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ON THE ENERGY OF CRITICAL SOLUTIONS
OF THE BINORMAL FLOW

VALERIA BANICA AND LUIS VEGA

ABSTRACT. The binormal flow is a model for the dynamics of a vortex filament in a 3-D
inviscid incompressible fluid. The flow is also related with the classical continuous Heisen-
berg model in ferromagnetism, and the 1-D cubic Schrodinger equation. We consider a
class of solutions at the critical level of regularity that generate singularities in finite
time. One of our main results is to prove the existence of a natural energy associated to
these solutions. This energy remains constant except at the time of the formation of the
singularity when it has a jump discontinuity. When interpreting this conservation law in
the framework of fluid mechanics, it involves the amplitude of the Fourier modes of the
variation of the direction of the vorticity.

1. INTRODUCTION

In this paper we focus on qualitative and quantitative properties of singular solutions of
the binormal flow. This geometric flow describes the evolution in time of a curve x (¢, z) in
R3 that is parametrized by arclength z, via the equation

(1) Xt = Xa A Xaz-

If in a 3-D fluid the vorticity is concentrated initially along a curve, it is expected that
at least in some situations the vorticity at later times is still concentrated along another
curve, whose evolution is dictated by the binormal flow. This was formally derived by Da
Rios in [11] after truncating the integral given by Biot-Savart’s law (see also [27], [1],[5]). A

more rigorous argument, but still under some strong assumptions, has been recently given
by Jerrard and Seis in [20].

The binormal flow is linked to the 1-D cubic Schrédinger equation (NLS) in the following
way. Taking the derivative in  of y we obtain that the tangent vector T'(t,z) € S? satisfies
the classical continuous Heisenberg model used in ferromagnetism

(2) T, =T NT,,.

Next, by considering the curvature and torsion of x(¢,x), Hasimoto constructed, in the
spirit of the Madelung transform, a complex valued function that satisfies the focusing 1-D
cubic NLS ([19]). Conversely, given a real function of time a(t), a solution u of

) 1
(3) Wt + Ugg + §(|U|2 —a(t))u=0,
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a point P € R3, and an R3-orthonormal basis (v1,v2,v3), one can construct a solution of
(@) as follows. First define parallel frames (T, ey, e2)(t,x) as the solutions of
T,=RuN), Nyp=-—uT,
(4) _ . i
T, =Sz N), Ny=—iu,T+ §(|u| —a(t))N,
with N = e; + iep and initial data (7, e1,e2)(to,z9) = (v1,v2,v3). It follows that T
constructed this way satisfies the Schrodinger map (2]). Finally, setting

X(t,az):P+/t

to

xT

(T NTy) (7, x0)dT + / T(t,s)ds,

zo
we obtain that x(t,z) satisfies the binormal flow (Il). Note that the construction of x(t)
is not obvious if the solution u of (3] is not too regular. This is precisely the scenario
considered in this paper.

Regarding (3)) note that since a(t) is real, the corresponding term can be easily removed
from the equation by a change of function. From the gauge invariance in () this will lead
to the construction of the same curve. In this way we obtain the cubic NLS

1
(5) Uy + Ugy + §\u]2u =0,
that is invariant under the scaling
(6) u(t, z) = Mu(N\%t, \z).

At this respect we shall say that the solutions of (Il) are critical if they are constructed
from NLS solutions in a functional setting that is invariant by scaling.
Let us recall here that (Bl is well-posed in H?, for any s > 0 ([12],[7]), and that for
s < 0 the Cauchy problem is ill-posed ([22],[10],[6],[24],[28],[23],[26]). We recall also that
well-posedness holds for data with Fourier transform in L spaces, p < +oo ([29],[18],[8]).
It is well known that equation () is also invariant under Galilean transformations

(7) uy(t,x) = e_mzt””mu(t, x — 2nt).

One of the problems with the Sobolev class is that it is not invariant under translation
in Fourier space, except of course L? that is not invariant under (B). As a consequence
the Sobolev class is not well suited with respect to Galilean transformations. This is the
reason why in our previous work [4] we consider initial data whose Fourier transforms are
L? periodic, possibly smooth, functions. Another possibility is to measure the Fourier
transform in the L® norm because this topology is critical for cubic NLS with respect to
both symmetries (@) and (7). One of the issues that we address in this paper is the possible
growth in this latter topology.

The binormal flow is known to develop singularities in finite time. An important class
of singular solutions is the family of self-similar solutions {x4 }a>0, that are determined for

t > 0 by the values of their curvature and torsion, % and 37 respectively. The curve xq(t)
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is smooth for ¢ > 0 and, as proved in [I6], it has a trace at ¢ = 0 given by a polygonal line
with just one corner of angle 6, such that

o2

(8) sin 3= e "2,

22

The corresponding 1-D cubic NLS solution is uq (t, ) = aei;f , taking a(t) = ‘172 in @).

Recently, we constructed in [4] a class of smooth solutions of the binormal flow that
generate several corners in finite time. More precisely, take a polygonal line with corners
located at = j € Z and angles 6}, and choose {«a;} using the relation (8). Then, under the
assumption that some moments of the sequence {c;} are squared integrable, we construct
a strong smooth solution of the binormal flow for ¢ # 0, that is a weak solution for all
t. This solution has the given polyg(;nal line as trace at ¢ = 0. For this purpose we first

>legl® oM

construct for ¢ # 0 and a(t) = == := <= a unique solution of (3] of the form

;@=0)? ja=0)?

wltya) = 3 emilloat s vig (& T NS gy @ T
(9) (t,z) EJ: Vi A (t) v ZJ: A;() ——

such that PH&AJ' (t) = aj, and R;(t) := A;(t) — a; satisfies
—
(10) S R (O} iz + {0 R ()} i2s < C({}),

for 0 < v < 1 (see also [25] for the subcubic case). Here s > 3, ||(5;)]l2s = (Zj(l +
1712 |8;|>)/2, and the coefficients

o~ ilaj|?log \/fjlj (t)

solve the non-autonomous Hamiltonian system:

. 1 st 3 o
) A = g D e A (AL (A (1)~ TE T A,
k—j1+j2—73=0

Moreover, the solution satisfies the mass conservation law:

2 2

(12) M= =) A1)
J J

Then, given this unique solution of (B]) we construct the solution of the binormal flow as
explained above. This solution has as initial data the given polygonal line. We refer the
reader to Theorem 1.1 and Theorem 1.4 in [4] for the precise statements.

