BILINEAR SPHERICAL MAXIMAL FUNCTIONS OF PRODUCT TYPE

LUZ RONCAL, SAURABH SHRIVASTAVA AND KALACHAND SHUIN

ABSTRACT. In this paper we introduce and study a bilinear spherical maximal function of
product type in the spirit of bilinear Calderén—Zygmund theory. This operator is different from
the bilinear spherical maximal function considered by Geba et al. in [14]. We deal with lacunary
and full versions of this operator, and prove weighted estimates with respect to genuine bilinear
weights beyond the Banach range. Our results are implied by sharp sparse domination for both
the operators, following ideas by Lacey [20]. In the case of the lacunary maximal operator we
also use interpolation of analytic families of operators to address the weighted boundedness for
the whole range of tuples.

1. INTRODUCTION

The theory of multilinear operators has been an active area of research for the past two
decades in harmonic analysis. It finds its roots in the pioneer work by Coifman and Meyer
[7], although it was the remarkable proof of the boundedness of the bilinear Hilbert transform
by Lacey and Thiele [22, 23] that renewed the motivation for the study of multilinear singular
integrals. The multilinear Calderén-Zygmund operators were systematically treated in [16] and
later on, in [25], Lerner et al. developed an appropriate theory of multilinear maximal functions
and multilinear weights. In particular, they established weighted boundedness for multilinear
Calderén-Zygmund operators. Since then there have been several developments in the weighted
theory of multilinear weights, we emphasize the recent works [27, 30] and references therein.

For notational convenience we shall restrict ourselves to the bilinear setting in this paper.
Given locally integrable functions f; and fo defined on R", the bilinear maximal function
M(f1, f2) is defined by

21
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where the supremum in the above is taken over all cubes ) in R” containing the point x. The
cubes are always assumed to have their sides parallel to coordinate axes.

Note that the bilinear maximal operator M is dominated by the product of the classical
Hardy-Littlewood maximal functions in a pointwise manner, i.e.,

M(f1, f2) £ M(f1)M(f2),

where M denotes the Hardy-Littlewood maximal operator given by

Mmm:g@émww

Let 1 < p1,p2 < oo and p be such that }10 = p% + p%. Holder’s inequality yields that the operator

M is bounded from LP'(w;) x LP?(wy) — LP(w) for all w; € Ay, i =1,2, and w = H?Zl wé?/pj.
Here A, denotes the class of Muckenhoupt weights, see Subsection 3.1.

In [25], the authors showed that the bilinear maximal operator M is the appropriate analogue
of the classical Hardy—Littlewood maximal operator. They introduced a suitable analogue of
Muckenhoupt weights in the bilinear setting, the class Az (see Subsection 3.1), and showed
that the class A is bigger than the product of corresponding linear A, classes. The class A
characterizes the weighted boundedness of the bilinear maximal operator M. Moreover, the
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bilinear Calderén-Zygmund operators possess weighted boundedness with respect to bilinear
weights in A 5. We refer the reader to [10, 24, 25] for more details.

Later on, first in [27] and then in [26, 30], the notion of bilinear (or multilinear) weights was
further generalised and extrapolation results were proved, see Subsection 3.1.

Motivated from the discussions above, in this paper we introduce a bilinear spherical maximal
function of product type in the spirit of Calderén—Zygmund theory and investigate its weighted
boundedness with respect to the bilinear weights just mentioned.

1.1. Linear spherical maximal functions and bilinear product-type analogues. Let
f : R" — C be a measurable function. Consider the average of f over the sphere of radius
0 < r < oo given by

Aof@) = [ fla =) dos o),

where do,,_1 is the normalized rotation invariant surface measure on the sphere S*~1 := {z €
R™: ||z|| = 1}. The spherical maximal function was introduced by Stein [32] and is defined as

Mfull(f)(x) = Sl>110) Ar‘f(x)7 r € R™

Stein proved that My, is bounded in LP(R™) if and only if -5 < p < oo for all n > 3. The
problem in dimension n = 2 was settled later by Bourgain [4] (we refer to [29] for a different
proof of Bourgain’s result).

The dyadic or lacunary version of the spherical maximal function results by taking the supre-
mum over the set {27 : j € Z}, i.e.,

Mlac(f)(x) = Sup A2]f(x)
jez
The lacunary spherical maximal operator Mi,. is bounded in LP(R™) for all 1 < p < oo and
n > 2, see [6, 8] for details. Weighted boundedness properties of the spherical maximal operators
have been studied in [9, 12, 13, 28].

In a recent article, Lacey [20] revisited the spherical maximal function and, using a new
approach that unified the lacunary and full versions, he managed to prove sparse bounds for
these operators which led him to obtain new weighted norm inequalities. We also refer to [20] for
a discussion about the suitability of A, weights in the context of the spherical maximal function.

In this paper we introduce a bilinear analogue of the spherical maximal function in the spirit
of the bilinear Hardy-Littlewood maximal function (1), which plays a key role in the theory of
bilinear Calderén—Zygmund operators. Define

M (f1, f2)(x) := 21;%) Ay fr A fo(z).

As earlier, if we take the supremum in the above over the dyadic numbers, we get bilinear
analogue of the lacunary spherical maximal function. This way, the bilinear lacunary spherical
maximal operator Mj,. is defined as
Miac(f1, f2)(z) == Sup Ags f1Ag fo(x).
J
We refer to these operators as bilinear spherical mazimal functions of product type®.

Note that Mgn(fi, f2) (and Miac(f1, f2)) is dominated by the product of the linear full
(respectively lacunary) spherical maximal functions in a pointwise sense. Therefore, Holder’s
inequality immediately yields the LP* x LP?2 — LP estimates for the operators Mg and Mi,..
In fact, we also get the weighted estimates for the operator with respect to product weights,
see Theorem 5.3. We will prove new weighted estimates for the bilinear spherical maximal
functions with respect to bilinear weights that are beyond the type of weights as described in
Theorem 5.3. This result is stated in Theorem 2.1. We exploit the ideas from [20] and establish
a sparse domination principle for the bilinear spherical maximal functions in Theorem 2.3 so

pa private communication with the second and third authors, Loukas Grafakos suggested that the terminol-
ogy for this operator should be instead mazimal product of spherical averages to better portray the nature of the
operators.
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FIGURE 1. Triangle L, on the left and trapezium F; on the right.

that we deduce weighted estimates as a consequence of known results in the literature. These
weighted estimates cover the best possible range of tuples (p1, p2,p) for the LP boundedness of
M. Nevertheless, there is a dimensional constraint in this range of (p1, p2, p) that prevents the
operator M, from getting weighted boundedness in the range 1 < p1, ps < oo via Theorem 2.3.
This restriction is overcome in Theorems 2.4 and 2.5. We also provide weighted boundedness
of operators Mg, and My, for the case of power weights in Corollaries 5.4, 5.5, and Theorem
2.4. This makes it easier to compare our results with the Holder type results, see Section 5.

A different analogue of the spherical maximal function in the bilinear setting has been studied
in the literature. It was introduced in [14] and is defined as follows:

@ Man(fi. f)(a) =sup [ |file = t9)falo — t2)| doran1 (3. 2)
t>0 J§2n—

In [3, 15, 17] the authors proved partial results obtaining LP' x LP2 — LP estimates for the

operator Mgy, for a certain range of p1,p2 and p and some assumptions on the dimension n.

In [18] the authors proved the following pointwise domination result

(3) Mepn(f1, f2)(2) S Muan(f1)(2) M (f2)(2),

and extended the LP!* x LP?2 — LP estimates for the operator Mgy, to the best possible range of
exponents py, pe and p for all n > 2 (note that an estimate similar to (3) holds with the roles of
My and M interchanged due to symmetry). We also refer to the recent papers [1, 11] for the
generalisation of the bilinear spherical maximal function to the multilinear setting. Weighted
estimates for the bilinear maximal operator Mgpp, defined in (2) beyond the ones that can be
obtained trivially from the pointwise estimate (3) remain as an open problem.

The paper is organised as follows. We state the main results in the next section, then in
Section 3 we recall necessary definitions and results and also set notation that we use in the
paper. Section 4 is devoted to prove weighted estimates for the operators under consideration
and we complete the proofs of Theorems 2.1, 2.4, and 2.5 in this section. In Section 5 we discuss
some examples comparing the weighted results obtained in Theorem 2.1 with the Holder type
results. Next, in Section 6 we give the proof of sparse domination result Theorem 2.3. Finally,
in Section 7 we provide the necessity of some conditions for such a sparse domination.

2. MAIN RESULTS

Our first main result is the following theorem containing weighted estimates for the product
type operators with bilinear weights in the class Az (see Definition 3.2). In what follows, we

will denote by L,, the triangle with vertexes (0, 1), (1,0) and (nL_H, nL_H) and by F,, the trapezium

with vertexes (0,1), (an’ %), (”771, "771) and (szr?, ”ZQT{Q), see Figure 1.
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Theorem 2.1. Let n > 2. For i = , let (— S%) be in the intem'm‘ of L (respectively
Fy). Assume that t = 22— > 1. Then for all § = (q1,q2), * =4 + q? with r; < q;,

i=1,2, and t' > q, the operator My, (respectively Mgy ) extends to a bounded operator from
Ln (wl) x L% (’LUQ) — Lq(w), i.e.,

IM(f1, f2)ll Lagw) < A HHszL% (w3)

where M 1= My, (respectively Mg ), W = (wy,ws) € quf with 7 = (r1,72,t) defined as in
Definition 3.2 and C([w’]Aq_’T_) is a constant depending on the characteristic of the weight.

Remark 2.2. Observe that, in Theorem 2.1, we can consider ¢ = (q1,q2) with ¢ < 1 as well,
which means that the weighted inequalities hold beyond the Banach range.

