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Abstract

In quantum field theory (QFT) models, it often seems natural to use, instead
of wave functions from Fock space, wave functions that are not square—integrable
and have prefactors involving divergent integrals (known as infinite wave function
renormalizations). Here, we rigorously construct vector spaces containing diver-
gent integrals, as well as two extended state vector spaces, which contain a dense
subspace of Fock space, but also incorporate non—square—integrable wave func-
tions with infinite wave function renormalizations.

As a demonstration, we apply this construction to a non—perturbative renormal-
ization of a class of simple non-relativistic QF T models, which are polaron models
with resting fermions. The Hamiltonian without cutoffs, an infinite self-energy
and a dressing transformation are defined as linear operators on certain subspaces
of the two Fock space extensions. This way, we can obtain a renormalized Hamilto-
nian which can be realized as a densely defined self-adjoint operator on Fock space.
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1 Introduction

In this work, we present new mathematical tools that are intended to help constructing
dynamics of both relativistic and non-relativistic models with particle creation and
annihilation (here called “quantum field theories” or QFTs). These tools include:

e A vector space of divergent integrals v € Ren;.

e A field of (possibly infinite) wave function renormalizations eRen, con-
taining exponentials e* and fractions of linear combinations thereof. In particular,
eRen is a field extension of C.

e An extended state space (ESS) Z, which is an eRen-vector space over smooth,
complex-valued functions on configuration space, which are not necessarily L2
integrable. .# extends a dense subspace of the Fock space, 7.

e A second ESS .7, which allows for multiplying ¥ € .# by elements t € Ren;
(and not only by elements of eRen).

We apply them to a class of formal Hamiltonians
H = Hy, + A'(v) + A(v) — Eq. (1)

That means the following: We consider a species of M € Ny fermions (associated with
an index x) and a species of N € Ny bosons (associated with an index y). The operators
AT(v), A(v) make each fermion create/annihilate a boson with some form factor v (in
momentum space), Hy, describes the free evolution of the bosons and E is an infinite
self-energy counterterm. We define F, as a linear operator in Proposition using
the ESS framework. The Hamiltonian H is defined as a linear operator F = Py
following the same definition.

In Section [§) we will also encounter formal Hamiltonians of the kind

Hy + A'(v) + A(v) — B, (2)

with Hy = Hy, + Hp, including both a fermionic and a bosonic dispersion relation.
Apart from the flat fermion dispersion relation, our class of Hamiltonians allows to
include the same dispersion relations as are used in many non-relativistic QFT models,
including the Van Hove model [I], 2], Nelson’s model [3, 4, [5, [6], the Frohlich polaron
[7], as well as relativistic polarons [8], .

Physical meaning is assigned to H by a dressing transformation W (s), which is
a linear operator W(s) : F o O Dw — Fo in form of a Gross transformation. Its
form factor s(k) does only depend on the boson momentum k and not on the fermion
momentum p, so one can fiber-decompose it into several Weyl transformations, one for



each fermion configuration X € RMd The “renormalized” or “undressed” Hamiltonian
H can be defined without cutoffs by

W (s)H = HW (s),

i.e., we require that the following diagram commutes:

_ H _
F o O W(s)[Ds] D W(s)[Dy] ———— W(s)[Dsz] C Fex
TW R TW@
F DDz D » Dy CF

The large domain D, with the fermionic wave function being a Schwartz function,
is defined in It contains the small domain D4 defined in ( - ) via (| ., with
fermionic wave functlon in C2°, and its support avoiding the collision conﬁguratlons It
is necessary to introduce two domains, since H does neither map D4 nor Dy 7 to itself.
Nevertheless, H : Dy — Dy can be defined. By means of Lemmas and . both
Dz and Dgz are dense in .%.

Our main result is Theorem |6 . which establishes that H is indeed defined as a
linear operator H:Z> Dyws — Fex (with definition of the domain Dyyg in (10F)).
By means of Lemma n under certain conditions, this H can indeed be interpreted
as a Fock space operator H : Dg — Dg, which allows for self-adjoint extensions by
Corollary [7.I} More precisely, we have

ﬁ = HO,y +V, (3)

with V being a pair potential interaction between fermions.

The result after an “undressing” is not too surprising: Our formal Hamiltonian

actually just corresponds to a direct integral of uncoupled Van Hove Hamiltonians,
one for each fermion position configuration X € R™?. Tt is well-known [I] that Van
Hove Hamiltonians can be “diagonalized” by an algebraic Weyl transformation. That
means, after replacing creation and annihilation operators like a(v) — a(v) 4 (v, s) and
a’(v) + a'(v) + (s,v), as well as dropping an infinite self-energy constant, one arrives
at a non-interacting Hamiltonian similar to Hy,.
The main novelty in this paper is that we are able to define certain products consisting
of dressing operators W (s),s ¢ L?, creation operators A(v),v ¢ L? and even divergent
integrals v € Reny, as linear operators on suitable domains. The rigorous treatment of
divergent integrals may also become useful in a purely algebraic approach, which does
not refer to any Fock space extensions, but nevertheless produces divergent integrals
when evaluating commutation relations.



Let us add some remarks about the dressing operator W (s): Gross transformations
are usually of the form W (s) = eA'(®)=A®) where Af(s) = Zj\il A;r-(s) describes a boson
creation induced by all fermions j € {1,...,M}. We will choose a slightly different
dressing operator, which formally reads

W(s) = Wa(s)...Wi(s),  W(s) = eHEO=4) (4)

The reason is that, when applying the Baker—-Campbell-Hausdorff formula (as in ),
formal calculations with e’ ()=4() would produce exponential operators of the kind e"is"
with V}; being a potential interaction between fermions j and 5. Those expressions e’
cannot be defined as operators on the ESS .Z ., so we need to avoid their occurrence.

In general, we will define the extended dressing operators W;(s) such that their ac-
tion for s € b slightly differs from that of the usual Fock space dressing operators
Wz i(s) : .# — #. That is, we drop any terms of the kind e'’ in our definition.
This ad—hoc modification is justified by the fact that, in a sufficiently regular case, the
V,—operators commute with W (s) (Lemma [5.5). So even if we could define them as
operators, they would just act as an independent factor that can be pulled to the left. So
dropping all "5/ —terms can essentially be seen as a simplification of the bookkeeping.

Nevertheless, it would be interesting for future works to define €'’ as an operator,
mapping to some ESS ?;X, which is constructed differently than .#... The current
ESS .Z .. also does not allow for defining general products of annihilation operators
Aj (v1) ... A} (v,) with n > 2. It is a further interesting question, how such products

can be defined in the future by an alternative construction of some ?;X.

The ESS construction is currently at an early stage of development. One may view
the results of this paper rather as a “proof of concept”, showing that the ESS con-
struction generates reasonable outcomes in well-investigated environments. We do not
yet attempt to produce renormalized Hamiltonians in models where non—perturbative
renormalization has not succeeded before, although this is a clearly desirable objective
for the future.

Although the spaces .Z,.Z ., do not have a topological structure, we may define a
renormalized scalar product on W (s)[Dz#]| via:

(W(s)U, W(s)P)ren := (U, ®) VU, &€ Dy. (5)

The completion of W (s)[D#] with respect to (-, );en defines a Hilbert space %oy, our
renormalized Fock space. The map W (s) then uniquely extends to an isometric
isomorphism between .# and % ,.

We remark that our result is actually just the lowest—order approximation in a
perturbation expansion within the weak—coupling regime, and completely decouples the
fermions from the bosonic radiation field. The reason is that we both consider resting
fermions (by excluding Hy, from H) and restrict to form factors v(k), that only depend



on the momentum k of the emitted boson, and not on the momentum p of the fermion
emitting it. It is physically expected and confirmed for the Nelson model with UV—cutoft
[10, 1], that W} HAW, contains interactions between fermions and the radiation field.
When changing to v(p, k), one may formally use a so—called “Lie-Schwinger series’ [12]:

H =e¢*Ba4 = Z —ad (A)B7

n!
n=0
where A := —AT(s) + A(s), B := H and with the n—fold commutator
ad"(A)B := [A,[A,...[A,B]..]].

However, establishing well-definedness of ad"(A)B for H + Hy, with v depending on p
is a rather involved task, so we postpone it to future investigations.

Another interesting objective for future works would be to introduce a mass renor-
malization term dm. In constructive QFT (CQFT) [13], where the Hamiltonian is of a
form different from , mass renormalization terms can also be found in some works
[14, 15, 16, 17, 18], while other CQFT renormalization procedures work without a mass
renormalization [19} 20, 21, B2, 23, 24, 25, 26].

The rest of this paper is structured as follows: After specifying some mathematical

notation in Section [2] we conduct the ESS construction in Section [3] finally resulting in
spaces Z, . F o
We then estabhsh Hy, AT, A and E. as linear operators on .# or % in Section .
In the following Section [f| we construct the dressing transformation W(s). Further,
we define an extended Weyl algebra W, which includes linear combinations of the
operators W;(s) = eA5@=45)  allows for a multiplication with infinite wave function
renormalization factors ¢ € eRen, and the Weyl relations

Wi(s)™h = Wi(=s)

_ JIm(sy,s2) (6>
Wj(Sl)Wj(Sg) =€ Wj(sl + 32)7

hold with e™{s1:52) ¢ eRen. However, note that W is generated by W;(s) for a fixed j,

instead of W (s) and the dressing operator W (s) is not contained in W.

In Section@we compute H such that W(s)H = HW (s). This section contains the main

result, Theorem [6.1]

The proof that under certain conditions H is a Fock space operator and allows for

self-adjoint extensions follows in Section |7 Thus, H generates well-defined quantum

dynamics, although they are not necessarily unique.

Finally, Section [§] concerns dressing transformations different from W (s), which are

1nsp1red by examples from the literature and can successfully be defined on the ESSs

F,.Z . This includes dressings (1+H; ' AT)~! appearing in a renormalization technique
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called “interior-boundary conditions” (IBC), which recently gained some considerable
attention [27, 28, 29, 30, 31l 32, 33, 34, 135, 136, [37], and also served as a major source of
inspiration for the ESS construction. Further, we will use the ESS framework to define
cutoff-free dressing operators T = e o IAT, which is a strongly simplified version of
dressings used in CQFT works like [18] [14].

2 The Mathematical Model

2.1 Formal Hamiltonian

In this article, we consider a class of non-perturbative QFT models. These involve two
species of particles:

e There is one species of spinless fermionic particles (z).
e These fermions interact by exchange of spinless bosons (y).

By M and N, we denote the number of x— and y—particles, respectively. In the
particle—position representation, a single particle is described by a Hilbert space vector

pebh= L2(Rd,(C), (7)

with some coordinates denoted by a boldface symbol € R?. So the system has d space
dimensions and d + 1 spacetime dimensions. The configuration of the entire system is
given by an element (X,Y") of the configuration space Q,

(X7Y):(w17"'7wM7y17"'7yN)GQIXQy:: Q7 (8)

where the z—, and y—configuration spaces Q,, Q, and its sectors Qx Q are defined

|_|1RMd |_|Q — Q, |_|RNd |_|Q (9)

The state of the system at time ¢ is described by a Fock space vector
v e L*Q,0). (10)

Note that the term “state” is also used to describe a complex—valued map w on the
bounded linear operators on % (possibly a mixed state). We will only refer to state
vectors when using the term “state ”

For states, we assume the function ¥ € L?*(Q,C) to be anti-symmetric under coor-
dinate exchange for fermions x and symmetric under coordinate exchange for bosons y.



