DISCRETE CARLEMAN ESTIMATES AND THREE BALLS INEQUALITIES

AINGERU FERNANDEZ-BERTOLIN, LUZ RONCAL, ANGKANA RULAND, AND DIANA STAN

ABSTRACT. We prove logarithmic convexity estimates and three balls inequalities for discrete
magnetic Schrédinger operators. These quantitatively connect the discrete setting in which the
unique continuation property fails and the continuum setting in which the unique continuation
property is known to hold under suitable regularity assumptions. As a key auxiliary result which
might be of independent interest we present a Carleman estimate for these discrete operators.

1. INTRODUCTION

In this article, we provide robust quantitative unique continuation results for discrete magnetic
Schrédinger operators Py, of the form
d
(1) Puf(n) = h™>Agf(n) + 1" S By (m)D! f(n) + V() f(n),
j=1
where f: (hZ)? — R, Dgw»f(n) = £(f(n *+ hej) — f(n)) denotes the (unscaled) left/right differ-
ence operator on scale h, B : (hZ)? — R? is a (uniformly in k) bounded tensor field, modelling,
for instance, magnetic interactions and where the potential V : (hZ)? — R is assumed to be uni-

d d
formly bounded (independently of h). The operator Ag := > Agjn = > D';ijf_J is the (not
j=1 j=1

normalized) discrete Laplacian on the lattice (hZ)?.

The operators considered in (1) correspond to discrete versions of the continuous magnetic
Schrédinger operator. While many features of the continuous and the discrete operators are shared,
if correspondingly adapted (e.g. regularity estimates), there are striking differences in the valid-
ity of the unique continuation property in these settings. In fact, even for the case of the model
operator, the discrete Laplacian, it is well-known that while in the continuum the (weak) unique
continuation property holds as a direct consequence of the analyticity of the solutions, this fails
in general in the discrete setting | ]. Indeed, in | | the authors show that it is possible
to construct non-trivial harmonic polynomials vanishing on a large, prescribed square. In spite
of these differences, it is expected that as the lattice spacing decreases, h — 0, the properties of
continuous harmonic functions are recovered. That this is in fact the case for the setting of the

discrete Laplacian was proved in | , , ], where propagation of smallness estimates
with correction terms were proved for the discrete Laplacian. For similar phenomena for related
operators we refer to [ , ] and the references therein.

Most of the cited propagation of smallness results from the literature however strongly relied on
the specific properties of the constant coefficient Laplacian, e.g. by using methods from complex
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analysis. It is the purpose of this article to provide quantitative unique continuation estimates
and three spheres inequalities for a large class of Schrodinger operators by means of robust Carle-
man estimates. We emphasize that in addition to the intrinsic interest in the quantitative unique
continuation properties of discrete elliptic equations, important applications of these quantita-
tive unique continuation estimates involve inverse and control theoretic problems (see for instance

[ ; D

1.1. Main results. Let us describe our main results. As a first main result, we seek to prove a
discrete analogue (with correction term) of a logarithmic convexity inequality. More precisely, for
u with P,u = 0 and P}, being the Schrodinger operator from (1) we provide the following bounds:

Theorem 1. There exist constants hg,d0 € (0,1), ¢1,¢0 > 0 and 79 > 1 such that for all 7 €
(70,80h™1), h € (0,ho) and u : (RZ)? — R with Pyu = 0 in By it holds

(2) lull2(sy) < Ce“T ullL2(s, o) + €T ullL2(sa))-

Here for r > 0 we define B, = B,.(0) N (hZ)?, with h € (0,hg) denoting the lattice spacing, and all
L? norms are L? norms on the lattice (hZ)<.

Due to the restriction on the upper bound of 7 < dph~!, this logarithmic convexity estimate
does not immediately yield a three balls inequality as in the continuum. It however implies a three
balls estimate with a corresponding correction term:

Theorem 2. There exist a € (0,1), ¢o > 0, hg € (0,1) and C > 1 such that for h € (0, hg) and
u: (hZ)? — R with Pyu =0 in By we have

7C()h_

(e —Q 1
3) lullcz(syy < Clullfags, ) el 20, + ¢ [l 2 (B2))-

This estimate thus quantitatively connects the discrete situation in which the unique continuation
property fails to its continuous counterpart. It provides quantitative evidence of the fact that as
h — 0, the propagation of smallness property of the associated elliptic operator is recovered. We

—coh™?!

remark that the scaling behaviour of the form e in h € (0, hg) had earlier been proven for the

special case of the Laplacian (see | , Theorem 1]) and is known to be optimal (see the discussion
in | , Section 4]). A similar, asymptotically optimal three balls estimate with Gaussian weight
and with error terms is given in [ ], see also | , Corollary 1.14].

We remark that our results (and arguments) remain valid if instead of the differential equation
(1) we consider the differential inequality

|h 2 A f(n) |<C( Z|D n)| +|f(n )|> for some 0 < C' < .

Further, it is possible to deduce propagatlon of smallness estimates for some controlled h-
dependent growth of V and B, (see Remark 4.2) which however, of course, do not pass to the
limit as A — 0.

1.2. Main ideas. Similarly as in | , ] and contrary to the results in | ) 1,
both of our results rely on a robust L? Carleman estimate. While | ] however relies on
Carleman estimates with weights which have strong (pseudo)convexity properties, proving a three
balls inequality requires working with (close to) limiting Carleman weights. More precisely, as our
key auxiliary result we prove the following Carleman estimate with a weight which is a slightly
convexified version of the limiting Carleman weight () = —7 log(]z|) and which we choose as, for
example, in | |:
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Theorem 3. Let u : (hZ)? — R be such that h"2Aqu = g in By with supp(u) C By \ By and
g € L*(By). Let ¢(x) = 7¢(|x|), where

1
o(t) = —logt + cps ( log t arctan(logt) — 3 log(1 4+ log® t))

for a certain small constant cps > 0. Then, there exist ho,do € (0,1) with hg < §y, C > 1 and
70 > 1 (which are independent of u) such that for all h € (0,ho) and T € (19,00h™") we have

(4) Tlle?ullts + Tlle?h ™ Doulf + 77 e?h T DZullEs < Clle?g]z..
d
Here Dyu(n) := % > (u(n + hej) — u(n — he;)), where e; is the unit vector in the j-th direction,
j=1

denotes the symmetric discrete difference operator.

Remark 1.1. We remark that the choice of the symmetric discrete derivative Dy in (4) does not
play a substantial role. With only minor changes it is also possible to replace it by Dfﬁ or D . We
refer to the beginning of Section 2 for the precise definitions.

The constraints on the size of the constant c,s > 0 are specified in the proof of Lemma 3.1.

Comparing our estimate with the previous Carleman estimates for discrete operators from
[BHR10, EDG11], we emphasize that in proving three spheres inequalities and doubling properties,
it is no longer possible to use strongly convex Carleman weights as in [BITR10]. As a consequence,
the derivation of positivity for the commutator becomes more intricate. In this sense, our estimate
is closer in spirit to the estimates from [FFDG11], in which the authors construct discrete complex
geometric optics solutions and which thus requires working with limiting Carleman weights. How-
ever, contrary to [EDG11] working in a “unique continuation setting”, we can not rely on “plane
wave” Carleman weights but have to use the more singular (almost) logarithmic weights which
we only convexify very slightly. On a technical level this also leads to more complex commutator
contributions. Hence, we are confronted with a situation in which only very little pseudoconvexity
persists and in which the algebraic, discrete computations become rather involved. In order to
overcome this, as one of the main ingredients of our proof, we relate the discrete quantities to
their continuous counterparts for which the underlying pseudoconvexity structures become more
transparent.

