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ABSTRACT. Let G be a reductive group. We prove that a family of polynomial actions of G on C2,
holomorphically parametrized by an open Riemann surface, is linearizable. As an application, we show
that a particular class of reductive group actions on C® is linearizable. The main step of our proof is to
establish a certain restrictive Oka property for groups of equivariant algebraic automorphisms of C2.

1. INTRODUCTION

Let G be a reductive subgroup of the algebraic (or holomorphic) automorphism group of C". The
Linearization Problem asks if there are algebraic (or holomorphic) coordinates on C" in which G acts
linearly. If this is the case, we say that G is algebraically (or holomorphically) linearizable. Both algebraic
and holomorphic versions of Linearization Problem gained much attention since 1970s, and their complete
solutions still remain elusive: for a survey, see e.g. [Kra96, KS92, Kut20, DK98] and references therein.

For a general G and n, the answer to this problem is negative. In the algebraic case, for any non-abelian,
semi-simple G there are counterexamples with n > 4 [Kno91]; first ones constructed by Schwarz [Sch89].
They all come from non-trivial G-vector bundles over representations. However, if G is abelian, all such
G-bundles are trivial [MMJP96], so a method to construct counterexamples is yet to be found.

A positive answer to the algebraic Linearization Problem is known for n < 2 [Kam79| and for n = 3
with G infinite [KR14|. The former follows from a classical structure theorem [vdK53|, cf. Lemma 2.5,
while the latter relies on a deep result [KK 97| settling the case G = C*. For n = 3 and G finite, the
algebraic Linearization Problem is open. But when the G-action fixes a variable, a positive answer follows
from [KR14, Theorem D]. Our Theorem 1.2 and Corollary 1.5 are holomorphic counterparts of this result.

The holomorphic Linearization Problem is, in a way, even more subtle than the algebraic one. In case
n = 2, it has a positive answer for G = C* [Suz77]|, but for finite G it is widely open [DK98, Remark 4.7,
see Example 6.3. Moreover, all G-bundles over representations are holomorphically trivial [HK95], so the
algebraic counterexamples do not generalize to this setting. Nonetheless, Derksen and the second author
[DKO98| found counterexamples for any G' and any n > Ng, where N is a constant depending on G. As
in the algebraic case, the smallest dimension where a counterexample is known is n = 4, for G = Zs.

In this article, we explore what happens between these two categories. Namely, we study algebraic
G-actions which vary in holomorphic families. We make it precise in Definition 1.1 below.

Throughout the article, we denote by Autas(C") and Autye(C™) the groups of algebraic and holomor-
phic automorphisms of C", respectively; and treat Aut,,(C") as a subgroup of Auty(C"). A map o from
a complex manifold X to Auty(C™) is holomorphic if so is the associated map

X xC" > (z,2)— a(z)(z) € C",
sending (z, z) to the value of a(x) € Auty(C") at the point z € C™.
Definition 1.1. Let X be a complex manifold and let G be a reductive group. A holomorphic family of
algebraic G-actions on C™ parametrized by X is a holomorphic G-action on X x C" of the form
7:Gx (X xC") > (g,(x,2) = (z,v(g,2)(2)) € X x C",

for some holomorphic v: G x X — Autys(C"). We say that a holomorphic map 1: X — Autyq(C")
linearizes v if there is a linear representation p : G — GL,(C) such that, for all g € G and x € X

(1.1) b(x) ov(g,x) o p(x) ™ = p(g)
We say that ¢ algebraically linearizes U if 1) satisfies (1.1) and ¥(X) C Autae(C™). If there exists a
holomorphic ¢ which (algebraically) linearizes 7, we say that 7 is (algebraically) linearizable.
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Clearly, if a holomorphic family 7 of algebraic G-actions is linearizable, then every individual member
v(G, ) C Autyg(C") is linearizable, too. It is therefore natural to consider first those families for which
this necessary condition is automatically satisfied. This is the case for n = 2, when all reductive group
actions are algebraically linearizable [Kam79, Corollary 4.4].

This motivates the following theorem, which is the main result of the article.

Theorem 1.2. Let X be an open Riemann surface, let G be a reductive group, and let U be a holomorphic
family of algebraic G-actions on C? parametrized by X .

(a) The family U is linearizable.

(b) If G is not cyclic, then U is algebraically linearizable.

Remark 1.3. The question if ¥ is algebraically linearizable for cyclic G remains open, see Remark 6.2.

Remark 1.4. It is also an open question if one can generalize Theorem 1.2 to C” for n > 3, or to higher-
dimensional parameter spaces X. Our proof relies both on the explicit description of Autalg((CQ), and on
extension properties for meromorphic functions on X, neither of which is available in higher dimensions.

Recall that the Linearization Problem for actions of finite groups on C3 is open. For a particular class
of such actions, a positive answer follows from Theorem 1.2(a) applied to X = C!:

Corollary 1.5. Let G C Autypo(C?) be a reductive group. Assume that the projection C3 — C? is
G-equivariant, and the induced G-action on its fibers is algebraic. Then G is holomorphically linearizable.

Remark. If G in Corollary 1.5 is a subgroup of Auta(C?), then by [KR14], G is algebraically linearizable.

We will now outline the proof of Theorem 1.2.

It is known that an action of a reductive group G on the affine plane A%, over an arbitrary field %, is
linearizable, see [Kam79, 4.4], [Kra96, §7, Corollary 1] or Lemma 2.5. Applying this result to the field
% = M(X) of meromorphic functions on X, one gets a meromorphic map 1): X —s Aut,(C?) satisfying
(1.1) for all g € G and x € X \ {poles of 1}; see Section 2A for precise definitions.

To prove Theorem 1.2, we need to remove the poles of 1. This is done in Section 6 by replacing
with 9 o a for a suitable meromorphic map a: X — Aut,g(C?) such that for all z € X and g € G,
a(z) ov(g,x) = v(g,x) o a(x). A germ of such « at a pole of ¥ is given by Lemma 3.1, whose proof is
based on [KR14, Lemma 3.3]. To extend such germs to a global «, we use the following proposition.

Proposition 1.6 (see Proposition 5.1). Let G C Aut,s(C?) be a reductive subgroup. Put Autgg((C2) =
{¢© € Autag(C?) : Vyeq: go @ = pog}t. Then the basic Oka property with approximation and jet
interpolation holds for those maps from connected open Riemann surfaces to Aut$ (C?) which are of

alg
bounded degree.

For a definition of Oka properties and related notions see Section 5 or [Forl7, 5.15|. Proposition 1.6 is
an equivariant version of the case 6 = Autn,(C?) of [FL14, Theroem 1.2]. Its proof, given in Section 5A,

relies on an explicit description of the space of germs of holomorphic maps to Autgg((CQ), given in Lemma

4.4. The latter generalizes [FM89], and makes use of the structure theorem [vdK53] for Autag(C?).

G

(g(C?) is a connected Lie group, see Lemma 4.5. Using

If G is not cyclic, Lemma 4.4 implies that Aut

G

(g(C?), it is easy to construct a which removes all poles of ¢ at once. This

the usual Oka property for Aut
way, we prove Theorem 1.2(D).

If G is cyclic then Autgg((cz) is more complicated. To prove Theorem 1.2(a), we use Proposition 1.6 to
remove poles one by one, and get 1) by by passing to the limit. Therefore, our v takes values in Autye(C?)

instead of Aut,s(C?).

2. PRELIMINARIES
2A. The space of holomorphic maps to Auty,(C") and Aut,,(C")

We will now recall some basic properties of the spaces of holomorphic maps from a Stein space X to
Aut,g (C™) or Autye(C™"), and fix notation for a remaining part of the article.

As usual, we denote by O(X) the ring of holomorphic functions on X, and by Ox, the ring of holo-
morphic germs at a point z € X. We write M(X) and Mx , for the fields of meromorphic functions on
X and germs at x € X: they are fields of fractions of O(X) and Ox ;, respectively.

