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ABSTRACT. We establish a comparison principle providing accurate upper bounds for the
modulus of vector valued minimizers of an energy functional, associated when the potential
is smooth, to elliptic gradient systems. Our assumptions are very mild: we assume that the
potential is lower semicontinuous, and satisfies a monotonicity condition in a neighbourhood
of its minimum. As a consequence, we give a sufficient condition for the existence of dead
core regions, where the minimizer is equal to one of the minima of the potential. Our results
extend and provide variational versions of several classical theorems, well-known for solutions
of scalar semilinear elliptic PDE.
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1. INTRODUCTION

The scope of this paper is to establish a general comparison principle providing accurate
upper bounds for the modulus of vector valued minimizers of the energy functional

(1.1) E,(v) = / [%|Vv(x)|2 + W(v(x))] dz, v € Wh(w;R™), w C R", n,m > 1,

where W : R™ — [0, 00) is a nonnegative, lower semicontinuous potential (cf. Theorem 2.2
below). Concerning the behaviour of W in a neighbourhood of one of its zero, supposed to
be located at the origin, we shall only make two basic monotonicity assumptions (cf. Hj
below). Namely, that in a neighbourhood of 0:

(m1) Wiaa(Ju]) < W(u), where Wiaq : [0, q] — [0, 00) is a nondecreasing, lower semicontin-
uous function’,
(m2) and u +— W(u) — Wyaa(|u|) is nondecreasing on the rays emanating from the origin.

Thus, our result applies to a large class of potentials, including for instance the interesting
particular case of the characteristic function of R™\ {0}. Phase transition problems involving
nonsmooth potentials are often considered in the literature. We mention in particular the
work [4] on free boundaries; the density estimates obtained in [8] (resp. [1]) in the scalar
(resp. vector) case; the properties of minimal surfaces and minimizers studied in [17]; the
heteroclinic orbit problem examined in [18]; the structure of minimizers described in [10]

We shall see in Theorem 2.2 that the upper bound obtained for the modulus of the minimizer, only
depends on the profile of the function Wi.q.
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in the one dimensional case n = m = 1. Although the potential W may be a very rough
function, we recall that the minimizers of (1.1) are continuous maps (cf. Lemma 4.2).

Comparison principles are useful in phase transition problems, to study the convergence of
a solution to the minima of the potential. The most typical situation occurs (cf. [2, Lemma
4.4]) when W : R™ — [0, 00) is a smooth potential such that

(1.2) W >0,W(0) = 0,and VW (u) - u > clu|?, holds for |u| < ¢

(i.e. the minimum 0 is nondegenerate), and u € C?(€; R™) is a smooth solution to Au(z) =
VW (u(x)) in Q@ C R™, such that |u| < ¢ holds in €. Then, in view of the inequality

(1.3) Alu|*(z) > 2VW (u(z)) - u(x) > 2c|u(z)|?, Vo € Q,
the maximum principle implies that

(1.4) lu(z)]* < ®(x),Vr € Q,

where ® : ) — R is the solution of the problem?

(1.5) A® = 2cd in Q, and ® = ¢* on O9.

On the other hand, we would also like to recall a classical result (cf. [14, Theorem 7.2]), on
the existence of dead core solutions in the scalar case. Let W € C1([0, ¢];R) be a potential
defined on the interval [0, ¢], and assume also that

(1.6a) W is convex,
(1.6b) W(0) =W'(0) =0, and W' > 0 on (0, ¢],
7 d

(1.6¢) / ° < oo

0o VW (s)
Then, in every ball B := {z € R™ : |x| < R}, the equation
(1.7) Au(z) = W'(u),z € Bg,
admits a nonnegative dead core solution, that is, a solution of (1.7) satisfying
(1.8a) u =0 in an open set w such that @ C Bp,
(1.8b) u>0in Bg\ @.

Actually, the condition (1.6¢) is necessary and sufficient for the existence of dead cores.
Indeed, the conditions (1.6a), (1.6b), and

(1.9) /Oq ;/S(s) -

ensure the validity of the strong mazimum principle (cf. [14, Theorem 1.1]): a nonnegative
solution u of Au < W'(u) defined in a connected open set 2 C R", is either positive or
identically zero on 2. The sufficiency of (1.9) for the strong maximum principle to hold is
due to Vézquez [20], while necessity is due to Benilan et al. [7]. We refer to [14, 15, 16] and
the references therein, for general statements of maximum and comparison principles, as well
as for the theory of dead core solutions.

2We refer again to [2, Appendix A] for the decay properties of ®.
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As far as vector valued minimizers u of (1.1) are concerned (with W a nonnegative, lower
semicontinuous potential satisfying the monotonicity assumptions (m1)-(m2)), we shall see
in Theorem 2.4 below, that the condition

1 ds
1.10 — <o,
( ) /O vV Wrad<3)
still implies the existence of dead core regions, where the minimizers u vanish®. However, in
our variational setting, the convexity of W considered in (1.6a) for solutions of (1.7) is not
anymore required. Theorem 2.4 follows from the bound obtained in Theorem 2.2, and also
provides a general computation of the distance of the dead core from the boundary of the
domain. Estimates for the dead core have initially been established e.g. in [5, 6, 9, 12, 19],
and we refer to [16, Section 8.4.] for further explicit examples. Finally, we point out that in
the scalar case (m = 1), if instead of (1.10) we assume that

(1.11) with W (u) = Wiaa(Jul))

/ 7 ds (
—_— =0
o VW(s)

holds, then the existence of dead cores is partially ruled out by the following variational version

of the maximum principle (cf. Proposition 2.5 below): a minimizer u : R" D Q — [—q, ¢ of
(1.1) that is positive at the boundary of a subdomain w CC €2, is also positive on .