While building on similar ideas as in its continuous counterpart (see for instance [[XT01, AKS62]),
our Carleman estimate is restricted to a certain range of values of 7 which is a purely discrete
phenomenon. Similar restrictions had earlier been observed in [BITR10, EDGI11] in the context
of Carleman estimates for control theoretic and inverse problems. From a technical perspective,
as a key step in deriving the main Carleman estimate from Theorem 3, we localize to suitable
scales on which we freeze coefficients and compare our discrete problem to the continuum setting.
This is partly inspired by unique continuation results and Carleman estimates for (low) regularity
variable coefficient operators [KT01]. As in [IK{TO1] (and in contrast to the continuum constant
coefficient or continuum higher regularity settings) in this discrete framework we lack tools such as
“natural” polar/geodesic coordinates (see, for instance, [AKS62]) which — after a diagonalization of
the spherical contributions — would allow us to work with an essentially one-dimensional problem.
Hence, as in [KT01] we localize to scales on which the coefficients are essentially constant and then
exploit the more direct arguments in this set-up. Contrary to the setting in [KXT01], in our problem
these scales are determined not by the coefficient regularity but by the interplay with the discrete
lattice spacing.
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1.3. Outline of the article. The remainder of the article is organized as follows: In Section 2
we compute the conjugated discrete operator and its expansion into its symmetric, antisymmetric
parts and their commutator. In the main part, in Section 3, we derive the main Carleman estimate
of Theorem 3. Building on this, in Section 4 we deduce the results of Theorems 1 and 2. Last but
not least, in Section 5, we comment on rescaled versions of the main estimates.

1.4. Remarks on the notational conventions. Concerning notation, with the letters ¢, C, ...
we denote structural constants that depend only on the dimension and on parameters that are not
relevant. Their values might vary from one occurrence to another, and in most of the cases we
will not track the explicit dependence. For the Fourier transform of a function f we will use the
notation f

2. THE CONJUGATED LAPLACIAN AND THE COMMUTATOR

From now on, DY, will stand for the forward /backward operators Di,j from Section 1 and D’
will denote the symmetric discrete derivatives in the j-th direction, i.e. Diu(n) := 3(u(n + he;) —

d
u(n — he;)). All operators are understood to be taken with step size h. Moreover, D := Y~ D’
j=1

d .
and D, := > DI. We remark that the symmetric difference operator is associated with the Fourier
j=1
d
multiplier i Y sin(h&;), where i denotes the complex unit and where &; € h~'[—m, n]. Here we
j=1

have used the fact that the Fourier transform maps functions on the lattice (hZ)% to 2rh~!-periodic
functions and have identified the torus of length 2rh~! with the interval h=![—7, 7]¢. We will make

use of this convention throughout the article; in particular, we will only study Fourier transformed

lattice functions on the interval h=![—x, 7]9.

Heading towards the proof of the Carleman inequality of Theorem 3, we introduce the conjugated
Laplacian

d
() Lo nf(n) :=h"2e?Age™? f(n) = Z [Sif(n) + A; f(n)] =t (Spf(n) + Ay f(n)),
where the symmetric and anti-symmetric operators are
Sj.f(n) = h?((cosh(D}.¢(n))) f (n + hej) + (cosh(DLg(n)) f(n — he;) — 2f(n)),
A;f(n) = h™*((sinh(DL¢(n))) f (n — he;) — (sinh(D%.6(n))) f(n + hey)).

We compute the commutator of this to be

[Sor Aglf(n) = S5, Al f(n) = > {S;Ar — ArS;}f(n)

J:k Jik
= 3 DS A — AS;H ) + 5 Y (SkA; — AiSif(n)
3k gk

: Z h_4Tj7kf(n)7
J.k

where

Ty f(n) = h*[Sj, Agl f(n) = A; i f(n + he;j + hey)
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+ Bj,kf(n — hej — hek) + Cj,kf(n + hej — hek) + Ej’kf(n — hej + hek),
with

A= cosh(Diqb(n)) sinh(D* ¢(n + he;)) + sinh(D% ¢(n)) cosh( Dﬂrqb(n + heg)),
B; i = cosh(D? ¢(n))sinh(D* ¢(n — he;)) — sinh(D* ¢(n)) cosh(D”¢(n — hey,)),
Cjx = cosh(D%,.¢(n)) sinh(D¥ ¢(n + he;)) — sinh(D* ¢(n)) cosh(D?, ¢(n — hey,)),
Ej ). = — cosh(D”¢(n)) sinh(DX ¢(n — he;)) + sinh(D% ¢(n)) cosh(D2 ¢(n + hey)).

Now, using trigonometric identities, these can be simplified to read

Aj ), = —sinh(D/, DX ¢(n)) cosh(D?_¢(n) — DX p(n)),
Bj i = —sinh(D’. Dk ¢(n)) cosh(D? ¢(n) — D’iqﬁ(n)),
Cjx = sinh(D’, DX ¢(n)) cosh(D%.p(n) + D¥ ¢(n)),
Ej 1, = sinh(D? DX ¢(n)) cosh(D” ¢(n) + Digzﬁ(n))

Indeed, for instance, for A;; we obtain

Aj 1, = — cosh(D’, ¢(n)) sinh (D% ¢(n + hej)) - smh(D d(n)) cosh(D7, (n + hey))
=—cosh(Di¢(n))sinh(D‘“Di¢( ) + D ¢(n))
+ cosh(D%. DY ¢(n) + D%, p(n ))Smh(DiqS( )
=— cosh(DJ+¢(n)) [smh(Dk D’ ¢(n)) cosh(DX ¢(n)) + sinh(D* ¢(n)) cosh(DX DY, ¢(n))]
+ sinh(D¥ ¢(n)) [ cosh(D, DX ¢(n)) cosh(D? ¢(n)) + sinh(D, D¥ ¢(n)) sinh(D? ¢(n))]
= sinh(D’, Di¢>(n )) (sinh(D7, $(n)) sinh(D% ¢(n)) — cosh(D% ¢(n)) cosh(D, p(n)))
= —sinh(D’. D¥ ¢(n)) cosh(D%¢(n) — D" p(n)).

The arguments for the other contributions are similar.
We next seek to investigate the commutator in more detail.

Remark 2.1. In the one-dimensional situation the commutator can be simplified significantly:

Indeed, if we study the commutator term ([S, Alf, f), the case j = k = 1 is quite simple and leads
to

Z {4 sinh(Agqg(n))|Dsf(n)]?—Agsinh(Agp(n))|f(n)]2+2 Sinh(Ad¢(n))(cosh(2D5¢(n))—1)\f(n)|2}.

nez

The main term is a discrete version of 4¢;;|f;1%+4¢;;0; b5 f1>—jiii 12, where the subindices refer
to differentiation in the corresponding direction. Note that the main term of the higher dimensional
continuous commutator is more complicated and is of the form

Ak fi i + 405050k  F12 — bynel fI.
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In the general case, we can rewrite the contributions of h*([S, A]f, f) in the following way (where
with slight abuse of notation, we refrain from spelling out the sums in (hZ)? and the sum in j, k):

sinh(D7E ¢(n)) f(n + he;) f(n + hey,) + sinh(D>* ¢(n)) f(n — he;) f(n — he)
7.k

— sinh(D%" 6(n)) £ (n + he) Fn — hew) — sinh(D2 6(n) £ (n — he) F(n + hex)
© + sinh(DfH(b(n)) (cosh(d(n + hej + hex) — ¢(n)) — 1) f(n + he;) f(n + her)

+ sinh(D?* “¢(n))(cosh(g(n — hej — hey) — d(n)) — 1) f(n — he;) f(n — hey,)

— sinh(D}" ¢(n)) (cosh((n + he; — hey) — ¢p(n)) — 1) f(n + he;) f(n — hey,)

— sinh(Dj‘lc ¢(n))(cosh(e(n — he; + heg) — ¢p(n)) — 1) f(n — he;) f(n + hey,).

The interest of writing the general term in this form is that we seek to bring the commutator
term into a form which is as close as possible to the form of the commutator in the continuous
setting which reads

4V V2PV f2 +4Vf - V2oV f — A2 f2.

To this end, we note that the first four terms in (6) are closely related to the part 4¢x f; fr. — ;x| f|?
and the last four terms to 4¢;,¢;¢x|f|* correspondingly.

We will use the expression (6) as the starting point of our commutator estimates in the following
sections.