For a ring R, we denote by R[™ the polynomial algebra in n variables, and by A% = Spec R the affine
n-space over R, with coordinates z := (21,..., z,). We denote the endo- and automorphism groups of A%
by End(A%) and Aut(A'), respectively. Thus in our notation, Aut,,(C") = Aut(Ag).
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For m = (my,...,my,) € Z™ we write 2™ = 2{" - -+ zp and |m| =mi+---+m,. Every o € Aut(A})
can be written as a(z) = Zmezn rm2"™ for some r,, € R". Its degree is deg a := max{|m| : r, # 0}. We
will often skip the indexing set Z %o and write simply a(z) = >, rmz™

As in the introduction, we say that a map ©: X — Autyq(C") is holomorphic if the associated map

P X x C" 3 (2,2) = ¢()(z) € C
is holomorphic. A meromorphic map ¥: X — Autpe(C") is a holomorphic map ¥ : U — Autyq(C™)
from a Zariski open subset U of X, such that ¢: U x C"* — C™ as above extends to a meromorphic map
X x C" — C". A pole of v is the image of a pole of ¥ under the projection to X. Clearly, the set of
poles of ¥ is a divisor in X, disjoint from U, and % is holomorphic away from its poles.

Holomorphic (or meromorphic) maps to Aut,,(C") are the same as polynomial automorphisms of C”
with holomorphic (respectively, meromorphic) coefficients. More precisely, we have the following lemma.

Lemma 2.1. Let ¢): X — Autpoi(C™) be meromorphic. Write (x, z) = Yo, a(z)zt for (x,2) € X x C™.
Then for every ¢ € Z%, a,: X — C" is meromorphic, holomorphic away from the poles of 1.

Proof. This result follows from the Cauchy integral formula a,(x) = (2le)" f (OD)" CL“ dC O

For two meromorphic maps ¢, 9 : X — Autpe(C") we write ¢ o ¢ for a meromorphic map X > z +—
o(x) op(x) € Autp(C™). Moreover, we denote by id the constant map X > z — idgn € Autye (C?).

The space Auty(C™), equipped with a usual compact-open topology, admits a complete metric:

(2.1) d 22 I( mm{sup lla(z) = B(2)|], 1} +min{sup [Ja " (2) = B71(2)||,1}); o, B € Autpe (C™)

ot |21<] J21<j

cf. [KK11, 4.1] or [Forl7, p. 108]. Clearly, a holomorphic map X — Auty(C") is continuous in this
topology. Hence the set of all such maps is equipped with a compact-open topology, too. The following
lemma summarizes some basic, well-known facts about this set.

Lemma 2.2. Let H denote the space of holomorphic maps from a Stein space X to Autpe (C™).

(a) The map H x H 3 (¢,9) — @ o1 € H is continuous.

(b) For ¢ € H, write ¢(z,2) = Yo, a (z)z. Then H 3 ¢ — (a,) € [[,O(X)" is a homeomorphism
onto its image. In other words, holomorphic maps X — Autye(C™) depend continuously on their
coefficients.

(c) Let Ko C K1 C ... be an exhaustive family of compact subsets of X, i.e. X = Uj K;. Then H is
completely metrizable by

B) =27 min{dg,(a, 8),1},

=0
where for a compact set K we write dg (o, ) = sup,cx d(a(x), (x)), for d as in (2.1).

Proof. Part (a) follows from the fact that X and C" are locally compact, see [Eng89, 3.4.2]. Part (b) is
once again a consequence of Cauchy integral formula, see Lemma 2.1. The formula in (c¢) says that the
compact-open topology is the topology of uniform convergence on compacts [Eng89, 8.2.6] U

Lemma 2.3. Let X be an irreducible Stein space.

(a) Let ¢p: X — Autys(C") be holomorphic. Then 1 is of bounded degree, that is, there is N > 0 such
that degy(z) < N for all z € X.

(b) The space of holomorphic (respectively, meromorphic) maps X — Aut,s(C") is naturally isomorphic
to Aut(A%( X)) (respectively, Aut(A%( X))) as ind-groups.

Proof. (a) Write 9(z, 2) = Yo a(x)zt and Xy = {z € X :deg(z) < N} =), -n a;1(0). By Lemma
2.1, a, is holomorphic, so each Xy C X is closed. Because 9(z) € Aut,,(C") for every x € X, we have
X=U ~n>1 XN Now, Baire category theorem implies that for some M > 1, X); has nonempty interior,
that is, Inta; 1(0) # 0 for all [t|] > M. Since a, is a holomorphic map from an irreducible space X,
the condition Inta; 1(0) # 0 implies that a, = 0. Therefore, a, = 0 for all 1| > M, which means that
deg(z) < M for all z € X. Thus X = X, as claimed.

(b) Part (a) and Lemma 2.1 imply that every such map can be written as a polynomial automorphism
with holomorphic (resp. meromorphic) coefficients. This gives the required isomorphism. U
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2B. Modifying germs of maps to Aut,(C")

In Section 3 we will recall the method of Kraft-Russell to remove a single pole of ¢ in (1.1). For this,
we will need to work locally, with the space of germs of meromorphic maps X — Aut,s(C"). By Lemma
2.3(b), it can be identified with Aut(AR, ). This leads to the following setting.

Let R be an equicharacteristic zero discrete valuation ring with field of fractions %, maximal ideal
generated by ¢t € R, and residue class field k = R/(t). For o € R we denote by @ its residue mod t¢.

Denote by v the t-adic valuation on %, and extend it to End(A}) by v(e) = min{r € Z : t " €
End(A%)}. The following observation will allow us to replace @ € End(A2) from Lemma 3.1 by any 3
which agrees with a up to a sufficiently high order.

Lemma 2.4. Fix a1, ..., a, € End(A}) such that a,, 0---00aq € End(A”) Then there is r € Z>( such
that for every fi, ..., B € End(A}) satistying v(a; — 5;) r, we have S, 0 --- o 1 € End(A’).

Proof. Put vg = max{0, —min; v(c;)}. In other words, writing all coefficients of a, ..., as Laurent
series in ¢, vg is the maximal order of their poles. Write a;(2) = >°, .y a;j,2" for some a;, € ™ and a finite
set [ C Z%, (independent of j). Put U = {1,...,m} x I x {1,...,n} and s = #U. By induction on m,
one easily shows that there is a finite set V' C Z%, and p, € (Z[S])”, v € V, with the following property:
for any g;, € ", the composition vy, 0 --- 071 of v;(2) == >, ;952" equals z — > i pu(g)2".

Put d = max,cyicq1,....ny deg(py)i and r = sdvg > 0. Fix g;, € R™ with v(g;,) > rforallj € {1,...,m},
v € I. We claim that p,(a + g) € R" for all v € V. Write the i-th coordinate of p, € Z[y1,...,ys]" as
pu(y)i = ZLez% ay', ¢, € Z, where i € {1,...,n}. Then

Ly

a+g i = Z C, H au+gu Lu = Z C, H Z ;u F k +Z#ﬂb, nj = HauUJgu

LEZS/ uelU LEZ/ uelU k=0 jeJ uelU

for some finite J, p; € Z and ky j,l,; € {0,...,d} such that for every j € J, there is uw € U such that
luj # 0. Thus v(n;) = >, cp (kujv(aw) + lu,jv(gu)) = —sdvo +1 = 0. It follows that 3, yijn; € R.

By assumption, p,(a); € R, since it is a coefficient of a0+ --0ay € End(A%). Therefore pu(a+g)i € R,
so py(a+ g) € R", as claimed. Thus for 5; = a; + v; we have 3, 0 --- o 1 € End(A) as required. O

2C. Linearizing group actions on the affine plane

Given a ring extension R C S, we identify Aut(A’;) with a subgroup of Aut(A%) via base change
Spec S — Spec R. We treat GL,(R) as a subgroup of Aut(A%), too.