The weighted estimates in Theorem 2.1 are indeed consequence of a sparse domination prin-
ciple for the bilinear spherical maximal functions shown in Theorem 2.3 below and the extrap-
olation result in [27, Theorem 1.1]. Actually, one could state an improved result, providing the
quantitative bounds (i.e., giving more explicit information on C'([w] Aﬁ)), including end-points,
and vector-valued inequalities, see Theorem 4.3 and Remark 4.4. For these consequences we
appeal to [26, 27, 30].

Before stating the sparse domination result let us set up the notation. A collection of cubes
S in R™ is said to be n-sparse, 0 < n < 1, if there are sets {Es C S : S € S} which are pairwise
disjoint and satisfy |Fg| > 17\5’| for all S € S. By the term (p, q,r)-sparse form we mean:

Sp,q,r fg’ Z’S| < >S7‘7

Ses
see Section 3 for notations.

Theorem 2.3. Letn > 2. Fori=1,2, let (?11’ 8%) be in the interior of L, (respectively F,) and
pi > 1;. Then for any non-negative compactly supported bounded functions f1, fo and h, there
exists a sparse collection S = S, p, + such that

<M(f17 f2)7 h> < CAS,JI,pQ,t(fh f27 h):
where t := m > 1 and M := M, (respectively Megn).
Furthermore, the ranges of (r ,81

such result can hold if both (T '3 Ly i = 1,2, do not lie in the closure of L, (respectively Fy,).
The condition 1 < t < 0o is also a necessary condition.

), © = 1,2, are sharp up to endpoints in the sense that no

We prove the sufficiency part of this theorem in two steps. First, we shall establish an
analogous result for characteristic functions. Then we consider the theorem for general functions.
In this second stage, we use a recursive argument in which both functions involved in the bilinear
sparse form are decomposed into simple functions. We perform this step by taking one of the
functions to be a characteristic function, then keeping this function fixed we decompose the other
function into suitable simple functions. This process along with an application of Carleson
embedding theorem allows us to obtain sparse domination for general compactly supported
bounded function in one place whereas the other function is taken to be a characteristic function.
We repeat the procedure with the second function. The proof of these results and of Theorem 2.3
will be given in Section 6 and in Section 7 (in the latter we prove the necessity of the conditions
for the sparse domination.

Note that in Theorem 2.3 we have the necessary condition 1 < t := m < 00. This
condition translates into the fact that we cannot choose both ri,ry < % Thus, in the
case of lacunary spherical maximal operator Mj,. in Theorem 2.1, we cannot consider both
q1,q2 < 23—?1 simultaneously. Nevertheless, we cover the complete range of exponents for the
operator Mj,. using a different method. We establish non—trivial weighted estimates for M,
for tuples (q1,q2,q) with 1 < q1,q2 < 235 and 1 + - = 5’ see Theorem 2.4 and Theorem 2.5.
We exploit ideas from [19, 31] to obtain these results based on interpolation of analytic families
of linear operators in [5].
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Observe that this scenario does not occur in the case of Mg,. Indeed, the condition rq,ry >
—+ holds necessarily for the operator Mg,. Therefore, Theorem 2.3 addresses the question of
weighted boundedness of the operator My, with respect to genuine weights @ = (w1, w2) € Ag
for the entire possible range of tuples (q1, g2, q).

As mentioned previously, we shall establish non-trivial weighted estimates for Mj,. for the
tuple (p1,p2,p) with 1 < p1,p2 < 22” and p% + p% = %. For the sake of simplicity we consider
p1 = p2 = p in the following theorem, since the statement of the result for general tuples turns

out to be rather cumbersome.

Theorem 2.4. Let n > 2. The operator My, is bounded from LP(|z|®)x LP(|z|®) to Lp/2(|x|a2iﬁ)

lI-np<a,B<(n—1)(p—1) and a+B>2(1—n)(n—(n—1)p), n>2.

We would like to remark that while proving Theorem 2.4, we actually get weighted bound-
edness of operators My, for the triplet (p1,p2,p) for more general weights than considered in
Theorem 2.4 above (see Theorem 2.5). Moreover, these weights do not come from the product
type bilinear weights. This point is discussed in detail in Section 5.

Let ( ] denote the piecewise linear function on the interval (0,1) whose graph connects
the pomts (O D), (i mg) and (1,0), ie.,
(4) 1 1*%, if O<T—ni1
qblac( ) n(l — —), if 7 <i L 1.

An inspection of the proof of Theorem 2.4 delivers the following (indeed, this is a byproduct of
Step I in the proof), see Section 3 for the definitions of weights.

Theorem 2.5. Let n > 2. The operator My, is bounded from LP'(w;) x LP?(wq) to LP(w),
where 1 < p1,p2 < 23—’11 and for certain weights W = (wy,wz) which do not belong to product
type weights

U (HA’” ﬂRH(M) >U(Rp1 X Rp,);

1<r;<p; i=1 P
where

(5) Ry={lzl’:1-n<b<(n-1)p-1)} n>2.

3. NOTATIONS AND DEFINITIONS

In this section we collect some of the notations and definitions that we use in this paper. With
the letters ¢,C... we denote structural constants that depend only on the dimension and on
parameters. Their values might vary from one occurrence to another, and in most of the cases
we will not track the explicit dependence. We will write v1 < 72 if 71 < ¢7y2 for a structural
constant ¢. Given p > 1, the conjugate exponent of p will be denoted by p', i.e., 1/p+1/p = 1.

For any cube @ and 1 < p < 0o, we define

Ner= (1 / rf<x>rpdx)1/p, o= 17 [ 1£@)]

where |@Q| denotes the Lebesgue measure of Q.
A weight is a non-negative locally Lebesgue integrable function that is non-zero in a set of
positive measure. We say that a weight w belongs to the Muckenhoupt class A, if

1 / 1 / 1—p' p—1
wla, ==sup (— | wdz)|{— [ w P dz <oo, l<p<oo.
= (1 J, ) Gy ™ )

The quantity [w]a, is referred to as the A, characteristic of w € A,. For p = 1 the class A;
consists of all w such that
M (w)

[w]a, = esssup ——= < 0.
w
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Given s > 1, a weight belongs to the reverse Holder RH; if there exists a constant C' such
that, for every cube @ in R™ with sides parallel to the coordinate axes,

(@/@wsda:)l/sgé/q?wdx<oo.

3.1. Bilinear weights. Let 1 < p1,p2 < 0o and p be such that
1 1 1
(6) -—=—+—.
p p1 P2
Definition 3.1. [25, Definition 3.5] Let = (p1,p2). For a given pair of weights W = (w1, ws),
set w = H?:l wf/pi. We say that W € Ap if

. 1 1 1—p!  \P/P,
[W]a, = Sgp (@/dex>31;[1<|@/cgwj Jd:c) ! < 0.

/
1=pj 1

When p; = 1, (ﬁ fQ w; )1/1?;' is understood as (infgw;)™". The quantity [u‘;’]Aﬁ is referred to

as the bilinear A characteristic of the bilinear weight w.
The bilinear A 5 class was further generalised recently in [27].

Definition 3.2. [27, Section 1] Let = (p1,p2) and p be as in (6). For a tuple ¥ = (r1,72,73)
with vy < p;, 1 =1,2, and v > p, where 1 < 11,719,713 < 00, we say that W = (wi,w2) € Agzw if
0 <w; <oo a.e fori=1,2 and

[W]as, = sup (W), 1_[<wZ )0 < 00,
QCR™ i=1

where w := H?Zl wf/pi. When r3 = 1, the term corresponding to w needs to be replaced by (w>gp.

—1/p;

Analogously, when p; = r;, the term corresponding to w; needs to be replaced by esssupg w;

Remark 3.3. Note that Az 1,1,1) agrees with the class Ap.

The following result describes the bilinear weights Az in terms of the classical A, weights.
This provides a useful tool in the study of weighted estimates with respect to bilinear weights.

Lemma 3.4. [27, Lemma 5.3| Let p' = (p1,p2) with 1 < p1,p2 < 00 and ¥ = (ry,r2,73) with
1 <ry,ro,r3 < oco. Let p' := p3 and % = Z?:l T% Assume that r; < p; fori=1,2 and r§ > p.
Consider

1 1 1 1 1-— 1
S 2 gnd —=——"_ 2 =123
o T pi 0; r 0i
Then W = (w1, w2) € Az if and only if
0, 9;
wf' € Aivg, with  [w]]a,,, <[@) ., i=1.2

and
33 , 33 53
w EAI;TTBS with [wP]A¥53 S[M]Aﬁf’
In [30], Nieraeth presented an alternative approach to describe the bilinear weights Az and
defined yet another class of weights that is equivalent to the class defined in [27]. Nieraeth
extended the extrapolation results contained in [27] in several directions.

Definition 3.5. [30, Definition 2.1] Let p = (p1,p2), ¢ = (q1,q2) with p1,p2 € (0,00) and
q1,q2 € (0,00]. Let q be given by % = q% + q%. We say (p,s) < ¢ if p < q and q < s where
s € (0,00]. Here p< ¢ means that p; < q;, i = 1,2. For weights w1, ws write w = H?Zl w;. We
say that @ = (w1, w2) € Ag s if
2
= — —1
(s = sup (T o o) 1 o) <o

Q@ i=1 P 4 q s

where the supremum is taken over all cubes (with sides parallel to coordinate azes) in R™.
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Remark 3.6. Note that the definition above includes the case q; = oo. In this case the norm is
interpreted as || f;ll ;q; Wl = | fjw;j||ee. Also, the definition is used with qu = 0 when gj = oo.
We refer to [30] for more details on this. We also would like to refer the reader to [26], where
authors consider a slightly different approach to include the end-points cases which allows one or
more indices to take value infinity. Further, note that when q; are finite, the following relation

holds: (w{',w§®) € Ag(r, rp1) if and only if © € Az (74y.
4. PROOFS OF WEIGHTED ESTIMATES

4.1. Proof of Theorem 2.1. As pointed out earlier, the proof of Theorem 2.1 follows from the
sparse domination result Theorem 2.3 and the already well-known consequences in the literature.