Our main result in this paper is to see if there are quantities as (I2)) associated to ()
and (2) that are also conserved. Recall that for smooth solutions of (2]) the energy density
is given by

& dx = |T,|* d,
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where ¢ stands for the curvature. As a consequence, those solutions of (2) that are con-
structed from solutions of (B]) which have finite L? norm will have energy that is also finite.
But this is not the case for the solutions considered in this article.

It turns out that the right way of interpreting (I2)) is to look at the Fourier transform
in space of T,. Then, the energy appears as a scattering energy that is preserved as long
as t # 0, while it has a jump at t = 0. More concretely, we have the following result.

Theorem 1.1. Let x be a binormal flow solution with initial data a polygonal line, as
introduced above, and T its tangent vector. We define

E+1
(13) E(T(t)) := lim T, (t, €)|?dE.

k—00 k

For t > 0 we have the following conservation law:

(14) () = 47 > oy .
J
At t = 0 when singularities are created for the binormal flow solution x we have
k+1
(15) / IT2(0,6)Pde =43 (1 — e ™9F) vk ez
k -
J

Therefore there is a jump discontinuity of Z(T'(t)) at time t = 0, showing an instantaneous
growth for positive times at large frequencies:

(16) E(T(0) =4> (1 e ™F) <an 3 oy = E(T(1)).
j j

The proof of the theorem is based on a careful decomposition of J/’\x(t,f) in principal
terms that eventually give Z(T'(t)) and terms for which we get either a constant type
upper-bound or a logarithmic type upper-bound depending on d(47¢, %), and that become
negligible in the computation of Z(T'(t)).

Remark 1.2. Observe that on the one hand that the quantity Z(T(t)) involves Ty(t,€) for
large &, and therefore it measures the size of the amplitude of the large frequency waves of
the variation of T'. On the other hand T, when interpreted at the level of fluid mechanics,
gives the direction of the vorticity. At this respect Constantin-Fefferman-Majda’s criterion
[9] states that the growth in the variation of the direction of the vorticity is necessary to
produce singularities in Euler equations in three dimensions.

Remark 1.3. A similar statement holds for the normal vector, namely for t > 0

k+1
= [ 2 2 _ 12
(17) E(N(®) = lim [ |Na(t€)] d§—4ﬂ§j:\a]\,
but
(18) =

(V) =43 (1 —emob),



where N(0,z) is the limit at t = 0 of[l

|z—r|

N(t,:ﬂ) _ eiZTGZ,r;ﬁz‘aT'FIOg Vi N(t,z).

Remark 1.4. Theorem[I1 applies in particular to the case of self-similar solutions of the
binormal flow that are generated by polygonal lines with only one corner. Moreover, using a
perturbation argument, we constructed in [2] solutions of the binormal flow that are smooth
except at one time when they generate a corner. For these perturbed solutions we managed
to show in [3] that

lim [T (,6)[* = 4rfao|?,
E—o0
and that there exists € > 0, depending on the perturbation of the initial data with respect
to the self-similar case, such that for any £ € R
IT,(0,6)2 < 4(1 — e~y 4 e,
In particular for small perturbations we obtain for any t > 0
Z(T(0)) < 4r|ag|* = Z(T(1)).
A similar statement holds for the normal vector N (t).

Our final result is an observation that uses Theorem [[.T] to reinforce the conjecture done
in [I3] about the evolution of a regular planar polygon according to the binormal flow (see
also [17], [21], [I5]). In that paper, and after some theoretical arguments, it is conjectured
that the evolution of a regular polygon is periodic in time, and that at rational multiples
of the time period the curve is a skew polygon with the same angle between consecutive
sides. In [I3] the size of this angle is guessed from the data obtained in the numerical
simulations, while in this paper we obtain it from the energy =(7'(t)).

The paper is organized as follows. In the next section we prove the asymptotic behavior
in space of the tangent and modulated normal vectors, and see that this behavior is inde-

pendent of time. This information allows us to prove Theorem [[1] in §3l Finally, in the
last section we make the observation about planar regular polygons mentioned above.

2. ASYMPTOTIC BEHAVIOR IN SPACE OF THE ORTHONORMAL FRAME
Lemma 2.1. There exist TT> with |T*>°| =1 such that for all t > 0
+oo . q;
(19) T = mll)glooT(t, x).
Moreover,

|T(t,x) — T+>®| < %,Vm € R*, +z > 0,

where (x) =1+ |z|.

Lthe existence of N(0,z) is proved in Lemmas 4.5 in [4].
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Proof. We shall first prove that for fixed ¢ > 0 there exists a unit vector T°°(¢) which is
the limit of T'(¢,z) as = goes to oo ; the asymptotic behavior at —oo can be treated in the
same way.

As T, = R(uN) we get for 0 < 21 < xa:
(w—j)2

T(t, 29) — T(t, 21) éR/ ZA N(t, z)dz.

We perform an integration by parts using the quadratic oscillatory phase to get % decay

in space:
2

2 At s
T(t,xe) —T(t,x1) = §RZA —i 23;%]\[@’@

2 22 ei%
—S2VE Y A(t)e ' / e VE —N(t2) | dr
J o z

1

Since N, = —uT,

T(t,xg) — T t xl -

%|~

AL

1 X
2\/_ZA —zJ /902 a2 eiagc_z ZA (t) ei(f”;f)z T(t )d - C\/fH{A](t)}Hll
e e VI yx)de| < C————"——,
o x y Vit Ty

In the first mtegral we perform again an integration by parts using the quadratic phase to
obtain integrability in space:

-2

T2 ek T(t
T(t,zo) —T(t,x1) ZA T / " ( ’x)da:
x
j#k “
<C (x/ﬂl{Aj(t)}Hzl \fII{JA ®)}ll 1{5%A;(t e ||{jAj(t)}||l1H{Aj(t)}nll) '
1 i x1v/i T
Above we have used that the term j = k cancels. Now we perform an integration by parts
using the linear phase, even though we don’t improve the decay in x:

_ k242 T2 x(j— 2 T
T(t,xz) — T(t,21) + 23 A, (D Ap(t)e 7 / S G2 gy
: T Z(] - k) x
J#k ! x
o (x/ﬂl{Aj(t)}Hzl \fII{JA ®)}ll {72 A;(t e ||{jAj(t)}||l1H{Aj(t)}nll) '
1 i x1v/i T
In this way we can use that T, = R(ulN), so that a new oscillatory term with a quadratic
phase appears:

|T(t, :Eg) — T(t, :El)