Let k be a field, let G be a reductive, k-linear group, and let R be a ring containing . Assume that
G C Aut(A%). We say that ¢ € Aut(A) linearizes G over R if

(2.2) there is a representation p: G — GLy, (k) such that 1) o g oy ~! = p(g) for every g € G.

We say that G is linearizable over R if there is such . Note that for k = C and a Stein space X, G is
linearizable over O(X) if and only if the family G x (X x C") 3 (g, (z,2)) — (z,g(x) - z) is algebraically
linearizable in the sense of Definition 1.1.

We now restrict our attention to n = 2. Then the Jung—van der Kulk theorem [Jun42, vdK53|, see
[Nag72, Theorem 3.3, asserts that for any field &, Aut(A%) is an amalgamated product of the affine group
Aff == Affy(%) = 4+ x GLa(%) and the group of elementary automorphisms

E={(z1,20) — (az1 + p(z2), B2 + B) : e, B k¥, B € #, p e I}

For a subgroup G C Aut(A2), we write Aut®(A2) = {p € Aut(A?) : Ve pog = gop}. If H C Aut(A2),
we denote by H := H N Aut®(A?) the centralizer of G in H: in particular, Af¢ = AffNAut®(A2),
EY = ENnAuwt®(A2), GLS () = GLa(R) N Aut®(A2), etc.

The following lemma is a well known consequence of van der Kulk theorem, see [Kam79, Corolary 4.4]
or [Kurlh, Proposition 2.2]. We sketch the argument in our setting following [KR14, Lemma 3.1|. The

assumption that G is split is automatically satisfied e.g. if x is algebraically closed [Mill8, 17.16|, which
will be the case when k = C, R = O(X) or Ox .

Lemma 2.5. Let x C % be a field extension, and let G be a split reductive s-linear group. Assume that
G C Aut(Af%). Then G is linearizable over %.

Proof. Since G C Aut(A%) is algebraic, it has bounded length as a subgroup of Aff xE, which by [Ser80,
Theorem 8| implies that ¢ toGoy C Aff or E for some ¢ € Aut(A2), see [Kra96, Corollary 1]. Because G
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is reductive, it follows that ¢ ~toGoyp C GLa(#). Since by assumption G is split over &, by [Mil18, 20.7] the
representation G 3 g — ¢~ logop € GLa(%) is isomorphic, over %, to the extension of some representation
p: G — GLa(x). More explicitly, there is o € GLa(£) such that a1 o (¢ togoy)oa = p(g) € GLa(k)
for all g € G. Thus ¥ = ¢ o « linearizes G over %. g

Once % gets replaced by a ring R, no analogue of van der Kulk theorem is available, and Lemma 2.5
becomes a difficult problem. It was solved by Sathaye [Sat83] if R is a discrete valuation ring, and by
Kraft and Russell [KR14, Theorem D] if R is a coordinate ring of a factorial affine curve. More generally,
[Kurl5, Theorem 1.1] solves it in case R is a PID or even UFD (under some assumptions).

3. REMOVING POLES AFTER KRAFT-RUSSELL-SATHAYE

In this section, we prove a result which, applied to R = Ox,, will allow us to remove the pole at
x € X of ¢ satisfying (1.1). We follow the approach of Kraft and Russell [KR14, Lemma 3.3], based on
an algebraic lemma due to Sathaye [Sat83|. A similar argument is used in the proof of [Kurl5, Theorem
1.1(i)], see Lemma 3.1 loc. cit. for the key claim.

We keep the notation introduced in Section 2B.

Lemma 3.1. Let R be an equicharacteristic zero discrete valuation ring with field of fractions % and residue
field k C R. Let G be a reductive s-linear subgroup of Aut(A%). Assume that there is 1) € Aut(A2) which
linearizes G over %, see (2.2). Then there is a € Aut®(A2) such that ¢ o o € Aut(A%).

Proof. By (2.2), there is a representation p: G — GLa(k) such that 1o go =1 = p(g) for all g € G.
Define 3 € Aut(A7) by B(z1,22) = (t7°¥) 21,87 zy). Then Bo p(g) = p(g) o B, 50 =y ofotp e
Aut(A2). Replacing ¢ by 9 o o, we can assume v(¢)) = 0, so ¢ € End(A%). Assume 1 ¢ Aut(A%).

Claim. There is 7 € Aut(A2) such that t|(T0v)*2z; and for every g € G, Top(g)or~ ! € GLa(k) is diagonal.

Proof. Since ¢ € End(A%), taking residues mod t gives a proper map 1 : A% — A2 which is equivariant
with respect to the action of G' on the source and p(G) on the target. The image C = ¢(A%) is p(G)-
invariant, and dimC' = 1: indeed, dim C' > 0 since v(¢)) = 0, and dimC # 2 since 1) € Aut(A%). Let
f € k1 be the generator of the ideal of C'. Since C' is p(G)-invariant, the line k- f C PLEINT p(G)-invariant,
too, i.e. for every g € G, fop(g) = A(g) - f for some homomorphism \: G — k*.

By [Sat83, Remark 2.1, x[C] = i@ /(f) = k[, The Abhyankar-Moh-Suzuki theorem [AM75, Suz74]
implies that f is a coordinate of k%, i.e. k[ = k[f, h] for some h € kP Put 7 := (f,h) € Aut(A2). Then
T*z1 = f € ker ¢, so tl*T*21 = (T01))*21, as required. It remains to prove that 7o p(g) o7~ ! is diagonal.

Consider the case deg f = 1. Then C'is an eigenspace of the linear action of p(G). Since G is reductive,
we can take h to be a generator of another eigenspace, i.e. degh = 1 and h o p(g) = u(g) - h for another
homomorphism p: G — k*. Thus 70 p(g) = (A(g)f, u(g)h) = 6(g) o 7 for a diagonal 6(g) = (A(g), u(9)),
as needed.

Consider the case deg f > 1. Then [Coh85, Theorem 8.5, Chapter 6] shows that replacing, if necessary,
h by h — sf? for some s € k* and d € Z>q , we can assume degh < deg f. Now for any g € G, we have
70 p(g) = (Mg)f, hg), where hy == p(g)*h has the same properties as h, that is, deghy, = degh < deg f
and k[f, h] = k[f, hy]. It follows that hy = pu(g)(h) for some homomorphism p: G — Aff(x). Because G
is reductive, u(G) is conjugate to a subgroup of x*. Replacing h by some h + ¢, ¢ € k we can assume that
in fact u(G) C K*. As before, we conclude that 7o p(g) = §(g) o7 for a diagonal 6(g) == (A\(g), u(g)). O

Let us now introduce the following notation. For ¢ € Aut(A2) N End(A%) and j € {1,2} put
w;(p) = —v((p~1)*2;), that is, w;(¢) is the minimal number w such that t¥z; is contained in the pullback
©*R[z1,22) C R[z1,22). The latter inclusion holds since ¢ € End(A%). Note that if 7 € Aut(A%) then
w;(Top) =wj(p). Put w(p) = wi(p)+wa(p). Then w(p) = 0, with equality if and only if p € Aut(A%).

We need to show that there exists o € Aut“(A2) such that v o o € End(A%) and w(¥ o o) < w(4)).
The lemma will then follow by induction on w(v)).