Theorem 4.1. [27, Corollary 2.15] Fiz ¥ = (r1,r2,73), with r; > 1 and 52 ;L > 1, and a

i=17;

sparsity constant n € (0,1). Let T be an operator so that for every fi, fa,h € COO(R”)

| [ T R)@)ha) da] S sup As i forh).

where the supremum runs over all sparse families with sparsity constantn. Then for all exponents
7= (q1,q2), with r; < g; fori=1,2 and r5 > q and all the weights ¥ = (vy,v2) € Agr, and for
all f1, fa, h € C°(R™), we have

[\

1T (f1, f2)ll Law) H | fill Lai (vy)»

9 l
1
wherea———i—— and v = v vy?.
The sparse domination result contained in Theorem 2.3 yields the weighted estimates in

Theorem 2.1 by using Theorem 4.1 and the extrapolation result in [27, Theorem 1.1].

4.2. Quantitative bounds in Theorem 2.1. In [30], an improvement of the quantitative
bounds obtained from sparse domination in multilinear forms was achieved. Indeed, the results
in [27] missed the quantitative weighted bounds for the range ¢ < 1.

Theorem 4.2. [30, Corollary 4.2] Let T' be a bilinear or positive valued bi-sublinear operator
and assume that for some pi,ps € (0,00) and t € [1,00], we have the sparse domination of the
bilinear operator for every fi, fo,h € C°(R"™), i.e

| [ T R @)h(a) da] 509 Aoy (. o),

then for all § = (q1,q2) with q1,q2 € (0,00] such that (p,t') < ¢ and all weights G € Ag gy, the
operator T extends to a bounded operator L (wi') x L9 (wd*) — L%(w?), where % = qil + q%,
with the bound
1 B
maX( T T T ti)

7
1T o ity o2 iy ooy S [Ba ot 0" 0

In view of the theorem above, the sparse domination results obtained in Theorem 2.3 together
with the extrapolation in [27, Theorem 1.1] yield the following improved weighted estimates for
the operators Mj,. and M.

Theorem 4.3. Letn > 2 and (= —) i = 1,2, be in the interior of Ly, (respectively F,,). Assume

i 84
that t = m > 1. Then for all @ = (q1,q2) with q1,q2 € (0,00] such that ¢ > (7,t') the
operator ./\/11aLC (respectively M) extends to a bounded operator L (wi') x L% (wd*) — LI (w?),
where % = - + f, with the bound

1 1 41
1 r2 I
max\ T 1T T _ 1T °I_1

— 7 = L
HM”UH 1)x L92 (wd )%Lq(wq)<[ ]A~(M/)1 T2z 9T

where M 1= M, (respectwely Mia) and Agryy, with (7,t") = (r1,72,t'), is defined as in
Definition 3.5.
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Remark 4.4. Note that the end-point extrapolation in [26, 30] allows the index q; above to
take value infinity. Moreover, the original Theorem 4.1 contained in [27] includes vector-valued
results. These apply to our sparse domination in Theorem 2.1, so that vector-valued inequalities
are immediately obtained from [27, Corollary 2.15], see also [30, Corollary 4.6].

4.3. Weighted boundedness for the triplet (pi,p2,p).

Proof of Theorem 2.4. The proof of Theorem 2.4 is done in two steps. The first step is to
establish a more general result by using analytic interpolation for a family of bilinear operators.
Then in the second step we use this general result with a suitable choice of exponents to deduce
the theorem.

1Stlep It Let 1 < p1 = po < 25%. Now consider 55 < p1,p2 < o0, > = p% + p%, and
("'717571) S Ln, 1 = 1,2 with ¢ = ﬁ > 1. For ¥ = (Tl,?"z,t) < ﬁ = (pl,p2,p>, let
W = (w1, we) € Ay By Theorem 2.1 we have

2n 1

(7) [Miac(f1, f2)ll o (w) < Crllfill e wn) | F2ll L2 (wn) -
Also, note that by Theorem 5.3 we have the following weighted estimates for the product weights.
(8) [ Miac(f1, f2)llLaw) < Call fill Lo w1 f2ll Lo ()

9 9

for 1 < g <pj, == i%—q%,vi S (A% NRH d)iac(tl_)),) UTRyg, v:vl‘TlUQ‘T2 and (tl i) € L, for
e

-9
7

1
q
some 1; € (1,00) and 1 < t; < ¢; < 7}, for i = 1,QZ.

We consider the linearised operator Mj,. as follows
Mlac(fla f2)(I) = AT(I)f]. (-T)AT(:E)fQ (CC),

where 7 is a measurable function from R™ to [0,00). For z € § := {z € C : 0 < Re(z) < 1},
consider the functions

1 1—-2z =z 1 1—=2 z .
@ = » +6’ () = o —l—;, 1=1,2.
Choose 6 € (0, 1) such that
1 1-0 6 1 1 1-6 6 1 .
R () R

Note that for any linear operator T' and a positive number k € (0,1) satisfying % + g < 1 and
k < p, we can write the following

L P
P R™
gELTF (B")
lgll 5 =1

LP—k (rn)
Consider
on(z) =v(z), if o)< N and on(z)=N, if wv(x)> N,
wy(z) =w(x), if wl)<N and wy(z)=N, if w(z)> N.

Let fi1, fo be finite simple functions and g be a non-negative finite simple function such that
1fill o1 gy = 1, for i = 1,2 and Jlg| 2 =1

p—Fk (Rn
With the notations introduced as above, consider the following function

k
(1*m)

z 1=z k
(9) ¢(Z) ::/R ‘AT(z)fl,z(x)AT(z)fQ,z(x)@/]%’aij g k(lig) d.fL‘7
where
Pj —z z—1
fiz(@) = [fi(x)|9 €™ (v + €)% (wj+€) 7, j=1,2,
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for z € S, e > 0 and u; € [0, 27]. Note that we have the following expression for (), 6 € (0, 1),

0—1 2] 1-6

/ } H Az (fj(vj + €) ¢ 5 i (wj + e)?)(:c)ﬁg,@NT ‘kg(:):)dac.

-y

z 1=z

For each z € R", the functions A, () f; (), V3 (7), Wy’ (v) and g KO=3) (x) are analytic in the
domain {z € C : 0 < Re(z) < 1}. Therefore the integrand in (9) is a continuous in z € S
and Subharmonic in the domain {z € C:0 < Re(z) < 1}. Also, using the Hélder’s inequality

with exponents £ and it is easy to see that ¢ is a bounded function. Moreover, the

p— k’
Holder’s inequality with exponents % and £ and the fact that ||fifl 5 gny = 1, i = 1,2 and

lgll & =1, yield that
Lp=k (R")

[y (it)| < CF.

Similarly, using the Holder’s inequality with exponents £ and %, we get
Y g q k q—k

(1 +it)| < C3.

The constants Cq, Cy are independent of ¢, V and 7.
We invoke the maximum modulus principle for subharmonic functions to deduce that

u 0 1-0

1(0) / ‘HAT(::: (f ]g e )(m)ﬁfV@Np }kg(x)dngl(l 0)02 .

Here we have used the notation v;. = v; + € and w; = w; + € for j = 1,2. Therefore, using a
duality argument we obtain that

6—1 6  6-1 [ 1-6

(/ (Moo 02 ) Arg o 0 w)\'ﬁfvaczx)%

C(/Rn\fﬂﬁl)ﬁll(/w |f2’ﬁ2>ﬁ12-

Since the set of finite simple functions is dense in L*(R™), 1 < s < oo, we get the estimate
above for all LP'(R™) functions f; and fs (note that we have assumed p; = pa). Next, recall

that the constants C1, Cs are independent of ¢, N and 7. Let ¢ = 0 and N — oo and replace f;
6 1-6

by fiv w,” ,i=1,2, in the above to get that

1

(/Rn (‘AT(I)(fl)(m)AT(x)(-fé)(x)"Ugw%>ﬁdm>E
<o [, 1P ([ 10 )

Since the constant C is independent of 7, therefore we get the boundedness of the operator

Miae, ie.
o ([ (Wladfl,f2><x>!v3w1f)ﬁdx)115

[P ) ([ 1peRg ),
o

Step II: We shall use the estimate (10) for radial weights with a suitable choice of exponents
to conclude the proof of Theorem 2.4. Indeed we make the following choice. For ¢ > 0, let
pL=Dp2 = 522 +2€¢, 11 =1y = 5o +eand (1, 1) € L,. Check that for this choice of (£, 1),

r’s ri? 8;

t=—21%2_ > ]andset 7= (7“1,7"2,7“3) with 73 = t. Let @ = (||, |2|?") € Ay and note that

S1+S2—s182

the estimate (7) holds for bilinear A weights. Next, for 0 < § < p1 —1, choose G =q@=p—0
and 7 = (|z|*, |z|®) with 1 —n < a, b < (n—1)(p1 — 0 —1). Then we know that the estimate (8)
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holds for Mj,.. Therefore, by the previous steps the operator Mj,. satisfies the estimate (10)
for the above choice of exponents and we get
1 S

ay ([
/_ —
<O( [ 1A (aloe SR ([ e o S )
R™

i 2n—1 6 _ —
with 0 € ( ) and (n-i-ezgn 1)) + Pl2 o l~ N 7%

Now, we show that the exponents of welghts in the estimate above may be chosen suitably
so that they satisfy the hypothesis of Theorem 2.4. Observe that by Lemma 3.4 we have that
@ = (2], |2|%) € Ay implies that

a’01(2n—1) B'69(2n—1) (o' +8")53(2n—1)
|x|2n+25(2n71) c A(¥)01’ |x’2n+26(2n71) c A(¥)927 and |x‘ 2nt2e(2n—1) ¢ A¥63’

/ / 1
a+b)9+ (a'+B8)(1-0)(2n—1) )ﬁ) H

Mlac(flafZ)‘ (|| 71 2(nFe@n—1))

where

1 1 1 1 1—-r 1 d '’ i_193

_ = — — — — = —_ - an = 1= .