2. MAIN RESULTS

Now, we shall state more precisely our assumptions and main results. Let us assume that
B, C R™ is the open ball of radius ¢ > 0 centered at the origin, and that W : B, — [0, 00) is
a potential such that

H; W >0 and W(0) =0, o

H, W is lower semicontinuous and bounded on B,

Hs W(u) = Wraa((ul) + Wo(u), with Wiaq @ [0,¢] — [0,00) a nondecreasing, lower semi-
continuous function, and Wy : B, — [0,00) a function such that Wy(r§) < Wy(sf)
holds for every 0 < r < s < ¢, and every unit vector £ € R™.

Our comparison principle applies to maps u € VV;S(Q, R™) defined in an open set 2 C R™,
such that

(2.1) [w]| e @rmy < g,
and u is a local minimizer of the energy functional (1.1), for perturbations satisfying (2.1).
That is, for every bounded open set w with Lipschitz boundary, such that @ C €2, and every
perturbation v = u + ¢ such that & € Wy*(w; R™) and ||v|| zoe(wrm) < ¢, we assume that
(2.2) E,(u) < E,(v).
For instance, if €2 is a smooth domain, and if we extend W on the whole space R™ by setting

~ Wu when |u| < gq,

i = {0 when ol <

W(L) when |u| > g,

|ul

3In particular, whenever the function Wi.q is discontinuous at 0, dead core regions appear.
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one can check that assumptions (2.1) and (2.2) hold, for every minimizer u of

Folv) = / (2 1V0(@)P? + W (v(a))] e,

in the class of maps v € W12(Q; R™) satifying the boundary condition
v = ¢ on IN, with ¢ € W"?(;R™), and Pl oo (rm) < g

In the following Theorem 2.2, we shall establish an upper bound for the modulus of the local
minimizer u. Our comparison function ¥y is defined in

Proposition 2.1. We assume that Wi,q : [0, q] — [0,00) is a bounded, nondecreasing, lower
semicontinuous function. Let Br C R™ be the open ball of radius R > 0 centered at the origin,
let

I Wrad(‘r‘) when |7a’ S q,
Wrad(Q) when |’l“| Z q,
and let

Jia(h) = /B [ IVA()? + Waaa(h(a)]da

Then, there exists a unique minimizer Wg of Jg, in the class Ag == {h € WH(Q;R) : h =
q on OBRr}, satisfying the following properties:
(i) Vg is radial (i.e. VR(z) = Vg ,aa(|z]), V2 € Bgr), and continuous on Bp,

(ii) the function Wy aq is nondecreasing on the interval [0, R],

(ili) if Yr is another minimizer of Jg, in the class Ag, then we have P < Ug in Bp.
Similarly, there exists a unique minimizer ¥ of Jp, in the class Ar, satisfying the following
properties:

(i) Wy is radial (i.e. Wp(x) = Vg .q(|2]), Vo € Br), and continuous on B,
(ii) the function Wy .4 is nondecreasing on the interval [0, R},
(ili) if g is another minimizer of Jg, in the class Ag, then we have ¥y < g in Bg.

Remark 1. In general, the minimizer of Jg, in the class Ag is not unique. For instance, let

us assume that n = 2, and
~ 0 ifr=0
Wra = ’
alr) {1 it > 0.

Then, a computation (cf. Lemma 3.6) shows that when R = Ry := v/2e¢q, Jp, admits exactly
two radial minimizers in the class Ag, namely ¥y = ¢, and

w ()= 10 if 2] < v24¢,
Yrlw) = QQIH(%}) if vV2q < |z| < Ry.

On the other hand, when R > Ry (resp. R < Ry), Jp,, admits only one radial minimizer in
the class Ag, namely

. 0 if |ZL‘| SCLR?

Up(r) = Vg(x) = { w if |[x| > ag
nn—nar - ’
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where ap, is the only solution of v/2 aIn(R/a) = ¢ in the inteval (LL, R) (resp. ¥ = Up = q).
Thus, Proposition 2.1 implies that this is the only minimizer of Jp, in the class Ap.

We refer to Lemma 3.4 below, for further properties of the comparison functions ¥ and
V. In particular, we study their dependence on R, and we establish that the minimizer of
Jp,, in the class Ap is unique, for every R € (0,00) \ D, where D is a countable subset of
(0, 00).

Next, we state the comparison principle:

Theorem 2.2. We assume that hypotheses Hi-Hg hold, and that the map u € Wl’Z(Q;Rm)

loc

satisfies (2.1) and (2.2). Let Wy be the radial minimizer defined in Proposition 2.1. Then,
for every closed ball Br(xo) contained in §, we have
(2.3) lu(z)| < Vgp(x —x0), on Br(xo).

Remark 2. In the case where m = 1, Wy = 0, and W (u) = Wiaa(|ul), the bound provided by
Theorem 2.2 is optimal, since the function ¥y : Br — [0, ¢] is a minimizer of (1.1) satisfying
(2.1).

Remark 3. Theorem 2.2 covers the case where the profile of W is not uniform along the rays
emanating from the origin. For instance, if we take W (u) = |u|*®/[" in the unit ball B;, with
a:S™ 1 — (0,00) a continuous function, then setting @ := maxgm-1 o, and o := mingm-1 a,
we can apply Theorem 2.2 in the ball of radius ¢ := e~ ', with Wrada(s) = s%, Vs € [0, ¢],
since the functions [0, g] — W (s€) — Wiaa(s) are nondecreasing, for every £ € S™1.