The corresponding symmetrization and antisymmetrization operators S_, S are defined

on L*(Q,,C) and L*(Q,,C) as

1
(S W), ) = 2o > 5n(0) W) - o)

1 (11)
(S+‘Ij)<yl7 o 7yN) = ﬁ Z‘Ij(wa(l)7 ce 7wU(N)>7

with the sum running over all permutations 3 of {1,..., M} or {1,..., N}, respec-
tively. The fermionic/bosonic/total Fock space is then

Fo=S[L%(Q,C)],  Fy=5:L%Q,C), F=707, (12)

It is convenient to describe the action of the formal Hamiltonian H in the particle—
momentum representation: For any ¥ € .% with particle-position representation V(X ,Y"),
we define the Fourier transform W (P, K) with momentum configuration

(PﬂK):(pla"'vaakla"'akN)ERMdJrNdJ (13>
via
— Md+Nd —iP-X—iK'Y jMd Nd
WP, K) = (27) 2% / / WX, V) e X VY (14)
RN RJ\{

In the following, the set of variables plugged into ¥(-,-), i.e., (X,Y) or (P, K) will
specify, which representation is meant.

As a formal Hamiltonian, we consider the following expression with zero fermion
dispersion relation:

H = Hy, + A'(v) + A(v) — Ex. (15)

In Section [§, we will also consider similar Hamiltonians of this kind that feature a
nonzero fermion dispersion relation, i.e., where Hy, is replaced by Hy = Hy, + Hy,.
The formal definitions of the relevant expressions read as follows:

e The kinetic term Hj is characterized by two dispersion relations, i.e., by real—
valued functions 0(p),w(k) € C°°(R%\ {0}) for fermions and bosons, respectively.
We can decompose

HO :HO,m + HO,ya
0,z K) =) 0(p; e
(FHoaT)(P.K) = 0(p;) VP, K) (16)
(Hoy V) (P, K) =
V=

w(k) V(P K).
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A shorthand notation is to use the symbols dI',(-) and dI'y(-) for second quanti-
zation:

H[)’x = de(Q), HO,y = dry<(JJ), (17)
with multiplication operators
0:H2dom(f) — b w:hDdom(w) = b (18)
¢(p) — 0(p)o(p) P(k) = w(k)o(k).

The creation part A(v) makes each fermion create a boson. It is specified by a
form factor v. In this article, we will restrict to v € C*°(R?\ {0}) and put some
further assumptions on the scalings of v for |k| — 0 (IR-regime) and |k| — oo
(UV-regime). These assumptions are described in Section .

We may write AT(v) as a sum over operators A} (v),7 € {1,..., M}, which only
make fermion j create a boson. The formal definition in particle-momentum
representation reads

(19)

where

e K\ky=(ki,....,ko_1,kps1,...,ky) denotes K without k;,

o P+tejky=(py,---,Pj_1,P; + ke, Dji1,-- -, Pyy) i the shifted fermion momen-
tum.

Here, e; is meant to denote the j—th unit vector and, by slight abuse of notation,
ejke=1(0,...,k¢,...,0) € RMd is used to denote the assignment of an additional
momentum k, to fermion j, before boson £ is emitted.

The corresponding definition in particle-position representation uses the Fourier
inverse © of the form factor v and reads

M M 1
(AT(0)W)(X,Y) = <;A}(v)m> (X,Y) = \/_NZ

—z;)V(X, Y \y,).

(20)
Without the cutoff, the form factor is v ¢ L? in many physically relevant models.
Its Fourier inverse ¢ is therefore ¢ L% as well, if it is even defined.



Note that there is a more general class of physically interesting models, which we
do not treat here: The form factor may depend on the fermion momentum p, i.e.,
it may read v(p, k) with v : R?* — C, such as in [38, [39, 40].

The annihilation part A(v) in particle-momentum representation reads

(21)
M ~ ~ ~ ~
=> VN+1 /v(k)*\IJ(P — ek, K k) dk
j=1
In particle—position representation,
M
(A(0)¥)(X,Y) = (Z Aj(Uﬂ’) (X.,Y)
(22)

_ Z VN +1 /@(g — ;)" V(X,Y,9) dy.

Note that for v € b, both Af(v) and A(v) can be defined as operators on a dense
domain in .%, where A'(v) is the adjoint of A(v).

The self-energy F., is a formal multiplication operator of the form F., = dI',(E)
with E; : R — R. In particle-momentum representation,

(EcV)(P, K) = ZEl(Pj)‘I’(RK)- (23)

We will consider the expression
v(k)*v(k
B = [~ g, (24)

With cutoffs o, A applied to v, this integral would be finite in many physically
interesting situations. However, without cutoffs it is typically divergent and hence
the operator E,, becomes a formal expression. We will define it as a map .% — %

in Proposition [4.1]

10



2.2 Scaling Degrees

The convergence of integrals appearing in formal calculations depends on how 6(p), w(k)
and v(k) scale at |p|, |k| going to oo or 0. We assume a polynomial scaling, of which
we keep track using scaling degrees m (UV) and S (IR). The scaling degree m in the
UV regime is commonly used for symbols s € S™. As we choose 0, w,v € C®(R?\ {0}),
an additional pole might appear at |k| — 0, which we assume to be of order 5. Both
scalings are assumed to be exact, i.e., polynomial bounds exist from above and below:

Definition 2.1 (scaling). Consider s € C*(R%\ {0}). We say that s has a polynomial
scaling if there are some scaling degrees m, < 3, € R and constants C7,C5 € R such
that

1s(k)| < C1|k|P + Cy|k|™ Vk € R%\ {0}. (25)

The space of all symbols with polynomial scaling is denoted

S = {s € C*(R"\ {0}) | holds}. (26)

Definition 2.2 (exact scaling). Consider a symbol s € C*°(R?\ {0}). We say that the
symbol has an exact polynomial scaling (see Figure if there aresome ) < e <z € R
such that

e There are a UV scaling degree m, € R and ¢;,C; > 0 with

01“{3

"< s(k)| < Cilk

me Yk >z (27)

e There are an IR scaling degree 35 € R and ¢y, Cy > 0 with

colk|? < |s(k)| < Colk| VO < |k| <& (28)
e There is a constant ¢ > 0 with
c3 < |s(k)| Ve < |k| <E. (29)

The space of all symbols with exact polynomial scaling is denoted

S = {s € C*R*\ {0}) | 7). and hold} C S¢°. (30)

The “>” refers to the fact that |s(k)| > 0, so L is defined everywhere except from k = 0
and also scales polynomially.
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Figure 1: Scaling degrees in the special case of a radially symmetric, positive function
v with |v(k)| > 0. Color online.

Obviously, C®°(R%) C 8, so S N is dense in b.

For obtaining a well-defined renormalized Hamiltonian H in Lemma , we will

assume
0,w,v e 81 s (31)

(see Figure [2)) and denote their scaling degrees with my, my,, m, and By, 5., B, respec-
tively. Further, we will assume in Lemma

m@amwaOaﬂw Z 0. (32)

lv(k lv(k
Figure 2: Examples for absolute values of functions v,w € Sf°> The functions v,w are
complex—valued. Note that f,, m, > 0. Color online.

This implies, that for # and w, there is no pole at the origin. QFT models often use
dispersion relations based on symbols with my, my,, B, 5, € {0,1,2}, which all satisfy
this condition.

In order to obtain symmetric operators, we will also need to impose a symmetry
condition in Lemma [7.1k

0(p) =0(-p), wk)=w(=k), v(k)=uv(-k) (33)

12



3 Construction of the Extended State Space

3.1 Wave Function Renormalization Factors

The motivation behind the introduction of an extended state space is to rigorously define
the formal dressing operator

W(s) = Wa(s).. Wils),  with Wy(s) = 040, 5= 2 (34)

in the case where s € §® C C(R%\ {0}), but s ¢ h = L2(R? C). Here, the number
M corresponds to the fermion sector, so the second term in (34]) is a rather symbolic
expression requiring us to adapt M in dependence of the fermion sector (similar to ([16])).
Formally, if we apply W (s) to a state vector ¥; where the boson field is in the vacuum

Q, and ¥, € ZY is a onefermion state,

then we obtain the following expression in momentum space:

\/% (Hsucg)) w, <p+ Zk@> — ey p K. (36)

For s € b, the expression W (s)U; is a Fock space vector with norm ||[W (s)Wy|| = [|[¥4]].
However, if we set s ¢ b, two problems arise:

2
lisll
2

(W(s)W1)(p, K) = e

e |Is||> = (s, s) is formally a divergent integral. So the wave function renormalization
s 2
factor e~ 2~ is not well-defined.

) (Hé\;l s(k@) (on every sector N > 1) is a non—square integrable function, so

. . . D ls|I® .
even without the infinite renormalization factor e™ 2, does not describe an

element of .%.

The second problem is tackled by defining a space S;ZO containing non-square in-
tegrable functions, including the above product. As s € S§7°, the product above is a
smooth function apart from the zero boson momentum configuration set

Hk=0)={¢=(P,K)eQ|IHe{l,...,N}: k,=0}. (37)

The restriction of 3(k = 0) to any sector is a union of hyperplanes (see Figure [3)),
which have Lebesgue measure 0 and hence, also 3(k = 0) C Q is null. Excluding this
set from configuration space, we obtain

Q:=0\3(k=0), (38)

13



Ak =0)—__ e

ky
N
4

Figure 3: The set 3(k = 0) on the (M, N) = (1, 2)-sector in configuration space Q for
d = 1. Color online.

and on ¢ € Q, the function Wy in (36) is smooth. For |k| — 0 or |p|, |k| — co we require
the following scaling conditions to hold:

Uo(P, K Uo(P, K Uo(P, K
lim M: lim M: lim M

=0, 39
kel—0 | kg|P lkel—soo  |kg|™ pjl—o0  |py|™ (39)

for all fixed ¢ = (P, K) € Q and some 3, m € R. We hence interpret ¥, as an element
of the following space:

o0 {qf e C=(Q) ‘ holds}. (40)

Note that S¥ N .% contains C°(Q), which is a dense set in .#. So S¥ N.Z is dense
in .Z. The Fourier transform of some Wy € S¥ can be taken, if it is an element of the
space ‘ _
Floe = SF N Ligo(Q). (41)
In order to address the first problem, it is necessary to assign mathematical meaning
to the expression (s, s) (called renormalization factor). It may be convenient to
take a Fourier transform of s € Si’o, for instance, in order to define a particle-position
representation. This can be done whenever s € Ll _(R?), since then s € S'(R?), i.e., it
is a tempered distribution. We may hence distinguish two interesting function spaces
for s:

e The generic case is given by s € Sfo

e The special case is given by s € S N LL (RY) =: Sfjoc , which allows for taking
the Fourier transform.

In the following, we will present a construction based on the generic case, since the
special one can be treated by the same means. Clearly, h NS C 875, so even 875,
contains a dense subspace of h. If s € b, then

(s, 5) = / Is(k)? dk € C. (42)

14



Otherwise, the renormalization factor (s, s) is a symbolic expression, corresponding to
a divergent integral. We interpret it as an element of the following vector space:

Definition 3.1. Consider the free C-vector space F(SX® x S*). By a free vector
space, we mean the set of all finite C-linear combinations of pairings, denoted v =
Z%Zl Cn{Smytm), With sy, t, € Sfo, ¢ € C and the sum Zn]\le being commutative.
The space of renormalization integrals is defined as the quotient space

where the equivalence relation ~pgey,, of formal equality is given by
M M
Z Cm<3ma t > Rengpy Z 6m<§ma tm)
m=1 m=1
M M (44)
S Y Cnsmk)tm(k) =) Endn(k)in(k) ke R\ {0},
m=1 m=1

There is a natural one-to—one identification of renormalization integrals with func-
tions Reng, = Sfoz It is easy to see that the following map is an embedding (by definition
of ~Reno1 ):

t1 : Reng; — Sloo

(45)

D mlsmitm) =t (k) = (k) (K).