61' Ty pi’ 02 r 51 b3 b, IE)
Substituting the values of the various parameters, we obtain

L—r  (2n—2)(1+¢€(2n—1))

r - n —+ 6(2n — 1) ’
l:e(2n—1)(2n—2)—1 2n — 1 . for i=1,2,
0; 20+ €e(2n — 1) 2n + 2¢(2n — 1)

03 2n4+e2n—1) n+e2n—1)
Since € can be chosen arbitrarily small, therefore taking ¢ — 0 we get (1 — n)
and (1 —n)522 <o/ + 4/ <0,
Now taklng 0 — p1—1, we get § =22 — (2n — 1). Since the range of 0/ and /3 is an open

set, we get that M),. is bounded from Lpl(\m|“) x LP2(|z|?) to LP(|z|"z 3 ) for a, 8 satisfying
satisfying

<0

(1-n)p1 <a,f<0 and a+p>2(1-n)(n—(n—1)pn).
Further, using the product-type weighted boundedness of Mi,e for p1 = po, we get Miye is

bounded from L' (|z|*) x LP2(|z|’) to LP(|z|*= 3 ) forl—n<a,b<(n—1)(p1 —1).
This proves the desired result for the operator M. O

5. COMPARING THEOREM 2.1 WITH HOLDER TYPE RESULTS

In this section we compare the weighted estimates obtained in Theorem 2.1 with the esti-
mates that can be deduced using Holder’s inequality for both the operator My, and Mgy.
For 1 < p < oo, define the sets £, := {w : M, maps LP(w) to LP(w)} and F, := {w :
My maps LP(w) to LP(w)}. Recall also the definition of Ry, in (5) and let R, be defined as
(12) Ry ={zl:1-n<b<(n-1)(p-1)—1}, n>2
In [13], Duoandikoetxea and Vega proved the following weighted estimates for spherical maximal
functions with respect to radial weights.

Theorem 5.1. [13] R, C L, 1 < p < oo and ﬁp C Fp,

< p < o0.

33
,_.,_.

Let ﬁ() denote the piecewise linear function on (0, ™~

(0,1), (zgjr’f, ”ngif) and (21, 2=1) " defined similarly as (4). Recently, in [20] Lacey proved
the weighted estimates for the operators with respect to general weights using sparse domination

principle.

Theorem 5.2. [20] The following estimates hold.

) whose graph connects the points
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oLet1<T<p<¢laC()thenApﬂRH C L.

(¢>1M( ))

[ Let 1 <r <p < (bfull( ) then AE mRH((ﬁg 11(?))l g Fp.
p

For p'= (p1, p2,p) with % = p% + p%, define

Lz = {0 = (w1, w2) : Miae maps LP'(wq) x LP?(ws) to LP(w)}
and

Fp = {0 = (w1, wz) : Mgm maps LP'(wy) x LP?(wz) to LP(w)}.
In view of Theorems 5.1 and 5.2, Holder’s inequality yields the following weighted estimates for
bilinear spherical maximal functions with respect to product type bilinear weights.

Theorem 5.3. The following holds:
e [12, A NRH 0 (1), C Ly for all 1 <r; <p; < gi){ac(%_) and [[7-, Ry, € Lz, where

Pq

pi>1,i=12.
2 2 >
o [Ty An N RH(%H(%))/ C Fy for all ;27 < ri < pi < d() and [Tr—, Ry, € Fp,
Pg
where p; > 25,1 =1,2.

We show that Theorem 2.1 addresses the weighted boundedness of bilinear operators M, and
M with respect to bilinear weights that are not of product type as covered by Theorem 5.3
above. Note that it is enough to consider the case of p; = ps = p and point out the difference
between the two weighted estimates for power weights.

5.1. The case of full spherical maximal operator Mj,. The following result may be
deduced from Theorem 2.1.

Corollary 5.4. The operator My is bounded from LP(|x|*) x LP(|z|?) to Lg(|x\aT+B), for o, 8
satisfying the following conditions:

(i) Forn>2and ;"7 <p< nil

n2—n’
—2n . —2n
(p(n—l)—2)<o<,ﬂ<0 with (p(n—l)—2)<a+5<0
n—1 n—1
or, form >3, and ;23 <p < 22:11

—(n(p+1)—3p) <oz,6<n(p—1)—p with —2(n—p)<a—|—ﬁ<2(n(p—1)—p)
or, forn =2, and2<p<g

4
—(p—2).

—2 2
—(p—2)<a,6<§(p—2) with 0<a+f< 3(

3
(ii) FornZQ(md%<p<oo,

—2n—-1)<ao,f<0 with —2n—-1)<a+p<0.
(iii) Forn >2 and %L < p < 2+l

-1

— 2
njl(p(n—l)—Q)<O¢,5<nL+1(p(n—l)—2) with O<a+6<%( (n—l)—2)
or
nz;j:l((n—l)(n—?)ern +1)<a,f8< 2711((,12_”)1,_”2_1)
with
n;inl(HQ—i—l—p(n—l))<a+/8<7122$1((n2_n)p_n2_1).

(i )Forn>2and"+1<p<oo
—nn—1)<a,pf<nn-—1) with 0<a+p<2n(n-—1).
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Proof. Proof of (i). Consider p; = py = p with -5 < p < % Choose 11 = 19 = p — €,

where 0 < e < p — 5. For this choice of r; we have 8% =2 %. Therefore,
L S S 2n+1) _,_3-1@p-¢-2n+1)
tos1 s (n=1)(p—e) (n=1)(p—e) '

Recall that we need to make sure of the condition ¢’ > §. This gives us that e < el +(173(_n1;(2;1()n +U
Therefore, we have that

n pllp+ 1)(n—1)—(n+1)]}
n—1 (n—p+1)
We shall use Lemma 3.4 to get the condition on the exponent of power weights. Following the

notation therein, we can write down the parameters r,8; and d3 with the above choice of r;, s;
as follows

0<6<min{p—

1—r 2n—1)(p—¢€)—14

r (n=-1-9

1 _ @+l -1)p—¢)—pn+3) . . _
b P —1) e
1 2n—1)pp—€) —2p(n+1)+2(n—1)(p—€)
J3 p(p—e€)(n—1) '
o atp | 293

We know that (|z|*)» € Ai—ry and (|z[ 27 ) ? € Ai-rg, imply

—n((2p—|—1)(n—1)(p—e)—p(n+3)) cu ne

(n—=1)(p—¢) p—e
and
(20— Vp(p =) =2p(n+ D +20n=Dlp=) _ o e
(n—=1)(p—e) P

Since the conditions above hold for arbitrarily small €, taking ¢ — 0, we get that

—2n(p(n—1)—2) ca<0 with —2n(p(n—1)—2)
n—1 n—1

<a+p<0.

Observe that due to symmetry of the bilinear operator we get the same condition on 5 as given
above for a.

This proves the first condition in (i). The proof for the other cases in (i) as well as the other
parts (ii)-(iv) may be completed by using the same idea, therefore we skip it. O

Now it is easy to compare the exponents of power weights obtained in Corollary 5.4 with
that of the Holder type power weights as given in Theorem 5.3. Recall that in Theorem 5.3 we
have that Mgy maps LP(|z|*) x LP(|z|®) to Lg(|x|a7+b) forl—=nm<ab<(n-1)p-1) -1
Further, note that this range of exponents a and b is the best possible, except possibly at the
point 1 — n, that can be obtained through the classical full spherical maximal function My
along with the Holder inequality. On the other hand observe that in Corollary 5.4 we get a
significantly better range of o and 3 for which the operator Mgy maps LP(|z|*) x LP(]z|?) to

atB - . .
Lg(M%) for -+ < p < oo. This is the advantage of our method, that give us improved
weighted estimates for the operator Mg, with respect to genuine bilinear weights that are not
possible using the Holder’s inequality.

5.2. The case of lacunary spherical maximal operator M,.. As in the previous case, we
can deduce the following weighted estimates operator Mj,. with respect to power weights.

Corollary 5.5. Letn > 2. The operator My, is bounded from LP(|z|®) x LP(|z|?) to L§(|x|a2ﬂ)
for a, B satisfying the following conditions:
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(i) For 3280 <p < H,
—2nn—1)(p—-1)<a,pf<0 with —2n(n—1)(p—-1)<a+p<0
or
—(n—§)<a,ﬁ<n(p—1)—§ with —n(2—p)<a+pB<2n(p—1)—p.
(ii) For ™l < p < oo,
—2n—-1)<ao,f<0 with —2n—-1)<a+p<0.
(ili) For 2t < p<n+1,
2 2

2
“"P o with —2n<1—L><a+B< np
n

—n(n —2)p
— —n < <
n<op n+1 +1 n+1

n+1
orfor2<p<n-+1
—(n—-1p-1)<a,B<(n—=1)(p—1) with 0<a+p<2(n—1)(p—1).
(iv) Form+1<p < o0,
—nn—1)<a,f<n(n—1) with 0<a+p<2n(n-—1).

—2n

We skip the proof of the corollary above because it uses similar computations as in the case of
Corollary 5.4. Moreover, it can be verified that the range of exponents covered in Corollary 5.5 is

better than that given in Theorem 5.3 for the LP(|z|*) x LP(|z|®) to L§(|x]aT+B) boundedness of
the operator My, for all 1 < p < co. As a final remark, observe that part (ii) is not comparable
to parts (iii) and (iv) in both corollaries. For example, in the case of Mj,., the individual range
of v, B in (iv) is better than the individual range of o, 8 in (ii) for n+1 < p < oo, but we cannot
choose both «, 5 negative due to the condition 0 < a+ 8 < 2n(n —1). However, in (ii) we could
do that.