3. PROOF OF THE CARLEMAN ESTIMATE FROM THEOREM 3

Before turning to the proof of Theorem 3 let us recall an auxiliary result showing the strong
pseudoconvexity (in the continuous sense) of the weight function ¢(z):

Lemma 3.1. Let ¢(z) := 1¢(|z]), where for some small constant c,s > 0

(7) o(t) = —logt+ cps ((log t) arctan(logt) — %1og(1 + (log t)z)).

Then ¢(x) is strongly pseudoconvex with respect to the Laplacian and with respect to the domain
By \ By in the sense that there exists a constant C > 0 (which is independent of T) such that in
By \ By we have

V- V2eVo+¢-V2pE > Cr > 0 on {[¢]> = [V, V¢ - & =0}
Proof. In order to prove pseudoconvexity, we seek to prove that
Vo ViV +E Vips > O’ > 0 on {|¢[* =|Ve|*, Vo £ =0}

Without loss of generality, we consider the case 7 = 1 only; the general case follows then by
rescaling. Now, if ¢(x) = ¢(|x|) we have that

| | |ﬂ?| = ||
Moreover, V¢(z) is an eigenvector of V2¢(x) with eigenvalue A(z) = ¢”(|z|) and

V(@) - V() Ve(x) = ¢ (|2]) (&' (J2])).
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Furthermore, the only other eigenvalue (of multiplicity d—1) of VZ¢(|x]) is given by u(|x|) = ”/‘(QLTD .
Due to the constraint that {|¢|? = |[V¢|?, V¢ - £ = 0}, we therefore infer that
2 2 _ / 2 1 90,(|$|)
Vo(z)  Vop(x)Ve(x) + £ - Voh(x)s = (' ([2]))" (" (|=]) + )
For ¢(x) = —7log(|z|) this vanishes (as it is a limiting Carleman weight) but for (7) one obtains

that on the critical set

2 e (a2 (o o 0Dy (14 ey arctan(loa(Je])))?
Vo VIOV6+ € VR0 = (¢! (o)) (¢ Jal) + ) = et Rt S

which is positive for some sufficiently small c,s > 0. |

In the sequel, we present several auxiliary results which allow us to steadily transform the discrete
conjugated operator into an operator that closely resembles the continuum version of the conjugated
Laplacian. Recall that we define the discrete Laplacian in direction j € {1,...,d} as

Agnif(n) = f(n+ hej)+ f(n— he;) —2f(n).
As a first step towards the desired Carleman estimate, we localize the problem to scales of order

€ 17=2, where ¢y > 0 is a small constant which will be chosen below (see the proof of Theorem 3):

Lemma 3.2. Let ¢ be as in Lemma 3.1. Let Sy, Ay be as in (5). Let {¢x(z)}rez be a partition
of unity subordinate to an open cover of Ba \ B% which is localized to scales of order 6517'7% for
some €y € (0,1) small. Suppose further that T € (1,50h™1t), where h € (0, hg) for 8o, ho € (0,1) is
chosen to be small and such that hg < d9. Let fi(n) := (fvg)(n). Then,

d
1561l < D~ 1S6full < CISofll +Cr2eq Y A7 DIl + Clreo + 7272 heo) | £,
k

Jj=1

8) A6 < D1 4sfill < ClAs Il + Creeollf 1
k

d
Lo fIl < 3 NLofull < CllLof] + Cr2e0 > [A DIf|| + C(req + 72 eo + 7272 heo) || £
k

Jj=1

We remark that the condition hg < g is imposed in order to ensure that for all h € (0, hg), we
have §oh~! > 1. Here and in the sequel, for brevity of notation, we write the L? norm on the lattice
without adding subindices, i.e. || f|| := || fllz2((nz))e-

Proof of Lemma 3.2. As the estimates for S, and for A, are analogous, we mainly focus on the
argument for S,. The first bound in the estimate for Sy in (8) is a direct consequence of Minkowski’s
inequality. In order to observe the second estimate for Sy in (8), we spell out the contributions
coming from Sy fi(n). We begin by rewriting

S; fr(n)
= h™?(cosh(D% ¢(n)) = 1) fi(n + hej) + h™*(cosh(D” ¢(n)) — 1) fic(n — he;) + h™*Aa . fu(n).
Hence, inserting the function fi(n) for h=2Ag . ; fx(n), we obtain
h™2Aanj fr(n) = h72[f(n + he;) + f(n — hej) — 2f(n)]vy(n)
+ 072 [f(n + hej) (i (n + hey) — r(n)) + f(n — hej) (Yi(n — hej) — P(n))]
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= r(n) (> Agn; f(n) + 72 (f(n+ hej) — f(n — he;))(Y(n + hej) — hr(n — hej))
+ b2 (f(n + hey) — f(n — hey)) (Yr(n — hej) — i (n))
+ f(n— hej)h™*(Agn i) ().

While we seek to keep the first contribution in this expansion to recombine it to h™2A4, ; f after
summing over the partition of unity, we only provide estimates on the remaining contributions. To
this end, denoting by 2h supp(¢x) a 2h-neighbourhood of the support of 1y, we observe that

W2 (f(n + he;) = f(n — he;)) (¥ (n + hej) — di(n — he;))|
< Ol (f(n+ hej) = f(n = he;))[Vib(y)] < Ceor 2[R (F(n + hej) = F(n — he;))|Xan supp(u) (7);
as, at an intermediate point y with y € [n — he;, n + he,],

Ve (y)| < CﬁoT%X%supp(wk)(n), for all k

and

|f(n— he;)h > (Aanve)(n)] < C|f(n — hey)||D*Yr| < CTeg|f(n — he;) | Xon supp(pr) (1)

Using the same reasoning for the term h=2(f(n + he;) — f(n — he;)) (¥ (n — he;) — ¥x(n)), and
combining these estimates, we thus infer that

(™2 Ag i fi(n) = Yr(n)h ™2 Ag i f(n)] < Ceg| f(n = hej) [ Xan supp(s) (1)
+ Ceor2 ™" (f(n + hej) = f(n— hej)) [Xansupp(w) (0)-
Similarly, for h*Q(COSh(Did)(n)) — 1) fx(n + he;) we obtain

9)

h™?(cosh(D%,¢(n)) — 1) fi(n + he;) = i(n)h™*(cosh(D} d(n)) — 1) f (n + he;)

+h7 % (cosh(D% é(n)) — 1) f(n + hey) (¥ (n + hej) — dr(n).

Estimating
) DI 2 2
[cosh(DY, g(m)) — 1] < AT < 2y VELIE,
where we used that for y € By \B% we have that
| DY é(n)| = h|0;6(y)| = h|050(y)| < Cd

is small, allowing for a Taylor expansion of the hyperbolic cosine. Here y, y € [n,n + he;| are
intermediate values. We hence obtain

Ch™"|(cosh(D5, ¢(n)) = 1) f (n + he;) (¥ (n + hej) = di(n))|h ™"
< CTQT%}LE()L]C(TL + h‘ej)|X2h supp(¢Yk) (’I’L)

As a consequence, combining the estimates from (9) and (10) yields

(10)

d
S8 fell < lenSof |+ 3 (Crieo S Ixonsupptvnh ™ Difll + Clreo + 773 heo) | Fxon suppiu |l
k k k

j=1
1 d . 1
< CISsfll+Ct2¢p Z |R"LDI || + C(reo 4+ T2T2 heo)|| ]
j=1

This concludes the argument for the localization estimate for Sy.
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The arguments for Ay and Ly are analogous. Indeed, for A4 we note that, for an intermediate
value vy,

[Aj (W f)(n) = iA; f(n)] < [ = B710;6(y) f (n + he;) (r(n + hej) — thi(n))
+h10;0(y) f(n — hey) (r(n — hej) — i (n))],
which yields
Do IAsfill < ClAsfll + CT* e 1]
k

Estimating the terms of Ly by using the bounds for A4 and S, then implies the result. O

As a next auxiliary step, we expand the trigonometric identities which then allows for easier
manipulations of the contributions in the sequel.