Conversely, for a given r € S, the element (7, Xra\f03) € Reny (with x being the indi-
cator function) is identified with r, so ¢; is indeed an isomorphism.

However, it can be misleading to think of t € Ren; as a function r. Renormalization
integrals are formally v = [r(k) dk, so they can be added but not directly multi-
plied. Hence the notation (-, -), resembling an L? scalar product. By contrast, functions

r1, 79 € 8t° can be multiplied which leads again to a function in Si’o.

In case r € L'(RY), we can identify v € Reng; with the C-number

v = /Rd Z:lcmsm(k)tm(k) dk = /Rd r(k) dk € C. (46)

Now, several v € Reng; get identified with the same C-—number, e.g., all v correspond-
ing to a function r with [ r(k) dk = 0 are identified with 0. We remove this ambiguity
by modding out another equivalence relation:

15



Definition 3.2. The renormalization factor space Ren; is defined as
Ren1 = Rengl/NRenl > (47)

where for tq, t9 € Reng; we define

G ~Rem; 2 19 01(v1) — i(t) € L' and / (11(1) — 11(e2)) (k) db = 0. (48)

Elements of Ren; will be denoted equally to a representative t. Note that we can
identify Ren; with the quotient space

Ren; = (C® Rengy)/D  with D := {(— [u(r)(k) dk,x) | 11(x) € L RY},  (49)
where the isomorphism is given by identification of (c,t) with that class [t/] € Ren;
where [(01(v)(k) — t1(v)(k)) dk = c.

We will encounter the special case where r(k) only takes values in [0, 00):

Definition 3.3. The positive renormalization factor cone Ren;; is the set of all
[t] € Reny, where at least one representative t € Reng; is identified with a positive—
valued function ¢;(t) : R%\ {0} — [0, 00).

Scalar multiplication by ¢ € [0, 00) is well-defined, making this indeed a cone.

It is also convenient to make sense of products and polynomials of factors t € Ren;.
We hence define the following vector spaces:

Definition 3.4. Consider the free C—vector space of all finite linear combinations of
products of up to P € Ny renormalization factors (i.e., formal polynomials of degree P)

m=1

Polp := {9‘{ = Z Cmtm1 - Cpn | 0 <Dy <P, ¢y, €C, 1y p € Renl} , (50)

with the sum Z _, and products being commutative. Then, the space of renormal-
ization factor polynomials of order < P is the quotient space

Renp = POIP/NRenP7 (51)
with the equivalence relation ~ge,, of formal equality generated by

tty. ..t + R ~Renp CUa.. T, + R ifvy=ceC (52)
(Clcg)tl Ce prl + R ~Renp 01<C2t1) Ce tpl + 9{,

with P, < P, R € Polp, ¢1,c € C and ¢, € Ren;.
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The bound P on the polynomial order is removed by taking the union over all orders.
Definition 3.5. The space of renormalization factor polynomials is given by

Ren = | J Renp. (53)

P=1

The spaces defined in this Section follow the hierarchy

Ren;, € Ren; € Reny € ... C Renp C ... C Ren. (54)

3.2 Exponentials of Renormalization Factors and the Field eRen

The state vector W(s)¥; in contains an exponential of a renormalization factor,
i.e., an expression ¢ = e with v € Ren;. More generally, we would like to give a
meaning to sums of exponentials with different (perhaps infinite) renormalization factors
t1,ty € Ren;. Formally, we would like to identify

el te?=e(l+e?). (55)
The bracket is a C—number, whenever t; —ty € C, which defines an equivalence relation
T~y et —1y € C. (56)

Definition 3.6. The space of renormalization factor classes is then given by the

quotient space
Clas; = Ren;/,. (57)

Whenever two elements ty, ty are of two different classes, we have ¢ = e~ ¢ C and
may think of ¢ as an “infinite constant”.

We may also interpret Clas; as a subspace of Ren;: The elements in the class of
zero, b € Ren; : b ~; 0, form a subspace V' C Reny, V = C. Now we can find a basis
B (containing one element) of V' and, by the axiom of choice [41], extend it to a basis
B U B’ of Ren;. By defining W := span(B’), we obtain a decomposition

Remy =V W = W = Ren, /V. (58)
Now, the following map is a bijection from W to Clas;:
W 3w [w] € Clas;. (59)

~Reny
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Note that this bijection is not unique, since it depends on the choice of B’, i.e., of rep-
resentatives within each class.

We now consider elements of the group algebra C[Ren;| 3 c1e™ + ... 4 cpe™ of the
additive group of the vector space Ren;. The formal exponentials make an addition in
the group e = e'¢e™2 appear as a multiplication. Here, we would like to consider two
summands as equal, if “parts of the complex number can be pulled into the exponent”,
ie., ce?tt = (ce”)ef. This is done by defining an ideal Z C C[Ren,| generated by all
elements of the form

et — e’ with ce C, v € Reny. (60)
Note that this ideal gives rise to an equivalence relation
U ~T v = (u—v) el (61)

Proposition 3.1.
C[Ren]/Z = C[W]. (62)

Proof. We define a map 7 : Ren; — W, which assigns to t € Ren; the vector w
within the decomposition Ren; = V @& W above. So v — 7(r) € C. Now within,
cret 4+ ...+ cpye™ € C[Reny|, we can re—write each summand as

C€™ ~og (Cpetm ™ Em)) e (im). (63)
This gives rise to a re-writing map

IT : C[Ren;] — C[Ren,]

(64)

e + . epye™ s (crett e () 1 (et ) ) er(an)
Note that by the computation rules for group algebras, whenever ™) = ™) for two
summands, they can be combined into one.

The map II is an algebra homomorphism: it is linear and respects the multiplication:

(e +. . . +epe™II(c e +. . 4che™) = H(cre +. . +cpe™ +chelt 4. .+ che).
(65)
The latter is a consequence of m(t;+t2) = 7(t1)+m(r2) which does only hold true because
we have chosen W as a vector space. Further, IT does not change the equivalence class
with respect to ~z. SoII(I) = 0 implies I € Z. Conversely, if [ € Zthen I = I1+...+1y
with each I; = A; B;C; with A;, C; € C[Ren;| and B; = e“ ' — eCie'i | so II(B;) = 0 and
II(Z;) = 0 and hence II(I) = 0. So the kernel of II is exactly Ker(II) = Z.
Moreover, the image is II[C[Ren;|] = C[W], since only elements of C[W] appear in it
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and any element of C[W] C C[Ren,] is mapped to itself.
By the isomorphism theorems, we now have that

C[Ren, | /Ker(II) = II[C[Ren,]] = C[Rem|/Z = C[W], (66)
as claimed. n
Proposition 3.2. C[Ren;|/Z has no proper zero divisors.

(a,b € C[Reny]/Z,a,b # 0 are called proper zero divisors if and only if ab = 0.)
Proof. By Proposition , it suffices to show that C[W] has no proper zero divisors.

Now, the additive group W is an Abelian group that is torsion—free, i.e., for g € W
and n € N:
g+g+...+9g=0 = g¢g=0. (67)
—_—
n times

Now, by Lemma 26.6 [42], the group G = W is ordered, so by Lemma 26.4 it is “t.u.p.”,
so by Lemma 26.2 it is “u.p.” and K[G] = C[W] has no proper zero divisors, i.e., it is
an entire ring.

O

Following [43] II. §3], it is a theorem that for every ring without proper zero divisors,
the quotients form a field. So by Proposition [3.2] the following field extension of C is
well-defined:

Definition 3.7 (and Corollary). The field of (exponential) wave function renor-
malizations is given by all fractions of linear combinations

a1
eRen := {c = —

a2

ap,as € (C[Renl]/l} : (68)

By using representatives of C[Ren;]|/Z, we can write any ¢ € eRen as

M T
_Cpe™ .
¢ = ZJ‘Z’:*I m W]th Cmy Cm/ & (C’ tm7 T & R,enl. (69)

2 =1 G €

In particular, we can view a wave function renormalization ¢ € eRen as an “extended
complex number”.
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3.3 First Extended State Space

With the above definitions, we are able to give meaning to expressions like
U =e ", or even U = ¢y, (70)

with v € Reny, ¢ € eRen and ¥, € 82,9, as they appear in . We would like to take
linear combinations of them and even handle expressions like ¢RW, with R € Ren. This
is done by defining eRen—vector spaces including such expression, either without 2R (this
will be the first ESS .#) or with 2R (this will be the second ESS .Z ).

Definition 3.8. Consider the free eRen—vector space of all finite (commutative) sums

of the form
M
Fo = {qz =) ¥
m=1

Then, the first extended state space (ESS) is the eRen—quotient space

V,, € SF, ¢ € eRen} . (71)

T = F0/ e (72)
with equivalence relation ~g generated by
()W, + T ~p c(c¥,)+ T if c € C, (73)
for any ¢ € eRen, ¥ € Foand U, € Si’o;o
The dense subspace S¥ N.Z of the Fock space can be naturally embedded into .Z:
Every ¥z € S N.%, can be identified with
Uy =0y € P, (74)
However, elements of . do not necessarily satisfy any symmetry conditions.

The coherent state in can now be seen as an ESS element:

(W (s))(p, K) e,l\s2‘|2 \/% (H 5(k£)> U, <p—|— ka) .

(=1

J/

-~

€Sy

'OO [e.9] 1 1 ‘OO
For s € 879, and W, € CZ°, the second factor is even in SF ..
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3.4 Second Extended State Space

Later in this work, we will encounter expressions like

U(g) = e R(g)¥o(9), (75)

with ¢ € Q, R(q) € Ren, Uy(q) € C, or linear combinations of them. We interpret
Uy := RY, as a function in the function space

Uy € Ren? := {Ts:Q — Ren}. (76)
The second ESS then covers expressions and linear combinations of them:

Definition 3.9. Consider the free eRen—vector space of all finite (commutative) sums

of the form
M
F e = {\11 =Y el
m=1

Then, the second extended state space (ESS) is the eRen—quotient space

¢m € eRen, U, € RenQ} ) (77)

§ex = ﬁeX,O/NFe)U (78>
with equivalence relation ~g., generated by
()W 4+ U ~pey ¢(cV,)+ T ifceC, (79)

where ¢ € eRen, ¥ € ?ex,() and ¥, € Ren®.

The first ESS can be embedded into the second ESS F — Fo by interpreting all
U,, € S¥ as elements ¥,, € Ren®.
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4 Operators on the Extended State Space

We first prove that creation and annihilation terms Af(v), A(v) as in and can
be defined as operators using extended state spaces. Here, we even permit form factors
v(p, k), that are allowed to depend on the fermion momentum p. The momentum space
definition reads

@W@m@unzj%Eymhwww+quwmx
=1

(4;(0)0)(P,K)=VN +1 [ v(p;, — k, k)" V(P —e;k, K, k) dk, (80)

M

AW =3 A0, AR =D 4(),

which can be seen as a generalization of and .

Lemma 4.1 (AT, A are well-defined for v(p, k)). Let v : R x (R%\ {0}) — C be smooth
and satisfying the scaling condition . Then, entails well-defined operators

Alw): F > Z, Aj0): T = Fe, (81)
which may be restricted!] to
A}(v) L S¥ — 8%, Aj(v) : SF — Ren®. (82)

We may even extend A}(v) T ox — Fox.

Proof. Suppose, ¥ € S}O and consider the expression A;r-(v)\ll in (80). This is a fi-
nite sum over products consisting of two factors. By definition of S7°, the first factor
v(pj, k) in each product is smooth everywhere except where k, = 0. By definition of
S%, the second factor V(P + e;k;, K \ k;) is smooth at all configurations, at which

K\ k; contains no coordinate ks = 0. So the product is smooth on 0. In addition, the
factors v and ¥ scale polynomially as in (39), so Af(v)¥ € SF.