—_— ) B2 et
+2VIS 3 A0 A A ——— / e it S N(t,x)dz
J#ksr r

12V Y A O AL A1) —4—k) /mz (5% N(a)de

Ak i

<C (\/ﬂ\{Aj(t)}Hn N VE{GA; ()} N 1574 () Hlin N H{jAj(t)}HzlH{Aj(t)}llzl) '
B 1 a3t 1Vt 1
Hence, we can perform again an integration by parts to get decay in space:

|T(t, :Eg) — T(t, :El)

S sx(j—k+r)
e’ at z2 T
_atViR S A A A () — / 5 (T Nt de
T "

jAkir i =) !
L JW R R
+4t\/Z§Rj§TAj(t)Ak(t)Ar(t)W/xl el (TN(t,x))xdx
<C <\/ﬂ\{Aj(t)}Hzl N \/ZH{J'Ag(t)}Hzl LA O e A O e {A O e \/%\\{Ajz(t)}\\ﬁ) .
Z1 xy 1Vt 1 7
As Ny = —uT and as |T(t,z2) — T(t,z1)| < 2 we have obtained for 0 < z1 < za:
’T(t,xg) — T(t,xl)\ S %,
with
9 4 )

@)t (o) =€ (14 VaIGA I + P 0,0

v+ P ).
By making z1, 29 — oo we thus obtain the existence of
(21) T(t) = xILH;OT(t’ x),

with the desired rate of convergence of the statement.
Now we shall prove that this vector limit is independent of ¢ > 0. Let 0 < t; < t9 and
e > 0. In view of (2I) we can choose xy such that for all x > xy we have

\T(tl,a:) — Too(tl)‘ + ’T(tg,x) — Too(tg)’ <e.

Thus in order to get the conclusion (I9) of the Lemma, it will be enough to find z > z
such that

(22) T (ts, ) — T(t1,2)| < e.
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2
To this purpose we use that Ty = S(uz N ), Ny = —iu, T+i (% — %) N. These expressions

2
involve a loss of x. However, if a quadratic oscillatory phase e™* % is present, integrating it

in time yields m% decay, so eventually we gain % decay with each such integration by parts:
—i (z*j)2

It x —

. J
Ny (—1) 5 N(t,z)dt

to ) .
T(ts,x) — T(t,7) = S / S eillesP=anton Vi g (1) ©
t1 j

1 t2 2 — i 2
=0() - 2%/t Dt <el(°”2_M) s VI, (1)ei 5 \/EN(t,x)> a
1 j t
1 -x2$—j . 2_ M) 1 \ﬂ ~—ei;_{_ii_i
=0(=)+ R Ze—lﬂTel(lajl —M)log jAj(t)W

to 2T —q . — i .2
_2%/ Ze_zﬂw 23et(laj|2—M)10g\ﬂAj(t)elz_§_Zth\/%Nt(t,x)dt.
t X

N(t,z)dt

In the first integral we perform again an integration by parts from the quadratic case to
get the desired % decay, while for the second integral we have to treat only the iu,T part
of Ntl

T(ts, ) — T(t1,z) = O(

SHE

)

t2 _ 4 _ ) I (i 2,2
v [ 50 TN ottty e T ) Ay g -5 T g
oo 7 t
Now we perform an integration by parts using the linear phase in = to get:

T(ty, x) — T(t1,x) = O(i)

t - . - .
[ 57 CDEB)  (Ploe TE Ay 0 071 0))
t

3(4 _
1
= 0(=)
t2 T — )@ —K) ;268 1012 lar ) log VET o 5 oy —ii2=k?
+4R Z( $3(}(_k) deistrt e lorl*Ylog VI 4 (1) A (t)e ™t
b gtk
_ia=n?

. = 4t xr—7T
xS gillarP=M)log Vi g1y C i N(t,z) | dt.
~5 ZT: 7’( ) \/E ( ) o ( )
Although we still do not get enough decay in x we have got a quadratic phase in x. Hence,
we perform another integration by parts using it to get an extra % decay:
1

T(tg,x) — T(tl,x) = O(;)
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Therefore we can find = depending on xo,t1,t2 and {a;} such that ([22]) holds, and the
Lemma follows.
O

Lemma 2.2. There exist N*>° € S? +iS?, S? denoting the unit sphere in R3, such that
forallt >0

(23) NE® = lim Np(t, z),

r—F00

where for x # 0
; lz|
Ny (t,z) = M loe ViIN(t, z).

As a consequence we also have

i (=)

NE© = Jip M8 Vi N(t,x).
r—+oo
Moreover, we have the following rate of convergence
; (z) C(t,{a;
M8 N (8, ) — N2 < %,\m € R,
x

Proof. As done for the tangent vector, we shall first prove that for fixed ¢t > 0 there exists
a limit vector N°°(t) for Ny(t,x) as x goes to oo ; the asymptotic at —oco can be treated

in the same way.
As for x > 0

M ; o
(Na)z = (—uT +i—N)eM 8 T, = R@N),
x
we get for 0 < 1 < x9 by integrating by parts:
Nu(t,z2) — Ny(t, x1)

2
i(17‘7)

r2 e 4t M iM log X
= /:101 —ZAj(t)TT(t,x) +i—N(t,7) | e & Vidx
J

. . T2

22 2t E_ig_t—i_iﬂ iM log =%

= |=) Ajt)elm = t, & Vi

> Ait)e' T o ——r—T(t,2)
J o
T2 2 2 i iMlOg%
—/ 2i\/¥Ze’Z&7Aj(t)e’E <e_’2§T(t,x)67 dx
x

T ‘7 o

T2 pAf . z
+/ i—N(t,x)eZMlOg\/?d:E.
T z

Thus
eiM log %

21 32 22w
Nar(t,x2) — Nag(t, 1) + / — Y At e e T(t 1) ————da
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2 (@—3) — _@k)? M8 75
+ / 23" A0 TR S AGe Nt | e
1 ] k‘
€2 . T .
_/ z‘%N(t,x)eZMlogﬂdaz‘ gC—\/E”{AJ(t)}H”.

