formula (17) to @, and combine (25d) with (25b) (anc)i
(27), to obtain @, — el L2\ arzm) < 7 1T = €/llr2@mm) < 75, and
|la; —€"[|L2rrmy < 2¢. Finally, in view of (25¢), we have ||ty —el|L2r;zm) <
(1+ %)e This establishes our claim (20), from which the statement (ii) of
Lemma 2.3 is straightforward. U

From the arguments in the proof of Lemma 2.3, we deduce some useful
properties of the sets F¥ and F* (defined in the previous section).

Lemma 2.4. (i) Let {ex} C F be bounded in H, then there exists e € F,
such that up to subsequence limy oo [lex — €| g2 (m;rm) = 0.

(ii) There exists a constant v > 0, such that for every e € F, we can find

T € R such that setting €™ (z) = e(x—T), we have |le” — eq || g2 (r;zm) <

.

(iii) For every v € H, there ewist e¥ € F* such that d(v,F¥) = |lv —
eiHLZ(R;an). In particular, the functions H > v + d(v, FT) are contin-
UOUS.

(iv) The sets F* are sequentially weakly closed in H, and thus strongly closed
in H. Furthermore, we have

fveH :dv,F7) <dmn/2y CF, {veH :d(v, FT) < dmin/2} C FT,
dmin
4

F n{veH:dw F*) < %}:z, Fro{ve M dv, F7) < }=o.

veMH, dwv,F7)=d(v, FT),

{v Th h € L2(R;R™), ||h| g2 < dwin
OF c{veH:dv,F") <dw, F)} c FT,
OFt c{veH dv,F7) <d(v,Ft)} Cc F~.

}Cf_ﬂf+,

Proof. (i) Since {e} C F is bounded in H, we have up to subsequence e, — e
in H, as k — oo, for some e € H. Proceeding as in the proof of Lemma 2.3 (i),
we first obtain that (up to subsequence) e, — e in C_(R;R™), as k — oo,
with e € F. Next, we reproduce the arguments after (20), with e, instead of

Ug .



10 Panayotis Smyrnelis

(ii) Assume by contradiction the existence of a sequence N 3 k +— ej, €
F, such that |lef —eq || g2mrm) > k, VT € R. Then, by Lemma 2.3 (i), there
exists a sequence {z;} C R, and e € F, such that (up to subsequence) the
maps e;" satisfy limg o [[€}* — €| g2rrm) = 0. Clearly, this is a contradic-
tion.

(iii) Let {ef} € F* be sequences such that ||v—ef||Lz(R;Rm) <d(v, F¥)+
%, Vk. Then, in view of (i) we have (up to subsequence) ef — eT in H, as
k — oo, with e* € F£. As a consequence d(v, F%) = v — %[ 12rzm).

(iv) We are going to check that F~ is sequentially weakly closed (the
proof is similar for F1). Let {ux} C F~ be a sequence such that u; — u in
H. We write ug = vy, + hy, with d(vg, F~) < d(vg, FT), and ||hg p2@em) <
dmin/4. Up to subsequence, we have hj, — h in L?(R; R™), with 1] 22 ®Rm) <
dmin/4. Thus, it also holds that v, — v := u — h in H. Now, let {ei} C F*
be two sequences such that d(vg, ef) = d(vg, F*). Since the sequences {eif}
are bounded, it follows from (i), that (up to subsequences) ef — e holds in
H, for some e € F*. Our claim is that d(v,e*) = d(v, F*). Indeed, given
f* € F*, we have

lor = F5 15 2 lloe = e 3 & 17513 = 200k, £ 50 2 e 13 — 2(on, €52
and as k — oo, we get
17515 = 20, £ %) > e 13 — 2(v,e®)a & llo = F5I13, > llv — *[13,

which proves our claim. To show that d(v, F~) < d(v, F'), we proceed as
previously. By assumption, we have

lve = e 13 < llve — el 13 & e 13 = 2ok, e )n < lleg 13 — 2(vk, ),
and as k — oo, we get
le™ I3 — 2(v, e ha < lle¥ 13 — 2(v, ") & v — e |3 < [lv — e f3,.