The expression for A(v)¥ in is a (possibly divergent) integral for each fixed
(P,K) € Q. Since both the functions k — v(p; — k, k) and k — V(P —e;k, K, k) are
in S7°, the integral defines an element R € Ren; C Ren for each fixed (P, K). Thus,
A(v)W € Ren<.

Both operators can be extended to Z by taking eRen-linear combinations.
For ¥ € Ren?, the expression A} (v)¥ in (80)) is again a sum of products, that are all in

'We use the same notation for all extended or restricted versions of operators, here.
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Ren?. By eRen-linearity, we can then extend A} (V) t0 Fox.

We may also define the constituent operators of H = Hy,, + At(v) + A(v) — E, as
well as Hy, on Z:

Proposition 4.1 (Constituents of H are well deﬁned) Consider the momentum space

definitions of Hy , Af(v ., A(v and F. , where we only assume

0,w,v e S°° and an arbztmry self-energy functwn E; :R? — Ren. Then, the above four
momentum space definitions entail well-defined operators

A(’U) ? — §ex; Eoo ? — §ex
It is also possible to restrict
Hy :S¥ — S%, Al(v) :SF — S%, (84
A(v) :SF — Ren?, Ey :SF — Ren?,
or to extend o o o o
Hy: F oy — F ey, AT(W) 1 F oy = Fex. (85)

Further, the statements for Hy equally hold true for Hy, and Hy,.

Proof. Well-definedness and the mapping properties of AT(v) and A(v) are a conse-
quence of Lemma : The function v(k) in (19)) and can be seen as a special case
of v(p, k) in (80). Taking the finite linear sum over j € {1,..., M} sustains the mapping
properties.

The operator Hy as in just multiplies with a function in S;O in momentum space,
so for ¥ € §F, we also have HyW € §F. The same holds true for Hy, and Hy,. By an

analogous argument, H, can be extended to Hy : Ren® — Ren€.

Finally, we consider E, V¥ for ¥ & S;f By , at each fixed (P,K) € Q the
expression F, W is defined as a finite sum over terms F)(p)¥ (P, K) € Ren. So indeed,

E ¥ € Ren®.

Extensions to .Z or Z . can again be done by eRen-linear combination.

Thus, also the linear operator H : .F — F o is well-defined.

Finally, we prove that the momentum space definition indeed entails certain
canonical commutation relations on the extended state space:
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Lemma 4.2 (Extended CCR). For ¢, ¢ € 8, the definitions and imply the
commutation relations

Al(), AL ()] = 0, A (), AL (6)] = (p, &) forj Zj/7 %6
A1), 4 (0)] A1), A} (0) {V}j/ AU
as a strong operator identity. That is, we have operators

[Al(p), AL(9)] : Z = F,  [Aj(9), AL(9)]: F = F s (87)

Here, the interaction potential Vj; : F — F o for momentum transfer from fermion j’
to 7 is given by

Viy(¢*0)(P, K) := /90*(’5)¢(’5)‘1’(P + (e — ¢j)k, K) dk. (88)

Proof. By Lemma , the products Aj(go)A;,((b) and A;,(¢)Aj(90) are well-defined as
operators .# — Z . A momentum space evaluation renders

(14;(). AL (6))0) (P, K)
= [ ¢ @RI UP + (e~ )k, K) dk

_ {<907¢>~‘11(P~, K) ) ) for j = j'
J¢"(k)o(k)U(P + (ej — ¢j)k, K) dk for j #j'

(89)

Similarly, Lemma establishes that A}(@)A},((b) and A;,(qb)A;((p) are well-defined
operators .# — .Z and a short momentum space calculation verifies that they are equal.

]

The operator Vj; defined above can be seen as an interaction potential operator.
Under an inverse Fourier transform F~!, it amounts to a multiplication operator in
position space via

(Vi (@)U (X, Y) = FH(¢"s)(w; — ;) ¥(X,Y), (90)

provided that F~!(¢*¢) exists (e.g., for exact scaling degrees B, + 5 > —d = ¢*s €
S'(R%)).

The following property about Vj;, will become useful in later proofs:

Lemma 4.3. If either of the functions ¢, € S° is an element of C°(R%\ {0}), then
we even have o
Vi (9'6): F > F. (o1)
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Proof. First, let us consider ¥ & S?;O Without loss of generality, assume that ¢ €
C>(R2\ {0}), so ¢ is compactly supported, and the function

ki ¢(k)U(P + (e; — e;)k, K),
is smooth everywhere on that support. So the function
ko o (k)o(k)U(P + (¢j — ¢k, K) isin C,

and the integral over it converges to a C—number.

We now show that this number depends smoothly on (P, K) € Q: Consider any multi—
index « corresponding to a derivative 9% composed of arbitrarily many partial derivatives
Op, Ok, with j,¢ € N. Then also 9"V € S%¥ and by the same arguments as above,

ki o (k)p(k)0“U(P + (ey —¢;)k, K) isin C*. (92)

So the integral converges absolutely, derivative and integral commute, and we ob-
tain 0%(Vj;(0*¢)¥)(P, K) € C for any multi-index a. Hence, (Vj;(¢*¢)V)(P, K)
is smooth at (P, K) € Q.

Polynomial scaling of V};/(¢*¢)¥ can be seen as follows: Under the coordinate rota-
tion p, = p; + p; and p_ := p; — p;, the expression V;;¥ becomes a convolution in
p_ of a polynomially scaling function with the function ¢*¢ € C'°. Polynomial scaling
bounds are neither affected by the coordinate rotation nor by the convolution with a
C®—function. So indeed, Vj; (p*¢)¥ € SF, and we have that Vi (¢*¢) : SF — SF.

This mapping property extends to Vj;(¢*¢) : F — Z by eRen-linearity.

Remarks.

1. In , we have not included the commutation relation for annihilation operators
[A;(¢), Aj/(¢)] = 0. The reason is that products of two or more annihilation
operators are not necessarily defined, since we only have A;(¢) : F = Fex. An
arbitrary product A;(p)A;(¢)¥ with ¥ € SF contains a double integral

(Aj(p)Aj(0)¥) (P, K)
—V/(N+1)(N +2) / / o(k) (k) U(P — ek — eyk , K k. k) dkdk |

(93)

where the first integral produces a configuration space function @ — Ren. And a
second integral over such a function can generally not be interpreted as an element
in Ren.
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A definition of such operator products would require a modification of % such
that it also accommodates general divergent integrals over multiple coordinates of
a S'g}“ffunction as in . We postpone the investigation of such choices for .Z o
to future investigations.

5 Dressing on the Extended State Space

Our next step is to define a dressing operator W (s) with s € Sfo. To do so, a naive

approach would be to start from the expression W (s) = A ()=An(s) | eAl(s)=A1(s) (with
M depending on the fermion sector) and expand the exponentials into series

b

Al(s) — A;(s))"
AT 45(8) _ 3 (4;(s) . i(s))
n&eNp
which can be multiplied out. There are two difficulties with this approach:

e Some terms in the resulting sum contain two or more annihilation operators A(s)

(see Remark |1]).
e There is an infinite number of such terms.

So with the current definition of .% ., we cannot simply define W(s) as an operator
F — Feo. Instead, we pursue a different approach and define W(s) : Dw — Fex.
Here, we choose Dy C F o in , such that Dy (which is a symmetrized version of
Dy N L?) is dense in Z.

If we consider Wg(p) : # — F,p € b as a unitary operator on Fock space, to-
gether with some suitable U € %, then there is a well-defined expression (similar to
(36)) for W#(p)¥ as an L?>~function on momentum-—configuration space. For ¢ replaced
by s € S, we may then define W (s)¥ € .% based on the momentum space expression
of Wz (p)W.

The domain Dy, in ([131)) is generated by vectors W of the form
Vo =Wi(@)Al)T,,  or  To=XWi(p)Ty,
where:

o U, =V,,®Q, €.Z with U,,, € S(Q,) (i.e., we have a Schwartz function) and
(2, describing the boson field in the vacuum.

o Wi(p) = eAI(”)_Al(‘P), pebhn Sfo describes a dressing induced by only the first
fermion.
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° A}L- (v),v € 8 describes creation by only the fermion with number j € {1,..., M}.

e X is a linear combination of Ren;—constants and operators V;;(v*s) that formally
commute with W (s).

When setting X = 1 (which formally commutes with W(s)), we see that Dy con-
tains vectors of the kind Wi(¢)W¥,,. We show in Lemma [5.4] that these are equal to
Wz 1(p)¥,, and, after symmetrization, span a dense subspace of .# (Lemma. This

will later allow for a dense definition of H.

The definition of W (s)¥e now exactly works as explained above: We establish a
momentum space expression in case s,v € h N Sfo using Lemma . Then, we gener-
alize to s,v € Sfo by a suitable definition. As discussed in the introduction, we remove
certain exponential factors of the form €'5 in an ad-hoc modification. Thus, W;(;)
differs from Wz ;(p;) for ¢; € h N S®. However, we show in Lemma that any
Vjrjn commutes with Wz (), so the omitted factor e'5#’ can heuristically be “pulled
into any position”. Heuristically, this factor disappears when performing an undressing,

which justifies the omission within the computation of H.

5.1 Bosonic Dressing W,(y)

The upcoming proofs are based on some well-known facts about coherent states, where
only bosons are present, i.e., ¥, € .%,. The momentum space representation of the
bosonic creation and annihilation operators a'(v), a(v) with form factor v € b given by

VN = (04)
N

This definition implies that the commutation relations [a(v;), a'(v2)] = (v1, v2) hold
as a strong operator identity on a dense domain in .%,. These operators af(v), a(v)

substantially differ from Af(v), A(v) defined in (19)), (21]), which create one boson at

each position of a fermion, whereas in .%,, there are no fermions.

Using a'(v), a(v), we may define a set of displacement operators
W, (p) = e Do), (95)

and coherent states W, (p) := W,(¢)Q,. Indeed, W, (p) is well-defined, since for ¢ € b,
we have the bounds

(@) [| < [(N + )20 [ lloll,  [lalo)@y|| < [[NV20, ]| el (96)
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so the exponential series (95)) converges in norm:

Wy () = Wy (@) =Y 110l (6) — ale))',
k=0

1 (97)
where HH(@T(@ —a(p))"Q

1
< |28 0120 | Hlell* = (k)220

Here, we used in the second line that (af(

©) —a(p))*Q, occupies only sectors in Fock
space with < k particles, so we can set N < (k — 1) in . Subsequent application of
leads to the factor (k!)'/2.

In momentum space representation and in terms of tensor products,

2 N o \\302\\2
U, (0)(K) = elél\/% (H <P(’%)> & V(e = Z

Rg...® .
Nzom Y s S ¥

N times
(98)
A calculation similar to verifies that W, () can be defined on all ¥, with finite
particle number, ie., ¥, € Fg,, with
Fting = {Vy € Fy | INmax € N1 UM = 0VYN > N} (99)
And by continuity, we can thus define W, (¢) on all of .%,.

Moreover, the W,(¢) are unitary, so H‘Ify(go)H = 1, and they satisfy the Weyl re-

lations. Further, it is a well-known fact that the span of the set of coherent states
{¥,(¢) | ¢€b}isdensein .#, [29, Prop. 12]. In addition,

e 2 +lleal?
(Ty (1), Uy ()) 5, = = elor,
SO

(100)

o1 112 +lleall?
[9y(e0) = Bl = (1Dl + ([0, (e[ — 26455

Re(e'¥r#2)).  (101)

As b is separable, we can find a countable dense set (¢y,)nen in b, such that (W, (¢,))nen
is also dense in the coherent states. So

span{ ¥, (p,) | n € N} is dense in .Z,.