Since ¢ ¢ Aut(A%), we have w(z)) > 0, so, say, wi(¢)) > 0. Let 7 be as in the Claim above. Define
v e Aut(AZ), y(z1,22) = (21,6 220), where 1; = v((T 01))*z));

and put a := (To¢) toyo(roeh) € Aut(A2). Now (2.2) and the fact that v commutes with 70 p(g) 07!
since they are both diagonal, imply that a € Aut®(A2). Indeed, 7=t oyo7o0p(g) = p(g)oT L oyor, s0

aog=aoylop(glop =y or loyoTop(g)op =y op(g)oT loyoToy =goa,
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Put w; = w;(¢), w; = w;(y o @). Since 7 € Aut(A2) C Aut(A%), we have w; = w;(7 o ¢) and
w) = wj(1 01 o a) = wj(y o7 o). Definition of r; implies that w) > 0, so ¢ o a € End(A%). Since
Y E End(A%), too, we have r; > 0, hence w; < wj(T 01) = w;. It remains to show that, say, w| < w;.

Write 7 0 9)(21, 22) = (y1,92) and vy o 7 0 ¢(z1, 22) = (y1,y2). Since t*1z; € (1 0 Y)*R[z1, 22|, we have
(3.1) 2 =Yyl = Y at™ T ylyl

4,520 1,520

for some a;; € R. We have w; > 0 by assumption, and r; > 0 by the Claim. If 75 > 0, too, then (3.1) gives
Goo = 0, and dividing (3.1) by t we infer that t“1=12; € R[y1,y2] = (yoT0)*R[21, 22], s0 w} < wy —1, as
claimed. Assume 75 = 0. By definition of ra, t{ (y 07 01)"20, i.e. Ty # 0. Now (3.1) gives 3, ao;yy, = 0,
so agj = 0 for all j. Again, dividing (3.1) by t gives w} < w — 1; which ends the proof. O

Remark 3.2 (cf. [KR14, Remark 3.1]). The most difficult part of Lemma 3.1, when [AM75] and [Sat83]
are used, is the case when p(G) acts on the curve C' = ¥(A2) = Al of degree at least two in AZ. The
action of p(G) on C is faithful, since it is such on span, (C) = AZ. Thus in this case, G embeds in x*.

On the other hand, if G € k*, then the required « is constructed before the Claim. The corresponding
p(G)-equivariant automorphism S = ¢ o a0 ¥p~! is affine (in fact, diagonal). In Lemma 4.5 we will see
that in this case all p(G)-equivariant automorphisms of A2 are affine.

However, if G C k* then the corresponding 8 € Aut?(©@) (A2) is constructed inductively, by composing
maps of the form 77! o v o 7, where v is affine, but 7 comes from the Abhyankar-Moh-Suzuki theorem.
Thus deg 8 depends both on the degrees of 7’s, and on the number of inductive steps, which in turn
depends on the order w(v)) of the pole of ¢»~'. Therefore, it seems that this method cannot be used to
remove infinitely many poles at once, see Remark 6.2.

4. EQUIVARIANT AUTOMORPHISMS OF THE AFFINE PLANE

In this section, we use the Jung — van der Kulk theorem to investigate the structure of AutG(A%) in
more detail. Our approach extends the one of Friedland and Milnor [FM89] to the equivariant setting.

Here, % is an arbitrary field of characteristic zero. The results of [FM89] are stated over # = R or C,
but those which are relevant for us hold over %, too. We keep the notation introduced in Section 2C.

By [vdK53|, any ¢ € Aut(A?)\ Aff can be written as @41 © €m © @y 0 --- 0 €1 0 ay for some m > 0,
with elementary e; € E'\ Aff and affine a; € Aff, such that as,...,an ¢ E. Moreover, this decomposition
is unique up to replacing pairs (e, a;) by (e; o s, slo a;j) for some s € AffNE. Therefore, the sequence
(deges,...,degey,), called a polydegree of ¢, does not depend on the decomposition, and is invariant under
a linear change of coordinates. For convenience, we define a polydegree of elements of Aff as an empty
sequence. The set of all automorphisms of polydegree d = (dy, ... ,d,,) will be denoted by A,.

For every ¢ € Aut(A?) of degree at least 2, there is a unique line C, through the origin such that
deg p(,) < deg . By [FM89, p. 72|, for each nonempty polydegree d, the map

(4.1) Ya: Ad D p > (Ep-1,tp) € P! x P!

is a locally trivial fiber bundle. To write down its sections, parametrize P! so that the lines {z; = 0},
{25 = 0} correspond to oo, 0 € P'. More precisely, fix isomorphisms A! 3 X — {25 = A\z1} € Uy = P\ {0}
and A 5 X\ {20 = A\z1} € Uy =P\ {0}. Put F; =~;"{(0,0)}. Then sections of 74 can be written as

(4.2) Uy x Uy x Fqgo (Ap, f)=aprofo agit e Ag,

where for A € & we put ag x(21, 22) = (21, Az1 + 22) and aj x(21, 22) = (Az1 + 22, 22).
To describe the fiber F; over (0,0), we introduce the following notation. First, put

S={(z1,22) = (az1 + &/, Bzo+ B) : a, B € R, o/, B € B} C AfNE.

Next, for ¢ € £ define e, € E by
eq(21, 22) = (21 + 22q(22), 22).

For s € S and an m-tuple ¢ = (q1,---,qm) € (RI)™ put

fsq=80¢€g,0T0€g, ,OT...TOeq, whereT: (21,22)+— (z1,22).
Now, [FM89, Lemma 2.10] asserts that for a polydegree d = (dy, ..., d,)
(4.3) Fa={fsq:5€8, a=(q1,....aqm) € (R)™, degq; = d; — 1},
and s, ¢ are determined uniquely by fs, € Fq.
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Having introduced the above notation, we pass to the equivariant setting. For G C GLa(%), write
AG = Agn Aut®(A?), FG = Fan Aut®(A?). By (4.3), Fg = (AHN x AM for some N, M > 0. Our goal
is to show that .7-"6? is a vanishing set of some of these coordinates.

We will use the following subgroups of S:

T ={(21,20) = (az1 + ', Bz) :a, B € R*, &/ € R}
D ={(21,22) = (@21, B22) o, BE R}, Z ={(21,22) = (az1,a22) : a € R'} = Z(GLa(R)).

Lemma 4.1. Fix g: (21, 22) = (Aoz1, M22), s: (21,22) = (az1 + o/, Bza + ') € S and q € (fam)m. Then

g o fsqog=fop for o(z1,2)= (%zl + f\“—;, %1’”22 + f—l) and p;(z2) = )\ +1 qi(Aj22)
for j € {1,...,m}, where we put A\; = Ao if 2|5 and \; = Ay if 21 5.
Proof. Put g; = (\jz1,A\j+122), s0 go = g. A direct computation shows that for j € {1,...,m} we have
€q; ©9j—1 = gj—10€p,, TOogj—1 =gjoT and s0 g1 = go o 0. The result follows. O

If £ contains a k-th root of unity, we fix a primitive one (.
Lemma 4.2. Fix {id} # G C D and a polydegree d = (dy, ... ,dy,) with m > 0. Assume ff # (). Then
(4.4) G = Hy, == {(21,20) = (\"21,A\23) : A € H} for some nontrivial subgroup H C &*.

If H is not finite then m = 1 and F§ = {so e, i-1:8€D, AER ]
2
Assume H = ((y). If k|d; then m =1 and

(4.5) fd ={soeq €Fyg:5€T, Igcpm: q1(22) = zg_lqu(zé“)}

Assume that k1 dy. Then k|ld; — 1 (i.e. G C Z), or 21 m. Moreover, if m > 2 then ged(k,d;) = 1. For
Jj€{1,...,m} define [; as d; mod k if 21 j and as the inverse of d; mod k if 2|j. Then

li—1~
~7'—dG ={fsq € Fa:s €D, vje{l }aq erll b g(22) = 29 CIJ'(ZI;)}-

Proof. Fix g € G, g(z1,22) = g(M\oz1,A122) for some A\p, \; € R* as in Lemma 4.1. By (4.3), every
element f € Fg can be written uniquely as fs 4, so to check when f € F dG we can compare s,q with o, p
from Lemma 4.1. Comparing the leading coefficients of ¢; and py yields Ay = )\‘111. This proves the first
assertion. We need to show that if m > 2 or if ¢; is not a scalar multiple of a monomial, then A is a root
of unity.