Lemma 3.3. Let ¢ be as in Lemma 3.1. Let
S;f(n) = h™?(cosh(D.¢(n)) f(n + he;) + cosh(DLg(n)) f(n — he;) — 2f(n)),
Ajf(n) =—h"? sinh(Df;_(b(n))f(n + hej) + h™2sinh(D7 ¢(n)) f(n — he;),

and [S;, Ag]f(n) be the quantities from Section 2. Let further

gjf(n) = h_Q((M + 1)f(n—|—hej) + (M + 1)f(n— he;) — 2f(n)>
= h2 g S ) + PO (i hey) 40— ney)),

A;f(n) = =h=(0;6(n))(f(n + hey) — f(n — hey)),
Clif (n) = @pud(m) (W (Fn -+ hey) = fln — hey))RT(F(n+ her) = F(n — her))

Bjm(n)(laﬂ( ) + ()P (f(n + hej) f(n + hey) + f(n — he;) f(n — hey))
= [0j6(n) = Okd(n)|*(f (n+ he;) f(n — hey) + f(n — he;) f(n + hey))).

Let 7 € (1,h=180), where h € (0, ho) with &y € (0,1) (to be chosen below, see the proof of Theorem
3) and hg < dp.

Then, for S, and Ag as in (5), Sef(n) := Zd: §Jf(n) and gqsf(n) =

Jj=1 J

ij(n), and f €

M-

1

L?(By \ B1) with supp(f) C B2\ By, we have
IS f1° = 1S5.f11* = 2C (557> + G371 £,
1A £II* > 1 Ap fII* = 2C (72 + 657 )|Lf11%,

d d
([Se: Aplf. 1) = D Y Chil(n) = 20(% + 5§71 fI° — 20 Y |In~"Dif|*.

ne(hz)d j k=1 j=1

Y

Proof of Lemma 3.3. The results follow by expanding the expressions for S;, A;. More precisely,
we first approximate all discrete derivatives of ¢ and the corresponding nonlinear functions and
then estimate the resulting errors.
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Step 1: The symmetric part. We first discuss the symmetric part of the operator. For instance,
we expand

cosh(DZL6(n)) = cosh(hd;é(n) + O(h*|V*6(y)]))
= 1+ [hds0(n) + OUZIV*6()D| + O((AVo()| + [ T%6(u)])")

= 14 070,02 + O(W* (V*6(w)” + V6()P) + B IVo(m)|* + hV%0()*).

Here y € RY are intermediate values, not necessarily the same, such that y € [n,n + he;]. Thus,
the symmetric part becomes

8;f(n) = 8;f(n) = Es, f(n),
where §j f(n) is as in our statement and
1Bs, fll < C(h? + 7RIV + [Vl + [V20l* + [Vl ) £,

with n € (hZ)?, ¢(n) = Tp(n) with ¢ a bounded function (on the relevant domain). Choosing
7 € (1,60h™1) with §y sufficiently small, we may assume that h7? + 74h? < C(§o7 + 6372), hence
the error || Eg, f|| in the symmetric part is an L? contribution and, combining this with the explicit
form of ¢, satisfies the estimate ||Eg, f|| < Cdo(r + 6o72)||f]|. Therefore, in the sequel, we will
estimate

d
1S 1% = 186 f17 =2 I Es, fII*.

j=1

Step 2: The antisymmetric part. For the antisymmetric part we argue analogously. We thus
expand

sinh(D% ¢(n)) = sinh(hd;¢(n) + O(h*|V2¢(y)|))
= hd;6(n) + O(h*|V2e(y)|) + O((h|V(y)| + O(h*|V2e(y)]))?)
= hd;(n) + O(R|V2e(y)| + b |V o(y)* + h°|V2e(y)|?),

where y are intermediate values in [n,n + he;]. Thus, the antisymmetric part becomes
Ajf(n) = A;jf(n) — Ea, f(n)
with

A;f(n) = =h71(9;0(n))(f(n + he;) — f(n — hey)),
[Ea, fIl < C(T+ 8om) (V20| + [Vel® + V20 £
< C(r+6m)I£l,

for which we have used the bounds for ¢ in By \ B.
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Step 8: The commutator. Finally, we turn to the commutator which is given by

(11)
(IS S S S AT

ne(hZ)d j,k=1

d
Z Z h_4(sinh(Di’i¢(n))f(n + hej) f(n + heg) + sinh(D2F ¢(n)) f(n — hej) f(n — hey)

ne(hz)? j k=1

— sinh(D}" ¢(n)) f(n + he;) F(n — heg) — sinh(D? ¢(n)) £ (n — he;) F(n + hex)
+ smh(Di_’_‘_gb(n))(cosh(qﬁ(n + hej + hey) — ¢(n)) — 1) f(n + he;) f(n + hey,)

+ sinh(D?* “¢(n))(cosh(g(n — hej — hey) — ¢(n)) — 1) f(n — he;) f(n — hey,)

- sinh(Di’]i(ﬁ(n)) (cosh(¢(n + hej — hey) — ¢(n)) — 1) f(n + he;) f(n — hey)

_ sinh(Dfiqﬁ(n)) (cosh(¢(n — hej + hey) — d(n)) — 1) f(n — he;) f(n + hek))

For the first four contributions in (11), we expand, for each n € (hZ)? and fixed j,k € {1,...,d},
sinh(D3 6(n)) = h*0546(n) + 5h*(0005 + 070,)6(n)

+ OV (y)| + b max{|V2s(y)], [V 8(y)], [V*6(y)[}?),
sinh(DP g(n)) = W20;40(n) — 5 h* (0405 + 070,)(n)

+ OV (y)| + 1 max{|V>s(y)], V> 8(y)], [V 6(y)[}?),
sinh(D 6(n) = W20x0(n) — 2 (2,07 — B30k)0(n)

+ OV (y)| + 1 max{|V>s(y)|, [V*s(y)[, [V*6(y)[}*)
sinh(D ¢(n)) = h28;,6(n) + %hS(aja,f — 820;,)¢(n)

+O(hYV*o(y)| + 1 max{[V2o(y)|, V2o (y)], [V e(y)[}*)

(12)

with y intermediate points. Here we have carried out Taylor expansions of both the functions
D% ¢(n) and of sinh(-). Thus, the first four contributions in (11) can be written as

h=2 Qi (n)) (f(n + hey) f(n + hey) + f(n — he;) f(n — hey)
- f(n + hej)f(n - hek) - f(n - he])f(n + hek)) + El(n’ja k) + E2(n7ja k)v

where

Ei(n,j, k) = %8kﬁfq§(n)f(n +hej) [ (f(n + heg) — f(n — hey))]
+ 508000 Fla T hen) I (f(n+ he) — f(n — hey)]

+ 500060 (F(n -+ hey) — F(n — hey) 0 — Fer)]
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+ %5k3]2¢(n) [h1(f(n+ her) — f(n — hex))) f (n — hej)],
and
|Ex(n, j, k)| < C(rmax{|Vie(y)|, 651V 0 )|, 651V 0 (y)°, 5 [V e (y)*)}) x
% (|f(n+ he;) > + | f(n — hej)|* + | f(n+ hep)|* + | f(n — heg)[?).
Note that
h=2(f(n+ he;) f(n+ hex) + f(n — he;) f(n — hex)
— f(n+ he;) f(n— hey) — f(n — he;) f(n + hey))
= (W1 (f(n + hej) — f(n — he;))h=1(f(n + heg) — f(n — hey))),

which yields the first part in the expression which is claimed for ij ,’cf in the lemma. Moreover, the
error F; can be bounded by the Cauchy-Schwarz inequality:

d d
S B R) < CIIVIfIIP+C > Ik DIf|

4,k=1 ne(hz)d j=1

d
< Cr2(|[VPlfIIP +C D I DifI.

