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Abstract

A new method for 5-axis flank milling of free-form surfaces is proposed. Existing flank milling path-planning methods
typically use on-market milling tools whose shape is cylindrical or conical, and is therefore not well-suited for meeting
fine tolerances for manufacturing of benchmark free-form surfaces like turbine blades, gears, or blisks. In contrast,
our optimization-based framework incorporates the shape of the tool into the optimization cycle and looks not only
for the milling paths, but also for the shape of the tool itself. Given a free-form reference surface and a guiding path
that roughly indicates the motion of the milling tool, tangential movability of quadruplets of spheres centered along
a straight line is analyzed to indicate possible shapes and their motions. This results in G1 Hermite data in the space
of rigid body motions that are interpolated and further optimized, both in terms of the motion and the shape of the
milling tool itself. We demonstrate our algorithm on synthetic free-form surfaces and industrial benchmark datasets,
showing that the use of custom-shaped tools is capable of meeting fine industrial tolerances and outperforms the use
of classical, on-market tools.

Keywords: 5-axis CNC machining, custom-shaped tools, finishing operations, tangential movability, free-form
shape manufacturing, tool path-planning

1. Introduction

Efficient manufacturing of curved geometries is a fundamental part of manufacturing pipelines in many industrial
sectors, automotive or aeronautical to name a few. Curved objects such as turbine blades, rotors, blisks, and/or
propellers are industrial workpieces that need to be manufactured within a high precision, yet with the increasing
trends of energy and manufacturing cost reduction, they need to be manufactured also as economically as possible.

Multi-axis Computer Numerically Controlled (CNC) machining is the leading subtractive technology where the
milling tool, navigated by a path-planning software, moves in 3D space and removes extra material from a mate-
rial block. Even though additive technologies like 3D printing are becoming more and more popular [1], there are
workpieces that, e.g. for stiffness reasons, have to be manufactured from a single material block using traditional
subtractive methodologies.

5-axis CNC machining consists typically of three main stages: i) roughing, ii) semi-finishing, and iii) finishing.
Our work belongs to the finishing stage where the to-be-manufactured object is being finished by a side of the tool,
which is known as flank (aka side) milling. In this final stage, there is not much material left to be removed, yet the
manufacturing accuracy has to be highest to meet the fine manufacturing tolerances of several micrometers for objects
of tens centimeters large.

The traditional methods, as well as the stat-of-the-art industrial software, consider conical or cylindrical tools only
for this finishing stage. However, for complex free-form geometries such as blisks and/or gears, using these straight
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tools requires many milling paths as the straight meridian profile does not adapt well to general free-form surfaces.
In contrast, our research considers the shape of the milling tools as a variable that is incorporated directly into the
path-planning process.

The paper is organized as follows. The rest of this section surveys the related prior work. Section 2 recalls
the geometric basics needed for the flank milling problem, Section 3 discusses tangential movability of a union of
rigid spheres along free-form surfaces, and Section 4 presents the main building blocks of our tool-&-path-planning
algorithm. The numerical examples are shown in Section 5 and finally the conclusion with the outlines for the future
research are drawn in Section 6.

1.1. Related Work
Since the inception of computer-aided design in the late 60’s, geometric modeling of 3- and 5-axis CNC machining

processes has become a vivid research area and has attracted attention of many researchers in the past several decades
[2, 3, 4, 5, 6, 7, 8]. In the case of 3-axis CNC, the machining tool is typically mounted to a frame that is allowed to
move in the direction of the x, y, and z axes, and geometrically the tool-vs.-surface engagement is a well-studied topic.
In contrast, in the 5-axis case, where the tool is also allowed to rotate and tilt, the problem is a lot more complex and
collision-free path planning is a challenging task, both locally and globally.

Our research belongs to the category of 5-axis flank milling where the tool touches tangentially the designed sur-
face, theoretically at infinitely many points. Given a free-form surface Φ to be flank-milled, this problem is equivalent
to fitting envelopes Ω of motions of a milling tool Ψ to Φ [9]. At each time instant, the tool touches its envelope along
a curve called characteristic (aka grazing curve in the engineering literature) which shall approximate Φ within fine
machining accuracy. However, this curve, changes its shape over time depending on the instantaneous motion, which
makes the problem difficult. For milling tools with linear profiles (conical or cylindrical), the characteristic can be,
for some special motions, a straight line (lying on the cone or cylinder), however, for a general instantaneous motion,
it is not a straight line anymore, but an algebraic curve of degree four, the intersection of the cone (cylinder) with its
derivative w.r.t. time [10].

The tool can be a general surface of revolution [2, 11, 12], but traditionally the tools for flank milling are conical
or cylindrical [13, 14, 15, 16, 17, 6]. Rigid body motions of a cylindrical tool are studied in [17]. The motion of the
cutting tool is controlled via two rail curves and the characteristic is approximated in each time instant. In the case of
cylindrical tools, a lot of research has been devoted to approximation of offset surfaces by ruled surfaces, the offsetting
distance being the radius of the cylindrical tool [13, 18, 19]. This simplification applies only to cylinders, but already
for conical tools such an approach is not feasible and one has to look for 3D directions for which the point-surface
distance changes linearly to find good positions of a conical tool [16].

A subdivision-based approach is introduced in [4] where the designed surface is being subdivided along the pa-
rameter isocurves and the final subpatch is approximated by a bilinear patch. However, to find approximations that
guarantee fine machining tolerance typically requires an extensive number of subdivisions. Flank milling using con-
ical and barrel tools is studied in [2]. Flank-millable surfaces, i.e., exact envelopes of rigid tools, are approximated
by NURBS surfaces. Recently, multipass flank milling method has been introduced [20]. A free-form surface is par-
titioned using a tangent vector field that gives good directions for a given conical tool to move. Other relevant works
on 5-axis flank milling can be found in the survey paper [21].