If g1 is not a multiple of a monomial, so g1 (z2) has a nonzero coefficient near some 2271 for r # dy, then
)\fl = Ao = AJ, so /\d1 " =1. If m > 2 then comparing ¢, with po we see that A\ = )\gZ = thdQ, hence A\
is a k-th root of unity for some k:]dldg — 1. Note that in this case ged(k,d;) = 1.

Thus G = (g) with g(z1, 22) = (Cglzl, (rz2), where ged(k,d1) = 1 if m > 2. The set F§ consists of those
fs,q € Fq for which ¢ = p and s = o, where p, o are as in Lemma 4.1: indeed, since G is cychc it suffices to
check equivariance only for the generator g. If the coefficient of g;(22) near zj is nonzero then comparing
q; with p; gives A\j11 = )\TH. If 2 1 j, this condition means that Cg {TH, sor=di—1=1;—-1
(mod k). If 2|7, we get ( = (Cdl)rJrl so (r+1)d; =1 (mod k), and again r =[; — 1 (mod k).

Comparing s with o we get 24 m or \g = A1, i.e. G C Z. Moreover, since \; = (; # 1, we see that
s=oif and only if s € D for k{d; and s € T for k|d;. Note that the latter is possible only if m = 1, for
otherwise ged(k,dy) = 1. O

Remark 4.3. By (4.3), the map associating to each f, , € F4 the coefficients of s and ¢ is an isomorphism
Fa =2 (AHM x AN for some M, N > 0. Lemma 4.2 shows that a subvariety ]:g C Fgis defined by vanishing
of a certain subset of these coordinates. In particular, F; = (A’{)M/ x AN’ for some M', N’ > 0.

Lemma 4.4. For {id} # G C GL2(#) and a nonempty polydegree d = (dy, ..., dn) let 7 : A — P1xP!
be the restriction of v from (4.1). Assume that Ag # (). Then after some linear change of coordinates,
G = Hg,, see (4.4), for a subgroup H C %*, and exactly one of the following holds.

(a) H = (() for some k|d; — 1. Then 7§ endows A§ with a structure of an F§'-bundle over P! x PL.

(b) H = ((x) for some k coprime to d; and k { dy — 1. Then A§ is a disjoint union of two isomorphic
fibers of v, namely F§ over (0,0) and {70 for: f € F{} over (o0, 00).

(c) H is none of the above groups. Then AY = F§.



LINEARIZATION OF HOLOMORPHIC FAMILIES OF ALGEBRAIC AUTOMORPHISMS OF C2 8

Proof. Assume first that G C Z. Then by Lemma 4.2 G is as in (a). Moreover, since all g € G commute
with a € GLy(%), by (4.2) 7 is G-equivariant, and v is an ]:dG—bundle over P! x P!, as claimed.

Assume now that G Z Z. Recall that for ¢ € Ag, €, denotes the unique line such that deg p(€,) < deg ¢.
Now if ¢ € AdG then for every g € G we have go ¢ = o g, 50 €, = Cyop = €uog = g~ 1(£,), that is, €, is
an eigenspace of every g € G. After a linear change of coordinates, we can assume €, = {29 = 0}.

Consider the case when .AdG contains some v with €, # ¢,. Because all elements of G share the same
eigenspaces €, €y, fixing coordinates such that ¢, = {21 = 0} we see that G C D. On the other hand,
since G € Z, at least one g € G has €, € as its only invariant lines. In the parametrization of P! as in
(4.2), €, and €y correspond to 0 and oo, respectively. Therefore, for every d, Ag is contained in the union
of Fy=~71(0,0)}, F* = v {(o0,00)}, Ff = 1{(0,00)} and F; =~y {(c0,0)}.

Since A§ is nonempty and G ¢ Z, by Lemma 4.2 2 f m. Since F; = {fo7: f € Fy} = {fsy :
fsq € Fa}, where ¢ = (0,¢), comparing s with ¢ from Lemma 4.1 as in the proof of Lemma 4.2, we
infer from 2 { m that F; N AdG = (). Similarly, since ]::[ = {fsr g fs,q € Fa}, where 8" = 170507
and ¢” = (g,0), we get 7 NAS = 0, too. Because by assumption €, # €, for some ¢ € A, we have
0 #£FPNAf ={rofor:feF§}, where GT = {rogo7:g€ G} C D. Hence by Lemma 4.2, both
G and G7 are as in (4.4). The fact that G € Z implies now that G is as in (b). In this case GT = G, so
]:C?OHAG ={rofor:f E.FdG} %“.7:6?, as claimed.

It remains to consider the case where all ¢ € AdG share the same ¢, = {2z = 0}. In particular,
ty = C,1 = {z2 = 0} for every ¢ € Ag, so AG = ]-"f. Since {z2 = 0} is an eigenspace of all g € G, all
g € G are upper-triangular, that is, g(z1, 22) = (Agz1 + 22, \121) for some A\, \; € &* and p € k.

We claim that u = 0 for all g € G. As in Lemma 4.1, we compute that for ¢; € £1:

€q1 o0g= EO €riy where 5(21, ZQ) = ()\021,)\122), 7“1(22) = i—éql(/\l@) + )\LO.

As in Lemma 4.2, from the uniqueness of (s,q) for fs, € Fy, we infer that if f,, € .7:(? for some
qg=1(q1,---,qm) then g1 =r;. Let ¢ € & be the free coefficient of ¢;. Then ¢; = r; implies that

(4.6) C()\Q — )\1) = U.

Suppose that pu # 0 for some g € G. Then by (4.6) ¢ # 0, and A\ # Ao, so g has two invariant
lines, corresponding to different eigenvalues Ao, A;. The first one is {y = 0}, and by a linear change of
coordinates, which does not change the above description, we can assume that the second one is {z; = 0}.
This implies that the corresponding p is zero, hence ¢ = 0 by (4.6), a contradiction.

Therefore, G C D, so G is one of the groups in Lemma 4.2. If G =G™ :={ro0go7:g € G} then as in
the previous case we get To forT € Ag \ F¢, which is impossible. Hence G # G7, so G is as in (¢). [

We now summarize the above results in the simple case when G is not cyclic, treated in Theorem 1.2(b).

Lemma 4.5. Let G C GLa(%) be a non-cyclic reductive group. Then one of the following holds:

(a) Aut®(A7) = GL§ (R)
(b) G = &*, and there is an integer v > 2 such that after some linear change of coordinates

G = {(z1,22) = (\z1,Az0) : A € &} and Aut®(A2) = {(21, 22) — (a1214+823, anz) : a1, a0 € B*, 3 € R},

In particular, if # = C then Autgg((CQ) is a connected Lie group.

Proof. Because G C GLy(%), we have Aff§ = GL§(%). Thus if every G-equivariant automorphism is
affine, then (a) holds. Assume it is not the case, i.e. .AdG # () for some polydegree d # (). Because G is not
cyclic, Lemma 4.4(c) implies that AG = .7:5. By Lemma 4.2, after some linear change of coordinates, G is
a subgroup of £*, acting by (21, z2) — (A2, Az2). Because G is not cyclic, in fact G = £*. In particular,
v = d; is uniquely determined by the action of G. Lemma 4.2 implies now that d = (v) and (b) holds.

If # = C, then in both cases Autgg((CQ) is a Lie group. In case (b), Autgg(Cz) is isomorphic, as a
complex manifold, to C! x (C*)2, hence it is connected, as claimed. In case (a), connectedness follows
from a simple Lemma 4.6 below. U

Lemma 4.6. Let G € GLy(C) be a linear group. Then Aff§ = GLS(C) is a connected Lie group.