j=1

Here we have used that there exists a constant C' > 1 such that max |V3¢(x)| < C|V3é(y)
xE€B2\B1 /2

for any y € By \ By a.
For the second four terms in (11), we similarly expand as in (12) and
(cosh(¢(n + he; + hex) — ¢(n)) — 1)
= cosh(Diqﬁ(n + hey) + DY ¢(n)) — 1
= cosh(h0;¢(n) + horp(n) + O(R?|V2¢(y)]))

1+ 5h210;0(n) + Oko(m)]? + Bs(n) — 1

S121050(n) + Dhb(n)? + B (n),
where
|B3(n)| < C(W*|V26(y)]* + [V (y)*) + Ch* max{|Ve(y)|, [V (y)[}*
< C [WPr?* max{|Vl, [V2¢[}* + k7" max{| V|, [VZ¢[}] .
A similar expansion holds for the term involving (cosh(¢(n — he; — hey) — ¢(n)) — 1), while
(cosh(9(n — he; + hex) — 6(n)) 1) = 2h213;0(n) — Bxo(n) + By(n)

with similar expansion for the term (cosh(¢(n + he; — heg) — ¢(n)) — 1).
Hence, expanding the contribution of the sinh just with one main term h23jk¢(n), ie.

sinh(D}™_¢(n)) = B*0;,6(n) + O(h°|V24(y)* + 1% V26 (y)[*),
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a multiplication of these expansions turns the second set of four terms from (11) into

5 5w6(n) (19,6(0) + Ak (m) P (n -+ he;) T + hew) + Fn — he,)Tn — hey)
—0;0(n) — Ad(n)|*(f(n + he;) f(n — hek) + f(n — he;) f(n + hek)))
+ E4(nvja k)v
where
|Es(n, j, k)| < C [hr® max{|Ve|, [V?¢l, [V?¢|}? + h*r° max{|V|, [V¢|, [V3|}®
+h07" max{|Vel, V29, [V30|}] (|f(n + he;)* + | f (n £ hey)[?),
< C 6072+ 637%]) (1f (n £ hey) P + [ f(n + hex) ),

a? b
where we used Young’s inequality ab < — + — for conjugate exponents p and g. Combining the

estimates for F1, F5 and E4 we arrive at the claimed estimate for the commutator by taking into
account that h,dp € (0,1) and 7h < do. O

As a next step, we freeze coeflicients in the operators §¢,, Avqg and ij ;cf when acting on functions

supported in sets of the size e, 1773 for ¢g > 0 sufficiently small and 7 > 1 sufficiently large, both
of which are to be determined below (see the proof of Theorem 3).

Lemma 3.4. Let f € C° (B2 \37%) be such that supp(f) is of the size eg '~ 3. Assume that ¢ is

as in Theorem 3 and that 1 < 7 < Soh™" for a sufficiently small constant 5o > 0. Let n € R? be a
point which is in the interior of supp(f) and set

520 1= 028y 1) + LA ey + (= ey,

AL f(n) = —h~H(@;0(R))(f (n + he» f(n— hey)),

Cli (n) i= (@) (B~ (f(n + he;) — F(n— he;)) i 1(F(n + heg) — F(n — hex))
b 2 (@380(7)) (,67) + @) 1+ hes T T ) + f(n — he; T~ )
—10;¢(n) — Ok d(R)|*(f (n + he;) f(n — hex) + f(n — he;) f(n + hey))).

Then,
Ssf1l = 1185 £1ll < Creg I £1],

d
I1Aof Il = A6 fll| < Cr2eg™ YR HIDLS,

j=1
d
= 1 _ _ : 5 _
S >l —clili<crrg > I DIfIP + Crre £
ne(hz)d j.k j=1

Proof. Using the triangle inequality and the support condition, we estimate

1196 £1l = 186 f1Il < ClI(Sy = Sp) fIl < CUI((D56(n))* = (9;6(7)) f (n + he)]|
+1((@5¢6(n)* = (9;6(7))*) f(n — he;)|))
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_ 3 _
<Cr* sup |n—allf] <Criegt|f].
nesupp(f)

As the arguments for ;{43 and for ij ,;f are analogous, we do not discuss the details. O

Finally, as a last auxiliary step before combining all the above ingredients into the proof of
Theorem 3, we prove a lower bound for the operators with the frozen variables.

Proposition 3.5. Let §¢,, [145 and C_fl;f be as in Lemma 3.4. Then there exist Ciow > 0, cg > 0,
ho,d0 € (0,1) (small) and 7o > 1 such that for all T € (10,00h™ 1) (large), h € (0,hg) and for all
[ € C&(B2\ By) we have

(13)

d d
oA e S 3 o )2 Clow (T IFI272072 3 IDLFI2+R=4 3 (D1
ne(hZ)d j,k=1 j=1 j=1

Proof. Using that the operators under consideration all have constant coefficients, we may perform
a Fourier transform and infer that

(14)

d
15617+ 1A FIP +eor S S elf

ne(hZ)d jk=1

IS9

= — 4h™2sin?(h€; /2) + (9;6(n))? cos(€;h) f||2+ZII2h (7)) sin(&;h) f|?

+eor Z [4(h" sin(&h) (00 6(n))h " sin(§eh) f. F)

+ ((ajm(ﬁ)) (10;6(7) + Ok cos(he; — hex) = 10;6(n) — D) cos(h; + h&)) . )|

In order to prove the positivity of this expression, we will choose ¢y > 0 so small, that outside
of a sufficiently small neighbourhood of the union of the (joint) characteristic sets of the Fourier
symbols

prj(€) == —4h™?sin*(hg;/2) + (9;6())* cos(¢;h)
= 2h™2(cos(h&;) — 1) + (9;0(n))? cos(&;h),
pii(€) = 20;6(R)h ™" sin(&;h),
the third term in (14) is controlled by these. In order to observe that this is possible, we first study
the contributions p, ; and p; ; separately. We first consider the terms p, ; and p.(§) := Zd:l Dr; (&)
j=

associated with the symmetric operator. We begin by observing that the first summand in
d cos(&h
(15) pr(€) = 10;0(n)[? cos(&;h) + 2 Z e
j=1

is bounded from above by C72. For the second summand, we deduce that (using our convention of
identifying 27h~!-periodic functions with functions on the torus h=!(—, 7)), since | cos(x)| € (0,1)
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and for & € h™!(—m, ), we have

jeos(eh) ~11 =[S 4 meem| = 2 (h - 1) = L,

where R(§;h) is the remainder term in the Taylor approximation. Hence,

d
(16) S eetel =2 (&) ‘_h QZ\C% &h _1|> QZ\g]m?_ 16|§|2
j=1

Combining these two observations, we note that there exists a constant C; > 0 such that if || > Cy7,
the expression in (15) can be estimated from below by

d
po(? = | 30 L s 50 et > e (el + 72l + )

(17) >chf(Zh sin*(h¢;) —l—TQZh sin®(hé;) + 7 )
j=1

Here the constant cpy > 0 is independent of 7 and . In the sequel, this w1ll motivate a distinction
between the two regimes |{| > Cy7 and [£| < Cy7. We further note that if the constant ¢y > 0 in
(14) is sufficiently small, then the a priori not necessarily signed Fourier multipliers associated with
contributions in the third and fourth line in (14) may be absorbed into the lower bound in (16).
Motivated by the estimate (16), we call the region {|¢| > Ci7} the high frequency elliptic region.
By the above considerations the claimed lower bound (13) always holds in this region.

It thus remains to study the region complementary to this, i.e. the region in which |£| < Cy7.
In this region, we expand the symbols in h¢; (noting that h|¢| < C17do7~! = C1y which is small
for §p > 0 small). For the symmetric part we obtain for some constant C' > 0 which depends on
Cy>0

d d
) pe(€) = D" (19;0()1 — 1&1%) Z 10;0(0)*1&;R1* + h2|¢;h]*)
=1 =

<072h2|£\ Vo(n)? + W2t < O(r*h? V() + h*r?).