There are other physical entities that affect the quality of the machining process, e.g. the cutting speed and cutting
force. As the cutting speed is correlated with the tool vibration, there is a broad literature that studies how to set the
feedrate to minimize the machining error and to optimize the surface finish [22, 23, 24]. A trade-off between geometric
accuracy and surface smoothness is discussed in [25]. An approach that updates milling paths to compensate the error
caused by the tool deflections is presented in [26]. Another important issue related to high quality surface finish is
the factor of cooling fluids and lubricants, see e.g. [27], and other references cited therein. Our approach is purely
geometrical; for other physical issues related to 5-axis machining, we refer the reader to [28].

The closest research to ours are [29, 9] where the shape of the tool is also considered as a variable and is optimized
towards minimum error between the envelope and the designed surface. However, the initial paths of the tool are
assumed to be given [29] or need user’s intervention [9]. In contrast, our approach computes the paths of the tool,
using a given guiding curve, automatically.

Most recently, a methodology called double-flank milling has been introduced [30, 31]. It has been shown that
for some types of geometries, such as spiral bevel gears, it is possible to find a motion and a custom-shaped tool that
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(a) (b) (c)

Figure 1: (a) Curved tools for woodcutting of complex shapes. (b) A general, curvature-varying milling tool by Sandvik. (c) A spiral bevel gear.
The cavity between two neighboring teeth is formed by a free-form surface that can be flank-milled by a custom-shaped tool. The images courtesy
of [33], [34], and [31], respectively.

admits flank milling on both sides of the tool, resulting in more efficient variant of traditional flank milling. Moreover,
for some special geometries of screw rotors, such a custom-shaped tool exists and is, provably, exact [32]. In contrast,
the proposed research targets more general geometries, where only the traditional (one-sided) flank milling is possible.

2. Preliminaries

We first shortly recall some well-known facts about surfaces of revolution, ruled surfaces, and envelopes.

2.1. Custom-shaped milling tools
General, curvature-varying tools used for 5-axis CNC machining already exist on the market, see Fig. 1. For

extrusion surfaces, the tool-surface shape matching is easy Fig. 1(a). However, to the best of our knowledge, there is
no computational methodology nor commercial software that designs their shapes towards a given free-form geometry.
These tools are complex bodies, provided by milling flutes see Fig. 1(b), however, under high axial (aka spindle) speed
when compared to the motion of the axis, these tools can be considered as rotational solids. A boundary of such a
rotational solid is a rotational surface Ψ, which can be thought of as the envelope of a one-parameter family of spheres
centered along the axis `̀̀(s) = (1− s)a+ sb, s ∈ [0,1]. The tool Ψ is uniquely determined (up to rigid motions) by its
radial function r : I→ R+, where r(s) is the radius of the corresponding sphere centered at `̀̀(s), see Fig. 2.

The intersection of Ψ with an arbitrary plane containing `̀̀ gives the so-called meridian curve m(s), which typically
consists of two symmetric branches m+(s) and m−(s).

(a)

r(s)

r(s?)

a b
(b)

a b

m(s)

r(s∗)

Figure 2: (a) Radial function r(s) describes the radii of a one-parameter family of spheres centered along the axis `̀̀ = ab (b). The rotation surface
Ψ is considered as the envelope of this family. Intersection with a plane that contains `̀̀ gives the 2D analogy. The meridian curve m(s) (green)
envelopes the one-parameter family of circles.

W.l.o.g. we can assume a = (0,0) and b = (1,0). The meridian points (corresponding to the intersections of two
infinitesimally close circles) are given by the following parametrization

m±(s) =
(

s− r(s)r′(s),±r(s)
√

1− r′2(s),0
)
, s ∈ [0,1].
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The meridian typically consists of two branches (half-meridians), but we will consider one of the branches and denote
it by m, omitting the ± symbol. Note that m is real if and only if ‖r′(s)‖ ≤ 1, see e.g. [35] for more details.

2.2. Ruled surfaces
The rotational tool Ψ moves in 3D space and its motion τ is uniquely determined by a position of its rotational

axis `̀̀, up to the ruling orientation. We assume that the point a corresponds to the tool tip, and b to the base of the
tool, that is closer to the shank. Under this convention, it is sufficient to think of a motion of Ψ as a ruled surface y
which is defined as

y(s, t) = (1− s)a(t)+ sb(t), s, t ∈ [0,1],

where a and b are known as the rail curves, which are both represented as B-spline curves, i.e.,

a(t) =
m

∑
k=0

qa
kBk,d(t), b(t) =

m

∑
k=0

qb
k Bk,d(t), t ∈ [0,1],

where Bk,d(t) are the B-spline basis functions of degree d, defined over clamped uniform knot vectors, and qa
k and qb

k
are the corresponding control points, see Fig. 3(a). As the ruled surface represents a motion of a rigid line, it holds

L = ‖a(t)−b(t)‖, ∀t ∈ [0,1], (1)

which will be further referred to as a rigidity constraint. Parameter s corresponds to the ruling direction, while t can
be interpreted as time (or pseudotime).

(a)

y(s, t)

b(t)
a(t)

qa
2

qb
1

r7 r7

r1

r1

(b)

a

b
va

vb

ch−

ch+

Figure 3: (a) Ruled surface. A ruled surface y(s, t) is controlled by a pair of rail curves a(t) and b(t), which are represented as B-spline curves; the
control polygons (black) and control points (green) are shown. The path of the tool is discretized by N positions, and the tool is represented as a
discrete set of M spheres (transparent), uniformly distributed along the rulings; here M = 7 and N = 60. (b) Characteristic. A general instantaneous
motion of a line ab is governed by two velocity vectors va and vb that obey Eq. (3). The milling tool Ψ is conceptualized as a one-parameter family
of spheres (transparent), here M = 20. The spheres touch the envelope Ω along the characteristic curve ch, that in this case consists of two branches
ch+ and ch−, which are general, 3D, curves.