Proof. The first equality follows from the fact that G acts linearly. To see that GLY(C) is connected,
note that it is a Zariski-open subset of the space of G-equivariant 2 x 2 matrices, which in turn is a linear
subspace of C2*2. The latter is clearly connected, hence GL§ (C) is connected, too. g
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5. OKA PROPERTIES FOR GROUPS OF EQUIVARIANT AUTOMORPHISMS

In this section, we prove Proposition 1.6. Before we make it explicit in Proposition 5.1, let us recall
some basic notions of Oka theory. For a general introduction we refer to [Forl7, §4,5]|.

A complex manifold Y is Oka if any holomorphic map f: Xo — Y from a closed subvariety Xg C X of
a Stein space X, which extends continuously to X, extends holomorphically, too. A fundamental theorem
in Oka theory asserts that all Oka manifolds admit various Oka properties which put additional conditions
on such extensions [Forl7, 5.15.1]. The one important for us is the basic Oka property with approzimation
and jet interpolation, which asserts that the continuous extension fy can be deformed to the holomorphic
one, say f1, via a continuous family {f; };c[0,1] of maps such that all f;|x, agree with f up to some fixed
order; and, for a fixed holomorphically convex compact K C X such that fy|x is holomorphic; all f;|x are
uniformly close to fy|x. A parametric version of this property holds, too: we will discuss it in Section 5B.

An important class of Oka manifolds are connected Lie groups, and, more generally, homogeneous
spaces |[Forl7, 5.6.1]. Therefore, it is natural to ask for Oka properties for automorphisms groups of affine
varieties. These groups are usually infinite dimensional, so the equivalence of Oka properties no longer
applies. Moreover, to get reasonable results, one should restrict the class of maps in question. For example,
if X¢ is a discrete subset of an irreducible Stein space X, then fp: Xo — Autae(C") can extend to a
holomorphic map X — Aut,o(C") only if it has bounded degree, see Lemma 2.3(a).

Research in this direction was initiated by Forstneri¢ and Larusson [FL14], who proved that Auty (C™),
as well as its subgroups consisting of automorphisms preserving the volume or symplectic form, satisfies
the parametric Oka property with approximation and interpolation on discrete sets Xg.

Our Proposition 5.1 shows that Autgg((CQ) admits a basic Oka property, with approximation and inter-
polation; for maps of bounded degree from open Riemann surfaces. Its proof is a generalization of the case
G = {id}, proved in [FL14, §7|. To interpolate such map at a point, loc. cit. uses the Oka property for the
space Ay of automorphisms of given polydegree d, see Section 4. By Lemma 4.4, the same holds in the
G-equivariant setting: indeed, .AdG is either F&, or a disjoint union of two copies of F¢; or a F f -bundle
over P! x P1. Since by Remark 4.3 each F§ = (CHM x CV is Oka, .Ag is Oka, too; see [Forl7, 5.6.4,
5.6.5]. To get approximation one needs to follow this argument more carefully.

5A. Basic Oka property for Autg’;g((CQ)

The following Proposition 5.1 is an explicit formulation of Proposition 1.6. We do not know if it holds
for higher-dimensional X, or if it admits parametric versions, see Remark 5.3 and Section 5B below. The
assumption (5.1) is necessary by Lemma 2.3(a).

Proposition 5.1. Let G C Autalg((CQ) be a reductive subgroup. Let X be a connected, open Riemann
surface. Let K be a compact, O(X)-convex subset of X and let Xy C X be a discrete set. Fix ¢ > 0 and

a sequence (ry)zex, C Z>o. Let ¢: Q — Autgg(Cz) be a holomorphic map from some neighborhood
QO C X of KU Xg. Assume that

(5.1) X > x+— degp(x) € Zsop is bounded.
Then there is a continuous map X x [0,1] 3 (x,t) — ¢i(z) € Autﬁg((CQ) such that
(a) wolkux, =9 and ¢1: X — Autﬁg(CQ) is holomorphic,
(b) For every t € [0, 1], ¢; is holomorphic on some neighborhood of K and satisfies dx (¢, ¢) < €,
(c) For every t € [0,1] and = € Xy, ¢; agrees with ¢ up to order r, at z; that is, pi(x) = p(z), and, if
re > 0, @y is holomorphic at x and every coefficient of ¢ — ¢; has zero of order at least r, + 1 at z.

By Lemma 2.5 we can choose coordinates on C? in such a way that G in Proposition 5.1 acts linearly.

If G is not cyclic, then by Lemma 4.5 Autgg((C) is a connected Lie group, hence an Oka manifold [Forl7,
5.6.1]. Therefore, Proposition 5.1 holds for such G. The difficult part is to prove it for cyclic G.

We will use the following combination of Mittag-Leffler and Weierstrass theorems, see [NR11, Exercise
2.16.7 and Theorem 3.12.1] or [Flo48].

Lemma 5.2. Let K, X, C X, (rz)zex, and € be as in Proposition 5.1. Fix f € M(Q) which is
holomorphic on K and does not vanish on K \ Xy. Then there is a continuous map X x [0,1] 3 (x,t) —
fi(x) € P! such that each f; € M () is holomorphic on K; f — f; has zero of order at least r, + 1 at every
x € Xy, satisfies |f — fi] <eon K, and f; € M(X)NO(X \ Xo)*.
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Proof. For © € Xy let k; be the order of zero of f at x (so k; < 0 if f is not holomorphic at x), and
let £ be the line bundle associated to the divisor ) .y k2. On some neighborhood A CQof XgUK,
f trivializes £. Since H?(X,Z) = 0 as X is a Stein space of dimension 1, f extends to a continuous
trivialization fp of £. The result follows from the basic Oka property for sections of £ [Forl7, 5.4.4]. O

Proof of Proposition 5.1. Recall that by Lemma 2.5 we can assume that G C GLg(C) acts linearly. If
G is trivial then the proposition follows from [FL14, Theorem 1.2|, so we assume that G # {id}.

Claim 1. We can assume that ¢ fixes the origin, i.e. ¢(z)(0) = 0 for every z € Q.

Proof. Because () is equivariant with respect to the linear action of G, for every g € G we have
9(0(2)(0)) = g(p(x)(g710)) = (g0 p(x) 0 g~1)(0) = (2)(0), that is, p(x)(0) is a common eigenvector of
all g € G, with eigenvalue 1. Since G # {id}, it follows that ¢(x)(0) = A(x)v for some A € O(Q) and a
fixed v € C?. By Lemma 5.2, there is a homotopy {¢}te[o,1) such that A\; € O(X), A; is close to A on K,
and \; agrees with A up to order r, at each x € Xy. Thus to prove Proposition 5.1, it suffices to prove it

for a holomorphic map Q > z — [z — ¢(x)(2z) — p(2)(0)] € Autgg(C2), which clearly fixes the origin. [

G
alg

G consisting of those automorphisms which fix the origin of C2. More precisely, we assume that ¢ takes
values in G, and we will construct ; with values in G, too.

By Claim 1 we can, and therefore will, prove our proposition with Aut& (C?) replaced by its subgroup

Claim 2. For some neighborhood U C Q of K U X, ¢|y extends to a continuous map ¢p: X — G.

Proof. Let U be an open neighborhood of K'UXj such that U C € and dU is smooth. Whitehead’s results
give a retraction r: X \U — I" onto an embedded graph I' containing QU for a very detailed proof of this
fact see e.g. [KS19, Lemma 4]. On the other hand, we have a retraction dy: G 3 a +— o/(0) € GL(C), see
[FL14, Lemma 2.1]: indeed, since G acts linearly, o/(0) is G-equivariant whenever « is. By Lemma 4.6,
GLS(C?) is a connected manifold, so dy o |z extends to a continuous map @: U UT — GL3(C). Now,
o = @ or is the required extension.