This establishes that 7~ is sequentially weakly closed, and thus also strongly
closed. In view of the inequality d(v, FT) +d(v, F~) > dpin := d(F~, FT1), it
is clear that {v € H : d(v, F~) < dmin/2} C F~ (rvesp. {v € H :d(v, F') <
dmin/2} C F),and F-N{v € H : d(v, F") < dmin/4} = & (resp. FTN{v €
H:d(w,F~) < dmin/4} = &). On the other hand, the inclusion {v+h:v €
H, h e LQ(R, Rm), d(’U,F_) = d(U,F+), ||hHL2(R;Rm) < dmin/4} CF NFT
follows immediately from the definition of F*. Finally, given v € 0F ~ (resp.
v € OFT), we have d(v, F*) < d(v, F~) (resp. d(v, F~) < d(v, F)), since
otherwise v would be an interior point of F~ (resp. F71). O

Finally, in Lemma 2.5 below, we give explicit examples of potentials for
which the separation condition (8) holds?.

2 A similar construction was performed in [9, Remark 3.6.] for the system Au— VW (u) = 0.
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Lemma 2.5. Let F € C*(R%R), F(u) = M be the Ginzburg-Landau
potential, let € € (0,1), and let ¢ € C°(R,[0,00)) be a function such that

(1) = 0 fort<+1—k¢,
Pelt) = 1 for\/l—ggt.

Then, the bistable potential W (uy,us) := F(u)+udde(|u|?) (withu = (u1,us) €
R?), satisfies (8) provided that ¢ < 1.

Proof. Clearly, W, is a bistable potential vanishing at a* = (£1,0). One
can easily check that it satisfies (2). Let Jyin(€) be the action of a minimal
heteroclinic for O.D.E. (4) with the potential W,. Our claim is that Ji;,(€) —
0, as € — 0. To prove this, we construct a comparison map v € A as follows

a” =(-1,0) forz < -1 —
(m14+5+<B@+i+1)—(z+2+1)%),0) foraze[-2-2-1]
(1 — e)ef (T ~()")~3) for x € [-1, 1],
((1_§>+4( ($_7 1) ( )3)70) forxe[éyé—l—Z],
a™ = (1,0) forz > 142

A long but otherwise not difficult computation shows that Jg(v) < 2¢|2 —
€| + |1 — €|?(Br1e + raed), for some constants k1, ko > 0. This establishes
that Jmin(€) — 0, as € — 0. On the other hand, one can see (cf. (24)) that

- e e oy, @)= VB2 ) L VBB 1)
1nf{J[Il’w2](U) cv € H*([x1, 22]; R?), lo(z2)] < 1/2 } > 16

(28)
holds, provided that ¢ < 1 — ? As a consequence, if € is small enough

(such that Juyin(e) < %), then every minimal heteroclinic e € F
takes its values into {u € R? : |u| > 1/2}. We also notice that since the
potential W is invariant by the reflection with respect to the u; coordinate
axis, z — e(z) := (e1(z),e2(z)) € R? is a minimal heteroclinic iff z
e(z) := (e1(x), —ez(x)) € R? is a minimal heteroclinic. Now, let F'* (resp.
F~) be the set of minimal heteroclinics connecting a™~ to a™ in the clockwise
(resp. counterclockwise) direction. In view of the aforementioned symmetry
property, it is clear that F'~ # @ and F'*™ # @. Our claim is that d(F~, FT) >
0. To check this, let p := sup{||e/|| Lo (®;r2) - [l€]| Lo @r2) : € € F} < oo (cf.

Lemma 2.1), and given et € F*, let ¥(z) := |et(z) — e~ (x)|?. Since we
have [¢'| < 8u, and ¥(z) > ¥(zg) — 8u|r — xol, Vx ,xo € R, the condition
Y(xo) > § for some 1:0 € R, implies that [, ¢ > 155 Finally, we notice that
let —e™ ||L°°(R;]R2) < 1 does not hold, since otherwme the orbits of e™ and
e~ would be homotopic in the set {u € R? : |u| > 1/4}. This proves that
dle=,et) > 2L _. O

V128n
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3. Proof of Theorem 1.1

Existence of the minimizer U. We first establish that infycyq Jr < 0. In-
deed, given eOi € F*, let

€y for t < —1,
1
Vo(t) = § @F% 4 (ef —eg)¥5t, for —1<t <1, (29)
ear, fort > 1.