Remark 4. Let Wyag : [0,q] — [0,00) (resp. Viaa : [0,¢] — [0,00)) be two bounded,
nondecreasing, lower semicontinuous functions, and let Wy (resp. ®z) be the corresponding
comparison functions provided by Proposition 2.1. If moreover we assume that the function
Viad — Wiaa 1s nondecreasing on [0, g], then an application of Theorem 2.2 with u = dp, and
W (u) = Viaa(|u|), shows that ®z < Vg holds on Bg. Thus, the optimal comparison function
W provided by Proposition 2.1, is obtained by choosing the greatest function W,.q satisfying
H;. This also explains why the profile of the comparison function ¥p, corresponding to the

potential Wiaq(s) = s* (a > 0), flattens as a decreases.
We also have the following useful version of Theorem 2.2 at the boundary of (2:

Theorem 2.3. We assume that hypotheses Hy-Hgs hold. Let Q0 C R™ be a bounded, open set
with Lipschitz boundary, and let w € WH2(Q;R™) be a map satisfying (2.1), and (2.2) for
every v = u + & such that £ € Wy (O R™), and ||v||p=(mmy < q. Then, if the ball Br(zo)
intersects 02, and if u =0 on Bgr(zo) NI, we have

(2.4) |u(z)] < Ug(x — x0), on Br(xze) N Q.

In Lemma 3.5 below, we determine the conditions implying the existence of dead core
regions for the comparison function Wx. Therefore, by combining Theorem 2.2 with Lemma
3.5, we also give in Theorem 2.4 a sufficient condition for the existence of dead core regions®,
in the case of vector minimizers:

4As a consequence of Theorem 2.3 and Lemma 3.5, we also deduce the existence of dead core regions at
the boundary of €.
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Theorem 2.4. In addition to hypotheses Hy H3, we assume that
Hy Wiaa(s) >0, Vs € (0,q], and I, : fo <oo.

rmd
Then, if the map u € W,22(; R™) satisfies (2.1) and ( 2), we have u(x) = 0, provided that
d(z,09Q) > (4n+ V21,

In the scalar case, if hypothesis Hy does not hold, then the existence of dead cores is
partially ruled out by the following variational version of the maximum principle:

Proposition 2.5. Let m =1, and let w be a bounded open set with Lipschitz boundary, such
that w C Q. We assume that hypotheses Hy-Hg hold for W(u) = Wiaa(lu|) (Wo = 0), and
moreover that

7 d
(2.5) /  —coorW=0ina neighbourhood of 0.
o vVW(s)

Then, if the function u € W22 (4 R) satisfies (2.1), (2.2), and u > 0 on dw, we also have
u(z) >0, Vo € w.

The plan of the next sections is as follows. In section 3 we give the proofs of Propositions
2.1 and 2.5, as well as Theorems 2.2 and 2.3. In section 4 we recall that the minimizers of
(1.1) are continuous, and we also establish the validity of Pohozaev identity for minimizers
of (1.1). This identity is crucial in the proof of Lemma 3.5.

3. PROOFS OF PROPOSITIONS 2.1 AND 2.5, AND THEOREMS 2.2 AND 2.3
We first establish the existence of a radial minimizer of Jp, in the class Ag.

Lemma 3.1. Under the assumptions of Proposition 2.1:
o There ezists a minimizer Vg of Jg, in the class Ag, which is radial (i.e. Yg(z) =
VYrrad(|2]), Yo € BRr), and continuous on Bp.
e For such a radial minimizer, the function Y¥ryaq %5 nondecreasing on the interval

[0, R].

Proof. Let 1) be a minimizer of Jp, in the class Az := {h € W2(Q; R): h = qon dBg}.
We first notice that 0 < 1) < ¢, since otherwise the competitor rmn(@/z+ q) € Ag has less
energy. We also know that v is continuous in Bg (cf. Lemma 4.2). Starting from ¥, we can
construct B B
0" () = dllar] 22,0,

which is another minimizer of Jp, in Ag, invariant by the reflection (xq,x9,...,2,) —
(—x1,22,...,2y,). Indeed, we have Jp, (2,50} (1) = JBRm{x1<0}(¢) since otherwise either the
competitor & — 1)(—|21|, 2, ..., x,) or the competitor wo has less energy than ¢. Similarly,
we can construct a minimizer

O (@) = G|, |zal, - - 2),

which coincides with ¥ on {z € Bg : #; > 0,2, > 0}, and is invariant by the reflections

(x1,x9,...,x,) = (—x1,29,...,2,) and (1, x2,...,2,) — (21, —29,...,2,). By repeating

7,1

this process, we obtain for every k& > 2, a minimizer v, ’, which coincides with Y on {z €
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Bgr : 0 < 2y < tan(m/2%)z1}, and is invariant by the dihedral group D,x generated by the
reflections with respect to the hyperlanes z, = 0, and x5 = tan(7/2%)z;. It is clear that

||@/~),(€1) lw12(Bgr) is uniformly bounded, thus (up to subsequence) we have

¢I(€1) N 1;(()2) in Wl’Q(BR; ]R), and 1215,1) — 1[}&) a.e. in Bp.