6. SPARSE DOMINATION: PROOF OF THEOREM 2.3 (SUFFICIENCY)

In this section we prove the sufficient part of Theorem 2.3. We have exploited the corre-
sponding ideas for the linear case from [20]. As announced, we will proceed proving the sparse
domination for characteristic functions and later extend it to general functions. The argument
when passing from characteristic functions to general functions is a bit tricky and we use a two-
step procedure without which we would obtain an extra condition restricting the result to the
Banach range. We follow a unified approach, stating as simultaneously as possible the results
for both My, and M.

Theorem 6.1. Let n > 2. For i = 1,2, let (%’?11) be in the interior of the triangle L,
(respectively the trapezium Fy ). Then for characteristic functions fi = xr, fo = xm and
compactly supported bounded function h, where Fy, Fy are bounded measurable subsets of R™,

there exists a sparse collection S = Sy, r,+ such that

<M(f17 f2)7 h> < CASTI,TQ,z(fla f2a h)7
where t == —2152—— > 1 and M := My, (respectively Mgy ).

S1+82—s8182
For a cube @ C R™ with side-length lg = 29, define Agfi(z) = qufs(fiX%Q)(x), i=1,2.

Note that Ag f; is supported in %Q The following lemma involving stopping time arguments is
the key result in the proof of Theorem 6.1.

Lemma 6.2. Letn > 2. Fori=1,2, let (%, ?11) be in the interior of the triangle L, (respectively
the trapezium F,,), with the additional condition si + é > 1. Let fi = xXr, fo = XFr,, where
Fy, Fy are measurable subsets of Qo and h be a bounded function supported in Qu. Let Cy > 1

be a constant and let Dy be a collection of dyadic subcubes of Qo such that

1/ Q,r; h .
sup sup ( idar + Qs ) < Cy, for i=1,2,
Qe€Do Q:Q'cQcQo Mfi)Qori  (h)Qoyt

where t = —=2152—— > 1. Then,

S1+S2—5182
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(i) If (X, L) are in the interior of Ly, with the additional condition i + é > 1,
K 7

[( sup Ag fi1Aqf2, W) < 1Qol{f1) Qo1 (f2)Qo,ra (M) Qo st
QeDy

(ii) If (711’ LY are in the interior of F,,, with the additional condition = + é > 1,

Si S1

[(sup  sup  A(fixig)(@)Ac(faxig)s M| < 1Qol(f1) Qo (f2)Qoirs (P)Qost-
Q€D 29—4<t<29-3 3 3

We assume Lemma 6.2 for a moment and complete the proof of Theorems 2.3 and 6.1.

6.1. Proof of Theorem 6.1. We will present the proof for My,., and after that we will point
out the main differences in the proof for Myy. First note that using standard arguments we can
reduce our work to proving analogous results for the dyadic version of the maximal functions
under consideration. Indeed, let f; and fy be positive functions with their support contained
inside a cube @)y. Fix a dyadic lattice D and consider the maximal function

Mo (fi, f2)(2) := sup |[Agfi(x)Agf2(z)|-
QeD

Since supp(fi) C Qo, we get that Agfi = 0 if @ N Qo = 0 and also Ag f; = 0 for large enough
cubes. To justify this, note that we are assuming that h is supported in the cube Q9. Therefore,
we need to check that for x € Qo, Agfi(xz) = 0, for large enough cube @ (with respect to Qo).
From the definition of Ag f;, we have

Aafi) = [ fle =2 gla = 2170 do(y)

Observe that for large enough cube @) with side length Ig > 16lg,, v — 2973y ¢ Q. Since

supp(fi) C Qo, then Ag f;(x) = 0.
All in all, in view of the above, it is enough to prove corresponding sparse domination for the
bilinear maximal operator

Mopng,(f1, f2)(x) = sup  |Aqfi(z)Aqfa(z)]
QEDNQo

Then, (Miac(f1, f2),h) can be dominated by the sum of finitely many sparse forms. By the
definition of supremum, one can find a universal sparse form in the sparse domination.

We proceed to prove the sparse domination result for the operator Mpng,. Let Cp be a
constant and &g, denote the collection of maximal dyadic subcubes of @)y satisfying

(13) (@i > Col{f1)Qorm O (f2)Qr > Co{f2)Qor2  OF (M) > Colh)qo-
Let Eq, = Upegy, P Note that we can choose Cp > 1 so that |Eq,| < $1Qo|.  Writing
Fg, = Qo \ Eg,, we have that [Fg,| > £|Qol.
Next, denote
(14) Dy:={QeDNQo:QNEg, =0}
and observe that for QQ € Dy we get that

(15> <f1>QJ’1 < CO<f1>Q0,T1 and <f2>Q,T2 < CO<f2>Q0J"2 and <h>Q,t < 00<h>Q0,t'

For, if (13) holds, then there exists P € £g, such that P D @. This will contradict the definition
of Dy. In a similar way, note that if Q" € Dy and Q' C Q C Qo, then we also have (15). These
two observations together give us that, for ¢ = 1,2,

(16) sup  sup  (fi)Qur; < Co(fi)@or; and  sup  sup (A < Co(h)Qo.i-
Q'€Do Q:Q'CQCQo Q'€Do Q:Q'CQCQo
Now we claim, using a standard linearisation argument, that it is enough to prove sparse

domination for a suitable linearised form. For, let @ be the collection of all dyadic subcubes of
Qo. Given Q € Q, consider the set

Hg = {37 €Q: Aqfi(z)Agfa(x) > Slel%APfl($)APf2($)}‘
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Note that for any = € @, there exists a cube @) € Q such that x € Hg. Set Bg = Hg \
Ugog He- Observe that {Bg}geg are pairwise disjoint and (Jgeg Bg = Ugeg Ho- Then

<1831€115«4Pf1«4pf2, Z/B sup (Ap f1(z)Ap f2(z)) h(z)dz

Qeq”/Bq PEQ
<23, ., Aafi(@) g fala)h(z)ds
QeQ
<2Z/ AQ fi(x) Aq f2(x)h(x)x B, () da
QeQ
=2 (Agfidqfa,hq)
QeQ
<2 ) (Aofidqfahxn,)
QeDNQo

where hg = hxp,. The estimate above allows us to work with a linearised form instead of the
supremum. Notice that this argument uses the full collection of dyadic subcubes of the given
cube Qg. So, in particular,

[(sup Agfidgfo, )| < |(sup Agfidafo, )] < |2 3 (AgfiAasz, ha)|
QeDg Qe Qco

<2l > (AghAgfahxsy)|:

QeDNQo
Therefore, it suffices to prove the sparse domination for
Z (A frAqfz2, hxg)-
QeDNQo

Next, observe that for any cube @) € DN Qo we either have ) € Dy or () C P for some P € &g,.
Therefore,

A7) > (Aofidofehxsy) = 3 (AgfiAqfahxse) + Y. D (AgfiAgf hxs,)-
QEDNQo QeDy Pegq, QCP

We would like to remark here that so far we have not required that f; and fy are characteristic
functions. Now we invoke Lemma 6.2 to get that

(18) > (A fiAq S hxso) S 1Qol(F1)Qom (f2)Qoura (B ot
QeDy

Let {P;} be an enumeration of cubes in £g,. Then we can rewrite the remaining term as

> > (AohAgfnhxse) =Y. Y. (AgfiAqfa hixsy)-

PEEQO QCP Jj=1QeP;ND

We repeatedly use the estimate above for each j and put all the terms together to get a sparse
collection S so that the following holds

Y. (Aafidgfehxpg) S D ISI(fi)sm (fo) s (h)sy
QEPNQo Ses

This completes the proof of Theorem 6.1 for M.
In order to prove the corresponding results for the operator My, we require a bilinear
analogue of local spherical maximal functions. It is defined as follows

(19) M(f1, f2)(x) = sup Aifi(z)Aifo().

te(1,2]
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Again standard arguments reduce the task to consider a dyadic version with the maximal func-
tion -
sup  [Mq(f1, f2)(2)],
QeDNQo
where

Mo(fi, f2)(@) = sup  A(fix1o) @Al faxag) ().

20-4<<20-3
Note that a linearisation trick as earlier tells us that it suffices to replace the supremum (19)
with the form

| Y (Mo, f2), ho)l,

Q€eDy
with hg = hxp, and Bg = Eq \ Ug~q Eq/» where

N 1 —
Eq={reQeQ: Mqg(f, f)(x) > §ISDUZMP(f1,f2)($)}-
€
The remaining part of the proof can be completed following the lacunary case.

6.2. Proof of Theorem 2.3. We will make use of Theorem 6.1 in proving Theorem 2.3. The
proof is unified in both lacunary and full cases.

Step I: Let f; and h be non-negative compactly supported bounded functions with support
in the cube Qo and fo = xF,, where F» C (9. We use the same argument as in the proof of
Theorem 6.1 up to the estimate (17) with the same notation and here Dy is defined with respect
to f1,xr, and h. In fact, it is enough to prove an analogue of estimate (18) for the setting under
consideration, i.e., we need to show that

Z <'AQf1AQXF27hQ> S ‘QO’<f1>Qo,p1 <XF2>Q0J’2 <h>Q07t7
Q€D

where p; > 71.