(102)
Since f)ﬂSfo D (¢ is dense in h the above statements hold true, if we replace ¢,, € b
by ¢, € h NS,
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5.2 Dressing Induced by Fermions W;(y)
5.2.1 Density

Now, let us turn to the case with two particle species, i.e., F = %, ® %, and Al, A
instead of a',a. In order to make an analogous statement to work, we restrict
from Af(p) = Zj\il A}L-(cp) to Al(p), ie., creation by only the first fermion. Just as
W, (), the Fock space operator Wz 1(p) = A=Al can be defined in analogy to
W, (). The operators Al(p) and Wz () break the fermionic symmetry, so they map
F — L[*(Q,) ® F, (instead of F — F). We will therefore proceed by considering

vectors U € L?(Q,) ® %,, i.e., with only bosonic exchange symmetry.

As a “cyclic set” of vectors V,,, used for generating further domains, we choose
Cws = 8(Q,) ® {Q,} C L*(Q.) ® Z,. (103)

Since the boson field is in the vacuum, Cyg is obviously not dense in L*(Q,) ® .Z,.
However, it generates a dense subspace by applying operators Wz 1(p) to it. The
momentum representation after such an application is given by

(Wra(9)0,)(P,K) = e\_/% (H gp(k:g)) U, <p1 +Y keps.... pM> . (104)

{=1

Definition 5.1. The span of coherent states created by the first fermion is given
by
Dws = span{Wyyl(go)\I’m ‘ peEhNSE, Vv, € CWS}. (105)

With (105)), it is true that
Lemma 5.1. (S_ ® I)[Dws] is dense in % = %, @ %,

The proof is based on denseness of coherent states in .#, and can be found in Ap-

pendix [A]

5.2.2 Dressed One—Boson States
Just as Wz 1(p), we may define Wz ;(¢),j € N and Wz(p) = Wz pu(p) ... Wzi(p)

with ¢ € hNS® on each M—fermion sector. These operators are all unitary on L*(Q,)®
#, and well-defined on .%.

We will now establish some useful commutation relations on the dense subspace
Fhin = Fy @ Fpiny C F, (106)
with Fy,, defined in .
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Lemma 5.2 (Commutation relations for Wz ). For ¢, ¢ € hNSX®, we have the following
strong operator identitiesﬂ on Fen:

T,(@:{(A}(@ (0. N Wssle)  ifi=1
(AL(¢) = Vi (e @) )W () i j#5"
W ()AL (¢) = (AL () — (0, 8) — Vajr("0)) W (9), (107)
= (A(9) — (0, 8) = Viu(9*0)) W ()
) = M{p,9) = V(p*0))Wa(p )

as well as

A

Wi (0)A;j(¢) = (Aj(9) = (¢, 0) — Vie(9"0)) W (), (108)
@) — Vaj (6" 0)) Wz 5 (),

— M(p,0) = V(¢*0)) Wz (p),

with Vi defined in amﬂ

Var(9°0) = > Viplg™0),  Vie(@'d) = Y Vis(¢'9),
J:i#g’ J'g#g’ (109)

V(') =) Vip(#"9).

The proof of Lemma is straightforward by applying the CCR. We present it in
Appendix [B]

5.3 Extended Dressing W(s)

We would now like the relations in ) to also hold true if we replace o, ¢ € hN S°°
by s,v € SOO In that case, the Fock Space operators Wz ; turn into extended operators
W;. More precisely, it would be desirable to have

<

(Aj (v) — (s,v) ) if j =4
(A} (v) = Vi (s° >)Wj<s>‘lfm if j £

2By a strong operator identity A = B for A, B : # — L*(Q,) ® %,, we mean that AV = BU YU €
7, even if possibly AV, BU ¢ .Z.
3Here, > j.j» 18 to be understood as a sum over only j, while >, is a sum over both j and j'.
The second kind of sum will appear more often, so we give it a shorter notation.

W;(s) AL (v)W,, = { (110)
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for ¥,,, € Cyys. By Lemma , and since (s,v) € Ren;, we may obviously interpret
Vij(s0) + F — Foy, (5,0) 1 F = Fey. (111)

So if we can define W;(s)¥,, € .Z, then the right-hand side of (T10]) serves as a definition
for Wj(S)A}/(U)\I}m € Z . And if we can further define products like W (s)W;(p)¥,, =

War(s) ... Wi(s)Wi(p)¥,, € Z, then a generalization of may even be used to
define W(S)Wl(np)A;, (V)V,, € F oy

However, before doing so, it is first necessary to specify what W;(s)Wi(p) is, which we
will do by introducing some “extended Weyl relations”.

5.3.1 Extended Weyl Relations

In order to treat products of factors W;(s),s € Sf", we introduce an extended Weyl
algebra W that is generated by all W;(s) and taken over the field eRen (as in Definition
. Recall that ¢ € eRen is a fraction of linear combinations of exponentials e*, with
t € Ren; being a possibly divergent integral (see Definition . Multiplication on W
is defined by the Weyl relations

Wi(s)™h = Wj(—s)

i (112)
I/Vj(Sl)Wj(Sg) _ e_EJ(SI’SZ)Wj<31 + 52)’

with symplectic form _ .
o =38 x 8 — Remy (113)
(51,82) = (51,52) — (82, 51)-

Note that e=27(s1:52) = ¢Im(s1.52) € eRen is not necessarily a complex number.

This W can be seen as an “almost—extension” of the usual Weyl algebra generated
by {Wj(s) | s € b} (strictly speaking, it only extends some Weyl algebra W, generated
by {Wj(s) | s € hN&F}).

The definition of the extended Weyl algebra now allows us to write

W(s)Wi(p) =Wun(s) ... Wa(s)Wi(s)Wi(p)

=AW (s) . Wa(s)Wils + ). (114)

So W (s)Wi(¢) can be brought into the form Wy (sar) ... Wi(s1) times an eRen-factor,
which is the same on each M-fermion sector.
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5.3.2 Extended Dressing on Coherent States

In order to define vectors of the kind Wy (sas) ... Wi(s1)V,, € .Z, we make use of the
momentum space definition of Wz ar(¢r) ... Wa1(p1)VU,, for ¢, € h NS, For two
dressing operators with j # j’, the Baker-Campbell-Hausdorff formula implies

Wi (01)We i (9p) W = eM @D Ao A e =Ai ey

_ - uwgn uwn AT(%) _A].(w)eA;,(goj,)e_Aj,(%,)\Ijm
N————’
=V (115)
o2 lloyr I 14, t
—e 2z z ?j).A (tp] ) A (SDJ) Aj/(‘Pj’)e—Aj(%?j)\I/m

TV (@) gAY )AL (i)

Here, we used that Vj;; commutes with all A},, and Aj», which follows by the same
arguments as in the proof of Lemma below. Thus, all double commutators be-
tween A- and Af-operators vanish. The generalization to arbitrarily many factors,
Wan(om) .. . Wazi(p1)V,, is straightforward, and we obtain an exponential of con-

stants and Vj;—terms, followed by eARI(WM)Jr---JFAI(W)\IIm.
We now define Wi, () ... Wi(p1) by dropping the Vjy—terms in (115]), which yields

the following momentum space expression for ¥,, = ¥, ® ), € Cyg

1 M ij 12
W, LW U ) (P, K):= o0y (ko) | Uing (P'),
(Warlon) - Walp) ) (P, K) := —e” EU (Hs@ . ) (P')
(116)
where the sum over o runs over all M~ maps

o:{l,...,N} = {1,..., M}, (117)

assigning each boson ¢ to a fermion j = o(¢). The shifted momentum, illustrated in
Figure [4] is then

=P+ eypke. (118)
L

’ p2—|—k1+k3
P{ Py + k2

vy

: ii jP

Figure 4: An example for momentum shift within the dressing.
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Lemma 5.3 (Products of W are well-defined). Consider a sequence (s;)jen C S and
U,, € Cws. Then, the momentum space definition (L16|) renders a well-defined vector

WM<SM)...W1<81)\I/m E?, (119)

where (L19)) is to be interpreted as a sector-wise definition in M € N.

Proof. Copying the momentum space definition (116, we obtain

(Wt (sar) - .- Wi (1)) (P, K) = \/%e S (H s(,(@(k;g)> ., (P').
- (120)

Obviously, <HéV:1 Sa(g)(kig)> W,,e (P') defines a function in S, which is still true after

taking the finite sum over o.

g

o lsgli?
Further, we have ||s;||> = (s;,s;) € Reny, so e”>=1~ 2 € eRen.

Therefore, the expression (116]) defines an element of .%.
O

This already allows us to define Wy (sys) ... Wi(s1) on vectors ¥, € Cyg with the
boson field in the vacuum. In order to define Wy, (sys) ... Wi(s1) also on a dense domain
in .7, we extend the definition to vectors Wz 1(¢)¥,,, € Dy g, whose symmetrized span,
by Lemma , is dense in .#. This extension is done by assuming that Wz () can be
merged into Wi (sy1), just as Wi(p) in (114)).

We will also allow for a treatment of state vectors by using the operator (S_ ® I), which
can obviously be extended to (S_ ®I):.F — F or (S_. @ 1) : Fex — Fex, using the
momentum space definition ((11)).

Definition 5.2. Let (s;);en C Sfo Then, by Lemma , copying the momentum space
definition ([116)) results in a well-defined product of dressing operators

WM(SM) e Wl(Sl) : DWS — ?,

(121)
WM(SM) . Wl(Sl)Wg,l(gp)\Ifm = €Im<sl’¢>WM(SM) e Wl(Sl + @)qu,

where M is the respective fermion number on each sector. Further, we define the
extension to symmetrized vectors

WM(SM) R Wl(Sl) . (S, X I)[Dws] U DWS — ?, (122)

by imposing that Wy (sa) ... Wi(s1) shall commute with the symmetrization operator
(S-®1I).
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With this definition, it is true that
Lemma 5.4. For all p € hN Sfo and V,, € Cws, it holds that

Wz 1 ()¥m = Wi(p) Vi, (123)

in terms of momentum space functions.

Proof. Consider (115) with j = 1 and ¢;; = 0. Then, the Vj;—term vanishes, so no
Vjy—terms are dropped when copying momentum space expressions in the transition
W?,l — W and indeed WyJ(gO)\I/m =W (@)\I/m

m

Remarks.

2. It may seem natural to extend Definition [5.2) to a general ¥ € .%. By Lemma
we can write ¥ as a symmetrized version of U/ = %" Wi (@)U, Wlth ©n € hﬂSOO
and ¥, € Cyg. In that case, W(s)¥ =" W(s)Wi(p,)¥,s contains a possibly
infinite sum over functions © — C, which may not _converge.

However, our aim is to give a dense definition of H : .% D dom(H ) — F, so it
suffices to consider the action of W (s), and HW(s) on a dense subset of .%, such
as (S_ X I) [DWS]

3. Concerning the renormalization classes: Two ESS vectors W (s)W;(¢)¥,, and
W(s)W1(@)V,, with ¥, and ¥,,, concentrated on the same M—fermion sector

can be added if the wave function renormalizations ¢ = e, v = — el H belong to the
same renormalization factor class, i.e.,

t—teC & |ls+ol® = s+ @lI* +2Im(s, o — §) | < o0

& |2Re(s,p — @) +2Im(s, 0 — @) + ||o| = [|2]°| < oo (124)
~— =~
<oo <oo

<= [s,p— @) < oo

That means, convergence of the integral [ s(k)*(¢(k) — @(k)) dk ensures that the
renormalization classes coincide. Note that both Re and Im above may be infinite,
but cancel each other out.