By the weakly lower continuity of the L? norm, it follows that

(.12 [ var < [ (wir,
while by Fatou’s lemma and the lower semicontinuity of W4, we get
(3.1b) / Weaa (D) < / lim inf Wiaq (¢ My < hm mf/ Wiaa (V) 1)

7(1) . .. . . . .
As a consequence, wéo) is another minimizer of Jp, in Agr. By construction, given z € Bp,

such that I}, := \/2? + 23, we have
|QZ;](€1)(JI1,ZE27.T3, e ,.Tn) — 1/;([12, 0, T3, ... ,xn)| S

~ ~ ml
sup {W’(Zl, 22, X3y axn) - w(ll% O,ZE3, s 7'7;n)’ : \/(2% - l12)2 + Z% S 2_]12}

Therefore, letting k — oo, it follows that 1) (21, T2, 23, ..., ) = V(\ /224 22,0, T3, . . ., Ty)

Next, we proceed by induction, and starting from QZC(Q, we consider for every k > 2,
a minimizer 1/3,22), which coincides with ¢ on {r € Br : 0 < z3 < tan(m/2)z,}, and
is invariant by the dihedral group Dsx generated by the reflections with respect to the
hyperlanes x3 = 0, and 23 = tan(n/2%)x;. As previously 2@&2)) = limy oo 1/;1?) is a mini-
mizer of Jp, in Ag, such that @g)(xl,xg, T3, T4, ..., Tpy) = @g)(\/:p% + 22,129,024, ..., T,) =
U(\/22+ 22+ 22,0,0,24,...,2,). The process terminates after a finite number of exactly
n—1 steps, when we get a minimizer ¥ := @/7(()2_1) of Jp, in Ag, such that Yr(z1, 22, ..., 2,) =
V(224 .. 4+22,0,...,0).

Given a radial radial minimizer ¢ of Jp, in the class Ar, we can easily see by contra-

diction that the function ¢g a4 is nondecreasing on the interval [0, R]. Indeed, assume that
YRyrad(T) > YR raa(s) holds for some 0 < r < s < R. Then, the competitor

R L) if s < |z| <R,
(32> C( ) . {min(wR(x)7¢R,rad(s)) if |$| S S,

has less energy than g, which is impossible. Finally, in view of the monotonicity of g rad,
the continuity of ¥r up to By is clear. O

In the next Lemma, we consider a perturbation of the functional Jg, for A € (0,1) (cf.
(3.3)). We shall use the corresponding comparison functions 1% provided by Lemma 3.1, to

obtain an upper bound for the modulus of the local minimizer u considered in Theorem 2.2.
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Lemma 3.2. We assume that hypotheses Hy-Hgs hold, and that the map u € W'lif(Q,Rm)
satisfies (2.1) and (2.2). Given X € (0,1), let

(33) Tt = [ [5IVA@)F + NTrsa(ha))] .

and consider a radial minimizer ¥ of JgR in the class Ag, provided by Lemma 5.1. Then,

for every closed ball Bg(xg) contained in , we have

(3.4) lu(z)| < @bﬁ(x —xg), on Bg(xo).

Proof. Without loss of generality, we assume that o = 0. We recall that u is continuous on
Q (cf. Lemma 4.2), and consider on the open set y := {z € Q : u(x) # 0} the polar form:

(3.5) u(z) = p(x)n(x), with p(x) := |u(x)|, n(z) = |ZE3|
An easy computation shows that
(3.6) [Vu(@)]* = [Vp(2)[* + [p(@)]*|Vn(z)[* on Q.

Next, we define on Bg the comparison map:

. u(z) when p(x) < ¢p(z)
(3.7) ( ) {wﬁ(l’)n when p(:C) > Mz(x)?

where 93, is a radial minimizer of J3_ in the class Ag, provided by Lemma 3.1. It is obvious
that u = @ on Br. One can also check that |i| < |u| holds on Bg, and @ is continuous
on Bg. Our claim is that & € W'2(Bg;R™). Let U := {x € By : ¥r(z) > 0}. We
notice that either U = Bg, or U = {z : R’ < |z| < R}, for some R' € (0,R). Now, given
r € QyNU, it is clear that a(z) = Wu(m) holds in an open neighbourhood V,
of x, where p(z) > € > 0. As a consequence, & € W1?(V,;R™), as a product of maps
belonging to W12(V,; R™) N L>=(V,; R™). Otherwise, if u vanishes for some z € U, we have
@ = wu in a neighbourhood of x. This proves that u € Wl’Q(U ;R™).  Moreover, setting

p(z) = |i(z)| = min(vr(z), p(z)), we compute loc

[ var= [ Ve #19aP)
U QoNU
g/ (yvp|2+p2yw|2)+/ |V¢R|2:/ |W|2+/ Vosa]? < oo,
QoNU Br U Br
thus @ € W12(U; R™). Finally, in the case where U # Bg i.e. U = {z : R’ < |z| < R}, we

have @ = 0 in Bp. This proves our claim that @ € W12(Bg; R™).
At this stage, we utilize the minimality of u to deduce that

Epp(u) = EBRm{p>w,§} (u) + EBRﬂ{pSw?:{} (u)

< Epngpsvit (@) + Egpngpcpny (W) = Ep,(Q),
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or equivalently

(38) By (1) = /

Brn{p>9p}

VYRl | Rl Val? _

S/ [ 2R e 2 +Wrad(¢?%)+w0<¢?%")} = Eppngosup (@)
Brn{p>93}

AL

; 3 Weaa(p) + Wo(pm)