1 x1
In the first integral we perform again an integration by parts using the quadratic phase
22, and get integrability with a xil decay. In the second integral we develop the real part.
The diagonal k = j terms of its non-conjugated part cancel with the third integral, as we
have the conservation law M =3 loj|? = > 14 (t)|?>. We are left with:

9 o o iM log
, ——— %k 2=k e g
Na(t,xe) — Nag(t,x1) + 4 E Aj(t)Ap(t)e' / e N(t,o)——dx
, x x
J#k !
iMlog%

27 +k2 /mz Z% —iz(jz—j:rk) c v
—HZA . e're N(t,x) . dz|.
o (x/ﬂl{Aj( )}Hz1 \fII{JA ®)}ll 1{5%A;(t e II{jAj(t)}llzlH{Aj(t)}\lzl>
T :El xl\/— z1
In the second integral, a new integration by parts using the quadratic phase 2? yields
integrability with a x—ll decay. In the first integral we integrate by parts using the linear
phase z(j — k):

UNATE 2.2 pw2 o iM log =
N (t,x2) = Ny(t, 21) + 2?52 Me” i / =i Nx(t,x);dx
i T z1 v
<C VEI{A; ()} o \fH{JA ()}l H{JzA () Hip N 14545 @) Hler [{A; (D}l N VEI{A; )} .
1 331 TVt 1 33%
2
As N, (t,z) = —uT(t,x) contains e’ , we perform a last integration by parts using this

quadratic phase to get for all 0 < x1 < xo:

C(t,{a;
INa(t,22) — Nar(t, z1)| < M)
(1)
with the same constant C(t, {a;}) as in (20):

24
C(t:{a;}) =C (1 FVEIGA ()Y + w

VAR | gy,

+ {5 A @)}l [{A; @) i

+VHI{A; ) +
It follows that we have a limit
(24) N°°(t) := lim Ny (t,x),

T—00



11

with a rate of convergence in space as in the statement of the lemma.
We are thus left to show the independence on time of N*°(¢). We fix 0 < t; < t3 and
€ > 0, choose x( such that

INap(t1,2) — N(t1)| + [Nar(t2, ) — N*°(t2)| < e.
To finish the proof of the lemma, it will be enough to find x > xg such that
(25) |NM(t2,:E) —NM(t1,$)| <e.

As the evolution in time laws are

2 M M ; @
T, =S(N), (Nm)e = —iuT +i [l AN M) s,
2 2t 2t
we can write
(z—5)?

t2 112 ~ e T -7
Nas(to, ) — Nag () = / LS el oMo Vi A (p) T4, 0)
t1 ; J \/E 2t

2k e(—k)
1Y el ol o vE g (T e T 2; - N—i%N M08 i gy
i#k

In the first integral we perform an integration by parts using the quadratic phase, while in

the second we use the linear one:

i(z*j)Q 2 . b2
_ _ Z —i(lajP=M)log Vi § (€, AT w7
NM(tg,a:) NM(tl,a;) = ‘ e J s A](t) \/E ( z'a;2) 2%

J t1

g2 . _ i 2 ) v
el <€_Z(ajlz_M)logﬁAj(t)e_lﬁHit\/ZT(tjx)elMIOg\/E> gt
t

T(t, a:)eiMlOg Vi

to T — -
. J
—22/ E 3
t1 j

.2 2 .

ji2=k2 _a(i—k) 9
(N il Pl o VEf (A 2 iMles s

+ ZZE i () Ak(t) 57 G e

J#k 0

® L im0 (oo logvE § () T () ita , poiM log 2
_/tl zgﬂ;me 3 <e (lej [* =[x %) g\/zAj(t)Ak(t)e 7t Ne g\/z> dt

to M . rs
[ i Ne™Me gy

t1

t2 _i 2 ~ e a2
= O(l) + /t Z i jelﬂe_l(|aj|2—M) log \/ZjAj(t)e—ZQ—i—l—zi—t
1

1 ; e
T(t, :L")eZM o8 77 gt
x r x tvt

t2 g g2 . _ o2 . =
—2z’/ ) T g emillos P M) Yos Vi () e~ I Ty (1 )™ 8 Vidt
t1 . x
J
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t o o, | )
—/ i 1 ;e_i%e_i(MjF_‘akP)10gﬁjj(t)jk(t)ei#tNtelMlog Vidt
to M = 1
— [ i NN = O() 4 I+ B+ Iy + L.
42t x

In the first integral I; an integration by p arts using the quadratic phase gives us the %
decay. The second integral can be rewritten as

1, 2 [*2 2?2 - i g2 , .
I, = 0(5) — _Z /t Z 62E6_2(|aj‘2_M) IOg\ﬁAj(t)e—ZQ—i-Hi—t\/E%(u—mN(t’ x))eZM log Vidt

j@=)?—(@=hk)? 1)2 (2= k)2 2 1
_Z(‘aj‘ —|a] )103\/_A A N(t ZMlog\/_dt
“/tz SO AL(0) 5 N )e

. t2 i(x*j)2+($*k)2 —i(|a-|2+|a ‘Q—QM) log\ﬂ ~ ~ 1——— iM log z
—i E 2 1 e "N k Aj(t)Ak(t)2—tN(t,:E)e Vidt
t

t2 2k) ;2

=0(é)—l4+z'/ D et e~illasP—lawl) g v 4 () A, (1) ()%N(w)emmg%dt
t1 =
J#k

/ Ze 57 i G4 il 2 o 2 -201) bgﬂAj(t)Ak(t)%WaMbg%dt,

where we used the conservation law M =3 la]? = > |A;(t)]?. In the first integral we
integrate by parts using the linear phase in x, that gives the decay % except when the
derivative in time falls on V. This term involves a power of x but also an oscillatory term
with a quadratic phase in x. Another integration by parts gives eventually the decay % In
the last integral a new integration by parts using the quadratic phase gives immediately
the decay % Therefore

1
L+ 1= O(E)

Finally, in I3 there is a factor % and from NV; we loose a power of x just for the term —u, T
However, this term introduces back the quadratic phase in z, and a new integration by
parts yields the % decay. Therefore

b,

x

NM(tQ,l‘) — NM(t17$) = O(

so (28] follows. The proof of the lemma is over.
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3. PrROOF OF THEOREM [I.1]

3.1. The result on the tangent vector. We start with the proof of the results at time
t = 0, namely (I5]). We will rely from section 4.6 in [4] that at t = 0 the curve is a polygonal
line so that T'(0,x) is piecewise constant with jumps at the integers J € Z and that

T:(0) :Z(T(O7j+)_ 5 —Z@ \a \)5
j
Here ©; denotes an appropriate rotation (see [4]) and A\iaﬂ are the two unit vectors rep-
resenting the limits at +oo of the tangent of the self-similar solution x|q,. Then, we

have
_ A+ A yi2me
05)_Z@j(Alaj| A\Oljl)e .
J

In particular T\m(O, €) is periodic in £ and we get by Plancherel’s theorem that for any &

K+l
| 0.0k = Y 105t - 4 )l =2 M = A
J

Therefore calling §; the angle between AI—;J" and A‘;j' and using (3) and (4) in [4] we have
AL = Ao P =201 — cosy) =41 — 7T,
so that we obtain (I5]), and implicitly (L6]).