One can check that Vo € A, and Jp := Jr(Vo) < 00, since e; and e] satisfy
the exponential estimate (6). Setting A, = {V € A : Jg(V) < Jo}, it is
clear that infyeca Jr(V) = infyea, Jr(V) < 400. In the following lemma,
we establish some properties of finite energy orbits V € Ay:

Lemma 3.1. There exist a constant M > 0 such that |V (t2) =V (t1)| 2 mrm) <
Mlty — 1|2, Vi1, ty € R, VYV € Ay, and a constant M' > 0 such that
V'Ol e2@rmy < M', ¥Vt € R, YV € Ay. Moreover every map V. € Ay
satisfies imy_, o0 d(V (£), FF) = 0, and limy_ 400 ||V (t)|| L2y = 0.

Proof. Tt is clear that for every t; < to, and every V € A, we have
ta
IV(t2) = V(e laguamy < [ IV (6)zmquamyd
ty
" 2 1/2 1/2 1/2
<| [V aqanyd] Tt = ] < Mt~ 1],
t1

with M = /2Jy/8. To establish that lim; 4. d(V (t),F) = 0, assume by
contradiction the existence of a sequence ¢ such that limg_, |tx] = o0,
and d(V (t), F) > 2¢, for some € > 0. According to what precedes we have
d(V(t),F) > €, Vt € [ty —n,tx + 1], with  := (¢/M)?. Thus, Lemma 2.3
(ii) implies that W(V(t)) > w. > 0 holds for every t € [t — n,tx + 7],
with we := inf{W(u) : d(u, F) > €} > 0. In addition, since the intervals
[tk —m, tr +n] may be assumed to be disjoint, we obtain Jg(V') = oo, which is
a contradiction. Now, it remains to show that lim;_, +o, d(V (t), F*) = 0. This
property follows from the fact that in a neighbourhood of —oo (resp. +00),
we have V(t) e F~ C{v € H : d(v, F*) > dmin/4} (resp. V(t) e Ft C {v €
H :d(v, F~) > dmin/4}), in view of Lemma 2.4 (iv). Finally, to prove that
limy— 400 |V (D)l L2@rm) = 0, and supyeg [V ()| L2 rigm) < M', VYV € Ay,
we notice that V' belongs to H!(R; L?(R;R™)) — L*°(R; L*(R;R™)), and
V'l 2 (s 2 (;rm ) is uniformly bounded for V' € A,. O

Now, let {Vi} C A, be a minimizing sequence, i.e. limg_ oo Jr(Vi) =
infyea, Jr(V). For every k we define the sequence

—00 < tl(k) < tg(k‘) < ... < tQNkfl(k) < thk(k) =00

by induction:
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o t1(k) =sup{t € R: Vi(s) € F~,Vs <t} < oo (note that Vi(t1(k)) €
OF~ C Ft,and d(Vi(t1(k)), FT) < d(Vi(t1(k)), F~), in view of Lemma
2.4 (iv)),

° tzz(k) = sup{t > tgi_l(k) : Vk(S) S ]:+,VS S [t2i_1(k),t]} < o
(note that to;(k) < oo implies that Vi(te;(k)) € OFT C F~, and
d(Vi(t2i(k)), F7) < d(Vi(t2i(k)), FT), in view of Lemma 2.4 (iv)),

o toir1(k) = sup{t > toi(k) : Vi(s) € F~,Vs € [toi(k),t]} < oo, if
toi(k) < oo (again we have Vi(t2ir1(k)) € OF C FT, as well as