Similarly, by the minimality of 1%, and since (p — ¥})T € W,y*(Bg), it follows that
JgR(@Z}}/\%) = Jng{p>¢§}(w1)\%> + Jng{pSWR}(@bg)
< JERQ{DWR}@) + Jng{pgd,g} (V) = JgR (W + (0 =),

or equivalently

B9 T = [

V A2
QAT
rO{p>vn}

|VP|2 A
< Nl \Woatp)] = (0).
/BRm{p>1/)§} [ 2 } Br{p>9)}

Gathering the previous results from (3.8) and (3.9), we conclude that

(310&) Il+[2+[3+14§0
with
2 A2
3.10b I := [VoF + MVeaa(p) — [VURE M a (03| >0 (cf. (3.9)),
R
Br{p>y}} 2 2
2 1|2
100 P L 1 AR
Brn{p>vp} 2
(3.10d) Iy = /B o Wolom) — Wofyrhm) 20 (ef M),
RMAP>Y3R
(3.10¢) L= (1-)\) /B { W(Wrad(p) — Wiaa(¥})) > 0 (cf. Hj).
RMNP>Y3R
Consequently, we have
2 A2
st P . 1 U,
BrN{p>yp} 2
(3.11b) L=a- [ (Weaa(p) — Wraa(153) = 0.
Br{p>y}}

and since A € (0, 1), we deduce that

(3.11¢) / o (Vo) = Wosa () =0
rRO{p>0} o



Now, let us assume by contradiction that the open set V := Br N {p > 3} is nonempty,
and let V be a nonempty connected component of V. It follows from (3.11a) that Vn = 0

holds in V thus we have n = ny in V for a unit vector ng € R™, as well as u = png in V.
Our next claim is that

(3.12) Wiaa (V%) = Wiaa(p) = Const. in V.

Indeed, let us first assume by contradiction that Wi.q(¢¥3(xo)) + 26 < Wiaa(p(z0)) holds
for some o € V, and € > 0. Then, by the lower semicontinuity of Wr.a(p ), we have

Wiad(W(10)) + € < Wraa(p) in an open neighbourhood V}CO C V of zg. On the other hand,
since W,,q is nondecreasing on [0, ¢], while || — 9}(|z|) is nondecreasing on [0, R], it is
clear that Wiaq(¥) < Wiaa(3(20)) holds on the set S := {x € V,, : |z| < |zo|} (which
has positive Lebesgue measure). As a consequence, we have Wi.q(p) — Wiaa(¥3)) > € > 0
on S, in contradiction with (3.11c). This proves that Wi (1)) = Wiaa(p) in V. Next,
we assume by contradiction that Wiaa(¥p(71)) < Wiaa(¥3(22)) holds for some zy, 2y € V.
Let ¢ = ¥Yp(x1), q@ := ¥p(ze) (With q; < ¢, since Wi.q is nondecreasing), and let
s = max{r € [0,q] : Wwa(r) = ¢1}. We notice that s € [q1,¢o], thus in view of the
continuity of %, there exists z3 € V such that Yp(r3) = s. By definition of s, we have
Wiad(W(73)) < Weaa(p(z3)), which is a contradiction. This establishes (3.12).

To prove the bound

(3.13) lu(z)| < @D;\%(lL‘), on Bp,
it remains to show that
(3.14) Ay <0, and Ap>0in V.

Indeed, since the boundary condition p — ¢ < 0 is satisfied on OV, the maximum principle
would give that p < 13 holds in V, in contradiction with our assumption that V is nonempty.
To check (3.14), we utilize the minimality of u and ¥, as well as (3.12). Given zg € V, let
s = Yp(z0), t == p(xg), and 2k 1= t — s > 0. In view of (3.14) is is clear that W.q is
constant on [s,?]. Let also V,, C V be an open neighbourhood of z, such that 1} < s + &
and p >t — x hold in V,,. Now, given ¢ € CL(R";R), such that supp ¢ C Vj,, and 0 < ¢ < &,
we have for every € € (0, 1):

Pk + e0) = 3,08 [ [t evor v
Br

(3.15a) >0,

€ 2¢

(3.15b)

EBR(u—equ:))—EgR(u) :/B |vp—ev;i|2—\w|2+/3 (Wol(p—ed)mo) — Wo(pmo)) > 0.

Finally, since Wy ((p — €p)ng) < Wo(png), we let € — 0 in (3.15), and deduce that

(3.16a) Vipp - Vo > 0, i.e. ¢y is superharmonic in ‘;;0,
Br

(3.16Db) Vp-V¢ <0, ie. pis subharmonic in V.
Br
10



This establishes (3.14), and completes the proof of (3.13). O

Now, we are able to complete the proofs of Proposition 2.1, as well as Theorems 2.2 and
2.3. The proof of Proposition 2.1 follows from the next lemma.

Lemma 3.3. For every A > 0, let ¥} be a radial minimizer of
1 ~
I, (h) = / [§|Vh(x)|2 + MVaa(R(2)) |da,
Br

in the class Ag, provided by Lemma 5.1. Then,

(3.17) 0 <A< p=hy <abp.

Moreover, setting

(3.18a) Ug(z) = lim ¥y(z), Vo € Bg,
A—=1-

(3.18b) Yp(r) = lim ¢3(z), Vo € Bg,
A—1t

the functions W and W5 are minimizers of Jg,, in the class Ag, satisfying the properties (i),
(i1), and (iii) listed in Proposition 2.1.

Proof. By applying Lemma 3.2 to the minimizer u = ¢} of Jg,, we obtain that ¢} < ¢p,
VA € (0,1). More generally, by applying Lemma 3.2 to the minimizer u = ¢ of J_, and
choosing the comparison function 1%, with 0 < A\ < p, we deduce (3.17). Next, we notice that

¥ is uniformly bounded in W'2(Bpg), provided that A remains bounded. Thus, as A — 1
and A < 1, we have (up to subsequence):

(3.19) Y — ¢ in WH(Bg;R), and ¢ — C a.e. in Bp.