Now we fix t > 0 and our purpose it to compute Z(¢) and to obtain (I4]). Let 0 < € < 1.
In view of ([I0) we choose je depending on €,t and {c;} such that

(26) >4t <e
‘]IZ]E

In the following C' will denote a generic constant dependent on t and {«;}, unless it is

specified othewise.
Since Ty (t,x) = R(uN)(t,x) we have

Tot,€) = /_ " T RN )t 2)da

_jle=i)” 1)2

:/w £i2776 ZA T N(ta))de

We denote ™ a smooth function vamshlng on r < —5 and valued 1 on = > %, and we
denote n~ =1 —n™, so that

o 3)2

Tot ) = Z/ £1273€ ZA N 2) yE (2)da
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With the notations from Lemma 2.2] on the integral involving n™ we split

i (=)
N(t,z) = N*>e ilog 7y + g5 (t, ),

where
—iM log {22
gh(t,2) = (N(t,2) — NE2eT M8 0,
We define
(27) To(t,€) = I(t,€) + J(t,€),

where I(t, ) gathers the terms in T, (t,€) corresponding to N*>° and J(t,¢) the ones cor-
responding to gjj\[,. We shall start by estimating the second term J(t,¢).

First, we complete the squares of the phases:

(z—5)*

1.9 =5% [ e S AO g (ta)r(@)da
+ /T j

 (w—j)?
1 ¥ iona e o —
+§ Z/ e?mas ZAj(t)Tglj\E/(t"/E) 0t (x)dx
+ /= j

pr 2402
ez47r 173

omje T [ —ilemizane? +
= g A [T g a) (o) do
:tvj -

e—i47r2t§2 o 00 (o itdnte)?
+— 28 A (¢ / e & (it 2) T (x)d.
Wi ; J()—oo gyt z)n(z)
We split now the summation into |j| < j. and |j| > je, and call the corresponding terms
JI(t,€) and J(t,£).

Lemma 3.1. There exists (e, t,{c;}) € R such that for & > &(e,t,{a;}) and 4nt& & 7 we
have the bounds

; Z
7.0 < { ce. it ) =1,
Ce|log(d(2m¢, L)), if d(2n€, Z) < 1.

Proof. In virtue of Lemma 2.2] g]j\E, are bounded functions with

C
|gf,(t,x)| é —,\V/l‘ € R*ia

()

so g (t, 2)nE (x) converge to zero at both —oo and +o00. Therefore we can remove from
gn\t,x)n g

omiE T 00 (z—j—drte)? + 4
Z e'“m Aj(t)/ e a gyt (v)de

+,15]<je >

idm2te?

2Vt

(&

Jl(tv g) =
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—z47r2t§2 0 z—jtante)? —/———
t— O A / I (@) da,
+,15]<Je e
bounded pieces of the integrals in x located around j + 47t€. Indeed on these parts, since
7] < je, we have convergence to zero as £ goes to infinity. Therefore there exists £(e, ¢, {; })
such that for £ > {(e,t,{a;}) we have

[ (t,€) = Ji(t,€)| < e,

where
7,47r2t§2 (w—j—dmte)>
JHt,€) = Z IS AL (t) / et m g]j\cf(t,a:)ni(m)x(a: — j — 4nté)dx
+,|71<je
e—i47r2t§2 iomit '(x7j+4ﬂ5)2 - 4 ]
+27\/% Z e Aj( / e At gyt )T (v)x(x — j + 4nt€)dx
+,15]<Je

and x(s) is a smooth function vanishing on {z,|z| < 3}, and valued 1 on {z,|z| > 1}. In
particular the support of ¥’ is bounded. Now we integrate by parts using the quadratic
phases. Again since g (t,2)n*(z) converge to zero at both —oco and +oo there are no
boundary terms and we get:

. . e — o0 .(zf'f‘rr)2 :l:t7 + —_4t
J(,6) = —iv/te T ST A () / e <9N( x)”x f”;"f”;ﬂg ”€)> do

—0o0

:l:7‘.]|<.]€

FivietnE Y eimie A /

00 o it dmte)2 + + 4
itemtinie? <gN<t,x>n (2)x(x J+4m£>) .
ivlj‘<je - x

x — j+4mté

When the derivative falls on y or on the denominator, we get again smallness by using

the dominated convergence theorem. We are left with the terms involving (g]j\[,)m =—ul'+

i {z)
i%N 00 "M% 7 Now we note that we can discard also the last term of (9%)2(t, )
as for instance i

, @)
©  _ojmame? et M08 C
et . n"(@)x(@ — j FAnte)dr| < —————= <
/—oo (x — j F 4mtg)(x) | % 4mtg]

for & > 0 far away from the finite set {j, |j| < jc} and choosing &(e, t, {c; }) larger if needed.
Therefore, we are left with estimating the terms of J! (¢, ¢) involving the —uT part of (g]j\t,)x:
there exists (e, t, {c; }) such that for £ > &(e, ¢, {c;}) we have

T4 (¢, €) — J3(t,€)] < Ce,

’Indeed, we can use for large a the fact that [e* %ni (a + s)x(s)ds = O(%) +
fe’s (% (a+s)x (s))S ds, and split the integral into regions 3 < |s| < £,% < |s| < 2a,2a < |s]

to get a E—bound.
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with
o ¥, A, ()= i
Beo =i > Ao [ =AU T(t, 2 () — j — Amte)da
+,171<7e e = J —Amte
—— z(r—j+4ntf) -j277“2
N A(t)e! T e e m
—i A-(t)/ r-r - T(t,z)nt (z)x(x — j + 4mté)da.
i%;je A . x — j + 4mté
Note that the summation Y, and ¥ can be now removed as n™ + 7~ = 1.

We treat first the terms involving |r| < je. If needed we choose {(€,t, {a;}) larger such
that for |r| < je and £ > £(e,t, {a;}) we have:

1
<e.
+(j —r) + 4nté =€

We perform in the corresponding integrals an integration by parts using the linear phase in
x. Then, we get the e-smallness from the above constraint, and the integral that yields is
uniformly bounded. Indeed, when the derivative falls either on y,n* or on the denominator
m we get immediately an uniform bound on the integral. When the derivative falls
on T'(t,z) it generates a quadratic phase. Hence we can first remove a bounded piece of
the integral centered where the phase vanishes, and then we can integrate by parts to get
again a uniform bound for the integral.