d(V; (t21+1( ), FT) < d(Vi(t2i1(k)), F~), in view of Lemma 2.4 (iv)),

where i = 1,..., Ni. In addition, we set

o zi-1(k) =sup{t <ta;—1(k) : d(Vi(t), F~) = d(Vi(t), F )},

(] 221(1{7) = Sup{t S tgi(k) : d(Vk(t)7f_) = d(Vk( ) )}, if tgi(k’) < 00,
and define b; (k) = sup{t > zj(k) : IVi(8)=Vi(z; (k)| 2 (rirm) < dmin/4, Vs €
[z (k),t]}, forj = ,2Nj, — 1. Since the set {v +h : v € H, h €
L?(R;R™), d(v, ) = d(v F*), |hllL2@mm) < dmin/4} is included in the
interior of F~ (res F1), it is clear that b, (k) < t;(k). In addition, we have
inf{W(Vi(t)) : t € (2;(k),b;(k))} > Wy := inf{W(v) : d(v, F) > dmin/4} >
0, in view of Lemma 2 4 (1V) and Lemma 2.3 (ii). Thus, for every k£ > 1 and
7j=1,...,2N} — 1, we obtain

T3 (k)05 (k) (Vi) 2 \/25W VeIV 22 (riremy dt
= \/Zﬂ O( min/4)~

This implies that (2Ny — 1)v/28Wo(dmin/4) < Jo, i.e. the integers Nj are
uniformly bounded. By passing to a subsequence, we may assume that Ny, is
a constant integer N > 1.

Our next claim (cf. [31, Lemma 2.4.]) is that up to subsequence, there
exist an integer i (1 <ip < N) and an integer jy (ip < jo < N) such that

(a) the sequence t9j,_1(k) — t2;,—1(k) is bounded,

(b) limy o0 (t2ig—1 (k) — t2i0—2(k)) = oo,

(€) limpg o0 (t25 () — t2j,-1(k)) = o0,
where for convenience we have set to(k) := —oo. Indeed, we are going to
prove by induction on N > 1, that given 2N + 1 sequences —oo < ty(k) <
ti(k) < ... < tan(k) < oo, such that limg_oo(t1(k) — to(k)) = oo, and
limg oo (tan (k) — tan—1(k)) = oo, then up to subsequence the properties
(a), (b), and (c) above hold, for two fixed indices 1 < ig < jo < N. When
N =1, the assumption holds by taking ig = jo = 1. Assume now that N > 1,
and let [ > 1 be the largest integer such that the sequence #;(k) — ¢ (k) is
bounded. Note that [ < 2N. If [ is odd, we are done, since the sequence
ti+1(k) — t;(k) is unbounded, and thus we can extract a subsequence {ny}
such that limg_ o (t141(ng) — t;(ng)) = oo. Otherwise | = 2m (with 1 <
m < N), and the sequence ton,11(k) — tam (k) is unbounded. We extract a
subsequence {ng} such that limy_, oo (t2m+1(nk) — tam(ng)) = oo. Then, we
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apply the inductive statement with N’ = N — m, to the 2N’ + 1 sequences
tgm(’nk) < tom+1 (nk) <. . < tQN(nk).

To show the existence of the minimizer U, we shall consider appropriate
translations of the sequence vy (t,z) := [Vi(¥)](z) (R 2t — Vi(t) € H), with
respect to both variables x and t. Then, we shall establish the convergence
of the translated maps to the minimizer U. Given T' € R, and V € H =
eo +L?(R;R™), we denote by LT (V) the map of H defined by R > z
V(z —T) € R™. It is obvious that W(LT(V)) = W(V). Similarly, if ¢ +
V(t) belongs to HZ_(R;H), we obtain that t — LT (V(t)) also belongs to

H? _(R;H), with
o (L'V) = LT(V"), o(L"V)) = o(V'), and [[(LTV) (t)l|r2mzm) =
IV ()l L2 (i),

o (LTV)"=L"(V"), and [[(LTV)"(t)l| L2 zm) = V" (8) ]| L2 ).

At this stage, we infer that the sequence d(Vj (t2;,—1(k)), F~) is bounded.
Indeed, when k is large enough, we have Vi ([t2;,—1 (k) — %, toi,—1(k)]) C F~
(where Wy := inf{W(v) : d(v, F) > dmin/4} > 0). Thus, there exists s €
[toi,—1(k) — % toi,—1(k)] such that d(Vi(sk), F~) < dmin/4, since otherwise
b2i0- 1((:) 220 W(Vi(t))dt > 25, which is a contradiction.
This proves that d(Vk(tm0 1(k)) F~) < dmin/4 + d(Vi(sk), Vi(tais—1(k))) <

N = dmin/4 + M,/ 2‘7” (where M is the constant provided by Lemma 3.1).