As a consequence, ( is equal to the function W defined in (3.18a). In addition, by the weakly
lower continuity of the L? norm, it follows that

(3.20a) / |VUg[? < lim inf/ V2,
Br A—1— Br
while by Fatou’s lemma and the lower semicontinuity of W4, we get
(3.20b) / Wiaa(Ug) < / lim inf Wyaq(¢3) < lim inf / AW oeaa (V7).
BR BR A—1— A—1— BR
Finally, in view of the minimality of ¢%, we deduce that
(3.21a) T, (WR) = T, (V)
(3.21b) Jpr(Yp) = liminf J3 (¢5) > liminf J3_ (vy) > Jp,(UR).
A—=1— A—=1—

That is, U is a minimizer of J B, in the class Ag. Moreover, by construction Uy is radial,
and nondecreasing as a function of |z| (cf. Lemma 3.1). It remains to establish that Wy also
satisfies property (iii) of Proposition 2.1. Indeed, if ¢ is another minimizer of J B, 0 Ag, we
have in view of Lemma 3.2 applied to ¢ instead of u:

(3.22) U(x) < p(x), Yz € Br, VA € (0,1) = ¢(x) < Ug(z),Vz € Bg.
11



Therefore, Vg is the minimizer described in Proposition 2.1, which is uniquely determined
by property (iii).

Similarly, by taking the limit of the minimizers ¥}, as A — 1 and A > 1, we can show that
the function ¥ defined in (3.18Db), is a radial minimizer of Jp, in the class Ag. It remains to
establish that W, also satisfies property (iii) of Proposition 2.1. To see this, let 1; be another
minimizer of Jg, in Ar. As in the proof of Lemma 3.1, we can construct for every unit vector
v € R", a radial minimizer 1, of Jg, in Ag, such that 1 (sv) = ¥, (sv), Vs € [0, R]. In view
of (3.17), we have

(3.23) Yn(x) < iy, (z),Vz € B, YA > 1,Yv € S" ! = W, (z) < ¢(x),Vz € Bp.
Therefore, ¥ is the minimizer described in Proposition 2.1, which is uniquely determined
by property (iii). O
Proof of Theorem 2.2. The desired bound (2.4) follows by letting A — 1 (with A < 1) in
(3.4), and using (3.18a). O
Proof of Theorem 2.3. We consider on Bg N {2 the comparison map:
h <

(3.24) () = u(/\a:) when p(z) < wf(x)

Vr(x)n  when p(z) > Yp(2),
and reproduce the arguments in the proof of Theorem 2.2. O

From Lemma 3.3 and Proposition 2.1, we also deduce the following useful result:

Lemma 3.4. For every R > 0, and A > 0, we consider the functional
1 ~
T i= [ [SIVA@P 4 WFealb(a) ]
Br

and the corresponding comparison functions E}\{ and ﬁ)}\% provided by Proposition 2.1. Then,
we have

(a) Wp(x) = UEN(E), and Tp(x) = Th'\(2), Vo € B, Vi, A > 0.

(b) E’lé <V, <Uy < @;\{, provided that 0 < X\ < p.

(¢) Wr(%) < Uk(z), Vo € Br, Yk € (0,1).

(d) There exists a countable set D C (0, 00), such that for every R € (0,00)\ D, we have
Uy, = Vg, and thus the minimizer of Jp, in the class Ag is unique.

Proof. (a) follows from a simple rescaling argument. On the other hand, (b) is a consequence
of (3.17), while the proof of (c) is obvious from (a) and (b). Next, let () be a countable

dense subset of the unit ball B;. If Qi\ =+ Ei\, for some \g > 0, then there exists xq € @,
such that the function (0,00) 3 A — Wi\(xo) is discontinuous at \g. Let D be the set of
Ao > 0 such that the function A — ﬁi\(wo) is discontinuous at Ay, for some zy € ). We notice
that D is countable, since the functions (0,00) 3 A — @i(wo) are nonincreasing. Thus, for
A€ (0,00) \ D, we have ¥} = Ei\ & glﬁ = @15, and this proves (d).

g
12



At this stage, we determine in Lemma 3.5 below, the conditions implying the existence of
dead core regions for the comparison function Wg. The proofs of Theorem 2.4 and Proposition
2.5 follow immediately from Lemma 3.5.

Lemma 3.5. In addition to the assumptions of Proposition 2.1, we suppose that Wiaq(s) > 0,
Vs € (0,q]. Then,

o if [ —=— = 00, we have V5, > 0, Va € Bp,

\V4 Wrad (S)

o if I, ;== foq\/%ad(s) < 00, the function Vg vanishes in the ball Bg_ a1, provided

that R > (4n +/2)1,.

Proof. In the case where I := [/ —=2*— < 0o, we define the function
V 2Wrad(’s) ’

v 0 1) ) = [ e

Since 7 is strictly increasing, we denote its inverse function by 8 :=~~*, 8 :(0,1,] — [0,q],

and it is clear that so — 57 < \/2Whaq(q)(v(s2) — v(s1)) holds for 0 < s < s5 < ¢g. Thus, S
belongs to W'*°(0, ). In addition, we have

1
() = ———for a.e. s €(0,q), and B'(t) = \/2Wiaa(B(t)) for a.e. t € (0,1,).
V) = (0., and §1) = v/2Woal(F0) (0.1,
Next, we consider the restriction of the minimizer Wp to the ball B, C R" (with I, < r < R),
and setting

(3.25)

o) i 4 Ol =T+ (TR() i 7= 2(T(r) < Jo] <.
o it |z <7 —4(Ta(r)),

we obtain a function ¢, € W'2(B,) such that ¢, = Uy on dB,. A computation shows that

. Y(Wr(r)) _ .
Jp.(¢r) = |S"7 !/ (t+ 7 =~(Vr(r)" 2Weaa(B(t))dt
0
< 2IS" HWiaa (W R(r)) [,

where [S"~!| denotes the measure of the unit sphere S"~' C R™. On the other hand, Pohozaev
identity (4.1) applied to ¥g in the ball B, implies that

1 m — 1 — —

S™ 1]7’ (Wrad(\DR,rad(T)) - é‘qle,rad(T)‘Q) <nJp (Vr) <nJp (¢), for ae. re (I, R),

where in the last inequality we have used the minimality of ¥ . Therefore, we deduce that

_ 1 —, _
(Wrad(W g paa (7)) — 5\\IIIRJad(T)|2) < 20 " Wiaa(Ugraa(r)), for ace. 1 € (I,, R).