In order to use Theorem 6.1, we first need to decompose the function f; into suitable char-
acteristic functions. Consider E,, = {x € Qq : 2™ < fi(z) < 2™!}. Then there exists mg > 1
such that E,, = 0 for all m > mg. Denote f{" = fixg,,. Thus, we use Theorem 6.1 for each
pair of characteristic functions xg,, and xr, and obtain the sparse domination for the functions
f1* and x, as follows

> (A Agxr,, ho) < 2 Y (Agx s, Agxr,, ho)
Q€eDo Q€D

SN (Agx e, A hoXrg,)
QeEDNQo

S 2 Z 5| <XEm>S,T1 <XF2>S,T2 <hXFQ0 >S7t
SeSm

where S, is the sparse family corresponding to characteristic functions xg,, and xr,.
Next, using the stopping time condition on the functions h and fo = xp, as given in (16), we
get

Z |S|<XEm>SJ"1 <XF2>SJ"2 <h’XFQO>S,t < <h>Q07t<XF2>Q0,T2 Z |S‘<XEm>S,T1'
SeSm S€Sm

Choose p; > r1 and consider p;’ > 1 such that p% + % = 1. Now, using an easy consequence of
the Carleson embedding theorem (see [21]) we get that

L 2
> 1S Xz s = D> ISP Xk )5 |S]7

SeSm SeSm
5 L 2
< (D ISKxe) e (D] 1S) ™
SESm SeSn

< AXEm) Q0,51 1Q0l-
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Finally, using [2, Lemma 4.6 and Lemma 4.7], we obtain

(20) !<5é1£ AQf1AQxXF:» hQ)| S 1Qol(f1)Qo.01 (XF2) Q0,2 (P) ot
0

where p; > p1.
Note that we can decompose } o cpng, (AQf1AQXE hxB,) as
(21)
> (AofiAoxm hxsy) = Y (AgfiAgxm, hxsg) + Y. O (AgfrAgxe hxs,)-

QeDNQo Q€Dy Pe&q, QCr

Now from (20) we get that

(22) Z <AQf1AQXF27 hXBQ> < |Qol <f1>Q07p1 <XF2>Q0,7”2 <h>Q0,t'
QeDo

Let {P;} be an enumeration of cubes in £g, defined with fi, xr, and h. Then we can rewrite
the remaining term as

S (AofiAoxr hxsy) =Y Y. (AofiAgxr, hxs,)-

pPegg, QCP Jj=1QeP;ND

We repeatedly use the estimate above for each j and put all the terms together to get a sparse
collection S so that the following holds

Z <AQf1AQXF27 hXBQ> S Z ‘S’<f1>5,p1 <XF2>S,T2 <h>5,t'
QReDNQo Ses

Step II: Now consider f1, fo and h are non-negative compactly supported bounded function
with support in the cube Qg. We use the same argument as in the proof of Theorem 6.1 up
to the estimate (17) with the same notation and Dy is defined with respect to f1, fo and h. It
suffices to prove an analogue of estimate (18) for the setting under consideration, i.e., we need
to show that

> (AgfrAgfa h) S 1Qol(f1) 0w (f2)Qoupe (B Qorts
QeDy
where p; > 71 and pg > ro.

Note that we already have an analogue of estimate (18) for general compactly supported
bounded function f; and fo = xp, a characteristic function in (20). Therefore, in order to
prove the required estimate for general compactly supported bounded functions f; and fo we
decompose the function fo such that fo = >""°, f3 with f3 = foxp,, where F,, = {z € Qo :
2" < fo(x) < 2"} and F, = () for n > ng. From this point onward the proof follows in a
similar fashion as in Step I. Finally, we get the following estimate

|<QS£ A f1Aqf2, h)l S 1Qol{f1) Q001 (f2) Qo2 (M) Qo t5

where p; > 71 and pg > ro.

Remark 6.3. Observe that the argument in which we freeze one of the characteristic functions
when passing from characteristic functions to gemeral functions is crucial. Dealing with both
characteristic functions simultaneously yields the extra condition % + % < 1, restricting the
result to the Banach range.

6.3. Proof of Lemma 6.2. Finally we provide the proof of Lemma 6.2. This is the most
technical and tedious part of the paper. We will begin by giving the proof in the lacunary case,
and after that we will sketch the significantly different parts in case of M.

First note that one can use the same linearisation trick as in the proof of Theorem 6.1. This
would mean that it is enough to prove the following estimate

> (AghiAqf2rhq) S 1Qol(f1) Qo (f2) Qo (M) @orts

Q€eDo
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where Ag fi(x) = qu—s(fiX%Q)(:c), and so

Agfie) = | file =2 y)xsq(e =20 y) do(y).

Since lg = 24, we see that for y € S"~! we have %Q +2973y C %Q and hence supp(Agq fi) C %Q.
Now define

Aqfile) = Asas(fix1q)(@).

Observe that supp(jQ fi) € @ and since f;’s are non-negative functions, therefore
Aofi@) = [ Bile =2 yqle =270 doly)

< | e =2 = 27y doly) = Aofile),

for a.e. x and ¢ = 1,2. In view of these observations, it is enough to prove that
> (AafiAqfa.hq) S 1Qol(f1)qom (f2) Qo (W) Qua-
QeDy

The important observation here is that with this localization we will be able to separately
distinguish the dyadic (bad) cubes in which the cancellation property can be applied. Here we
have used the same notation as in Theorem 6.1. For ¢ = 1,2, let

¢, = {collection of maximal dyadic subcubes P C Qo : (fi)pr; > 2Co(fi)Qo,r; }-

Applying the Calderén-Zygmund decomposition to each f; at the height o; = 2Co(fi)Qo.rs
i = 1,2, we can decompose

fi=bi+gi,
where ||g;[[Loe < (fi)Qo,r; and
qo—1 qo—1
bi:Z(fi P)XP = Z Z P)Xp =: Zlem
Peyy, k=—oco PEB, (k) A

with lg, = 2% and B;(k) = {P € 4, : lp = 2F}. Now,
| Y (AghAgfa ho)| < | D (AgarAgae, ho)| + | D (AggrAgba, he)|

QeDy QeDy QeDy
+ ) (AgbiAgae, ho)| + | D (AgbiAgbe, ho)|
QEDO QG'DO
=: GG+ GB+ BG + BB.

We estimate all the four parts separately. Note that in view of the symmetry in GB and BG
parts, it is enough to estimate one of them.
Estimate for GG (both functions good) part. Using the fact that ¢ > 1, we have

GG < 3 Mogidoslli=lhal < (faom ()anr S / (@) x5 (2)|de
QEDO QGDO

SJ <f1>Q077“1<f2>Q0,7”2< )Qo’Q0|
S (F1)Qo.r1 (f2)Qo,ra () Qo,t| Qol -

Estimate for BG (one function bad and one function good) part. Arguing with a
similar argument as in the proof of Theorem 6.1 in our paper we note that, for all ) € Dy and
P e vp,if PNQ #0, then P C @, by the stopping argument. Therefore, for any @ € Dy with
lg = 29, we have

(AgbiAgga, ho) = > (AgBirAqggs, h) = > (AgBig rAgge, hq)-
k<q k=1
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Thus,

| Y (AgbiAgge, hd| =Y D (AgBig—iAggs, hq)l-
Q€eDo k=1 Q€Dy

Note that (.ZQ)*f(x) = X%Q(.T)qufi?)f(x). Indeed, for compactly supported bounded functions
f and g, we have

(Ao f.9) / Aof(x
_/ ( gnm 1fX1 (=277 )da(y))g(x)dx

= / f(z X1 / » g(x + 2773y) da(y)) dx
H(f,(Ag)*g),
where B
(AQ)"9(z) = X1 (2) Aze—sg(z).
Hence,

BG—} Z /bl .AQ) (.Ang hq)(z dl“
QDo

| Z Z Z /qu Kz AQ) (AQ92 hq)(z) da|

QEDy k= 1P€Bl(q k)

} Z Z Z /qu k Xl ( )qu 3(AQ92 hQ dl"

QEDo k=1 PEB; (q—k)

Now, observe that in the above line only those P will survive for which P N %Q # (). Further,
we can write

|Z Z Z /qu k(2 X1 (2)Aga-3(Agga - ho)(a x)dx| < I+ 11,

Q€D k=1 PEB1(q—k)

where

I=|>% Z > /Bl,q k(@)X 10 (#) Asi-s(Agga - h) (@) da

Q€D k=1 PeB;(q—k)

and

=YY Y | Brasla)xg o) As(Aog - ho)e) dal.

Q€D k=4 PeB1(q—k)

Here we have separated subcubes of kth generation with & > 4 in part 11 so that we can use [20,
Lemma 2.3]. For the part I we do not need to use the cancellation condition on By ,_j as there
are only finitely many terms with respect to k& and the sizes of subcubes P in these generations
are comparable with the size of original cube ) with an absolute constant.