We also claim that the sets F* are invariant by the translations LT. To
check this, let us pick v € F~ (the proof is similar for FT). By defini-
tion, u = v + h, with v € H, h € L*(R;R™), d(v,F~) < d(v, FT), and
R L2 (R;km) < dimin/4. Since Lemma 2.4 (iii) implies that d(v, F£) = d(v, e*)
for some e* € F*, one can see that d(LTv, F*) = d(LTv, LTe*) = d(v, e*).
Therefore, we have LTu = LTv + LTh, with d(LTv, F~) < d(LTv, F1), as
well as ||LTh||L2(R;Rm) = ||h||L2(R;R1’L) < dmin/47 ie. LTu e F~.

Next, in view of Lemma 2.4 (ii) and (iii), for every k, we can find T}, € R
and e, € F~ such that |lexll» < v and ||LTVi(tas,— 1(k)) —exllw < .
We set Vi(t) := LT (Vi(t + t2iy—1(k))). Clearly, Vi € HZ_(R;H) satisfies
Te(Vi) = Tr(Vi), as well as

{Vk(t) € =Vt € [tai,—o(k) — taiy—1(k), 0],

we would obtain f

Vilt) € F* 1 € [tagy 1 (k)  tasg 1 (k). tops(F) — o 2 (B)). )

On the one hand, since ||V, (0)||3 < 1+ holds for every k, we have that (up
to subsequence) Vk( ) — ug in H, as k — oo, for some ug € H. On the other
hand, since V} as well as V} are uniformly bounded in L?(R; L?(R;R™)), it
follows that up to subsequence

V{ — Uy, and V' = U, hold in L*(R, L*(R;R™)), (31)
for some Uy, U, € L2(R; L?(R; R™)), such that U{ = Us, and

S IOyt < mint [ IOyt (320
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IOyt < tmint [ VOt (320

Finally, we write Vi (t) = Vi(0) + fo Vi (s)ds, and claim that U(t) := ug +
fo Ui(s)ds is a minimizer of J in A. Indeed, it is clear that U € HZ (R; H),

and since fo Vi (s)ds — fo Ui(s)ds holds in H for every ¢t € R, we also have
Vie(t) — U(t) for every t € R. Slmllarly7 since ||V/(0)||L2(r;rm) is uniformly
bounded (cf. Lemma 3.1), it follows that (up to subsequence) Vk (O) — 1y in
L?*(R;R™). Thus, for every t € R, we have V}/(¢) —l—fo ds — ur+
fo Us(s)ds = Ui (t) + h, for some h € LQ(R,R’"), that we are going to deter-
mine. On the one hand, in view of the bound [|V}/(t)| 12 mem) < M, VE, Vt €
R (where M’ is the constant provided by Lemma 3.1), we obtain by dominated
convergence that limy_, o fot V(s), h) r2@rm)yds = fot (U1(s), h) 2 mymm)ds +
t||hHL2(]R gm)- On the other hand, using the Weak convergence V, — U in
L?(R; L?(R; R™)), we deduce that

t

t

lim <Vk:(8), h>L2 (R;Rm)ds = / <U1(S), h>L2(R;Rm)dS.
k—o0 Jq 0

Thus h = 0, and we have established that V//(t) — Uy (t) holds for every ¢ € R.

Now, the sequential weak lower semicontinuity of W and o (cf. Lemma 2.3

(1)), implies that liminfy oo [o (V) (£) + W(Vi(t))] > [o(Ur(t)) + W(U (t))] for

every t € R, thus by Fatou’s Lemma we obtain

/ [0 (U1 (1) + WU ()t < limint [ [o(V(0) + W)L (3)
R o Jr

Combining (31) with (32) it is clear that Jg(U) < liminfy_ oo Jr(Vk). To
conclude it remains to check that U satisfies the boundary conditions defining
the class A, i.e. U € A. In view of the convergence Vj,(t) — U(t), Vt € R, as
well as the above properties (30) and (b), it follows that U(t) € F—, for every
t <0, since F~ is sequentially weakly closed (cf. Lemma 2.4 (iv)). Similarly,
in view of the above properties (30), (a) and (c), we have U(t) € F*, for
t > T > 0 large enough. O