In particular, for a.e. r € (4nl,, R), we have Wyaq(V g raa(r)) < |@;z,rad(r)]2. Now, let (I, R)
be the intersection of the intervals (4nl,, R) and {r € (0, R) : Vg aa(r) > 0}. Since g, .q is
strictly increasing on the interval (I, R), we denote its inverse function by xz : (0,q) — (I, R).

Proceeding as previously, we can see that given 0 < e < 1, the function xp is Lipschitz
13



d+€,q), and the i lity v/ < L holds for a.e. s € (6,q). A
on (6 + ¢,q), and moreover the inequality xz(s) < T olds for a.e. s € (4,q). As a
consequence, it follows that

? 1
R—rg/ <V21,Vr € (I, R).
ER,rad("‘) Wrad

This proves that the function W vanishes in the ball B, va1,» brovided that 2 > (4n+/2)1,
Conversely, we are going to establish that when n = 1, the existence of a dead core region
for Br := ¥y implies that I, := [ m < R. In view of Pohozaev identity (4.1), w

have

| Voaa(Br) = 5185F) = £ (Wosa(Bi(r)) = 5155(0)7) for ac. r € (0. ),
which implies that
(3.20) SIBR()? = Woaa(Balr)) = H for ace. 7 € (0, R)

for some constant H°. By assumption 3 vanishes on a small interval [0, €], thus it follows
from (3.26), that actually

(3.27) %wg(m?  Woa(Ba(r) for ace. 7 € (0, R).

Let (I, R] be the interval where Sr > 0. Since [ is strictly increasing on the interval (I, R),
we denote its inverse function by vz : (0,q) — (I, R). As previously, we can see that g is
locally Lipschitz on (0, ¢), and that v (s) = \/TT(S) holds for a.e. s € (0,q). Therefore, we

conclude that I, : fo \/Wad) < R.
So far we have proved that fo T() = 00, implies that Sg(r) > 0, for every R > 0, and
rad

€ (0, R). Actually, the functions g are positive on the whole interval [—R, R]. Indeed, in
view of Lemma 3.4 (c), we have Br(r) > Wyr(2r), Vr € [~ R, R]. Next, Theorem 2.2 applied
in Q = (—6R,2R), with u(s) = B4r(2R + 5) and Wyp(s), gives the inequality B4r(2R + s) <
Wyr(s), Vs € [-2R, 2R], from which we deduce that 0 < B4r(2R+2r) < Br(r), Vr € (—R, R).

To complete the proof of Lemma 3.5, it remains to establish that the condition foq \/%() =
rad($

00, also implies the positivity of the functions Wy, in higher dimensions n > 2. To see this,
we apply Theorem 2.2 in Q) = (=R, R)", to the minimizer u(zy,xs, ..., x,) = fr(r1), and we
get 0 < Br(r) < Ugraa(r), ¥Vr € [0, R]. Finally, in view of Lemma 3.4 (c), we conclude that
the functions W, are positive. g

Remark 5. In view of Lemma 3.4, if Up or U, has a dead core, then Tg and W have also
a dead core for every S > R. As a consequence, assuming that I, < oo, there exists a critical
value Ry such that Uy has a dead core for R > Ry, while W, does not have a dead core for
R < Ry. Lemma 3.5 establishes that Ry < (4n + v/2)I, holds in any dimension n. On the
other hand, in Lemma 3.6 below, we determine the value of Ry, when n = 2 and W,,q is the

®We point out that (3.26) expresses the conservation of the total mechanical energy for the solutions of
the Hamiltonian system v’ (z) = VW (u(x)). This property still holds for minimizers of (1.1), in the case of
nonsmooth potentials
14



characteristic function of R\ {0}. We refer to [16, Section 8.4.] for the general theory of
dead cores in the smooth case, and in particular to [16, Theorems 8.4.2., 8.4.3., 8.4.4.] for the
properties of the function Wx. In [16, Section 8.4.], several explicit examples of dead cores
are also provided.

Proof of Proposition 2.5. In view of the continuity of u (cf. Lemma 4.2), we have u > ¢
on Ow, for some ¢ > 0. Let Br be a ball containing the domain w. By increasing R, we
may assume that the functional Jp, admits a unique minimizer ® in the class B := {h €
Wh2(Q;R) : h = € on OB} (cf. Proposition 2.1, and Lemma 3.4). In addition, it is clear
that (& — u)*, (u — ®)~ € W, *(w). Thus, in view of the minimality of ® and u, we have on
the one hand

(3.284a) Ep, (?) < Ep,(P—(u—9)) < E{q>>u}(<l>) < E{¢>u}(u),
and on the other hand
(328b) Ew(u) < Ew(u —+ ((I) — u)+) = E{q>>u} (u) < E{q>>u}(q)).