2.3. Envelope surfaces
The rigid motion τ of Ψ creates the envelope Ω. The axis `̀̀ of Ψ under the motion τ forms the ruled surface

y(s, t). We assume a smooth motion τ that is represented by C1-continuous rail curves a and b that satisfy the rigidity
constraint (1). Employing the envelope formula [36] to y(s, t) and r(s) we obtain the parameterization of Ω

x± = y− r
r′(Gys−Fyt)± (ys×yt)

√
(E− r′2)G−F2

EG−F2 , (2)

where ys and yt denote the partial derivative of y with respect to s and t, respectively, and E,F,G are the components
of the first fundamental form of y(s, t).

In general, there are two branches of the envelope Ω, the upper envelope x+ and the lower envelope x−, see (2). As
our motivation is the CNC application, we are interested only in that branch that is closer to the the reference surface
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Φ. Therefore, if there is no danger of confusion, we omit the superscript and write only x, which is assumed to be the
right branch. At each time instant t, the tool Ψ touches envelope Ω along a characteristic curve ch(s) = x(s, t = const),
see Fig. 3(b). Note that for some special instantaneous motions, ch can become m, however, in general ch is a 3D
curve different from m.

3. Tangential movability of a set of spheres

Since the tool Ψ can be conceptualized as a one-parameter family of spheres being centered along a line `̀̀, it is
natural to investigate the tangential movability of a set of spheres along Φ. To this end, we discretize Ψ by M spheres
and, at a fixed position of `̀̀, look for an instantaneous motion, represented by a velocity vector field v(s) linear along
`̀̀, that moves the spheres tangentially to Φ.

Starting our considerations with a single sphere S of radius r, and counting the degrees of freedom (DoFs), one
can see that there are two DoFs to move S along Φ. An easy argument is to consider an offset surface Φ̃ of Φ, r
being the offset distance, and one ends up with a motion of a point (center of S) on Φ̃ (2-manifold). Considering two
spheres, one can use the same argument as above to arrive with two DoFs for positioning the first sphere. Then, fixing
this sphere as a whole, one has additional degree of freedom to rotate the sphere-line-sphere linkage around the first
fixed sphere, preserving the tangential contact of the second sphere with the surface. Therefore, one has three DoFs
to move two spheres (of constant distance) tangentially along a free-form surface, which is the same number of DoFs
as a rigid body motion in 2D plane.

Looking at the problem from the perspective of non-linear systems of equations, unknowns being the coordinates
of the endpoints of the line `̀̀ and constraints being the tangentiality and point-point distance constraints, one can
further deduce that adding another sphere decreases the number of DoFs by one, and therefore an instantaneous
motion is, in a generic configuration, possible when M = 4. In such a case, the vector field v(s) is unique, up to a scalar
multiplicant which can be seen as a magnitude of the instantaneous velocity vector at some point of `̀̀. Alternatively,
one can use M = 3 to get one extra DoF to maneuver the triplet of spheres tangentially along Φ, see Fig. 4(a), or
formulate the problem in the least square sense and use weights to control the motion. This is our approach that will
be discussed later in Section 3.1.

(a)

Φ a⊥
b⊥

b

a

(b)

va

vb

a

b

Figure 4: (a) The tangential motion of the discretized tool (for M = 3) along a free-form surface Φ. The motion τ of the axis is represented by a
ruled surface (yellow). (b) At each time instant, the instantaneous vector field (green) that moves `̀̀ = ab has to obey Eq. (3), which is visualized
by projecting the velocity vectors va and vb onto `̀̀ and resulting by signed distances of the same lengths (red).

The instantaneous velocity vector field is linear along `̀̀, i.e,

v(s) = (1− s)va + svb,

where va and vb are the instantaneous velocity vectors at the endpoints. During the motion, the length L of the finite
axis is constant. Differentiating (1) w.r.t. to t gives

〈b−a,va〉= 〈b−a,vb〉. (3)

which is known as the projection rule, see Fig. 4(b).
The velocity vector field v is thus determined by two boundary vectors va and vb satisfying the projection rule

(3), which gives four DoFs (up to scaling). These four DoFs can be seen as the coordinates of the endpoints of the
velocity vectors va and vb that lie in the two parallel planes perpendicular to `̀̀, see Fig. 4(b).
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To determine the instantaneous motion, we select M points pi ∈ `̀̀, i = 1, . . . ,M and solve the Eq. (3) together with
the following system of linear equations:

〈pi−p⊥i ,vi〉= 0, i = 1, . . . ,M, (4)

where p⊥i denotes the foot point of pi on Φ. In general, there exists a (4−M)-parametric solution to the linear system
of (3) and (4). Specifically, the use of exactly four spheres (M = 4) gives a unique velocity vector field v(s) and hence
a unique motion of the tool Ψ.

Remark 3.1. When the points p⊥i , i = 1, . . . ,M lie in a plane σ (or on a line), the dimension of the solution of
the linear system (3) and (4) is equal to one (or two) and the instantaneous motion is not unique. Geometrically, the
singular (coplanar) configuration corresponds to the existence of an axis of rotation that lies in σ . Then the projection
constraint in (3) degenerates to “0=0” and (4) is clearly satisfied for an arbitrary rotation axis.