Ezistence of the double layered solution. We first identify U with a map u €
HE (R%;R™):

loc
Lemma 3.2. Writing U(t) = eg +H(t), with

H € Hipo(R; L*(R;R™)) C Liy,o(R; L*(R; R™)),
and identifying H with a L2 (R*;R™) map via h(t,z) := [H(t)](z), we have

o h S 10C(R2 Rm) ht, htt7ht3f: S LQ(R2,Rm), and hx, hxm S L2((t1,t2) X
R;R™) for every interval [t1,ts] C R.

L d MOT’(?O’UET', Hh'm||%2((t1,t2)><R;R"") + Hh’mz||%2((t1,t2)><]R;]R"”) S CO(‘tQ - t1|):
for a constant Cy > 0 depending only on |ta — t1].
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Proof. We recall that given any interval (¢1,t), we can identify L2((t1,t2) x
R; R™) with L?((t1,t2); L2(R;R™)) via the canonical isomorphism
L*((t1,t2) x RyR™) = L*((t1,12); L*(R;R™))

fe(tite) 3t [F(t)] sz ft,2)], F(t) € L*(R;R™).
Let g1(t,z) :== [U'(t)|(z), g2(t,z) := [U"(t)](z), with g1,92 € L*(R%R™),
and let us prove that h; = g;. Given a function ¢ € C§°(R?*; R™), we also view
it as a map ® € C1(R; L?(R;R™)), t — ®(t), by setting [®(¢)](z) := ¢(t, x).
Assuming that supp ® C (t1,t2), we have

[l 6= [ (@) 12w + () B0 1202 ),

and clearly the second integral vanishes if H € C'([t1,t2]; L?(R;R™)). Since
H can be approximated in H!((t1,t2); L2(R; R™)) by C([t1,ts]; L*(R; R™))
maps, we deduce that fR2 ¢i+g1-¢] = 0, 1i.e. hy = gq. Similarly, we can prove
that hy = 29 i = g2 On the other hand, to establish that h;, € L?(R%;,R™),
we use difference quotients. Indeed, for a.e. t € R, and for every & € (—1,1),
we have

/’glterf)fglt:c

[dr < oor(t,) =o' (1) <00, (30

3
thus after an integration, we obtain
t (t,
/ lte+ 52 it ’ dtdz < / o(U'(1))dt < 00 = hyy € L2(R%:R™).
R2 R

(35)
Finally, since [, W(U(t))dt < oo it follows that for a.e. ¢ € R, we have
W(U(t)) < oo, and U(t) € e +H?(R;R™). By using again difference quo-
tients, we can see that

/R’h(t’x+£2h(t’x)’2dz < /R|hx|2 (36)
4(

WU(t)) + Jmin)
- B
holds for a.e. t € R, and for £ € (—1,1). As a consequence, the difference
quotients M (with ¢ € (—1,1)) are bounded in L?((t1,t2) x R; R™)
for every mterval [t1,t2] C R, since an integration of (36) gives

/tZ/R‘h(t’x+£2_h(t’x)‘2dtdx
t

4f WU (t))dt 4J min
<=3 +(%5

+2[ ey ||%2(R;Rm)7 (37)

+ 21| € 132 ggm ) (t2 = 11) =: Cu(ltz — ta]).
(38)
This implies that h, € L?((t1,t2) x R;R™), and

1Bl 22ty 0y sy < Ca([t2 = t1]).
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The proof that h,, € L2((b‘17t2) x R;R™), with ||hzzHL2((t1 t2)xRRM) =

Col[ts — ta]) = 4 [y WU (£))At + (4in + 21| € |22z, Rm))( —t1) is simi-
lar. O

Next, we shall establish that the map u(t,z) := [U(t)](z) is a weak
solution of (1). Given a function ¢ € C}(R% R™), we also view it as a map
® € CH(R; LA(R;R™)), t — ®(t), by setting [®(¢t)](z) := H(t,x). For every
A € R, it is clear that