Recall that if PN Q # 0, then P C @ (by stopping time argument). Therefore, all the P’s
are dyadic subcubes of (). Also, observe that all the dyadic subcubes of ) of second and higher
generations which intersect (except with edges) with %Q, are contained in %Q. In fact, all the
second generation subcubes of () which are around the center of (), are contained in %Q, and
the other second generation subcubes of () along the boundary of ) do not intersect with %Q,
i.e, for any P € By(q¢—k), k > 2, with PN %Q # (), implies P C %Q. In particular, this property
will be used in estimating part I1 for all k > 4.
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Now, we first deal with part I, in which we cannot use the cancellation property (since the

dyadic cubes of first generation P are all intersecting %Q, but P ¢ %Q) Nevertheless, we will

not need the decay to conclude the estimate in this case?:

Yy Y | Braslaiq) e (Aog - ho) @) daf

QEDOIC 1 PeBi(q—k)

\Z > / B g—i(2)(Aq)*(Agg: - hq) (@)

k=1 Q€Dy

where U P =Py. Since, P € Bi(q — k) are disjoint subcubes of @, we get Py, C Q. Now,
PeBi(q—k)

= Z Z/ AQ(B1g-kxe,) () Agga(z)ho() da|

k=1 QeDyo
3
<> > IAaBrgrxe )l o 1 Aqg2 - hollLe
k=1 Q€eDy
3
Z Z QI By 4 k>Qr1<~AQ92 hQ)Q s1
=1 QEeDy

In the second last line we have applied Holder’s inequality with respect to s} and s;, where

% + SL/ = 1 and in the last line we have applied L™ — L* boundedness of the averaging
1

operator A3, for (T s o L) belonging to the interior of L/,.
1

Let us now estimate the part I1. The key point here is that, for small enough cubes, we first
write the dual and then use the cancellation:

ZEY Y [ Busge@idsan ho)w)ds

Q€eDo k=4 PcB1(q—k)

<zzz‘;‘

k=4 Q€Do PeBi(q—k)
<| [ ] Brasngo)l o s(Aom - ho)le) ~ A-s(Agg: - ho)(a))] ded'|

Observe that in the last line we have used the fact that if P € By(¢—k), k > 4 with PN %Q +),

then P C %Q. Therefore fP BLq,k)(;Q(;U) dxr = 0. Now, write 2’ = z —y, then y € P — P.
2

Applying this change of variable we get

T30 S o

k=4 Q€Dy PEB1(q—k)

<[ Braxge@l s = ndasl(oge - ho)(e) do ]

SIDID I

k=4 Q€Dy PEB1(q—k)
(23) x/
Py

ZNote that we are applying the Calderén-Zygmund decomposition for the functions fi, fo. Therefore,
Jp B1,g—k(x)dx = 0 may not imply [, Bl’q_k(x)X%Q(:r) dz =0, unless P C 1Q.

/P Big i1 () [ Anr-s — 7y Ay ](Agn - ho) (w) de| dy,
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where P — P C Py and [p, = 2lp. Observe that the quantity within the modulus sign in (23) is
a function of y. We apply duality for the L!(Py)-norm. For H € L>(P,) we write (23) as

Z o! P /Bl,q kX1Q (z)[Aga-s —TyAzq*B](JZQQThQ)(x) dx H(y) dy

PEB; (
1 _
=T Big-kX1q(@)[Ag-s — Ty Aga-3](AqQg2 - ho)(x) dz H(y) dy
| Pol Py JPy, 2
1 -
<Vl [ ][ Braoxo@)lida s = s sl(Aoga - ho)(a) dady
| Pol Py ' JP 2

1 ~
17 [ ] [ Braiyane, (o)1 s = ol (Agne - o)) dal
0 n

1 -
=Nl [ ] [ o = Aaes B ix e, (0 A - o)) da .
0 n

Observe that for all k& > 4, the side length Ip < 29=% and hence we have ly| < 20-3, Now,
applying [20, Lemma 2.3] we get

H<Z Z ’P| Py (|y‘> QUBLg—kxE )@ (AQg2 - ha) Qs dy

= 4QED lq
<y > / (Y0181 - (Age - hado.e du.
k=4 QDo P

Further, since y € Py we have |y| < 297%+1. This implies that

BG5S Z o1k Z |QI(B1,g—k)Q.r1 (AQ92 - Q) Q.5 -
k=1 QeDo

Further, note that

1

~ 1 ~ L ~
as:-halas = (g7 [ (Aas)" @13 ) ™ < I Aamlli~ (Rl

S <f2>Q0,7"2 <hQ>Q,S1

and (Big—k)Qr S (XFi0)@r + (f1)Qoir (X144 ) Qi Where Fi g are disjoint subsets of F
and E 4 are disjoint subsets of Jp. Putting these estimates together we get

BG S <f2>Q0,7“2 Z 27 Z ‘Q|<XF17q,k>Q:7'l (hQ>Q751

k=1 QEeDy
o0
—nk
+ (f1)Qo.r1 (f2) Qo Z 27" Z |Q|<XE1,q,k>Qﬂ“1 (h@)Q,s1 =t BG1 + BGa.
k=1 QEeDy
We estimate both the terms separately For the term BGy, note that (%, i) in the interior of
L, which implies that == + = > 1. Choose 7 > 0 such that =~ — 7 + =1. erte -7 = 1

and note that 71 > ry. We have by using that Fy 4, C Fy and the stopplng time condltlon for
the function fi,

XFiq)an = \QI/ ) IQ/ o) < |Q/ i) !Ql/

Tr
|Q‘ / Xquk >Q01,7"1'

A

Z/\

Therefore, as t > s,

G = <f2>Q0,T2 22_7716 Z ‘QKXFl,q,k)QJl <hQ>Q,81

k=1 QEeDy
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S <f1>gol,r1<f2>Qo,rzz2 " Z ’Q| |Q‘ / Xquk <22|/69th1);1

k=1 QEDy
§<f1>gol,m<f2>czomz S (3 ) (X [ )
Q€eDo Q€D

S (M)Gem (e or2<f1>Q0,r1!Q0\H<h>Qo,51!QOF
< <f1>Q0,7"1<f2>Q07T2< >Q0¢’Q0|'

Next, the term BG9 may be estimated as follows. Since 7y > r1, we have <XE1,q,k>Qﬂ’1 <
(XEy 4@, - Consider

(24)

BGy = <f1>Q07T1 <f2>Q0,T2 Z 277" Z |Q’<XE1,(1,I€>Q7T1 <hQ>Q751

k=1 QEDy
o
< (1)Qom (f2)Qore 22—nk Z |Q’<XE1,q,k>Qﬂ'“1 (hQ)q,s
k=1 QEeDy
1
< (1) Qo (f2)Qo,r2 22 nk Z /XElqk Z /h81XBQ o
QeDo QeDo

g <f1>Q077”1 <JCQ>QO,7“2’QO|H<h’>QO,S1’Q()|q
(25) < (f1)Qor1 (f2)Qo,ra (M) Qo t|Qo|  as &> s1.

Estimates (24) and (25) yield the desired result for the term BG. The estimate for the third
term G B follows similarly.
Estimate for BB (both functions are bad) part: We have

BB=| Y (AohAgbnho)l = | 3 /b1 (o) (Aghs - hg)(x)da

Q€eDo Q€eDy

’ Z Z Z /Bl,q k(@ X1 () Agq- 3(AQb2 hq)(z )dm‘

QEDy k=1 PeB; (q—k)

) Z Z Z /Bl,q k(@ Xl (2)Agq- 3(AQ52 hq)(x )dx‘

QEDo k=1 PeB1(q—k)

+} Z Z Z /qu k(2 X1 (7). Agq- 3(.,4ng hq)(x )daf;‘

Q€Dy k=4 P€B1(q—k)
= Ipp + I1py.

Now Iy, can be handled similarly as I. On the other hand, we estimate Iy, as follows

ey Y Y u;

k=4 QeDo PeB1(q—k)
| / / BrgiX30(@)Aar-s(Agbs - ho) (@) — Agy-s(Aghs - h) (") dar da

SIS ‘;‘

k=4 Q€D PEB1(q—k)
‘/ /Bl,q X30() [ A2 — 7y Age-)(Agha - hg) () d dy.
P_P

Now, we proceed as for BG, but at the last line apply Holder’s inequality. Then the term is
dominated by
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3 > Bl / 1daa-s — Apa-s7—y By gioxe ||y 12l o Il
k=4 QeDy

> \yl =
S g ) B At g ol

k=4 Q€Dy

where, in the last inequality, we have used [20, Theorem 2.1] for (%, si) in the interior of
1
L, = {(%, %) : (1 1- f) €L, } and Holder’s inequality with exponents =3 —{—i. This yields

B<22 nk Z |Q| qu k>QT1”AQb2||L2HhQHLt

QEeDy

Next, we make use of [20, Lemma 2.3] to estimate the quantity

lAQball, ., = sup  [(Agbs, ).

| 1/’| rs2=1

Indeed, with a similar computation as the one for BG, we can conclude

(gt = | [ Aghataw@iaa] = |3 3 /B £)(Ag) () da

Jj=1 PeB2(q—j)

’Z Z /BZ’q —j Xl () Agq-3t( )dw’

Jj=1 PeB>(q—j)

w

2

<Z\@|1 > (Ba- ]>Qr2||w||L2+Z|P| [ 10 () Bramslarsoloads.

Thus we obtain the following estimate.

< N —n(k+3) ‘Q|2 )7
BB S Z 2 Z T 1 <Bl,q k) Q.1 (B2,q— J)Qrz( h )

kj=1 QeDy, |Q]*1 " =2

where we know that

(26> <Bl,q*/€>Q77"1 5 <XF1,q,k>Q,7"1 + <f1>Q0,7"1 <XE1,q,k>Q7T1
and
(27> <B27q—j>Q,7"2 g <XF2,q,j>Qﬂ“2 + <f2>QOJ‘2 <XE2,q,j>Qﬂ”2'

Here, Eq 4k, F2q4; are disjoint subsets of Qo and Fi ,, Fb 4 ; are disjoint subsets of Fy, Fb,
respectively.

Substituting (26) and (27) into (6.3), we get the following four terms, which will be estimated
separately.

1

o0 B Q £
BB Y 27k R | L <XF1qk>Qm<XquJ>Qrz</Qhé2)t

k,j—l QeDo |Q| SRR
1
T

T O Rl i - LN TS PR PN (

k,j=1 QEDy IQIS1 =

+ Z 9= n(k+7) Z ‘CEL <f1>Q0,T’1<XE1qk>QTl<XF2qJ>QT2( >
kjm1 QeD Q1 =2

+ Z 2 n(k+3) Z |CE|+ <f1>Q07T1<XE1qk>QT1<f2>QO»7'2<XE2qJ>QT2(/thg>t

kj=1 QeDy |Q]*1 " =2
=: BBy + BBy + BB3 + BBy,.