We remark that, since K U Xy has no relative holes in X, we could have chosen U in such a way
that there is a retraction h: U UT' — U. This way, instead of extending dg o ¢, one could simply put
@ = dy o p|oh, ie. contract the graph. O

Claim 3. Let U be a neighborhood of K such that ¢|y is holomorphic; and let d be the polydegree of |y,
viewed as an element of Aut(A%\/l(U))' Then our proposition holds under following additional assumption:

Xo = XjqU Xy, ¢ agrees up to order r, with id at every x € X;q and with some o, € .AdG at every x € Xj.

Proof. If K = (), we choose U to be a neighborhood of some x € X such that |y is holomorphic. Thus
in any case, we can assume U # (). We can also assume that d # (. Indeed, otherwise ¢|yux, € is affine,
so the claim follows from the Oka property of Aﬁg. The latter is a connected Lie group by Lemma 4.6,
hence Oka by [Forl7, 5.6.1].

Applying Lemma 4.4 over the field M(U), we see that ¢|y = 01 oao foo for some 0,a € GLay(M(U))
and f = fs, € FY as in Lemma 4.2. Here a comes from (4.2), so it equals id in cases (b),(c) of Lemma
4.4, and in case (a) it is a composition of maps denoted in (4.2) by ay, and a, ), which are of type
(z,y) = (z, \jz +y) or (N\jz +y,x) for some \j € M(U), j € {1,2}. In cases (b),(c) put Ay = Ay = 0.

Let ¢ == (c1,...,¢m) € M(U)™ be a list of all nonzero coefficients of s, of the polynomials in ¢, and
Aj's. Let & = M(U) or Mx,. For v € ™ define ¢ by the same formula as |y, but with each c;j
replaced by ;. We claim that

(5.2) for any v € 8™, 0" € Aut®(A2) and ©(0) = 0.

Clearly, ¢{ € Aut(A2). To see that ¢{7(0) = 0, recall that by Lemma 4.2 ¢(0) = 0 means that s € D
in (4.5), so it is equivalent to vanishing of certain coefficient of s, and therefore, it holds for 0 too.

To prove G-equivariance, assume first that v € (£*)”. Then the polydegrees of 0 and o|y are the
same, so o7 € Ay. By Lemma 4.4, modifying a does not change G-equivariance: indeed, in cases (b),(c)
a stays equal to id, and in case (a) any a is good. Eventually, recall that by Remark 4.3 .7-"(? C Fy is cut
out by vanishing of certain coefficients. This vanishing holds for the ones in ¢, too, because ¢ differs from
¢ only by the nonzero ones. Hence ¢ € .Ag.

Now, for any v € &, 0 is a limit of o7 with 7 € (£*)™. We have proved that o7 e Ag are
G-equivariant, hence their limit »{7 is G-equivariant, too. This ends the proof of (5.2). Alternatively, one
can observe that o7 satisfies the conditions of Lemma 4.2, too, even though its polydegree may drop:
hence the argument used above for v € (£*)™ works for v € ™, too.
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Put X = UTzl X7, where X7 is the set of poles of ¢; € M(U). By Lemma 2.4, for each z € X, there

is an integer s, > 0 such that if v; agrees with c¢; up to order s, at x, then goﬁ) is holomorphic. Now for

every x € Xo U X, define v, as rp if x € Xo \ X{, sg if # € X\ Xo and max{s,,r,} if x € Xo N X{.
Recall that for any z € Xy we have o, € Adc, S0 oy = @™ for some 7 € M .. 1t is also clear that

id = !9 for some 6 € {0,1}™ C M% . € Xjq. Thus for all z € Xy U X\, there exists 9* € M, such

that the germ of ¢ at z agrees with ©{?") up to order v,.

By Lemma 5.2, for any 9 > 0 there is a (continuous) homotopy {7'};c[,1] such that for each j €
{1,...,m}, 7?](] = ¢j, 7} € M(X)NO(X \ Xp), 7§ agrees with 9% up to order vy, and |¢; — 75| < &9 on
K. Put ¢y = <,0<7t). By Lemma 2.2, (t,p) — 4 is continuous, and we can choose £¢ in such a way that
dg (¢, ¢t) < €, s0 (b) holds. Now, the choice of v, guarantees that (a) and (c) hold, too. O

Applying Claim 3 to Xg N K and some smaller g9 > 0, we get a holomorphic map a: X — G such
that dx (o, a) < g¢ and « agrees with id up to order r, for every z € Xg N K. The map 8 :=a logpis
holomorphic on K U Xj. Since « is holomorphic, it is of bounded degree, so £ is of bounded degree, too.
Thus we can write X as a finite disjoint union |_|§L:1 X, such that for any x € X, the germ of 3 at = has

polydegree d;. Claim 3 gives a homotopy {,Bt(j )}tE[O,l] from B(()j ) = 5 to a holomorphic map Bij )X g,

such that dg (S, ﬁgj )) < €0; and a holomorphic germ at x € Xy of Bﬁj ) agrees up to order r, with g if
€ X, and with id if z € X \ X;. Therefore, at each z € Xy, the map

Ot ::ﬁgn)o...oﬁgl)oa.

agrees with foa = ¢ up to order r,, so (¢) holds. Because 59 ) is holomorphic, ¢y is holomorphic, too, so
(a) holds. By Lemma 2.2, we can choose ¢¢ in such a way that dx (s, ¢) < €, so (b) holds as well. O

Remark 5.3. Although [FL14, Theorem 1.2] shows that interpolation on discrete sets works for maps from
arbitrary Stein spaces; to get approximation we need to restrict our attention to maps from open Riemann
surfaces. Indeed, our idea is to treat such map as an element of Aut(A?Vl( X)), see Lemma 2.3(b), and
decompose it according to Jung’s theorem, so the factors are necessarily meromorphic. If X has dimension
one, we only need to control the order of their poles, which is managed by Lemma 2.4. However, this
approach no longer works if the local rings are not DVRs.

5B. Remarks on the parametric Oka property

G

aLlg((Cz) admits any kind of parametric Oka properties.

In view of Proposition 5.1, it is natural to ask if Aut

Let us now recall this notion, see [Forl7, 5.4.4] for details. Fix a closed subset Py of a topological space
P. We say that Y satisfies a parametric Oka property with interpolation if for any subvariety X of a Stein
space X and any continuous map fo: P x X — Y such that fo(po,-) and fo(p,-)|x, are holomorphic for
every pg € Py and p € P; there is a homotopy { ft}:[0,1) such that fi(p, ) is holomorphic for every p € P,
and f; = fo on Py x X UP x X, for every t € [0,1]. As in the basic case (P, Py) = ({pt}, ), one can
require f; to be uniformly close to fy on some compact set, too.

For complex manifolds Y, these properties are equivalent to the basic ones, and characterize Oka
manifolds [Forl7, 5.15]. However, in our case Y = Autgg(CQ), the parametric version seems more subtle.

In particular, our proof of Proposition 5.1 does not easily generalize to this setting. Indeed, we use an
explicit description of Aut(A(QC) given by the van der Kulk theorem. In order to obtain a parametric Oka
property, one would need it for Aut(A%%), where R is the ring of continuous functions on the parameter
space. But, as we have seen in Section 2C, it is very difficult to get such description when R is not a field.

Up to now, the only parametric Oka properties for Aut,, (C™) were obtained by Forstneri¢ and Larusson
in [FL14]. The main tool used for approximation (see e.g. in §3 loc. cit) is the Andersén-Lempert theory,
which builds on the fact that every polynomial vector field on C” is a finite sum of complete algebraic
vector fields. Moreover, this decomposition can be made holomorphically depending on a parameter by
choosing for each homogeneous part of degree m > 2 a basis consisting of algebraic vector fields of a special
kind, so called shears and overshears, see [For17, 4.9.5] and references there. For an algebraic proof of this
statement see [KL13, Lemmas 7.5 and 7.6].