We are thus left with estimating the terms involving |r| > j., for which the linear phase
might approach zero: there exists (e, t, {c;}) such that for £ > (e, ¢, {e;}) we have

T4 (¢, &) — J4(t,€)] < Ce,

with
(28) Ji(t,&) =i > AOAMITEE ) - > AMAWG) (46, 4,r),
|j‘<j€7|7"|2j6 |j‘<j€7|7"|2js
where
) oo izm(£i=T 4o
(29) IE(t, €, 4,r) = ejF"JZZtT2 / M T(t,x) x(x — j F4nte) dx
»So o . e T _] :!:47Tt§ ) .

We first note that in view of (2€]) we have e—smallness of } -, >, |Ar(t)|. For 4mt{ ¢ Z

we can integrate by parts in I7(,&, j,r) using the linear phase to get the bound m.
Tt

Therefore, we cannot control this way the L?(k, k+1) norm in &. To overcome this difficulty
we shall prove that for 47t¢ ¢ Z:
C, if | £ 155 + 47m€| > 1,

(30) 1758, )] < . .
Cllog(| £ L= + 4n¢€])|, if | £ 5 4+ 4n§| < 1.
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These bounds imply
C, if |5~ + 4n€| > 1, |15 + 4ng| > 1,
[TH(t, &, 5,m)] + [T (8,6, 4,7)] < Cllog (|55 + 4mg])], if |55 + dmé] < 1,
Cllog(] — 1= + 4xg])|, if | — 55 + 4n€| < 1.

Note that for 0 < ¢ < 1 the last two regions intersect if and only if |2(j —r)| < 2t < 2, that
is when r = j and in that case the bound is the same, C'log(47|¢|). Then, by summing in
j and 7, and by using (26]) we get for 4nté ¢ Z the bounds

Ce, if d(4n€, 2) > 1,
Ce[log(d(4mg, 7)), if d(4r&, 7) <1,
thus the lemma follows from (28)).

| J5(t,€)| S{

We are thus left with proving ([B30). We split the integral in I (¢,£,7,7) into the regions
x < 0and x> 0:

2,2 /oo eix(:l:%-{-%rg)
0

I5(t,6,j,r) = et mT(tal’)X(l’—jjﬁlﬂf)dl’

j—

) 0 ix(£I"+2nw¢
_|_e:Fi]2472 / ezx( ‘2t ) -
oo T — J F AT

(t,2) x( — § F Amt€) d.
By using the convergence rate in Lemma 2.1t
(Tt ) = T%)lo,00) ()| + (T, 2) = T o0,0) ()] <

and in view of the definition of y we get
‘[i(t7§7jar) - ji(t7§7j7r)‘ S C7

where

- 2.2 iw(£ =" 42mg)
(31) (8, j,r) = TeF / T
x>0,|x—jF4mte|>1 r—JF 47Tt§

2,2 iz (£ =" 42r¢)
+T—ooe:|:23 T / L de.
2<0,|z—jFante[>1 T — J F 4Tt

If | + % + 47| > 1 we perform an integration by parts using the linear phase and get
the bound uniform in &, j, and r in (30)).

If | £ % + 4nw€] < 1 we denote for simplicity a = —j F 47t and b = :I:jQ;tr + 2w&. We
change variables = 4+ a = y, yb = s to rewrite I*(t, &, j,7) as:

2,2 ) s i
(32) T a e iab (70 / o ds+ T / < ds),
2<a, |

$>a,[s|>[b] S |s[>[b] S
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On the region where |s| > 1, due to the oscillatory phase we get a bound uniform in
&, 7, and r Finally, on the region where |b| < |s| < 1, if such regions exist, the integra-

tion of &= — yields a log(|b|) bound. Therefore we have obtained (30) and the Lemma follows.

For further purposes we note that we have obtained for | % + 47€| < 1 the estimate

(39 [T5(t,6, ) — €700 ¢ TR 4200) (oo o)
s
X / —ds| < C
>(—jFAmte) (£ 455 +2mE), 1> s[> | £ I +2mg| S
with C an universal constant. O

Lemma 3.2. There exists £(e,t,{c;}) such that for & > &(e,t,{ca;}) and 4mt€ ¢ Z we have
the bounds

Ce, if d(4m&, £) > 1,

Jh
el { Ce|log(d(4n€, 7))I, if d(4m€, 7) <1

Proof. Recall that

h 247r2t§2 o (w—j—ante)? n "
PO =5 Y A / T g (1 oy (2)da
+,151>7e -
—z47r2t£2 (w—jtante)?
ATV s 2 A / I g (o (x) da
i|j‘>ﬁe -

In this case we will get the e-decay from A;(t) thanks to (26). We can remove the same
pieces of the integrals as in the proof of the Lemma [31] to end with

(34) iy AMAWG TG —i Y Ay I (t,€,4,7),
|71>ge;r |71>ge;r

where I*(t, €, j,r) were defined in (29). This can be handled the same way as was done
for JL(t,€) in the proof of Lemma 311 O

Lemma 3.3. For any £ € R we have:

[I(t,8)] < CII{A; ()},
with C' an universal constant. Moreover, there exists £(e,t,{c;}) such that for k >

£(€7t7 {Oéj})
k+1
/ I(t,€)Pde —4nY g ?| < Ce.
k -
J

Proof. We start by performing some change of variables in the expression of I(¢,§):

P G 1)2

Z/ ei2m g ZA €T NEx, —iM log

(z)
Vin®E(z)dw
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(r 3)2
(=)
+3 Z [ e 240 ST () da
z47r2t§2 o (z—j—dr (96)
_ NE=E \/_ ZeﬁmfA / 6_2% M log ni(x)dx
—0oQ
—z4w2t£2 (o—jrarte)? ()
yNFRS Zeﬁ”&A / (i TS (iM log Vit (z)d.

. e [@ . . (2Vty+j+anté)
— N:I:ooez47r2tgzzez27ry§ A](t)/ e_lyze 1M log NG ni(2\/fy—|—j+47rt§)dy

+,5 o
| NEoop—idm?te? Zei27rj5 A(t) /oo gy iM log W%’”Qni@\/gy L+ — drtf)dy
+,j -
We first note that the integrals are uniformly bounded in j and &: the contribution of
the bounded region |y| < 1 is bounded as the integrant is of modulus less than one, while
the contribution of the region |y| > 1 is bounded by doing integrations by parts using the
quadratic phase. Therefore, we get the first bound of the Lemma.