For the antisymmetric part in turn we infer for p; := Z?:l Dij

d

(19) pi(&) =2 9;0(R);| < Cr|Vip(R)|h™ 1Z|h£ * < Ch3 V(7).
- <

Let now

(20) Cr = {7*|Vep(R)|* = €12} N {7V(n) - € = 0},

denote the joint characteristic sets of the symmetric and antisymmetric parts of the operator.
Further define

Nyc:={€c (h'T)%: dist(¢,Cr) <ot}
to be a o7 neighbourhood of the joint characteristic set C, with vy > 0 small (to be determined
below). With this notation fixed, we prove that for [¢| < Cy7 outside of N; ¢ there exists some
constant ¢;71 > 0 (depending on ) independent of 7 > 0 such that

(21) pr(€) +p3(€) = apa(r + €1,
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Indeed, this is true for the leading order approximations

(IVo(R)]? —[€*)* +4(Ve(n) - €)%,
and transfers to the full symbols p?(&) + p?(€) since the error estimates in (18), (19) are of order
Ch2t* < C827% if 7 € (1,50h™1). Thus, if g is sufficiently small (depending on 7p), these error
contributions can be absorbed into the right hand side of (21). Again, if the constant ¢g > 0
is sufficiently small, we may absorb the contributions originating from the not necessarily signed
Fourier symbols of the operators in the third and fourth line in (14) into the lower bound (21).

It remains to study the behaviour of the Fourier symbols associated to the operators from (13)
in the neighbourhood N; ¢ of the joint characteristic set (20). To this end, we also carry out an
expansion of the symbol associated with the operators in the third and fourth line of (14) (which
originates from the commutator) and obtain the symbol ¢(£) = ¢1(€) + ¢2(§) with

d d
(&) = Y 4r0d(n)&;&, + ThPO(IV?e(n)|[€]*) = D 4r%050(n)E& + TOh*O(| V2 (n))),

J,k=1 J,k=1

and

40510 (1) 0 0(1)Orp(7) + T O(IVep(1) [V (1) | € )

q2(§) =

J

47050 (1) (9 0(7) (Owsp (1)) + T2 O(|V () *| V()] ).

M= M-

J
Using that 7 € (1,5ph ™), we thus obtain that

q(€) = 4(r%¢ - V2p(n)€ + 7'Vp(n) - V() V() + O(Co5TY).
Now by the pseudoconvexity conditions on ¢ for i € By \ B 1 (see Lemma 3.1), we infer that for &

in the characteristic set (20) there exist constants c.f1,c.;r > 0 which are independent of 7 and h
such that

4(8) = copa(Th + €T + [E]Y) — OOFT = cop (8 + (€277 + [€]*).
We next seek to argue that by continuity a similar lower bound also holds on N; ¢. To this end,
note that for £ € Ny ¢ we have £ = 7& for some & € (h™1T)? with || € (Co1,Co,2), where the
constants Cy 1, Cp 2 > 0 only depend on 7 and the dimension d and, in particular, are independent
of 7> 1and h > 0. Thus, for £ € N; ¢ and & = 77 ¢ we have that by homogeneity

§(&) =77"4(8) = & V()& + Ve (n) - V() Ve(n) + O(C)
is independent of 7. Since for ¢ € C, the pseudoconvexity condition for ¢ implies that q(§) >
cer1 > 0, by continuity, it remains true that g(§) > ¢.f,1/2 in the neighbourhood N; ¢ if 7o > 0 is
sufficiently small (but independent of 7 > 1). By the scaling of ¢(§) we thus infer that for £ € N; ¢
and dp > 0 sufficiently small we have

(22) a() = "L (e +[€%17%) - 00 2 ZL (et + 1P + Jel).

Thus, in total, by (17), (21) and (22), we have obtained that for all £ € (h~1T)?

d d
P2(&) + p7 (&) + q(€) > min{cep/4, cipa, chf}<7'4 +72h 2 Z sin®(h¢;) + h* Z sin4(h§j)).
j=1 =1
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By the Parseval identity, this implies that

d
IS FI12 + 1A 1% +cor S 3 it

ne(hz)d j,k=1
> Clow (T 17 + A7 YD FIP + 72072 Y IDLFIP),
j=1 j=1

which yields the claim of the Proposition. O
With all of these auxiliary results in hand, we now address the proof of Theorem 3.

Proof of Theorem 3. The proof of Theorem 3 follows by combining all the previous estimates. We
first rewrite the desired estimate in terms of the functions f := e®u for which we seek to prove

3 1 — _1 —
TS+ 72 AT Dl + 772 [RTPDIFI < CllLy f ]

(and for which we note that the action of D, on e®u yields terms D,e® that can be absorbed in the
first term with ||e?u||). We now argue in two steps, first reducing the estimate to a bound for the
localized functions and then proving the estimate for these.

Step 1: Localization. As a first step, we note that it suffices to prove the estimate

(23) T3\ fll + 2D f]| + 7 2 |h2D2F| < C||Lg f|

for the localized functions fj from Lemma 3.2. Indeed, assuming that the estimate (23) is proven
for fi, an application of Minkowski’s inequality and the error estimates from Lemma 3.2 yield

72| f|l + T2 |h D, || + 2 [|h 2 D2
<TEN el + 723 IATIDfill + Y [hT2DA
k k k

(24)
d
1 Ry 3 1
< CZ | Lo frll < Cll Lo fll + CroeT 2 €0 Z A" DIf|| + Croc(Teo + T2€0 + 272 heo)| f]I-

k j=1
Now choosing
25 <
( ) 0= 10Cvloc7

and recalling that 7h < dy for some §y € (0,1), we may absorb the contribution on the right hand
side of (24) into its left hand side (in particular we note that 7272h < §y72 by our assumptions on
the relation between 7 and h). This then yields the estimate (23). The estimate (4) follows from
this by possibly choosing the constants in the terms which involve derivatives on the left hand side
of (23) smaller, carrying out the product rule and absorbing the L? errors into the L? contribution
on the left hand side of (23).

Step 2. Proof of (23) for the localized functions. Tt thus suffices to prove (23) for f = fx. To
this end, we observe that for fi = fi5. with supp(f) C Ba \ By/2, ¥ as in Lemma 3.2, ¢o € (0,1)
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as in Proposition 3.5 and 7 > 1 such that mpco > 1,
T\ Lo il = Tl1So fill® + 7l Ag full* + 7(fx, [Sg, As] fr)
156 fxll® + 1 Ag frll® + Tco(fx, [Ss, A fr)

v

d
= 18sfull® + 1A fil? +7c0 > > el — By,

ne(hZ)d j1,j2=1

where by Lemma 3.3, taking into account that 0 < §g < 1 < 7, we get

d
(26) |B1] < CO7* + ) full? + Cr Y |~ DLl
j=1
Choosing dg > 0 such that C'dy < Cll‘éw, where Cloy is the constant from Proposition 3.5, we will be
able to treat the contributions in (26) as error contributions in the following arguments.
Exploiting the bounds from Lemma 3.4, we may further estimate

d
ISofill® + 1 Apfill® +7eo > Y cllv — By

n€(hZ)d j1,j2=1

> (1So el + 1A frll® + 10 D Z CluIr — By — By,
ne(hZ)d ji,j2=1
where by the estimates from Lemma 3.4
d
(27) |Bo] < C(req” + 2 Il + C(r2 e +765") Y [~ DI fi >
j=1
Finally, invoking Proposition 3.5, we infer that

d
ISsfel + Aol +re0 S0 S Clte - B - By
(28) ne(hZ)d j1,j2=1
d _ d '
> Clow (Il + B3 NP2l + 72072 S IDLAR) — By — o
j=1 j=1
Recalling the condition for ¢y > 0 from (25), we now choose ¢y = ﬁ and fix 79 > 1 so large and
0o > 0 so small that
73 3 73

7
3 ¢2 4 % -1 3 -2 0 -1 _2
Cmax{ry,0,7), 73 €0 »To€y | < OIOWE and Cmax{rie, ,To€65 } < C’lowl—o.