For “almost” coplanar foot points p⊥i , the linear system (3) and (4) is ill-conditioned, and therefore the resulting
velocity vector field is unstable for small perturbations of the foot points, see Fig. 5(a). In order to make a motion
stable under small perturbation of foot points, and also to control the motion in the desired direction of the guiding
curve, we add two additional constraints. These constraints, however, reduce the number of free parameters and the
corresponding linear system generally has a solution only for M ≤ 2. Therefore, in the following section we formulate
the computation of the velocity vector field for any M > 2 as a homogeneous least squares problem.

3.1. Stable computation of tangential movability
As seen from Fig. 5(a) and discussed in Remark 3.1, the computation of the vector field may become unstable. To

make the computation more robust, cf. Fig. 5(b), we add two additional constraints which together with (3) and (4)
will lead to a homogeneous least squares approach.

(a) Φ

a

b

a⊥ ∼= a′⊥

b⊥ ∼= b′⊥

(b)

a
b

Φ

ω1 = ω2 = 1

(c)

a

bΦ

ω1 = 0

(d)

a
b

Φ

ω2 = 0

Figure 5: (a) The instability of the velocity vector field under small perturbation of the foot points. The closest points(aka footpoints) are slightly
perturbed which deviates the original vector field (green) to a new one (red). (b) Velocity vector field construction using two additional constraints
(5) and (6) yields an instantaneous motion well-suited for flank milling. (c) Ignoring constraint (5), ω1 = 0 in (7), leads to a motion of the tool in
the direction of the axis. (d) Ignoring (6), ω2 = 0, forces one side of the tool to move backwards.

In order to move the tool sideways instead of in the direction of the axis, see Fig. 5(c), we add the following
constraint (with weight ω1)

ω1 〈vc,b−a〉= 0, (5)

where c is the center of the line `̀̀.
Another issue one wants to avoid when planning a flank-milling motion is that the instantaneous velocity vectors

at the endpoints of the milling axis head in opposite directions, see Fig. 5(d). Such a vector field would result in a
motion of the tool “back-and-forth” which we prevent by an additional constraint (with weight ω2)

ω2 (vb−va) = 0, (6)

that forces the tool to move in the same (or similar) direction at both ends.
Since the tool Ψ is rigid, the projection rule (3) has to be satisfied exactly, and can be seen as a hard constraint

in our optimization. The remaining constraints (4), (5) and (6) are less important and therefore can be satisfied only
approximately, in the least squares sense. We set ω1 = ω2 = 1, unless said differently.
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To incorporate the projection rule (3) directly into our formulation, we eliminate one variable from the six-tuple
(va,vb) = (v1

a,v
2
a,v

3
a,v

1
b,v

2
b,v

3
b). Due to the linearity, one controls the instantaneous motion using 5 parameters h :=

(h1,h2,h3,h4,h5). We denote by A a matrix of coefficients of linear equations (4), (5) and (6) with respect to h. Thus,
we solve

min
h
‖Ah‖, ‖h‖= 1. (7)

The solution of (7) is provided by the eigenvector h1 of A>A corresponding to the smallest eigenvalue λ1, and this
value is also the actual error. The solution determines the instantaneous motion up to a scaling factor. We scale it, e.g.,
such that ‖vc‖= 1. A particular scaling strategy that is well suited for the G1 Hermite interpolation is later discussed
in Secion 4.3.

4. Approximation of free-form surfaces by motions of custom-shaped tools

In this section, we propose an algorithm to compute a shape of a custom-shaped tool Ψ and its motion, represented
by a ruled surface y to approximate a given reference surface patch Φ along a guiding curve g. Our approach first looks
for good candidate tools, represented by quadruplets of spheres, that can move tangentially along Φ in a neighborhood
of g, followed by a quick matching of the congruent quadruplets. These congruent quadruplets, together with the
instantaneous vector fields give a G1 Hermite data to form initial motion yini. Finally, the tool and the motion undergo
a global optimization to reduce the error between the envelope Ω and Φ. The algorithm overview is shown in Fig. 6,
and the particular parts of the algorithm are now discussed in more detail.

Line sampling,
Section 4.1

Tool search
(Section 4.2) &

Tangential motion
(Section 3.1)

G1 Hermite
interpolation,
Section 4.3

Line redistribution,
Section 4.4

Tool & motion
optimization,
Section 4.5

Figure 6: Algorithm overview.

4.1. Initial positions of the tool using a guiding curve

Given Φ and g, g ⊂ Φ, we conduct an exploration of lines that admit tangential motion along Φ guided by
g. Recall that performing a search through a 6-dimensional space of finite lines (determined by two end points) is
computationally not feasible. Therefore, we reduce the search space using assumptions that are in accordance with
the flank milling methodology, namely that the tool is required to move side-ways from the direction of the tool axis
`̀̀.

Given a guiding curve g(t) : [0,1]→R3 and a set of ordered points on it, gi := g(ti), ti ∈ [0,1], ti < ti+1, i= 1, . . . ,K,
we define a plane Γi as a normal plane of g at gi, that is, Γi = {gi,ni,g′i×ni} where ni is a unit surface normal at gi
and g′i is the unit tangent vector of g at gi. We look for lines `̀̀i, `̀̀i ∈ Γi, that are in accordance with the flank milling
which reduces the search space from six to three. These three free parameters to control the line in Γi are (di,θi,Li),
where di is the distance of the midpoint of `̀̀i from gi, θi is the slope of `̀̀i w.r.t. to the tangent plane of Φ at gi, and Li
is the length of `̀̀i, see Fig. 7.