Tr(U) < Te(U + A®), (39)

and

d 1
O U () + 22" ()3 .mdt:/U’t,fIJ’t mydt, (40
d)\‘,\:o/RQH (t) + ()”Lz(R’R) R< (t), @' (t)) L2 (r;mm) (40a)

d 1 1 1 2 / 1" "
dA‘,\:o/R 2HU (8) + ATz (gt R<U (), ®"()) L2 (rymm) dt

(40Db)
On the other hand, since [p[o(U’(t)) + W(U(t))]dt < oo, it follows that for
a.e. t € R, we have o(U'(t)) +W(U( )) < oo, and U(t) € eg +H?(R;R™) as
well as U’(t) € HY(R;R™). Our claim is that

d , , -
ﬁ‘/\:O/R[U(U (t) + A" (1)) + WU (2) + AD(1))Jdt = /Rw(t)dt, (41)
where

_ dU'(t)] *¢(t.x) U] 9*¢(t,)
w(t)'i/ﬂgp Az otor T A2 o2

dU®)]  09(t, x)

+8 dx Oz
Indeed, we first notice that for every A # 0, the functions ¢5(t) := $[o(U’(t)+
AR (1)) + WU () + A2(t)) — o(U'(t)) — W(U(t))] are defined a.e. Moreover,
we can see that 1y (t) is equal to

+ VW (U @®)](x)) - o(t, m)]d:v

/ [Zd[U’(t)] 0%¢(t,x) n U] 0%¢(t,=) +Bd[U(t)] 0¢(t, )
R dx otox dax? Ox? dz Oz
O?p(t,x) 12 N O%*¢(t, ) BA (9(;5( x)
|+ 31 ’*2 Oz ‘

+ VW ([U@®)](x) + ea(t, 2)Ao(t, x)) - ¢(t, x)} dz,

with 0 < ¢x(¢,2) < 1. As a consequence, we obtain limy_,q¥x(t) = ¥(t)
for a.e. t € R. Finally, setting x = sup{|VW (v)| : |v] < ||u]|Loc (supp ¢srm) +
¢l oo (r2;mm) }, there is an integrable function

U(t) =o(U'(t) + WU (1))

o IS Pty

’ 5’ )‘2+n|¢(t,x)|}dx
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such that |y (¢)| < ¥(¢) holds a.e., when |A| < 1. Thus, we deduce (41) by
dominated convergence.

Now, we gather the previous results to conclude. In view of (39), (40)
and (41), the minimizer U satisfies the Euler-Lagrange equation

/R(<U”(t)7 D" (t)) L2rirm) + BU' (1), @' (1)) Lommm) +¥(t))dt = 0. (42)
which is equivalent to
/ (V2u-V2%¢ + Vu- Vo + VW (u) - ¢) = 0. (43)
R2

By elliptic regularity, it follows that u € C*(R?;R™) is a classical solution
of (1). On the other hand, it is clear in view of Lemma 3.1 that (15a) holds.
Thus, to complete the proof of Theorem 1.1, it remains to show (15b). Let
us first establish the uniform continuity of w in the strips [t1,t2] x R (with
[t1,t2] C R). To see this, we shall consider an arbitrary disc D of radius 1
included in the strip [t1, 2] x R, and check that for such discs, ||u| g2(p;rm) is
uniformly bounded. Indeed, we notice that ||u||z2(prm) is uniformly bounded
(independently of D), since the function R > t + [ju(t,-) — eo(:)|| L2 (rrm) is
continuous. Next, in view of the L? bounds obtained in Lemma 3.2 for the first
and second derivatives of u, we deduce our claim. To prove (15b), assume by
contradiction the existence of a sequence (s, xy) such that limy_, o 2 = 00,
Sk € [t1,t2], and |u(sk,zx) —at| > € > 0. As a consequence of the uniform
continuity of u, we can construct a sequence of disjoint discs of fixed radius,
centered at (sg, ), over which W (u) is bounded uniformly away from zero.
This clearly violates the finiteness of Ep, 1,1xr(v) = Jjt, ,](U) 4 Jmin(t2 —11).
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