Further, we choose the value of hg > 0 so small that doh ' > 1007 > 100, which in particular
implies that for all h € (0, ho) the interval (79, dph 1) is non-empty. With these choices, it follows
that for T € (79, 80h 1), we may absorb the error contributions F; and Es from (26) and (27) into
the positive right hand side contributions in (28). Therefore, we obtain that

COW
TILoful® = =2 (4 fel + 42 D A2 + 7223 DL 2).
J=1
Dividing by 7 > 79 implies the desired result. ]
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4. PROOFS OF THEOREMS 1 AND 2
In this section we provide the proofs of the results of Theorems 1 and 2.

4.1. Derivation of Theorem 2 from Theorem 1. We first show how Theorem 1 implies Theo-
rem 2.

Proof of Theorem 2. Let us assume that Theorem 1 holds. First, let us take the value 7* such that
(c1 + o)™ =log Mellzz2qmy) gy g easy to check that with this value of 7* it holds

HUHL2(31/2)

T coT”
e | |

|u||L2(Bl/2) =e lull L2 (By)-
Given u satisfying (2), we can assume that 79 < 7%, and we are in one of the following two cases:

o If 7* € (70, 6oh 1), then plugging this into the right hand side of (2) yields, for 7 = 7*, that

_c2 e
Ce“ullzap, o) + T llullz2(pa) = 2CNull i, ) llull 2,

o If 7* & (19,00h~ 1), we observe that 7 < §oh~! < 7*. We hence obtain that
—C2 570’1_1 |

so -1 . .
(29) €= ullpas, ) < €T Nullias, ) = €7 llullas,) < e

Thus, since (2) holds for all 7 € (9,d0h 1) and by using (29), we have

|ull22(B,)-

. %03 —1 _ %031 _ %031
||'Uf||L2(Bl) < C(ecl 2h ||u||L2(Bl/2) +e ¢ 2h ||u||L2(B2)) < 2.e ¢ 2h ||U||L2(Bg)'

Cc2

— %
i and cg = Fco. O

Combining both cases implies (2) with o =

4.2. Derivation of Theorem 1 from the Carleman estimate of Theorem 3. In this section,
we deduce Theorem 2 from Theorem 3. As an auxiliary result we deduce a Caccioppoli inequality
for more general second order difference equations. In particular this applies to the difference
Schrédinger equation (1).

Lemma 4.1 (Caccioppoli). Let aji, : (hZ)? — R¥4 be symmetric, bounded and uniformly elliptic
with ellipticity constant X € (0,1), i.e. assume that for all € € R?\ {0} we have

d
AEP <> Giaig& < ATHEP
ij=1
Let V : (hZ)? — R be uniformly bounded in h and B : (hZ)? — R? be a uniformly bounded tensor
field. Denote B := (B;)I_,. Let u: (hZ)* — R be a weak solution of

d d
(h—2 > aj(n)Dh ;D" +h7' Y Bj(n)DY; + V(n))u(n) =0,
3. k=1 j=1

in the sense that u € HL_, ((hZ)?) and for all v € H*((hZ)?) with supp(v) bounded, we have

oc,h

d
2 {h—Q Z aje(n)(u(n + hej) — u(n))(v(n + hey) — v(n))

d
—pt Z B; (n)(u(n + hej) — u(n))y(n) — V(n)u(n)v(n) =0.
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Let 0 < 10h < r; < 71 + 100h < ro. Then there exists a constant C > 1 depending on
71,72, |V, | BllLe such that

Z Ih= (u(- + hey) = u( )72 (s,,) < Cllullizgs,,)
Here Hy., ,((hZ)") and H'((hZ)") denote the local and global H' spaces on the lattice.

Proof of Lemma 4.1. The result follows along the same lines as the continuous Caccioppoli inequal-
ity; we only present the proof for completeness. As for general r1, 75 the proof is analogous, we only
discuss the details in the case 11 =1, 7o = 2 and 0 < h < hg for hy < 1 sufficiently small.

Let 1 : (hZ)? — R be a cut-off function which is equal to one on B; and vanishes outside of
Bs. The function (un?)(n) is then an admissible test function in the Schrédinger equation for wu.
Inserting this, we obtain

d
0="> [n 3 ap(n)uln+ he;) — ulm)((un)(n + heg) — (u?)(n))

—h 123 w(n + hey) = u(n)) (wn®) (n) = V(n)u(n) (un?)(n)]

We first deal with the leading, second order contribution. Noting that
(un?)(n + her) = (un®)(n) = (w(n + her) — u(n))n*(n) + u(n + hex) (n*(n + hex) —n*(n)),

we obtain that

>, w7 Z aju(n)(u(n + hej) — u(n))((un?)(n + hey) — (un?)(n))

ne(hZ)4 j,k=1
d
(30) = > B Y age(m)(uln + hey) —u(n)(uln + hey) — u(n))n?(n)
ne(hZ)4 J,k=1

+ oy, h Z aji(n)(u(n + hej) = u(n))u(n + hex) (n*(n + her) — n*(n)).

ne(hz)d Jk=1
By virtue of the ellipticity of a;;, we further infer that

>on? Z aji(n)(u(n + he;) — u(n))(uln + hey) — u(n))n?(n)

ne(hz)d Jik=1

d
>\ Z Z u(n + he;) — u(n) AZHh u(- + hej) = u())nll7z((hzyay-

ne(hz)d j=1
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For the second contribution on the right hand side of (30), we rewrite n?(n + hey) — n?(n) =
(n(n + heg) —n(n))(n(n + hek) + n(n)) and estimate from above:

“2ajr(n)(u(n + hej) — u(n))u(n + hey) (7 (n + hex) —n°(n))
= h™2aj(n)(u(n + he;) — u(n))u(n + hex)(n(n + hey) —n(n))(n(n + hex) +n(n))
= h™%ajr(n)(u(n + he;) = u(n))n(n)u(n + hex)(n(n + hey) = n(n))
+h72aje(n)(u(n + hej) — u(n))n(n + hep)u(n + her)(n(n + hex) —n(n))

(31) )
= 20" %a(n)(u(n + he;) — u(n))n(n)u(n + hex)(n(n + hex) —n(n))
)

)
+ 0™ 2a(n) (u(n + he;) — u(n))(n(n + hey) — n(n))u(n + hey)(n(n + hey) —n(n))

< ™ 2age(mn) (u(n + he;) — u(n) P1P(n) + B~ 2ask(n)e(n + her)((n + hex) — n(n))?
+ Ch™ a5 (n) (U (n + he;) +u?(n) + u*(n + hey))(n(n + heg) — n(n))>.

Noting that a;; < %)\_1 (this follows from the ellipticity condition when choosing appropriate &)
we obtain that

\//-\

n

Z B2 Z (u(n + hej) —u(n Nu(n + hep) (% (n + her) — n*(n))
ne(hZ)4 =1
d
S D AT Y+ hes) — u()?) + Ol s I i + her) — ()
ne(hz)d Jj=1

Combining this with the bounds for B; and V', we obtain

/\Z [A™* (u(- + hej) —u(- ))77||%2((h2)d) S Z [A™ (u(- + hej) — ('))n“%z((hz)d)

32
(82) +Cosup [ (- + he) —n(-))H%m((hZ)d)Huan(Bz)

+ IV Lo By lull 725,y + I BllLoe (Ba) 12 (ul- + heg) — u())mll 2 nzysy 1wl L2 (82) -

Here the first contribution in (32) originates from the first right hand side contribution in (31).
We may absorb it from the right hand side of (32) into the left hand side of (32). Using Young’s
inequality for the contribution

1B e () 17 (ul- + heg) = ul)nll L2 nzyoy lull 2.
Ay,
< ZIRT (4 heg) = w()nl e qnzyay + CAIBIL= 5oy lllZ2 (52

allows us to also absorb the gradient term in this contribution into the left hand side of (32). Due
to the bounds on 7, this concludes the proof of the Caccioppoli estimate. (]

Proof of Theorem 1. The proof of Theorem 1 from the Carleman estimate in Theorem 3 follows
from a standard cut-off argument. For completeness, we present the details.