Using the tree parameters, we obtain positions of the endpoints of `̀̀i as follows

ai = gi +dini +
Li
2 (cos(θi)(g′i×ni)+ sin(θi)ni) ,

bi = gi +dini− Li
2 (cos(θi)(g′i×ni)+ sin(θi)ni) ,

where θi ∈ [−π/4,π/4] and the ranges for di and Li are based on the size of the object and in the case of cavity-like
geometry (e.g. blisk geometry) di is limited by the size of the cavity and we uniformly sample the search space
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(a)
gi

g′i

ni×g′i

ni

ai

bi

dig(t)

Γi

Φ

θi

(b)

Figure 7: Line sampling. (a) Lines are sampled in a normal plane of g(t), Γi, passing through a point gi. There are 3 degrees of freedom to select
a line aibi: the distance di from its center point to gi, length of the tool’s axis Li = dist(aibi), and the oriented angle θi that measures the slope of
aibi w.r.t. to the tangent plane of Φ at gi. (b) Several sampled lines in four normal planes along a guiding curve g(t).

(di,θi,Li). Observe that we look for a rigid tool, therefore the lengths Li = const for all i = 1, . . . ,K. This fact further
reduces the search space as, for a selected length Li, one basically samples only 2-parameter space (d,θ).

For each sampled line `̀̀i, one can compute the closest points on Φ of M uniformly distributed points on `̀̀i, i.e.,
pi

j = (1− s j)ai + s jbi, s j = 0, 1
M−1 , . . . ,1 which defines an M-tuple of spheres that are in a tangential contact with Φ,

and can quickly compute the vector field that moves the M-tuple tangentially to Φ via Eq. (7). If the footpoints are
close to colinear/coplanar (see Remark 3.1), the vector field is selected to be a translation that is perpendicular to `̀̀i
and tangential to Φ, i.e., vai = vbi and vai ⊥ `̀̀i.

4.2. Custom-shaped tool search via radial function matching
The line sampling strategy introduced in Section 4.1 results in a set of lines `̀̀ j

k, k = 1, . . . ,K, j = 1, . . . ,mk. Each
position of a line defines a tool (via footpoints on Φ) and we aim to find a match (in the sense of the radial function)
for all k = 1, . . . ,K.

As each candidate line can be seen as a node in a graph, we look for a path in this graph, where at the k-th sampling
position, we have mk candidate lines. This results in

#paths =
K

∏
k=1

mk (8)

possible paths in the graph, see Fig. 8. Our objective is to find a K-tuple of lines (≈ a path in the graph) which offers
the most congruent tool, tool being approximated by a set of M spheres (set M = 4 in our algorithm in this stage)
centered along `̀̀. To this end, for each K-tuple of lines (`̀̀ j1

1 , . . . , `̀̀ jK
K ), we define

rmax
i (`̀̀ j1

1 , . . . , `̀̀ jK
K ) = max

k=1,...,K
rk

i , rmin
i (`̀̀ j1

1 , . . . , `̀̀ jK
K ) = min

k=1,...,K
rk

i , i = 1, . . . ,M,

where rk
i is the radius of the sphere at the k-th sampling position, k = 1, . . .K, and i is the index of the sphere position

along the ruling, i = 1, . . . ,M. For each K-tuple of lines (`̀̀ j1
1 , . . . , `̀̀ jK

K ), the tool-matching energy F is defined as

F(`̀̀ j1
1 , . . . , `̀̀ jK

K ) = max
i=1,...,M

rmax
i − rmin

i . (9)

To find the most congruent tool, we look for a K-tuple that minimizes this energy and therefore

min
#paths

F(`̀̀ j1
1 , . . . , `̀̀ jK

K )

over the set of all admissible paths (8), see Fig. 8.
Finally, we initialize the tool by taking the arithmetic means of the extreme values, i.e.,

rini
i =

rmax
i + rmin

i
2

, i = 1, . . . ,M. (10)
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Figure 8: (a) A graph, representing the search strategy for the best initial guess of the tool. (b) The best path in the graph that minimizes (9), and
(c) is a much worse path that found a less congruent tool. (d) The two corresponding histograms for these paths (b) and (c). The color bars indicate
the initial radii, rini

i ; the thin black lines correspond to the interval [rmin,rmax], see also Eq.(10).

Fig. 8(b) and (c) compares two different initial quadruplets of radii: the best one, and some other one found
through the graph search visualized in Fig. 8(a). The (b) and (c) figures illustrate positions of the discrete tools in 3D,
while the (d) figure illustrates the actual radii values (color bars), with their deviation (black thin bars). This shows
the superiority of the set of initial radii in Fig. 8(b) as there is very little variation in time. In contrast, the other initial
motion of the tool (Fig. 8(c)+ bottom (d)) has a lot higher variation of the four radii. Therefore, this quadruplet of
spheres is a lot worse initial guess since we look for a congruent tool, here discretized by a set of four spheres.

Note that the number of paths in the graphs Fig. 8(a) grows exponentially with the number of sampled positions.
Therefore we work with K = 5 sampled normal planes Γi in our implementation, see Fig. 8(b,c). Our tests show that
setting K = 5 is sufficient to produce a good enough initial ruled surface and initial tool, which are later optimized.

To further reduce the computational cost, we set M = 4 and this stage as having four spheres in a tangential
contact with the reference surface guarantees the existence of a vector field that moves them tangentially. The number
of spheres is later increased to M = 20 in the optimization stage to refine the shape of the tool.

4.3. Tool motion from G1 Hermite data
Once lines that correspond to close-to-congruent positions of a tool are estimated in Section 4.2, their instanta-

neous velocities are computed via (7). This results in G1 Hermite data in the space of rigid lines in 3D. That is, we
have the ordered sequence of lines {`̀̀1, . . . , `̀̀K} of constant length L and associated vector fields {v1, . . . ,vK}, where
the vector fields are 1-st order length preserving, i.e., they all satisfy Eq. (3).