To estimate kH |I(t,& )|2d£ we shall split I(¢,€) into a function of size of order € and a
function of L2(k: k+1)-norm equal to 47 > |a; 2. In view of the definition (28] of j., the
terms in I(t, ) involving |j| > je can be upper-bounded by Ce. We are left with the terms
involving |j| < je. Observe tha

a—=+o00 o

lim </ z leog 2y—+a) (2\/'y + \/Za)dy iMlog(a)/ Ciyzdy> _ 07

and
lim e’ M 1082y+a) 1, F (9/ty + Vta)dy = 0.

a—+oo o

Hence, choosing &(e,t, {;}) larger if needed, for |j| < je and & > £(e,t, {o;}) we get:

o0 ; ; o
. 9 iM 1 (2Vty+j+4ants) . iM 1 (jE4ntE) . 2
/ eTW o THH o8 Vi nE2Vity + j £ Ante)ds — e’ BT et ds| < e
—00

—00

Y

and

<e.

o0 . . (2Vty+jtants)
/ Ty FIMIoe TEEUEEE T (0Vey + £ Ant)ds
—00

Therefore we have for £ > k.
(35) ‘I(t,f)-[l(t,f)—fz(t7§)‘ SCG,

3Indeed, the integral I v’ (etMloe(2yta) _ giMlogla))p® (9, /ty + \/ta)dy can be upper-bounded by ‘%
n |s| < 1, while on |s| > 1 by performing integration by parts from the quadratic phase and by using the
dominated convergence theorem we get decay to zero as |a| — co. Then by the same type of arguments we

have lirf (ffooo 6“4277*(2\/51/ +Vita)dy — [T eiy2dy) =0 and lirf 1o eiy2n$(2\/fy + Vta)dy = 0.
oo a—r oo

a—r
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where ime)
— Jtan
Il(t,f) N%®e i4m2te? \/76 1 Z ez27r]§ iM log v Aj(t),
l71<Je
and i)
P(1,) = Nome 17 il Y7 einie MM )
|71<je

Since I1(t, &) and I#(t,£) are uniformly bounded by 2/7 >_;14;(t)], we obtain from (53]
k+1 k+1 k+1 k+1
[ neopie- [ ireore- [ iPeore- [ reorEea < ce
k k k k

Then, as |[N*°| = 2, Plancherel’s formula gives us for k > k.

k+1 k+1 .
[ttt —an 314,08 - [ 1 OPEEE| < O
b 131<je k
Now we see that the crossed terms are
k+1 7 . -
[ OO = NN rE Y DAL
k TR
k‘-‘rl . j ™ ™
X/ ei8ﬂ2t§2ei27r(j1—jz)£e—ZM10g <J+\4}{t£> —iM log (¥ \4}51%) dé'
k

One single integration by parts using the quadratic phase in £ gives us decay in k, so
choosing (e, t, {a;}) larger if needed we obtain for k£ > £(e,t, {a;})

k+1
[t gpds—am 3 40| < Ce

l1<3e
Recalling the choice ([26)) of je and the conservation law (I2)) we get for k > &(e, ¢, {c;})

k+1
/ I(t,€)Pde —4nY g ?| < Ce.
k -
J

Summarizing we have decomposed

Ta(t,8) = I(t,€) + J(t,9),
and proved in Lemmas that there exists &(e,¢,{a;}) € R such that for £ >
£(e,t,{oj}) and 47t€ ¢ 7 we have the bounds:

Ce, if d(4n€, 2) > 1,

J(t, &) <
16,2) { Ce |log(d(4n¢, %))|7 if d(4m¢, %) <1
|1(t,¢)] <C,
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and for all k > £(e,t, {a;}):

k+1
/‘ 1(6,6)Pdg — 4 S oy 2| < Ce
k "
J

We note that for £ in an interval of size one, there are only a finite number of possible
locations where d(47¢, %) < 1, depending only on ¢, and on these regions J(t,§) is square
integrable. Therefore

k+1
/ T e - an S agP| < Cevh > (et fa)).
k -
J

The value of 0 < € < 1 was arbitrary, the constant C' is independent of €, so we obtain
the conservation law (I4]), and the proof of Theorem [l is complete.

3.2. The result on the normal vectors. In this subsection we obtain the results m
and (I8)) from Remark[[3l We recall from Lemmas 4.5-4.7 in [4] that we have a limit N (0)
at t =0 of

|z—r|

N(t,z) = ¢ s lorl? log B N(t,x),

that is piecewise constant

N(0,z) = N(0,2),Vz,2" € (j,j +1),Vj € Z,

and ,
- , o log lr—il i _
N(0, j*) = ¢ Lrzg lor“loglr ‘]|€ZATg(aJ)@j(B‘:5j‘).
Here BE | € S? +iS? are defined in [I6] in terms of the asymptotics at +00 of the normal

lox; |

vectors ojf the self-similar solution x|, It follows that at ¢ = 0 we have

No(0) = Y (N (0,57%) = N(0,57))8; = Y & v lorlPoslrileidraleng (Bt — B ),
J J

SO

N (0,6) =D el ‘ar‘Qlogw_j'e"AT’g(%)@j(B\J;j\ = B, e,
J

—~

As Nx(O, €) is periodic in &, we get by Plancherel’s theorem that for any &
k+1 ~
N 276 _ + - V2 — + — 2
| N Re = Y 10,01, - B )R = S 1BE B
J J
Therefore, as we know from [16] that

‘B+ - B ,“2 = 4’B\—Z{j\,1‘2 = 4(1 - (A+

2\ —_ .12
;] o |Oéj|71) )=4(1-¢€ o] )
we obtain ([IS]).
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For ¢t > 0 we fix € € (0,1). We split:

No(t,6) == / " e (1, 2) (T + (T(t, 2) — T*) ) (2)do
+ —0o0

= — / Y Aj(t)eT(Tioo + (T(t, x) — TN (z)de =: I(t,€) + J(t, ).
o —

Proceeding as above for J(t,&) we get the existence of £(e, ¢, {cj}) such that

;@=9)?