In our situation, however, there are not enough G-equivariant shears and overshears, as shown by the
following example.
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Example 5.4. Let G = Z3 be a group generated by ( = exp(2mi/3); acting on C? by ¢ - (21, 22) =

(Cz1,¢%22). Then the G-equivariant shears and overshears are z%p(zf)a%z, z%p(zg’)% and @p(z?)%,

zlp(zg)% for p e Cl. Clearly, they do not span the space of all G-equivariant algebraic vector fields.

In fact, one can show that the (non-complete) G-equivariant vector field 2%22% + 21238%2 does not lie

in the Lie algebra generated by any complete G-equivariant algebraic vector fields, let alone shears and
overshears. This follows from the classification of such fields, given in [KLL15, Theorem 5.4].

More generally, if G = (¢) = Z,4 is a cyclic group acting on C2 by (g - (21, 22) = (Cz1,(%22), where
¢4 = exp(2mi/d) and e € {1,...,d — 1} is coprime to d, then [KLL15, Corollary 5.5(i)| implies that C?/G
has strong algebraic density property if and only if e|d + 1 and e? # d + 1. Here strong ADP for C?/G
means that all algebraic vector fields on C?/G (equivalently, all G-equivariant ones on C?) lie in the Lie
algebra generated by complete ones.

In particular, if e f d +1 or €2 = d + 1, e.g. for (d,e) = (3,2), the Andersén-Lempert lemma does
not work for G-equivariant vector fields; even if one allows arbitrary complete vector fields instead of just
shears and overshears. This shows that the Forstneri¢-Larusson approach cannot be applied here.

6. PROOF OF THEOREM 1.2

In this section, we combine Lemma 3.1 and Proposition 5.1 to remove all poles of ¢ in (1.1).

Fix an open Riemann surface X, a reductive group G' and a holomorphic map v: G x X — Aut,, (C?)
defining a holomorphic family of algebraic G-actions on C? parametrized by X, see Definition 1.1. Recall
that by Lemma 2.3(b), we can identify holomorphic and meromorphic maps X — Aut,(C?) with
elements of Aut(Aé( X)) and Aut(Aﬁw( X)), respectively. Thus v defines an action of G on Aut(A?Q( X)).

We can now list the ingredients of the proof of Theorem 1.2.

Lemma 6.1. (a) There exists ¢ € Aut(Ai/l(X)) which linearizes G over M(X), see (2.2).
(b) Fix ¢ asin (a). Let Z be a set of poles of ¢, and let ¢, € Aut(A.QMX ) be a germ of ¥ at some x € Z.

T

Then there is a germ a, € AutG(Ag\/iX _) such that ¢, o o is holomorphic at z.
(c¢) In addition to (b), fix an € > 0, a compact, O(X )-convex subset K C X \ Z and a subset Xo C Z
such that Xg 3 © — dega, € Z>¢ is bounded. Then there is 5 € AutG(Aa\/l( X))7 holomorphic on

X \ X, such that 1; := 1) o 8 is holomorphic on Xy U X \ Z and satisfies dK(@Z, 1) < e. In particular,
1 linearizes G over M(X).

Proof. (a) follows from Lemma 2.5 for k = C, & = M(X).

(b) follows from Lemma 3.1 for R = Ox ,.

(¢) By Lemma 2.4, for any = € X there is an integer 7, > 0 such that for any &, which agrees with o,
up to order r;, 1, o @, is holomorphic, too.

Let k; be the order of the pole of a,. By Lemma 5.2, there is x € O(X) such that x has a zero of
order k, at each x € Xg, and does not vanish elsewhere. For x € Xy, let x, be a germ of x at x, so
Xz * Qg € Aut(A%Xw). Since Xy C X \ K is discrete, we can choose a neighborhood €2 of K U X and

a holomorphic map ¢ € Aut(Aé(Q)) such that ¢|x = x|k -id and the germ of ¢ at each z € X equals

Xz * Q. Put M = sup, g x(z) 1.

Fix g9 > 0. Proposition 5.1 gives a holomorphic map ¢ € AutG(Aé(X)) such that dx (v1,¢) < 55,
and ¢, agrees with ¢ up to order r, + k, at every x € Xo. It follows that 3 := x ™! - ¢; satisfies
dg(B,1id) < g, and (B agrees with ay, up to order r,. By definition of 7., the latter condition means that
¥ o (3 is holomorphic at x. By Lemma 2.2, we can choose ¢y > 0 such that dx (1 o 8,1) < ¢, as claimed.

The fact that ¢ o 8 linearizes G follows from the G-equivariance of 3. Indeed, for any g € G we have
(YoB)ogo(oB)t =1o(BogoB oy~ =rpogoryp™ = p(g) for some representation p: G — GLy(C)
as in (2.2). O

Proof of Theorem 1.2. Let ¢ and ay, * € Z, be as in Lemma 6.1.

Assume first that G is not cyclic. By Lemma 4.5 the map x — dega, is bounded (by 1 if G € C*,
and by v if G = C*). Thus Lemma 6.1(c), applied to K = () and Xy = Z gives @Z € Aut(A%Q(X)) which
linearizes G; that is, a holomorphic map X — Autgye(C?) which linearizes G algebraically.

Assume now that G is cyclic. Choose an exhaustive family of O(X)-convex compact subsets () = Ky C
K; C ... such that K;_1 C Int K;. For j > 1 let Z; := Z N K; be the set of poles of 1) which lie in Kj.
Clearly, Z; is finite, and Z = Uj>1 Z;.
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Claim. For every j > 0 there is a meromorphic map 9;: X — Autalg((CQ) which linearizes GG, such that
9; is holomorphic on Z; U (X \ Z) and dg,_, (¢j,j-1) <277 for j > 1.

Proof. We argue by induction on j. For j = 0 we can take 1)y = 1. Assume that 1;_ is constructed for
some j > 1. Since Z; \ Z;_ is finite, Lemma 6.1(c) applied to Xg = Z; \ Zj—1, K = Kj_1 and ¢ = 27/
gives 1, = 1p;_1 with the required properties. O

Now, each K; admits a neighborhood (2; such that (¢i|Qj)f§j is a Cauchy sequence with respect to the
metric dg;. Such a sequence converges uniformly on Kj; to a holomorphic map ¢;: Q; — Auty,(C?)
defined on some (possibly smaller) neighborhood Q; of Kj. Because pi|k; = pj|i; for all i > j, we
infer from Lemma 2.2 that (‘Pj)?io converges uniformly on compacts to a holomorphic map ¢: X —
Autho(C?). Because each v; linearizes G, so does their limit ¢. O

Remark 6.2. Each ¢, in the above proof is a map to Autalg(Cg). However, since that space is not
complete, the limit ¢ of ¥; takes values in Auty,(C?). We do not know if one can choose ¢ with values
in Aut,e(C?).

To conclude, we remark that an analogue of Theorem 1.2 for holomorphic G-actions (i.e. with target of
v in Definition 1.1 replaced by Auty,(C™)) is, for now, still out of reach. Indeed, we do not even know
if the individual holomorphic G-action on C? is linearizable. To illustrate the difficulty here, let us recall
the construction [DK98, Remark 4.7] of a candidate for a counterexample.

Example 6.3. Let C := {f = 0} C C? be the image of an embedding C! < C? which is non-rectifiable,
i.e. there is no a € Autye(C?) such that a(C) is a line. Such embeddings were constructed in [FGR96],
cf. [DK98, §2]. Put X = {(21,22,23) € C>: f(21,22) = 23}. The Zs-action X - (21, 22, 23) = (21, 22, A23),
A € {1,—1} = Zs has a categorical (here = geometrical) quotient with Luna stratification C' C C?, see
[Kut20, §5.1] for definitions. Since the embedding is non-rectifiable, this quotient cannot be biholomorphic
to the Luna quotient of a linear Zs-action on C?. Therefore, if we could show that X is biholomorphic to
C?, the above Zs-action would give a counterexample to the holomorphic linearization problem.
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