That is, F{g>u}(P) = E{e>uy(u), which means that ® — (v — @)~ is a minimizer of Jp, in the
class B. By uniqueness of the minimizer ®, we conclude that u > ® on w. In the case where
Whiaa(s) > 0, Vs € (0, ¢], we have seen in Lemma 3.5 that ® > 0. Otherwise, if W;aa(n) = 0,
for some n € (0, q), it is straightforward that ® > n (cf. the proof of Lemma 3.1). 0

Finally, we close this section by detailing the computation mentioned in Remark 1:

Lemma 3.6. Let n =2, and

- 0 ifr=020,
Wra = .
alr) {1 if > 0.

Then, when R = Ry := v/2eq, the functional Jg, admits exactly two radial minimizers in the
class Agr, namely Vg = q, and

v 0 if || < V24,

On the other hand, when R > Ry (resp. R < Ry), Jp,, admits only one radial minimizer in

the class Agr, namely
0 if |z| < ag,
¢R(x) = { In(|z|)—Inagr

q In R—Inag Zf|$| 2 AR,
where ag is the only solution of vV2aln(R/a) = q in the interval (\%, R) (resp. g =q).

Proof. We have seen in Lemma 3.1 that the radial minimizers ¥z of Jp, in the class Ag, are
such that the function 9 aq is nondecreasing on the interval [0, R]. Moreover, due to our

specific choice of Wrad, these minimizers ¥ g are harmonic functions on the set {x € Bpg :
Yr(z) > 0}. Thus, either g = g and Jp,(¢Yg) = 7R?, if {x € B : Yg(z) > 0} = Bg, or

0 if |z <a
x) = — 7 for some a € (0, R),
Yr(T) {q% if |z| > a, ( )

15



2

and Jp, (Yr) = 7(R? — a?) + — 4

(nR—1na)’
if {x € Br:9Yr(x) >0} ={r € Br:a<|z| < R} Finally, by studying the variations of the
functions (0, R) 3 a — gr(a) :== —mwa® + (lnR—ln)’ one can show that gr vanishes or takes

negative values on (0, R), iff R > Ry := v/2e q. Moreover, when R = Ry, we have gg > 0 on
(0, R), and gg only vanishes for a = v/2¢q = 5—%. Otherwise, if R > Ry, gr attains its negative
minimum at the point ar € (L \[, R), solving the equation v/2aIn(R/a) = q. We also point

out that the function R +— E is decreasing from (Ry,c0) onto (1,+/¢). This completes the
proof of Lemma 3.6. O

4. POHOZAEV IDENTITY AND CONTINUITY FOR MINIMIZERS

Pohozaev identity is commonly used for smooth solutions of semilinear elliptic systems (cf.
for instance [2, Remark 3.1]). We prove below that the identity also holds for minimizers of
(1.1).

Lemma 4.1. Let W be a nonnegative, bounded and lower semicontinuous function defined
on By, and let u € wh 2(9 R™) be a map defined in the domain Q C R"™, and satisfying (2.1)

loc

as well as (2.2). Then, given a ball Br(xo) C €2, we have
(4.1)
Ou |2

/Br(zo) (n + nW(u)) = T/BB (o) <l|v“|2 + W(u) — W ) > for a.e. v € (0, R),

where v stands for the outer nornal to the ball B,.(xg).

Proof. Without loss of generality, we may assume that zo = 0. Let » € (0, R), and s € (r, R)
be fixed. Given z € By \ {0}, we write x = to, with t := |z|, and o € S"~'. Moreover, we set
lue(t, 0)|? == |%4(t,0)|?, and |V,u(t,o)|* = |Vu(t o)|* — |ug(t,o)|*. Next, we consider in By,
the comparlson map

(42) i) = ift,0) = {

u(®) when 0 <t = |z| < kr,

K

u(r + (s — 7)== o) when kr <t < s,

s—Kr?

where & € (0, 2) is fixed. It is clear that % = u on 0B;, thus by the minimality of u, we have

(4.3) Ep,(ii) — Eg, (1) > 0,Vk € (0,2).
r
Setting f(k) := Ep, (1), a long but otherwise trivial computation shows that
/ [K ]Vu|2+/i W (u )]
B b 2
s t — no1 8 — t,o)l?
+/ / (s — k1) r—irm”) 1527 Juslt o) dtdo
Sn-1 s—=r §— KT 2
t — n— — K |[Vou(t, o)|?
+/ / (s — kr)—— + kr) 22 o [Vounlt, o)l dtdo
sn-1 s—r s—=r 2
t - n— -
-l—/ / (s — kr) - k) 12 KTW(u(t,a))dtda,
Sn—1 s—r s—r
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and

r lug(t, o))?

(4.4) f’(l):/BT E W ()] +S_T/BS\BT (=13 = (n—2) =5

r |V ous(t, o)|? r

L R e

Therefore, in view of (4.3), and since f(1) =
letting s — 7 in (4.4), we obtain for a.e. r € (0,

A

Remark 6. Proceeding as in [2, page 91], one can also derive from Pohozaev identity the
monotonicity formula & (r~""2Eg . (u)) > 0, holding for a.e. r € (0, R), under the as-
sumptions of Lemma 4.1. We refer to the expository papers [11, 13] for a detailed account of
monotonicity formulae.

+

.(u), we deduce that f'(1) = 0. Finally,

Ep
R):

2 2

W / Iutl Voul

; ~ g W),

U

Next, we recall the continuity of bounded minimizers of (1.1). This property is crucial in
the proof of Theorem 2.2.

Lemma 4.2. Let W be a nonnegative, bounded and lower semicontinuous function defined
on By, and let u € VV;E(Q R™) be a map satisfying (2.1) and (2.2). Then, u is continuous
in €.

Proof. We refer to [3, Lemma 2.1] where a logarithmic estimate is established for the local
minimizer u, implying in particular its Holder continuity. O
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