Je.g) == [ e I

. . . o . (z— '+47rt§)2
_ _e—z47r2t£2 Z ei2mi€ Aj (t) / 6173 T g% (t, :E)nzl: (z)dx
+.5 e

satisfies, for £ > &(e,t,{a;}) and 4nt€ ¢ Z,
Ce, if d(4n&, %) > 1,

J
‘ (tvf)’ < { Ce[log(d(47T§= %))‘, if d(47T§7 %) <L

For f(t, ¢) we make the changes of variable z = j + 2v/ty and s = y — 2m/t¢:

~ . . . . 2 00 . .
I(t, &) =—-2 Z TE0i2mjE g—ilaj|* log \/zAj (t)e_lzi_t / ely2_247r\/z§y77i(j + 2V/ty)dy
i?j >

. . . 2 . 0 .
= _QZT:I:ooez27T]€ Aj(t)e_zil_te_l4ﬂ2t§2 / 615277:|:(j + dmté + 2\/58)(18.
+,j e

Since for |j| > j. we get e—smallness from the A;’s, and in view of the definition of n*, we
have

~ . - 2 o
[L(t,€) + 206 I8 728 4 (e y/me' | < Ce.
J

In particular, we note that all the terms are uniformly bounded, so that by Plancherel’s
theorem we have

k41
[ HeRds - an 314,02 | < ce

k ,

j
Therefore, as in the case of the tangent vector T we get that for k > (e, ¢, {;})
k1
[ IR oP g am Y 14,0 < O
J

As € € (0,1) was arbitrary we get (I7)) by the conservation of mass (I2]).
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Remark 3.4. In view of the estimates we have obtained on the J(t,§), it is natural to
look for a logarithmic growth of 1. »(t,&) in terms of the distance d(4m&, %) Moreover, the
numerical computations given in [14] suggest the unboundedness of || Ty ||« in the case of a
reqular planar polygon as initial data.

By doing similar computations to the ones in this section, and by using in particular
B3), we obtain for values of & such that there exists n € N, d € (0,1) satisfying

dre = % +d,
the estimate:

52— (j+n)?

(36) To(t,€) —zZA Ajin(t) e 5 (T — T~)

S S

. .d . d e e
xe2 em?/ —ds—/ —ds

>(—j—n)g,1>|s|>4 S >—jg,1>[s|>4 S

For instance, in the case of initial data off = oy =6 and off =0 for j ¢ {0,n}, that
corresponds to a polygonal line with two corners separated by a distance of size n, in (B6])
the sum reduces to the case j =0, and we get:

< K(t,{a;}).

(37)

To(t,€) — iAo (D) An(t) €'t (T — T—) (e ~1) € log g‘ < K(t,{a?}).

For d < L the factor e "% — 1 ruins the logd growth. Instead, for d = E we could look for
a logn gmwth. Unfortunately, the results we have at hand about the IVP of @) are not
good enough, and we get a constant K (t, {agl}) in n that grows faster than logn. On the
other hand it seems rather natural to be able to solve [Bl) and the corresponding equation
(@) just under the condition that 3 _; lavj|? is finite. This question will be studied elsewhere.

4. AN OBSERVATION ABOUT THE DYNAMICS OF A REGULAR POLYGON

In this section we give some evidence that supports the conjecture made in [13] about
the evolution of a regular planar polygon according to the binormal flow.

As recalled in the Introduction, the case when the initial curve in (Il is a broken line
with just one corner of angle 6 located at * = 0 was considered in [I6]. In that paper
the Hasimoto transformation is still used, and a solution is found considering as initial

condition for @) ady, where

2
o
sm§ =e "2,

22

U (t, ) = « \;, and a(t) = O‘Tz As a consequence, and except in the trivial situation of
one straight line where § = 7, the filament function of the initial curve x,(0), i.e. 0dg,
is not the limit of the filament functions of x,(t). Nevertheless, it was proved in [2] that
this solution is unique and the corresponding initial value problem is well posed in an
appropriate sense.
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Similarly, if x(0) is a broken line with several corners of angles 6; located at the integers
x = j it was proved in [4] that one has to consider the sequence {«;} with modulus defined
by
0 ol

sin—=- =e¢ " 2

2
The phases are determined in a more complicated way involving the curvature and torsion
angles of x(0). Nevertheless, if x(0) is a planar polygon {c;} can be taken real. Then we
e |2
construct a solution of (B]) with a(t) = 23 Laj | , and datum at time zero given by Zj a;0;.
It is then natural to expect that in the case of a planar regular polygon with N sides as

initial data of (II) one has to consider as initial data for (3]
(38) Z ady
J

with a > 0 defined by

LT e
sin(—) =e "2
(%)
By using the Galilean invariance and assuming uniqueness, it was shown in [13] that the
corresponding solution of (3] has to be written as

Y(t,z) = @(t, 0) Z 2T NG)?+i(2nN )z

j
In view of (B8) and the Poisson summation formula el2rNy)z = L~ ;04 , we have
N

A~

1/1(’57 0) = aN,

which therefore does not depend on time.
So, on one hand we have a behavior of the linear evolution

Y(t,x) =Dt 0)e" B,
J

and we can think that the conservation law (I2]) also holds in the periodic Settingﬂ.

“We recall that the sequence {A;(t)};en was found by doing a fixed point argument on Ag(t) for the
equation (24) in [4]:
1

— g7 (A = o) Ax(®),

i01 Ak (t) = fr(t)
where

1 LR aa3ad e lPolegy Plagy Polagy P s e
hy=gz D e e N VA (6 A (6) Ao (1),

(J1,32,73)ENRy,

with initial data A(0) = a. In particular we remark that for N € N, {B;(t)},er with B;(t) := An;(t)
solves also the equation. Therefore if tl}e initial daEa satisfies ar+n = ay for all k, and there is uniqueness
of the solution, then we conclude that Axyn(t) = Ag(t) for all k and ¢, so the periodic setting is preserved.
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As a consequence we would get
N(aN)? = N[4(t,0).

On the other hand, it was proved in [I3] making use again of the Poisson summation
formula, that for rational times ¢, , the Talbot effect holds: if ¢ is odd

» -1 q—1
U (tp.q, 0 .
Ultp) = 22D SN Gl gl gy (1) = 3 Y gy 0),
m=0 I m=0

l

with R
_ [4(t0,0)]
‘alym’ - N\/a .
Then .
‘Oél ‘2 — ‘w(tp,tpo)’z
1M N2q ?
SO
g | o l9p.g 0 W2 1
€_7r 2 = e 2N2q — (6_7‘-7)(1’

therefore the angles 6, , of the skew polygon at time ¢, , satisfy

0 1
sin(%) = sin(%);,

that is precisely the value given in [I3] and obtained from the numerical data. Similarly
one can repeat the argument if ¢ is even.
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