(a)

`̀̀i `̀̀i+1

vi

vi+1

(b) Φ

0.2µi

(c)

0.5µi

(d)

µi

(e)

4µi

Figure 9: Hermite interpolation. (a) A G1 Hermite data to be interpolated by a ruled surface. (b-e) Hermite interpolants for various scaling factors
µi are shown. The ruled surfaces are represented as Bézier patches, including their control polygons (green dots). Observe the effect on µi on the
interpolant. The optimal scaling factor is computed via Eq. (11) and the corresponding interpolant is shown in (d).

Scaling of the vector field. In order to avoid looping phenomenon in fitting the G1 Hermite data, we scale the
vector fields accordingly. Let ci be the midpoint of the line `̀̀i = aibi and let vi

c be its instantaneous vector, see Fig. 9.
Let µi be the sought scaling factor to be applied to vi. Since the Hermite interpolant can be seen as cubic Bézier curve,
we aim the internal control points of the cubic corresponding to the Hermite data (ci,vi

c,ci+1,vi+1
c ) to be distributed

uniformly along the line cici+1. That is, the projection of two internal control points onto the line cici+1 will lie in
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1
3 and 2

3 of the line. Such a distribution of the control points guarantees monotone behavior of the interpolant in the
direction cici+1 and therefore prevents looping. Since the magnitude of velocity vector of a Bézier cubic at a boundary
point is 3-times the distance between the boundary control points, see e.g [37], the projection of the scaled velocity
vector onto the cici+1 line shall give the corresponding distance, that is, it has to hold〈

µivi
c,

ci+1− ci

‖ci+1− ci‖

〉
= ‖ci+1− ci‖, (11)

which due to linearity of the scalar product directly gives

µi =
〈ci+1− ci,ci+1− ci〉
〈vi

c,ci+1− ci〉
.

The Hermite interpolant between two lines `̀̀i `̀̀i+1 is shown in Fig. 9. Observe that the interpolating lines do not
share the same length as `̀̀i and `̀̀i+1, however, the error is well-behaved, as the error function is zero at the Hemite data
(positions of a rigid line) and has also vanishing derivatives there (vector fields satisfying Eq. (3)). This requirement
on constant length is fixed later by the final optimization in Section 4.5, where the rigidity constraint on the tool’s axis
is applied.

4.4. Uniform distribution of lines via ruled distance metric
Section 4.3 produces a ruled surface yini, an initial motion of the tool, and also an initial tool Ψini. They both need

to undergo an optimization, and, in order to reliably represent the motion of the tool and give good input data to the
optimization stage, one needs to sample ruling positions to uniformly cover yini. However, it is well known fact that
uniform sampling of the parameter space results in non-uniform distribution of points (and lines) when using Hermite
interpolants, see Fig. 10(a).

(a)
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1(b) t

σ

(c)

Figure 10: Redistribution of lines. (a) Sampling the Hermite interpolants may results in lines clustered close to the input lines. Here samples from
a ruled surface formed by three consecutive Hermite interpolants are shown. (b) A reparametrization function of the ruled surface is generated via
Eq. (13) (red curve). Sampling uniformly the σ axis with N = 30 samples gives ti values, which correspond to lines (c) that are better distributed
in 3D w.r.t. ruled distance metric (12).

To this end, we use the ruled distance metric defined in [38] that captures distances between finite lines. Let
`̀̀i = aibi be a line sampled from yini(s, ti), i = 1, . . . ,N, see Fig. 10. The squared distance d between two consecutive
lines `̀̀i and `̀̀i+1 is defined as

d2(`̀̀i, `̀̀i+1) :=
1∫

0

‖(1−s)(ai−ai+1)+s(bi−bi+1)‖2 ds = ‖ai−ai+1‖2+2〈ai−ai+1,bi−bi+1〉+‖bi−bi+1‖2, (12)

which corresponds to the L2-norm on the distances between corresponding s-points on the rulings, when integrating
in the time direction, i.e., from `̀̀i to `̀̀i+1, multiplied by 3 for convenience.

From the kinematic point of view, this metric reflects the 3D distances of finite lines and, unlike the Plücker’s
metric of infinite lines (see, e.g., [39]), it captures better the variation of endpoints of the rulings. The uniform
parametrization of lines using this metric can be seen as a generalization of arc-length parametrization from curves to
ruled surfaces.

In order to parametrize yini uniformly w.r.t. (12), we compute

di = d(`̀̀i, `̀̀i+1), i = 1, . . . ,N−1

10



and

σi =
i−1

∑
j=1

d j/
N−1

∑
j=1

d j, i = 2, . . . ,N, and σ1 = 0 (13)

and take points [ti,σi] ∈ [0,1]2, i = 1, . . . ,N, which form a polyline that crosses the unit square from [0,0] corner to
[1,1] corner. By construction, such a polyline is monotone as the increments δi are positive (the distances). This
polyline is a discretization of a reparametrization function between the t and σ parameter spaces (intervals), see
Fig. 10.

Therefore, sampling uniformly the vertical σ -axis, one just computes the corresponding t-parameters via inver-
sion of the reparametrization function to obtain a (non-uniform) sequence of {t j}N

j=1 that corresponds to uniform
distributions of lines `̀̀ j w.r.t. the ruling metric (12).

4.5. Tool and motion optimization
Section 4.3 produces an initial tool Ψini described by a discretization rini = (rini

1 , . . . ,rini
M ) of the radius function

rini(s) and an initial motion of the tool described by a ruled surface

yini(s, t) = (1− s)aini(t)+ sbini(t), [s, t] ∈ [0,1]× [0,1].

Sampling yini yields M×N points pini
i j = yini(si, t j). Let us emphasize that whereas the rulings `̀̀ j = yini(s, t j) can

be sampled uniformly just by taking si = (i− 1)/(M− 1), i = 1, . . . ,M, for the uniform distribution of rulings the
approach presented in Section 4.4 has to be employed.