5.3.3 Extended Dressing on One—Boson States

Now, as announced, when replacing ¢, ¢ € hN Sfo by v,s € Sloo in (107)), we obtain a
well-defined right—hand side. This allows for the following extension of dressing operator
products
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Definition 5.3. Let v € §°, (s;)jen C S° and ¥, € Cyyg. We extend the product of
dressing operators to one-boson states via

Wh(sa) - Wl(sl)A (V)V,, € F e, (125)

where M is the respective fermion number on each sector, via

War(sar) - .. Wi(s1) AL (0) Ty, - (AT Zx>WM(sM) Wi(s1) W,

=t (126)

R R PR
W1 ;= .
T Wi(sto) itj# T

This operator can further be extended to symmetrized vectors by imposing that
Whr(sa) ... Wi(s1) shall commute with the symmetrization operator (S- ® I).

It is easy to see that the right-hand side of - ) makes sense By Lemma
have Wy (sar) ... Wi(s1)¥,, € Z. Lemmalmphes that A () F = F and by

Lemma and (s,v) € Reny, we have that X, : # — F,.

Heuristically, the factors X; now commute with W; (s), since

Lemma 5.5. For ¢, ¢, ¢ € b it is true that
(Wa (@), Vigr(@*9)l =0, and  [Wz;(¢), (p,¢)] =0, (127)

as a strong operator identity on 7 .

Proof. Since o, ¢ € L?, we have p*¢ € L', so after a Fourier transform, the operator
Vi (¢*¢) amounts to a multiplication by an L*~function, and is hence bounded. Fur-
ther, Wz ;(¢') is unitary on L*(Q,) ® %, (and hence bounded). So the commutator is
defined on all of L*(Q,) ® %, and hence .Z.

Now, in position space, both AT( ") and A; ( ') can be decomposed into a fiber integral
by fiber-decomposing L*(Q,) ® #, = [, F, dX (see and (22))). So we can also

decompose Wz ;(¢') = A=A into a ﬁber 1ntegral. And by (90)), the operator
Vjryn(@*¢) just amounts to a multiplication by a complex constant on each fiber Hilbert
space. So the fiber operators commute on all fibers and hence the original operators
commute on L*(Q,) ® %, and .F

The expression (¢, ¢) is just a constant, so it trivially commutes with Wz ;(¢').
O

Mathematically, if we replace ¢, ¢, ¢ € h by s,8 v € Sloo, then the commutation
relations are not a priori valid, since W;(s) is not necessarily defined on vectors
of the kind Vj/»(¢*¢)V,, or (¢, $)V,,. We enforce their validity by taking as a
definition for an extension of W(s):
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Definition 5.4. Let (s;);en C S, ¢ € hNSX and U, € Cyg, and let X be an element
of the set of operators

X = spangge, { (s,v), Vij(s*v) | 5,0 € Si’o}, (128)

so X formally commutes with all W;(s;). Then we extend the product of dressing
operators via

Wr(sar) .o - Wi(s) X W, :=XWy(sar) ... Wi(s1) U,
Wi (sar) - - Wi(s1) X Wz 1 (@)W, :=XWh(sar) ... Wi(s1) Wz 1(0) Vo, (129)
=XWy(sy) .. . Wi(s1)Wi(p) ¥,
with M being the respective fermion number on each sector and where the last equality
in holds by Lemma . Again, we may extend the definition to symmetrized

vectors by imposing that Wy (sar) ... Wi(s1) shall commute with the symmetrization
operator (S_ ® I).

Again, it is easy to see that this definition makes sense: By Lemma [5.3, we have
War(sar) ... Wi(s1)W,, €.Z. And since X € X maps .# — Z, indeed

XWM(SM)Wl(Sl)\I/m € ﬁex, (130)
so the right—hand sides of ((129) are well-defined.

Remarks.

4. It seems natural to define ) for all operators X which commute with A}(s’ )
in a sufficiently regular case and A ( ). However, since we have only defined
Aj(8) 1 F — Fox and Vyju(s*v) + F — Fo, it is not clear how to interpret
the commutator [A;(s"), V/ j(s*v)]. So Vjn(s*v) would then not be a valid X—
operator, although it commutes with A;(S/) and A;(s") for s,5',v € b.

If one succeeded to modify the definition of .Z, %, such that commutators as
[A;(s), Vjj(s*v)] are well-defined operators, then it seems reasonable to change

the set of allowed X in Definition [5.4| to all X with [A;r-(s’), X]=[4,(s),X] =0.

5.3.4 Final definition of W (s)

With Definitions [5.3] and [5.4, we may now provide the final domains for the product
W(su) ... Wi(s1): The extended dressing domain Dy is defined as
DW =

span ge, { W1 (9) AL (0) U, XW1(0) W, | 0 €5NSE, v E ST, X € X, T, € Cirs},

(131)

eRen
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with S° defined in (26), X defined in (128) and Cws defined in (L03). Well-
definedness of W (s) on Dy, can be seen by combining with Definitions and
By imposing that Wys(sar) ... Wi(s1) shall commute with (S_ ® I), we extend
Wa(sar) ... Wi(sq) to (S— ® I)[Dw]| U Dy .
The maximal domain of W(s) in Fock space is now given by the large domain

Dy = (S_®I)[Dw N (L*(Q,) ® F,)]. (132)

The symmetrization operator (S— ® I) ensures that indeed Dy C .. With this defini-
tion, it holds true that

Lemma 5.6. We have the inclusion
Dws C Dy N (L*(Q.) ® F,), (133)

and in particular, Dz is dense in F .

Proof. Setting X = 1 and using Lemmal5.4] we see that Wz 1 (¢)¥,,, = Wi()¥,, € D
with ¢ € h NS and V¥, € Cwg is also an element of Dy,. Further, Wz 1(¢)¥,, €
L*(Q,) ® Z#,, which yields the inclusion relation (133).

Hence, the symmetrized version (S_ ® I)[Dwg] is included in Dg. And since the
former is dense in .# (Lemma [5.1)), also the latter is.
]

Remarks.

5. In essence, we just transferred the commutation relations for creation oper-
ators A; from Lemma [5.2]in a certain sense to extended dressing operators W;(s).
This was done by imposing definitions such that these commutation relations still
hold true. What about the commutation relations for annihilation operators
A;?

In fact, these relations cannot be imposed by definition, but one may show that
they are an immediate consequence of Definition [5.2] This is proved in the follow-
ing lemma:

Lemma 5.7. Let s,v € Sfo and V,, € Cyws. Then, we have the commutation relations

_J (Aj(0) = (v, 8)) Wy (s) W ifj=7j
W) A, = {(Aj(v) = Vg (0*s))Wyr(s) W if j # j'
W (s)Aj(0) W = (4;(v) = (v,8) = Via(v"s)) W (s) T, (134)
Wy (s)A(0) Wy = (A(v) = (v, 8) = Vaje(v"s)) Wi () ¥,
W(s)A()¥,, = (A(v) — M(v,s) — V(v*s))W(s)¥,,



Proof. First, note that A;(v)¥,, = 0. The first line in (134] then follows by momentum
space definitions and ((120):

(4;(0)Wy (), ) (P, K)

s ||2
\/_ / ( P (k£)> ‘Ilm,z:(P/ + (ej/ _ ej)k) dk (135)
_{<U’S>\I’m<PaK) if j =74
(Vi (v*s) W, ) (P, K) if j # 7'

with P' = P +e; S0 k.

The second line in (134) is established similarly. We use again and ((120)),
yielding:

(A <v>W< m) (P, K)

N (136)

N
<HS (ko) > ma(P" + (es(n41) — €;)k) dk,

(=1

where the sum runs over all 5 : {1,...,N + 1} — {1,..., M} and we have set P’ =

P+, esoyke, as well as kiN+1 = k: We can split thls sum into a sum over (o, j)
witho: {1,... N} = {1,... M},o() =) and j € {1,..., M}, 7 = (N + 1):

(A '(U)W(S)‘I’m) (P, K)

2
IH

) (137)

\/_ Z Z/ < <k€)> \Ijmx(P, + <€j' — 6]‘)’;3) dk

Now, the term with j' = j renders the contribution (s, v)W,, and all other M — 1 terms

add up to Zj,:j#, Vi (v*s)W,, = Vie(v*s)V,,, which is exactly the desired contribution.

Lines three and four of ([134]) just follow by summing over j € {1,..., M} in the first
two lines.

]

6 Pulling Back the Hamiltonian

This section concerns taking a formal Hamiltonian
H = Hy, + A'(v) + A(v) — EL,
and pulling it back under the dressing transformation W (s), i.e., we compute

H: Zu D Dys — Fex  with  W(s)H = HW(s).
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The computation is split into two steps. In Section [6.1] we compute the pullback of
(A(v) — Es). Pulling back only A(v) will result in divergences which are canceled by
EL.

The pullback of (Hy, + Af(v)) is then computed in Section [6.2] Combining Hy,, and
AT(v) yields a particularly easy result.

Our main theorem is the following:

Theorem 6.1. Let s = —2 with s,v,w € Sloo Then the pullback of the self-energy
renormalized Hamiltonian

H := Hy 4V (v*s) satisfies W(s)H = (Hoy+Al(v) +A(v) — Ex) W (s), (138)

which holds as a strong operator identity on Dwgs (defined in (105])), as well as on
(S- ® I)[Dws.

Note that, the potential interaction V' defined in (109)) via acts as

(VO)(P,K) Z/ U(P + (e — e; )k, K) dk.
J#5
Remarks.

6. We have not so far shown that W (s) is invertible on Dz. While we conjecture that
this is true, we do not immediately see how to prove it, here. If this conjecture
was true, we could write

W(s)H =HW(s) <  H=W(s)"HW(s), (139)

and for a given H and W(s), the renormalized Hamiltonian H would be unique.
Since we do not have an inverse W (s)™! here, there might be several H, which
satisfy W (s)H = HW(s). So the direct renormalization procedure is yet not
guaranteed to be unique, although it produces a well-defined renormalized Hamil-
tonian H that is physically reasonable.

6.1 Pulling Back A — E

We recall that by Proposition one can define F,, : # — Z, with
v(k) v(k)
(Ex0)(P,K) = M(v,s) (P, K) Z/ w(k ) ak U(P,K), (140)

even if (v, s) ¢ C, but (v, s) € Ren;.
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Lemma 6.1. Let V,,, € Cws and s = —= with s,v,w € Sfo. Then for ¢ € Sfo nh,
(A(v) — EOO)W(S)WQJ(QO)\I]WL =Wi(s) (resl(go) —+ V(U*S))WQ‘J(SO)‘I/WL € F o, (141)
where the resitdual operator

resi () = (v, p) +Ve1(v"p), (142)
——

€Reny
15 by Lemma @ a well-defined mapping F — F .

The proof of Lemma [6.1] is given in Appendix [C]

6.2 Pulling Back Hy, + Al

Lemma 6.2. Let V,, € Cws and s = —2 with s,v,w € Sf". Then for ¢ € Sfo nh,
(HO,y + AT(U))W(S)W?,l(QD)\Dm = W(S) (HD,y —rIes; (@))W?,l(ga)\pm € ?em (143)
with the same residual operator res; = (v, ) + Vo1 (v*¢) as in Lemma [6.1]

As for Lemma [6.1], the proof of Lemma [6.2 is rather technical. It can be found in
Appendix [D] With both lemmas at hand, Theorem [6.1] can directly be proved.

Proof of Theorem[6.1] This is a simple consequence of Lemmas and [6.2l We put
together ([141)) and (143]) which yields

W(s)fl = (Ho,y + AT(v) + A(v) — EOO)W(S) :W(s)(HO,y + V(v*s) + res (@) — resl(w))

=W (s)(Hoy + V(v*s)),
. (144)
as a strong operator identity on all U = Wz 1 (¢)¥,,, ¢ € S°Nh. And these ¥ span Dy g.

Since we imposed in Definitions [5.2] [5.3| and [5.4] that symmetrization (S_ @ I) shall
commute with W (s), the strong operator identity is also valid on (S_ ® I)[Dws].