Let u : (hZ)? — R such that P,u(n) = 0 for all n € By. Fix e > 0 to be small enough and assume
that ho > 0 is sufficiently small. We consider the function w(n) = 0(n)u(n), with 0 < f(z) <1 a
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C>(R?) cut-off function defined as

0, T € B uUBS___
Q(L) _ ) 1 teth 2—e—h
1, x EB%Jrh,\B%fh'

Using the equation for u, we then write

d
h2Aqw(n Z (n+ hej)u(n + hej) + 0(n — hej)u(n — hej) — 20(n)u(n))h >
j=1

-

=0(n)h 2Aqu(n) + ((6(n + hej) — 8(n))u(n + he;) + (8(n — he;) — 0(n))u(n — he;))h >

1

J

-

= O(n)hszdu(n) + ((0(n + hej) — 0(n))(u(n + he;) —u(n — hej))h*2

7j=1

+ (0(n — he;) — 8(n))u(n — he;) + (0(n + hej) — 0(n))u(n — hej)) h=?

d
=0(n)V(n)u(n) + 0(n)h =" B;(n)D" ju(n)
j=1
d d
+Z 0(n + he;) — 0(n))(u(n + he;) — u(n — hej)))h™> + h™2A40(n Zu n — he;)
=V(n)w(n)+h" ZBj(n)DZL_J-w(n)
d
—h! ZBj<n><e<n +hej) = 6(n))u(n + he;))
d d
—|—Z 0(n + he;) — 0(n))(u(n + he;) —u(n — he;)))h™2 + h™>A40(n Zu n — he;)

= V(n)w(n) +h~" Z B;( (n) + Ta1u(n) + Tyou(n) + Tygsu(n).

Applying the Carleman estimate (4) from Theorem 3, using Remark 1.1 and the triangle inequality,
we obtain

3
(83)  7lle?w] + 7Hh e Dliwl| < Coun (le?Veol + b~V |e? BDLw] + > le?Tueull).
(=1

Now choosing 7 > 2C,, max{1, ||V||§(x,, | B||2~} allows us to absorb the first two contributions
from the right hand side of (33) into the left hand side of (33). We thus obtain the bound

3
(34) 73 lefw| + 72h 7 le? Dhw|| < 2Ccan Y [le?Tueull.
=1
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We next deal with the errors on the right hand side of (34). On the one hand, since differences in
0 are contained in a 2h-neighbourhood of the support of V6, we have for j € {1, 3}

€T ul® < C(le*ul s, |+ letulls, m,) < O/ ulhy, + 27 ul).
+e 3
2 4 2
On the other hand, for Ty o

le?Taul® < Cle? Daulh,_\p, + le*Dsully, 5, , ) < C(e* 72 |lulf, + 62“”““*“IIUII?E;%),
2 2 4

where we used the Caccioppoli estimate from Lemma 4.1.
Moreover, since w = w in Bg/o \Bl/Q, we have

T3||e¢w||2 > T3||€¢U||231\Bl > 73627‘”(1)||U|\231\Bl'
2 2

In view of the above, we get
PO a5, < OO ulh, + oA w3, ),
2 2

and since ¢ is decreasing,

lulld\z, < C(r3eXe&/D2reW )3, 4 r=3e3me/=2re |y, )
2 2

< C(e 7 ulp, + e ullg, )
2

for some constants ¢, ce > 0 with ¢; = |p(3/2) — ¢(1)| and ¢z := p(1/4) — p(1) > 0 (for which we

choose the constant c¢ps > 0 in Theorem 3 and Lemma 3.1 sufficiently small). Since further trivially

ullf, <e* 1 7|ullf,, this concludes the proof. O
2 2

Remark 4.2. We remark that as a feature of the discrete setting, to a certain degree we can also
deal with more singular potentials. Tracking the argument from above (in particular the passage
from (33) to (34)), we note that if V' and B only satisfy the bounds

_3 1
IVIlLee () < moh™2, || BllLee(n,) < poh™ 2,
with py < %(5@, we can deduce that for some constants é1,¢e > 0 (independent of h)
~ h_l _= h—l
lull ey < €™ ullzas,y) +e70 lullz(sy)-

We also remark that while yielding quantitative propagation of smallness type estimates, as expected
these estimates do mot pass to the limit h — 0. Further, the h dependence in the exponentials can
be adapted to the size of the potentials (with different bounds in the exponents of the logarithmic
convezity estimates depending on the bounds on V, B).

Remark 4.3. Let us further comment on possible extensions of our three balls inequalities: While
we have formulated a three balls theorem with three concentric balls with ratio 1 : 2 : 4 (see also
the remarks on scaling in the next section), the arguments used above are robust enough to deduce
analogous results for balls of more general ratios r1 : 1 : 19 for 0 < ry <1 < ry as long as r1,75
are quantities “on continuum scales”, i.e. 11, 1o — 11 are not comparable to the lattice scales but
are “substantially larger” than the lattice scales hy. In this “continuum” case, all the arguments
from above essentially persist with minor technical changes (e.g. different choices of supports for
the functions f, Vg, 0 etc) with constants depending on the choice of r1,re and ro — r1. Moreover,
these estimates degenerate if the radii r1, ro are such that either ry or ro —r1 approaches the order
of the lattice spacing hg.
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5. REMARKS ON SCALING

Having established (3), we note that to a certain degree — although this is substantially weaker
than in the continuous setting — it is possible to rescale this estimate. We discuss this in the case
of the Laplacian (for more general operators similar observations remain valid). To this end, we
make the following observation. We shall use the notation Ay = h=2Ag.

Lemma 5.1. Let v : By — R be such that Agpu =0 in B C (hZ)d. Then, for any m € N such
that hm < 2, we also have Agppu = 0 in By, C (mhZ)? (i.e. with respect to the lattice (mhZ)?).

Proof. We prove the statement inductively in m. For the case m = 2 we have to show that

(u(z + he;) +u(x — he;) — 2u(x)) =0 for x € (hZ)*

d
Jj=

implies that
d

Z(u(m + 2hej) + u(x — 2he;) — 2u(z)) =0 for x € (2hZ)%.
j=1
In order to obser\j/e this, we note that
u(z + 2he;) + u(x — 2he;) — 2u(z) = (u(z + 2he;) + u(x) — 2u(z + he;))
+ 2(u(z + hej) + u(z — hej) — 2u(x))
+ (u(z — 2he;) + u(zr) — 2u(x — hej)).
Summing and noting that the corresponding contributions in the brackets yield the Laplacian on

(hZ)? implies the claim for m = 2.
Assuming the induction hypothesis for any m, i.e.,

d
Z(u(m + mhe;) +u(x — mhej) —2u(x)) =0 for =€ (mhZ)?,

j=1
we prove the statement for m 4+ 1. We have
uw(@+ (m+1)he;) + u(x — (m+ 1)he;) — 2u(x)
= (u(x + (m + 1)he;) + u(x + (m — 1)he;) — 2u(x + mhe;))
— (u(x + (m — 1)he;) +u(x — (m — 1)he;) — 2u(z)) + 2(u(z + mhe;) + u(x — mhe;) — 2u(x))
+ (u(z — (m + 1)he;) + u(z — (m — 1)he;) — 2u(z — mhe;)).
The conclusion follows from the cases m = 1 (after translation) and the inductive steps for m and

m— 1.
O

Using the previous auxiliary result, we may infer rescaled versions of Theorem 2:

Corollary 5.2. Let u: (hZ)? — R be such that Agpu =0 in Bg. Assume that u: (m~'hZ) — R
is also such that Ay ,-1,u = 0. Then there exist a € (0,1), ¢co > 0 hg > 0 and C > 1 (independent
of u) such that for h € (0, ho)

_ _ -1
lullzas,, o < CUlulgas, _, plulliags, o +27 Nl ).

m—1
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Proof. We consider the function u,,(z) := u(m~'z) with = € (hZ)?. By the considerations from
Lemma 5.1 this is also harmonic on (hZ)%. Thus, we may apply Theorem 2. Rescaling z = m™'x

then implies the claim. O

Remark 5.3. We remark that, of course, apart from rescalings also translations are always possible
due to the translation invariance of the operator at hand.
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