Our objective is to find both y(s, t) and r = (r1, . . . ,rM) such that each curve ci(t) = y(si, t), i = 1, . . . ,M, lies at a
constant distance ri from Φ and we formulate it as an optimization problem, where the free parameters are the control
points of the two boundary B-spline curves a(t) and b(t) of y(s, t), and the radii vector r. We have several objectives
in the optimization:

(i) The axis of the tool has to be rigid (of the length L) during the motion:

Frigid(a,b) =
1
N

N

∑
j=1

(
‖a(t j)−b(t j)‖2−L2)2

.

(ii) For each particular curve ci(t), the distance to Φ should be constant in time, which is achieved by point-point
and point-plane distance constraints

Fpoint(a,b,r) =
1

MN

M

∑
i=1

N

∑
j=1
‖pi j−p⊥i j − rini j‖2,

Fplane(a,b,r) =
1

MN

M

∑
i=1

N

∑
j=1

(〈pi j−p⊥i j ,ni j〉− ri)
2,

where pi j = y(si, t j), p⊥i j denotes their footpoints on Φ, and ni j the unit normals at p⊥i j oriented towards pi j.
(iii) Finally, the optimized positions should stay close to the initial guesses

Fprox(a,b,r) =
1

MN

M

∑
i=1

N

∑
j=1
‖pi j−pini

i j ‖2.

Altogether, the final objective function Fmotion to be minimized consists of the above-described terms

Fmotion = w1Frigid +w2Fpoint +w3Fplane +w4Fprox. (14)

For given quartic function, we simultaneously optimized a, b, and r. We used the by Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm as it uses only first derivatives and is also robust for non-smooth objective functions.

Remark 4.1. The most relaxed constraint is the proximity term, the point and plane terms have higher weights, while
the most strict constraint is the rigidity one. The particular weights used in our implementation are later shown in
Table 1.

11



5. Examples

In this section, we demonstrate the proposed algorithm on several free-form surfaces, both industrial benchmark
datasets and synthetic free-form surfaces. A custom-shaped tool Ψ forms an envelope Ω and we measure the approx-
imation quality by its signed distance w.r.t. the input surface Φ, computed at M×N = 20×30 uniformly distributed
points on the ruled surface. The positive values correspond to overcut (Ψ intersects Φ) while the negative values
represent undercut (extra material left).

We start with a general (synthetic) free-form surface which is approximated by four envelope strips, see Fig. 11.
Each strip is computed w.r.t. different guiding curve g(t) and leads to a different custom-shaped tool. Here the
machining error would meet only semi-finishing stage, path and tool in (d) being the best option.

(a)

g(t)

Φ 0.33 −0.42

(b)

0.53 −0.85

(c)

0.09 −0.16

(d)

0.12 −0.11

(e)

Figure 11: Guiding curve dependence. (a) Four guiding curves on a free-form surface Φ that is discretized as a mesh (wireframed). (b-e) Four
envelopes Ω of four custom-shaped tools, each corresponding to one guiding curve. The envelopes are color coded by the error between Φ and Ω.

The second example shows our simulation results on one flank of a tooth of a spiral bevel gear flank-milled by a
conical tool and a custom-shaped tool, see Fig. 12. In this example we constrained our initialization and optimiza-
tion to look only for a tool with constant-slope meridian and compared it with our method when the tool gets fully
optimized. Observe the error improvement by the order of magnitude in favor of the custom-shaped tool.

(a)

Φ1

Φ2

0.12 −0.11
dist(Φ1,Ω)

(b)

Ψopt

conical

0.024 −0.031
dist(Φ1,Ω)

(c)

Ψopt

custom-shaped

Figure 12: Spiral bevel gear. (a) A cavity between two teeth of a spiral bevel gear shown in Fig. 1(c) consists of two flanks Φ1 and Φ2. (b)
Flank-milled path with a conical tool color-coded by the signed distance between the envelope Ω and Φ1. (c) Flank-milled path with an optimized
custom-shaped tool.

The third example shows the other flank Φ2 of the gear geometry. That side is flatter, and from the machining side
rather convex (i.e., both principal curvatures are negative w.r.t surface normal pointing to the machining side), so one
could consider a cylindrical tool for that part. Fig. 13 shows a comparison of the milling simulation using a cylindrical
tool and a custom-shaped tool. Observe that the hyperbolic custom-shaped tool fits the convex shape of Φ2 a lot better
than a flat tool. Again, there is the order of magnitude improvement of the machining error when the custom-shaped
tool is used.

cylindrical

(a)

Φ2 custom-shaped

(b)

Φ2

0.12 −0.018
overcut undercut

0.030 −0.033
overcut undercut

Figure 13: Φ2-flank of the spiral bevel gear, cf. Fig 12(a). Simulations of the optimized milling paths using an optimized cylindrical (a) and
custom-shaped tool (b). The milling paths Ωs are again color coded by the signed distance to Φ2.
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Even though the error of the approximation using the custom-shaped tool shown in Fig. 13 ranges between ac-
ceptable ±30 micrometers, one can further reduce the error using multiple custom-shaped tools, where two guiding
curves, and consequently two different custom-shaped tools, are used in Fig. 14. Observe that the approximation error
further drops by almost a factor of three when compared to Fig. 13(b).

(a)

Ψini
1

Ψini
2

(b)

Ψ
opt
1

Ψ
opt
2

0.32 −0.32 0.013 −0.013

Figure 14: Two custom-shaped tools. (a) When using two guiding curves, the initialization described in Section 4.1 results in two initial surfaces
Ψini

1 and Ψini
2 . (b) The initial tools and their paths undergo a non-linear optimization via Eq. (14) to return the optimized paths and the optimized

tools Ψ
opt
1 and Ψ

opt
2 .