7 Self-Adjointness

In this section, we prove that in certain cases, H can indeed be defined as a self-
adjoint operator H : # D dom(H) — Dg. So far we have by Theorem that
H : (S_ ® I)[Dws] = Ze is well-defined.
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In order for the image of H to be in D 7, we need to restrict the domain of H even
further to some subspace 159 C Dy, defined in (|147]), and prove well-definedness
of H : ﬁgx — Dz (Lemma . The existence of a self-adjoint extension on some
dom(H) D D is then a simple consequence (Corollary .

7.1 Existence of Self-adjoint Extensions

First, we verify that H = Hy, +V is well-defined and symmetric on a dense domain in
F.

Definition 7.1. Let Q.. be the set of collision configurations, i.e., all fermion
position space configurations

Quole ={X €Q,|Fj#J: xj ==} (145)
Denote by
éVWS = {\Ijm = qjmz & Qy ‘ «F71<111mz) € Ccoo(Qx \ Qcol,x>}7 (146)

the “cyclic set” of functions whose support avoids the collision configurations (where
F~1is the inverse Fourier transform). We define the small domain, on which H is
initially defined as a Fock space operator as

Dy = (S- @ I)[span{ Wz (), | ¢ € CZ(R?), U, € Cws}], (147)

see Figure . It is easy to see that D7 C Dy and Dy C (S_ ® I)[Dws].

FY¥,,,) appearing in Cy s FY(V,,,) appearing in 5W5

Figure 5: Within Cyg, the fermionic wave functions must be in S, allowing for any
support (including compact ones). Within Cy g, only C°~functions are allowed with
support avoiding the collision configurations Q. Color online.

In the following Lemma, we will use that if w,v € Sfo satisfy and (so they
scale polynomially), then the potential function

A~ *

Vi=ov's = —22, (148)

w
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also scales polynomially with
my = 2m, — my, By = 206, — Bu- (149)

Further, if 3y > —d, then the inverse Fourier transform V = F~1(V) € S'(R%) also
exists, so we can make statements about the singular support of V.

Lemma 7.1 (H is densely defined and symmetric). The set Dy is dense in 7.
Assume, that s,v,w € Sfo with w,v satisfying and , as well as fy > —d. If
now

singsupp(V') C {0}, (150)

then H maps 5,@ — Dz and is thus densely defined. If in addition the symmetry
condition holds, then H is symmetric.

Proof. Density of Dz in .Z is established as density of (S_ ® I)Dyg in Lemma
(proof in Appendix . We recall that by the last line of (174)),

DlW@",l(@)\I{m = Ve ® Wy(SO)Qy'

In the proof of Lemma [5.1 we argue that (S_ ® I)Dyg is dense in Z, since ¥,,,; @
W,y (#)S2, approximates any ¥ € L*(Q,) ® #, arbitrarily well. The transition from
(S- ® I)'Dws to Dy is achieved by a restriction to W,,, € F[CP(Q, \ Qeorz)]- The set
Qcolz 1s a union of hyperplanes on each sector in the fermionic configuration space,
so C°(Q; \ Qeolz) is dense in L*(Q,). The Fourier transform F is an isometry,
so the allowed set for W,,, is dense in L*(Q,). Thus, we can still approximate any
U e L*Q,) ® Z, arbitrarily well by ¥,,, ® W,(¢)Q, and by the same arguments as in
the proof of Lemma D is dense in .Z.

Now we verify that H,, maps 5gz — D4. By linearity, it suffices to show well—-
definedness on all vectors of the form Wz (p)¥,,, o € C=(RY). Denote by PN the
projection of .#, to the N-boson sector ﬁ’y(N) ; SO D Nen, Py(N) = 1. The L?>norm

squares of Wz 1(¢)¥,, are Poisson-distributed over N, i.e.,

2N
2 _ o el

| PMYW 1 (0) U T (151)
so for any 0 < ¢ < 1 they decay faster than ¢"¥ in N-direction. Now, define
A= max |w(k)| (152)
kesupp(y)
Then,
2 2
| P Hoy Wz 1 (0) W ||” < N2N || PMIW g 1 ()0 |7 (153)
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which still decays faster than ¢ wWz1(0)V,|| < 0o and we

have that Ho,Wz1(0)¥,, € L*(Q,) ® .7,

It remains to be shown that V' = V' (v*s) is well-defined, which amounts to proving
that

(VU) (P, K) Z/v (e; — ey )k, K) dk,

defines an L?-function on Q. Since iy > —d, we have that Vel =Ve S’, so we

can take the Fourier transform as in (90)):

( ZV '_:L‘] (X7Y)>

J#3’

loc

with V(z) = F1(V)(x).
Now, for ¥ = Wz 1(¢)¥,, we obtain the position space representation by Fourier—

transforming ((104)):

I|¢|I2

U(X,Y)

(H@ ) U, (X), (154)

where ¢ = F~1(y) is a Schwartz function, as ¢ € C2° is Schwartz. So as ¥,,,(X) is a
smooth function with compact support apart from collision configurations in Q,., also
U is smooth, and it is zero at fermion collision configurations in Q. Since the singular
support of V(z) is at most {0}, the multiplication function .., V(x; — ;) is smooth
on supp(V¥,,,.) (which excludes collision configurations). And as supp(W¥,,,) is compact,
there is some C'y € R with

< Cy. (155)

max
X esupp(Umz)

V(Qﬁj — Qﬁj/)
J#5’

Further, by compactness of support, a maximum occupied fermion sector M exists. So
IV|* < 3G v < oo,
for W € Ds. Thus, VU € L%(Q,) ® Z,.
Symmetrization for fermions by (S_ ® I) is preserved by Hy, and V. Hence, indeed

HV € .Z. And by Theorem , we have that HU € (S_® I)[Dy] (otherwise, we could
not apply W (s) to it).

Symmetry of H is an obvious consequence of the symmetry condition . And
since H preserves symmetry, it maps Dy — Dy = (S_ @ I)[Dy N (L*(Q,) ® %,)]

(compare (132)).
[l
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Corollary 7.1 (Existence of a self-adjoint extension). H:Ds — Dy asin Lemma
allows for a self-adjoint extension.

Proof. This is a direct consequence of [44, Thm. X.3] (von Neumann’s theorem): For a
symmetric operator H (called A within [44]), this theorem asserts that there is a self-
adjoint extension, provided that a conjugation operator C : D 7z — D # can be found,
such that L

CH=HC. (156)
As a conjugation, we choose (CV¥)(K) = ¥(—K)*, which amounts to complex conjuga-
tion in particle-position representation. By symmetry and since w is real-valued,
V(k) = V(~k)*, so VC = CV. And analogously, CHy, = Hy,C. Thus, holds,
and we have at least one self-adjoint extension. O]

8 Further Dressing Types

There exist also other types of (non—unitary) dressing operators replacing W(s). An
example is given by the IBC construction mentioned, mentioned in the introduction,
where essentially a dressing operator W = Wi, = (1+ Hy 1AT) defined on a subspace
of .7 is used. In this section, we extend this operator to 9 — 7.

Another example is the dressing operator T' = e~ o 1At, which is a strongly simplified
version of certain operators used in CQFT.

8.1 IBC on the Extended State Space

In certain cases, the IBC renormalization renders a self-adjoint operator H with dense
domain in .%, by using a formal undressing operator of the kind Wigq = (1 + H, ' A").
Within the construction, several divergent integrals appear, which get combined to con-
vergent ones. Using the ESS construction, one can directly make sense of the divergent
expressions and, in certain cases, perform the IBC renormalization in a particularly con-
venient way. Suppose, #(p) > 0 and w(k) > 0. By Proposition 1, AH AV . 7 — F o

is a well-defined operator. Using a self-energy operator E : —> y ex, We can define
HIBC y — yex with HIBC = H() + Af + A — FE via
Hpo =Hy+ AT+ A - E
=Ho+ AT+ A+ AH; A — AH;'AT— E
— (14 AHYHY? H?(1+ H' AT —AH'AT— E (157)
5" e T
=5"S+T.

Clearly, S*S is formally a symmetric and positive operator. If it can be densely
defined on .Z as a closed operator, then by [44, X.25] we have self-adjointness of S*S.
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Using this argument, it is shown in [30, 31, 33], B4] that for certain dispersion relations
and form factors, S*S is self-adjoint on the domain

dom(5*S) = {¥ € F | (1+ Hy'A")¥ € dom(H,)}. (158)

The condition (1 + Hy 'A")W € dom(H,) is called interior— or abstract boundary
condition.

Now, suppose there is a suitable E such that T : .% D D(T) — % is a densely
defined Kato—perturbation of S*S, that is,

IT0|| < al|S*ST|| + ||| V¥ € dom(S*S), (159)

with @ < 1. Then by the Kato—Rellich Theorem [44, X.12] we immediately obtain a
self-adjoint Hipc on the same domain dom(S*S).

Using the ESS construction, we may now rigorously define Wipc and Wigg, even if
they formally map out of Fock space:

Proposition 8.1. The operator Wige : F — F is well-defined and bijective.

Proof. We show that Wigc : 8% 7 — S % is bijective. The extension to a bijective opera-
tor on .# is then done by linearity with respect to the field eRen.

The operator Hy ' A" maps 8°° to itself: AT maps S°° — 8f by Proposition and
H; ™t is just a multiplication by a function that is smooth on Q and polynomially scahng
So Wigc is well-defined on all of S?O

Bijectivity is shown by directly constructing ngé. Formally, the inverse is given by
a Neumann series:

Wige = (1+ Hy AT 7= (= Hy AT (160)
k=0

Claim: The Neumann series (160) defines an operator S — S¥.

Proof of the Claim: Each —H;; ' A" increases the boson number by 1. So (—H; ' A")*¥
is only supported on configuration space sectors with NV > k. Hence, on each (P, K) €
QO with K € RV, we have that

((—HalA*)kfo)(P,K) —0  fork>N
- N (161)
= (Z Hy ' AT ) (Z Hy'AhE > (P,K).

45



Since Hy 'Af maps S¥ to itself, also all sums 7 (—Hy 'AN* with n € N map
S — S%. So the Neumann series is defined on each N— boson sector and hence on all

of . ¢
Claim: The Neumann series (160) is the inverse of (1 + H; ' AT).

Proof of the Claim: We use the first line of (161)) and perform a sector-wise verifi-
cation:

(1+ Hyt AT (i(—HolAT)’“\II> (P,K)
k=0
= (kz:;( 1AT z:: 1AT > (P,K) (162)
(0 (i( Hy A i SLATE > (P,K)
:@(;,K). B
So indeed (1+ Hy 'A) (352 (—Hy "ANF) = 1. O

As there is a well-defined inverse of Wigc = (1 + Hjy LA on all of 8, the operator
Wigc : §F — 8% must be bijective.
O

With Proposition , we have a well-defined linear space Wigh[SF N .Z] that can
be equipped with a scalar product

Wipe U, Wiph @) onr := (T, @) for U,® € SEN.Z. (163)

The completion of Wﬁac [S}f’ N.Z| with respect (-, -)yenr is a Hilbert space Z,eq1, which we
call the IBC—renormalized Fock space. Hipc is then defined on .%,.,1. The pullback
to % reads B

Hipc = Wigc HieWint (164)

Whenever the expression ((164]) extends to a self-adjoint operator, Hipc extends to a
self-adjoint operator on Z .