S—

h

1
t

t
hq

S—
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Estimate for the first term BB;. At this point, one has to deal with the cases % + % >1

1 1 . 1 1 P
and Tt < 1 separately. Let us start with the case o e > 1. Choose positive numbers T

and 7 such that %—l—% =1+ 7 + 7 and denote %—Ti = -, 1 =1,2. Note that - +— =1.
We have
L 1 1
BB1 Qot Z 2- nk+7) Z |Q’1_T1_T2</ XFLq,k)Tl (/ XF2,q,j>r2
k,j=1 QeDy Q Q
1 T2

S (B Qot (1) G (F2) G2y 1) Gy (T2 G | Q0L = (1) Q0,1 {F2) @y () Q.| Q-

The case % + % = 1 follows similarly with m = 7 = 0.
Let us turn to the case when % + % < 1. Observe that % + % +% > 1. Now, choose 71,79 > 0
such that % —I—% —1—% = 1471 4+ 7. This implies %—l— % —l—% =1, where ?11 = % —1;, fori=1,2.

> oleit ><F1qk>Qr1<><F2(”>Qr2(/Qh’é,g>1

BB = Z 9—n(k+j)
k.j=1

QGDO
1 1 1
(k+7) 2 2 t o\t
S (AL (g, 3 2 S ( / i) ( / xia) / o)
k=1 Qep, @ Q Q

5 <f1>Qo,7’1 <f2>Qo,'l‘2 <h>Q0,t|Q0"

In the last inequality we have used the Holder’s inequality with respect to rq, 75 and ¢.
The latter case is analogous for the remaining three terms BBy, BBs and BBy, hence we will
focus on the estimates only for the case when % + % > 1.

Estimate for the second and third terms BB; and BBj3. The estimates for BBy and
BDBs may be obtained in a similar fashion. We provide here the argument for the term BDBs.

Since 7 + .- > 1, we can choose a positive number 7 such that ;- — 7+ - = 1. Denote

% -7 = E and note that - + — =1 and r; < r;. Then we have,
1 1
BBs S (f1)Qo.ri (P)Qo.t Z 271D N QI (/ XEl,q,k> ' (/ XFQ,W) ’

k,j=1 QEDy Q Q
k- 2
< (f1)Qor (h)qort Z 277 +J) Z /XElqk ' Z /Xqu]
QeDy Q€eDy

5 <f1>Q0,7’1 <h>Q0,t‘Q0|E <f2>Q0,T2 ’QO|6 = <f1>QOJ"1 <f2>Q0ﬂ"2 <h>Q07t|Q0|'
Estimate for the fourth term BB;. Choose 71 and 7 as in the case BB;. Consider

1 1

BB4 <f1>Q0,r1<f2 Qo,rg Q07 Z 2" n(k+5) Z |Q‘1__</ XElqk:)rl</C)XE2,q,j>r2

k,j=1 QEeDy

<f1>Q0ﬂ”1<f2 Qoﬂ“z Q07 Z 2- n(kJr] Z /XElqk Z /XE2q] -

Q€EDo Q€eDy
~ <f1>Q0,7‘1 <f2>Q0,Tz< >Q0¢|Q0|'

This completes the proof of Lemma 6.2 for the lacunary bilinear spherical maximal operator.
For the case of the full bilinear spherical maximal operator, we proceed analogously as in the
proof of the lacunary maximal operator. In this case, we have to deal with

Mo(fi (@)= s A(fixq) @A fox o) o)

and we call

Afi(z) = Al fix1o) (@)
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We use the Calderén-Zygmund decomposition to write f; = ¢; + b;, ¢ = 1,2 to get the
following

1S Mol o), ha) < 1Y (Mol g2) h)l + 1 Y (Ma(gr, ba), h)l

Q€Dy QDo Q€Do
+1 ) (Ma(brg2), hdl +1 D (Mg(bi,ba), hg)l
QEDO QEDU
=: GG+ GB + BG + BB.

Estimate for GG (both functions good). In this case we have

Y 1iMa(g1,92), Q) < D IIMgillre= [ Mggall= kol 1
QEDO QEDO

< ()aor (2)aors / (@) g (2

Q€Do
S <f1>Q07r1 <f2>Qo,7“2< >Q0’Q0|'

Estimate for BG (one function good and one function bad). We have, proceeding as
in the case of BG for the lacunary spherical maximal function. Let tg : Q — [2474,2973] be a
measurable function, then

|3 Mol o)l < 3 | [ 01(o)(Aig) (g - o) o) d

QEDO QG'DQ
S Z Z ‘Q|<B1,qfk>Q,r1 <~AtQ92 ) hQ>Q,51

k=1 Q€D

!y\
S5 (D) 10180 (Ao ha)a dy
k>4 Q€Dy

S Z 2~k Z ‘Q|<Bl,q—k>Q,r1 <~AtQ92 ’ hQ>Q,S17

k>1 QEeDy

where we have used [20, Theorem 3.2] in the second to last inequality. Next, observe that

<AVtQ92 : hQ>Q,S1 S <f2>Q0,Tz<hQ>Q,81'

This point onward, we can follow the proof in the case of bilinear lacunary spherical maximal
function and get the desired estimates. We skip the details.
This completes the proof of Lemma 6.2.

7. NECESSARY CONDITIONS FOR THE SPARSE DOMINATION

In this section we prove the necessity part of Theorem 2.3. Indeed, we discuss the relations
involving the exponents 71,72, 51, S2 and ¢ and show that they are necessary conditions for the
validity of the sparse domination of the bilinear (both lacunary and full) spherical maximal
functions. We make use of examples in the spirit of Knapp and Stein [32]. The approach in the
(linear) sparse domination setting is developed in [20)].

7.1. Sparse form for M. Let fi = fa = X|jz/—1j<s and h = X|z|<cs for some 0 < § < 1/4
and ¢ € (0, %) Then we get that A; fi(z) > ¢ h(x), i = 1,2. Therefore, the sparse domination
for the operator My, implies that

5" < s Arfi() As fo()h(z) dz < Co Y QI )@ (f2)@ura (B @t

QeS

where S is a sparse collection. Observe that in the estimate above, in order to make non-trivial
contribution to the term on the right hand side, the cube ) € S must necessarily intersect with
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the supports of f1, fo and h. Moreover, it is crucial that

dist(supp(f;), supp(h)) > 1/2,

which implies that all the cubes contributing to the sum have side length at least 1/2. Further,
since the contribution of a cube decreases as its size increases, it suffices to assume that S
consists of one such cube ). We have the estimate

1—-r_1_
0" S Al fellre 1bllre S 1QI ™ 72
Since d > 0 can be chosen arbitrarily small, we get that
1 1 n

—+ —+-<n
™ T9 t

1 1 1 n
t6r1+r2+t

Note that the estimate above forces the condition ¢ > 1. Substituting the value of ¢ in terms of
s1 and s9, we get the following necessary condition

1 1
(28) T LY
™ S1 T2 52
In a similar fashion, one can show that if fi = fo = X|z<s and h = X||z|—1|<cs for some
0<§<1/4and 0 < ¢ < 3, then we get that A fi(xz) > " 'h(z). This gives us another
necessary condition, namely % + % + % < 2n — 1. This would mean that
1 1
(29) Tty <o
™ S1 T2 52
The conditions (28) and (29) imply that both of (%, s—ll), i = 1,2, cannot lie outside of the
triangle L,,.
Next, take f1 = X|z|<s; f2 = X|z|<2 (also interchanging fi and f2) and h = X||z|—1|<cs for some

0<d<landO<c< % and observe that
515 < 67T
This yields that TQJF% < n,i=1,2. Similarly, by taking f1 = X|jz|-1/<5> f2 = X|z|<2> P = X|z|<cs
for some 0 < § < 1/4 and 0 < ¢ < % and interchanging the roles of f; and fo we get that
R <ni=1,2
Putting the above two conditions together we get the following condition.

n 11 n

R O =1,2.
(30) max{m—i-t,m—i-t}_n, i=1,2
The conditions (28), (29) and (30) must necessarily be satisfied for the sparse domination of the
operator Mj,. to hold.

7.2. Sparse form for Mg, . Consider f; = |z|'~"(log ﬁ)*lx‘xkg and fa = X|z|<1 and note
4
that f1 € L™ (R™) for 1 < r; < 2=, It is easy to verify that Mgn(f1, f2) is infinite on a set

n—1
of positive measure. This gives us the condition that % < 2=1  Using the symmetry between
1 n

f1 and f5, we also have that % < "T_l Next, we observe that both of (%, S—lz), 1 = 1,2 cannot
lie above the line segment P, P, in F;,, see Figure 1. This can be proved by considering the
functions f1 = f2 = X|jz/=1j<s and h = X|g|<cs for some 0 < § < 1/4 and ¢ € (0, %) This is
same as in the case of lacunary maximal function. Note that the support-separation property
also holds. We omit the details.

Consider fi = fo = xg, and h = xg,, where R = [-CV§,CV0]" ! x [-C3,CH] and

Ry = [—V0,Vo]" ! x [%, g] This yields

(M(f1, f2),h) 26
The sparse domination of <./\7 (f1, f2), h) yields

3(n—1)
2.

3(n—1) ntl ntl 1
0" 2 <d2ridr2doz .
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This gives us the condition

n+l n—-1 n+1 n-1
(31) + + + <4(n-1).
1 51 r2 52

Therefore, both of (%, Si) ¢ = 1,2, cannot lie above the line segment P3P, in Figure 1.
Also, the conditions - ? + % < n,i=1,2, must be satisfied for the sparse domination of the
full maximal function as they hold for the lacunary maximal function. Further, by considering

J1=Xg:, f2 = Xp(0,,... 4)2) and h = Yg,, we obtain that

n—1 ntl p_1
" < (M fi1, f2), hy S 6216 2.
Therefore, we get that

1 —1
ntl o),
™
Interchanging the roles of f; and fa, we also have that
1 —1
Rl o).
r2

These are necessary conditions on various parameters in order the sparse domination to hold for
the full bilinear spherical maximal function.
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