Another example on an industrial dataset is shown in Fig. 15. A comparison of a conical tool vs. a custom-shaped
tool is shown. While a single sweep of a conical tool cannot meet fine machining tolerances, the envelope Ω of the
custom-shaped tools ranges between ±38 micrometers. To achieve such a machining error, one needs to use three
paths of a conical tool [40, Figs. 11-14]. In contrast, our approach needs a single path of a custom-shaped tool.

(a)

Φ

0.04 −2.8
dist(Φ,Ω)

(b)

conical

0.036 −0.038
dist(Φ,Ω)

(c)

custom-shaped

Figure 15: Blisk blade. (a) The concave side Φ of a blade of the blisk (top framed) is flank-milled by a conical tool (b). The color-coding reflects
the machining error measured by the signed distance between the envelope Ω and Φ. (c) Flank-milled path with an optimized custom-shaped tool.

The machining error could also be further tuned up towards the real-life manufacturing, namely to penalize the
overcut (more material removed from the block) that is typically considered as more severe problem than under-
cut. Currently we minimize the error in a balanced way, i.e., the over- and undercut are penalized equally, see e.g.
Fig 15(b). One could apply a similar approach to [30, Section 4.3] where the overcut is further penalized and reduced.

Table 1 shows the comparison of parameters used for our simulations, i.e., the tool lengths, objective function
weights from Eq. (14), the number of sampled points on the ruled surface used at the optimization step, and the
corresponding under- and overcuts, both before and after the optimization of the tool motion. The execution times
range between 20 to 30 minutes, the blisk blade being the most time-expensive example.

5.1. Discussion & Limitations
Our algorithm (Fig. 6) is not fully automatic as it requires a guiding curve as the input. Such a guiding curve,

however, corresponds to the engineering practice as, for certain geometries like the blisk model shown in Fig. 15, there
are only a few possible directions possible due to global collision avoidance. Our approach also does not consider
global collision detection. The computed paths are inspected on global collisions as a post-process.

Another limitation of our approach is that, in the initialization stage, we assume that the lines lie in normal planes
of the guiding curve. This is trade-off we made between the accuracy of the solution and the computational cost
associated to it. This assumption reduced the dimension of the search space from six (finite lines in 3D) to three and
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Table 1: Comparison of the simulation parameters for different surfaces and the simulated tolerances. # points refers to the number
of sampled points on the ruled surface. All lengths are given in mm.

Mesh tool length w1 w2 w3 w4 # points overcut undercut initial overcut initial undercut
gear Fig. 12(c) 9.2 10 1 20 0.01 20x30 0.024 0.031 0.222 0.197
gear Fig. 12(b) 9.2 10 1 20 0.01 2x30 0.124 0.84 0.294 0.178
gear Fig. 13(b) 9.0 100 1 10 0.01 20x30 0.03 0.033 0.125 0.273
gear Fig. 13(a) 9.0 100 1 10 0.01 2x30 0.214 0.014 0.292 0.28
gear Fig. 14(b) Ψ2 5.0 100 1 10 0.01 20x30 0.01 0.012 0.303 0.322
gear Fig. 14(b) Ψ1 5.5 100 1 10 0.01 20x30 0.01 0.013 0.199 0.256
blisk Fig. 15(c) 28 10 1 200 0.001 10x20 0.036 0.038 0.253 0.151
blisk Fig. 15(c) 28 10 1 200 0.001 20x30 0.042 0.056 0.255 0.158
blisk Fig. 15(b) 28 10 1 20 0.001 2x20 0.048 2.859 0.192 2.889

made search for congruent positions (Section 4.2) computationally feasible. The final lines do not lie in the normal
planes of the guiding curve, their positions are globally optimized (Section 4.5).

Our algorithm returns different custom-shaped tools which would, in the case of real life machining, increase the
total manufacturing cost. However, in some cases, e.g. the gear flank shown in Fig. 14, the shapes of the optimal tools
are very similar, and one could formulate another optimization loop to look for a single tool. This challenge remains
as one of the future research threads.

6. Conclusion

We have introduced a new path-planning algorithm for 5-axis flank CNC machining of free-form surfaces. The
algorithm takes a free-form surface and a curve that lies on it as an input, and computes a flank-milling path of a
milling tool, the shape of the tool being also a variable in our optimization-based framework. The proposed algorithm
has been validated both on synthetic free-form surfaces, as well as on benchmark industrial datasets. The results
outperform the state-of-the-art path planning algorithms, e.g. [40], that use traditional (conical or cylindrical) tools.
The same accuracy is achieved by a single path of a custom-shaped tool, instead of three, or more, paths of a fixed
conical tool.

As a future research, we aim to further validate the use of the custom-shaped tools by physical CNC machining,
using the designed geometries as abrasive tools either in the semi-finishing or the finishing stages. One could also
look for two (or more) different paths using a single custom-shaped tool. What is shown in Fig. 13 are two different
milling paths that require similar, yet still different custom-shaped tools. To reduce the manufacturing costs of the
tools, we aim to improve our algorithm to support this functionality.

Another direction for future research goes towards “watertight” coverage of the reference geometry. Our current
algorithm does not guarantee neither C0 continuity between two neighboring paths, see Fig. 14, and designing a
path-planning algorithm that returns C0 or even C1 continuous paths is a challenging, yet feasible, research direction.
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[36] M. Bizzarri, M. Lávička, J. Kosinka, Medial axis transforms yielding rational envelopes, Computer Aided Geometric Design 46 (2016)

92–102.
[37] G. Farin, J. Hoschek, M. Kim, Handbook of computer aided geometric design, Elsevier, 2002.
[38] H. Y. Chen, H. Pottmann, Approximation by ruled surfaces, J. Comput. Appl. Math. 102 (1999) 143–156.
[39] H. Pottmann, J. Wallner, Computational Line Geometry, Springer, 2001.
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