8.2 The e 4 _Transformation Inspired by CQFT

An operator T oc e Ho Al appears in a similar form in the CQFT literature [18| [14].
Within the latter reference, a renormalized scalar product is constructed by a procedure

of the kind
(TW, TO)en = Alim (T\, TA<I>>e*AA VIV, T® € T[D], DC.Z, (165)
—00
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where the operators T, T, in [14] are, however, much more involved. Here,
Ap = A|wvp 3, (166)

and A is a UV—cutoff. The renormalized Hamiltonian is then constructed by a limiting
procedure [14, Thm. 4.1.1]:

(TV, Hien TO) yen = Ali_r}go (TAV, Hyon (M) Tp®)e (167)

with Hyen(A) containing counterterms. The limit A — oo formally leads to an infinite
wave function renormalization with

A = 4|wolf3. (168)

The ESS construction now allows to directly define A € Ren;. In the simplified case
—1 —_—
T e Ho 4" we can even define the dressing transformation directly on .%:

Proposition 8.2. For ¥ € Sgﬁ, we have

TU = e A2 Ho ' Ay ¢ 7, (169)

with e=2/? € eRen. In particular, e=Ho A" and T are well-defined linear operators

_HT'AT | So00 500 . Qoo o
e ST = 857, T:87 = %.

Proof. As argued in the proof of Proposition Hy' At is well-defined on S}? and
maps Fock space vectors supported on the N—particle sector to those supported on the
N + 1-particle sector.

We can write the exponential series as

_ L (—H AN 1
o Ho AT _ Z (OT) —1-H,'A 4 §H51ATH(;1AT —— (170)
k=0 )

Now, each —H, ' AT maps S¥ to itself and strictly increases the sector number. So the
N-sector of e~Ho Ay may only depend on at most NV 4+ 1 terms of the series (|170)).

All terms are elements of S°° C .Z. Hence, e Ho Al maps S > into itself, as claimed.
Clearly, the factor e=*/2 is an element of eRen, so TV € .Z
O
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Appendices

A Proof of Lemma [5.1]

Proof. We show that Dy g is dense in L?*(Q,)®.%#,. Since (S_-®1I) : L*(Q,)®.%, — F is
surjective and bounded with norm 1, we then immediately get density of (S_ ® I')[Dws]
within %

If Ai(gp) created a boson without giving a recoil to a fermion, we would be done: In
this case, Wz 1(¢)¥,, would be of the form

Ve @ W, ()Y, (71)

Now, W,,, € S(Q,), which is dense in L*(Q,). Further, we have that span{W,(¢)Q, |
@ € hN 8P} is dense in .%,, so

span{lllmE ®@ Wy ()L, ‘ Y € l‘)ﬂS W, € S(Qw)}, (172)

is dense in L?(Q,) ® Z,.

However, Wz 1(¢) V., is not of the form (I71)), since Wy 1(p) shifts the momentum p,
by Zévzl ky, as in (36]) (the first fermion gets a recoil). The same recoil occurs when
applying Ai (v). In other words, creation and dressing “entangle” the fermion with the
created boson by giving the fermion a recoil. In order to solve this problem, we introduce
a disentangling operator D, : L?(Q,)®.%, — L*(Q,)®.%#,, which removes all recoils:

(DV) (P, K) : \IJ(P ielkg, ) (173)

=1

Clearly, Dy is unitary. Now,

= (DiWza1(0)¥m) (P, K) =

(Wf"",l( )\Ij )(P K \_/—| (H(sz> mx <P+;elké>

H@(’%)) W, (P) -

& DiWa1(p) Wy = Uy ® Z ¢

T st
times
=V, @ W, (9)Q,.
So by density of (172), we have that

span{Dlw,l v, | Y ehNS>, \I/mGCWS},
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is dense in L*(Q,) ® .%,. And since D; is unitary, its preimage
Dws = span{Wz1(¢) ¥y, ‘ pehNS® T, e Cws},

is dense in L*(Q,) ® %, as well. So (S_ ® I')[Dyg] is dense in .Z.

B Proof of Lemma 5.2

Proof. For evaluating [AT, W] we first consider the simple case where W is replaced by

a boson-only vector ¥, € .%,. A vector with one boson can be written as:
¢ =al(¢)Q, (175)
with ¢ € h = Jy A coherent displacement can then be described using
Wy(p)al(9) = al(e)W,(¢) — [a'(), Wy ()], (176)
where p € h N Sfo. The first expression is easily computed in momentum space:
(@ (o), %_Z W, (K \ k)
i N (177)
= (al(@)W,(p))( Z (H w(kw)> :
=1 00
The commutator [a'(¢), W, ()] is computed using
() lal(ehal@)] =0 s
(k) la(p),a’(9)] = (¢, 9).
We have
' (8), W,(9)] = [al(6), 9] = 3 L [al(6), (a'(0) — a())"]
0 (_1\k
95 S (60 atla(9) ~ ale))
+(a' () — a(p)[a'(9), a(w)](al () — a())"? (179)
+. 4 (d(p) = a(p) " al(¢), alv)])

=(p, )Wy ().
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It is easy to check that all above formulas hold as strong operator identities on
the space of finite-boson states .%4,, (defined in ) By , an application of k
operators of the kin a*(p) € {a(p),a’(¢)} to ¥, € Fg,, is bounded by

(Nmax+k)! n
< T”‘I’yﬂ oo l|™. (180)

max-

| (a0,

This allows to estimate

1 [ (Niax + £+ 1) .
> oy sl 2ol el < s, (181)

keNy max-*

[a* (@)W, () | <
and an analogous estimate shows that W, (p)a*(¢) is well-defined.

Putting together (176 and (179)), we obtain the action of W,(¢) on single-boson
states:

Wy (0)a' (9)2y, = (a'(¢) — (@, )Wy (9)y. (182)

Now, we turn to state vectors with many fermions and one boson, Al(¢)¥,, €
L*(Q,) ® Z,. Further, we go over from dressings by W, (¢) to Wz ;(¢), which is done
replacing a(¢), a'(¢) by A;(¢), A;(gb) Note that A;(¢), A;r(gb) are no longer merely cre-
ating and annihilating bosons, but they also shift a fermion’s momentum. Computations
in run through in almost the same manner. We have to replace (xx) by the CCR

(86]). If j # j', we further use that Vj;/(p*¢) (which replaces (¢, ¢) in (179)) commutes
Wit A (o) and A;,,(gp), so we can still pull it to the left.

The final result is
A (@) = (0, 0)) W if j = j'
Was(@)Al(o) = { (@)~ e oDWinale) - 1T =7
(A5:(9) = Vig (o)W () i #
This is one of the four identities claimed in (107)). The other three identities follow by
summation over j or j'.

(183)

The four identities in ((108)) are obtained analogously. In place of (xx), we use the
CCR together with [A;(¢), Aj/(¢)] = 0 and keep in mind that the factor (—1)"
drops out in (179), which yields the desired result.

It is easy to check that all identities above hold as strong operator identities on the
domain g, defined in (106]). The momentum space definitions of A}(gp), A;(p) in (19)
and directly yield the well-known estimates

[AN @] < [N+ D20 el (A2 < [N flell,  (184)

4Here, we allow f to be a different superscript in each factor. E.g., (a*)* would also represent aaaa’.
5This is shown by a similar fiber decomposition argument, as used in the proof of Lemma
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which are analogous to and allow for employing the same arguments as below (99)).
Thus, all expressions in (107)) and (108]) are well-defined on Zy,.

]

Remarks.

7. If we replace the form factors (k) and ¢(k) in Af(¢) by ¢(p,k) and ¢(p, k)
(as they appear in more realistic QFT models), then [A}(ap), A},(gb)] = 0 will no
longer hold true. The operators A}(qﬁ) change the momentum of the fermion which
is emitting a boson. So when one fermion creates two bosons with different form
factors, which depend on the fermion momentum, then it can make a difference,

which boson is created first. In addition, Vj/;» will no longer commute with A; and

A;r.. In this case, several multi-commutators of the form [A% | [A% ..., [Ag.n, Ag/]]]

Ju g0
with Ag- € {4, A;} appear.

C Proof of Lemma [6.1]

Proof. We evaluate the pullbacks of A(v) and E., keeping in mind that by Lemma [5.4]
U =W(s)Wz1(p)¥m = W(s)Wi(p) V.

e A(v): The commutator [W(s)Wi(p), A(v)] is evaluated using the extended com-
mutation relations established in Lemma
A()U = A(v)W (s)W1 ()W,
= [A(0), W(s)Wi (@)W + W (s)Wi(p) A(v) W,

N (185)

= (M(v,5) + (v,0) + Var (v7) + V (v"s)) 0.

e F..: The self-energy operator (140]) now exactly removes the term M (v, s), so we
have

(A(v) — Ex)V = ((v, ) + Var (v @) + V(v*s)) V. (186)
Now, by Definition [5.4] we may commute (v, ), V and Vi1 with W(s) yielding

W) (A(v) = Exc)W()Wi(9) W = ((v,0) + Var(v'0) + V(075)) Wi () Wi,

= (res1(p) + VI Wi(@)V,, € Fey. (187)

Now, Lemma allows replacing W; by Wz 1, which renders the desired result.
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Remarks.

8. If the form factor v depended on the fermion momentum p, then s = —% would

also depend on p. In that case, W~(s)VW(s) = V will no longer hold true in
general, as the function s(k, p) in the dressing operator W (s) then depends on p
and fermion momenta are changed by V. If (A(v) — Ex)W (s)Wz1(p)W,, is then
expressed in terms of dressed coherent states, multiple commutators appear.

D Proof of Lemma (6.2

Proof. Again, we may use Lemmas [5.3] and [5.4] to write
U =W(s)Wazi(p)V,, = W(s)Wi(¢)V,, € ZF.

Following Proposition we further have Hy ¥, Af(v)¥ € #. We first evaluate (Hy, +
AT(0))W (s)W1(9)¥,, in momentum space and then use Definition [5.3| to pull W (s) to
the left.

e Hy,: The important point is that the expression (Hy,+ Af(v))W (s) cancels terms
in W(s)Ho,,. We therefore investigate the commutator expression [H,, W (s)|Wi(p)¥,,
and compare it to AT(v)W (s)W;()V,,.

First, we note that the application of Hj, to a dressed state just changes one
single photon dispersion relation. Therefore, it is equivalent to applying a creation
operator to the dressed state:

(HoyWi(o)¥,,) (P
H«pHQ N N
(Zw k@’ ) (HQO kf ) mx Pl)
=1 (=1
_ lel 12 N N (188)
(HSO kZ’ ) max P,)
' =1 01£e

(1( PIWi(p) V) (P, K),

with P’ = (p A ke, Dy, - ,P1)- Replacing the dressing Wi (¢) by W (s)Wi(p)
and applying the commutation relations from Definitions [5.3 and [5.4] we obtain

o, W (3)Wi ()W,
~(A1(ws) + Al W) W (Wi ()0, s
= — AW () Wa(p) ¥,

(V)W (s
W ()W () (A} (wep) — (v,9) — Var (v*¢) + (0, w) ) Uy
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Here, we used s*w = ws = —v and Definition [5.4] which allows us to pull the
formal scalar products and the V,;—term past the dressing operators.
By means of ((188) and the commutation relations from Definitions and ,

we also have

W (3) o W5 () 100
=W (5)Wi(9) A} () U + W () Wi (0) (i, ) Ui,
Combining ((189)) and ((190)), we finally obtain
[Hoy, W(s)IWi(@) U (191)

== AW (s)Wi(@) W — W (s)Wi(p) ((v,0) + Var (v ) V.

e Af(v): Here, we do not need to perform any calculations. The appearing term
simply cancels the —AT(v)W (s)W;(¢)¥,, from ((191]).

Now, adding both terms and using Definition (191)) amounts to

([Hoy, W(s)] + AT (0)W (5)) Wi (9) ¥y,
=W (s)W1i(p)( — (v, ) — Var(v*p)) ¥pn (192)
— W (5) = res1 () W (9) Wi

This is equivalent to
(Hoyy + AT(U))W(S)Wl(gO)\IJm = W(s)(Ho,y — resl(w))Wl(go)‘Ifm. (193)

Lemma allows again to replace W; by Wz 1, which yields the final result.

]
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