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Abstract

We construct a spectral sequence converging to the cohomol-
ogy with compact support of the m-th contact locus of a complex
polynomial. The first page is explicitly described in terms of a log
resolution and coincides with the first page of McLean’s spectral
sequence converging to the Floer cohomology of the m-th iterate
of the monodromy, when the polynomial has an isolated singular-
ity. Inspired by this connection, we conjecture that if two germs
of holomorphic functions are embedded topologically equivalent,
then the Milnor fibers of their tangent cones are homotopy equiv-
alent.

1. Introduction and main results

The motivation for this note comes from a question of Seidel, and a
subsequent question by McLean. In [5] Denef and Loeser proved that
the Euler characteristic of the contact loci of a complex polynomial f co-
incides with the Lefschetz number of the m-th iterate of the monodromy
of f . It was observed by Seidel that this in turn coincides with the Euler
characteristic of the Floer cohomology of the same monodromy iterate,
in the case when f has an isolated singularity, and motivated him to
ask what is the relation between the cohomology of the m-th contact
locus and the Floer cohomology of the m-th iterate of the monodromy.
McLean [13] constructed a spectral sequence converging to the Floer co-
homology of the m-th iterate of the monodromy of f , whose first page
is completely described in terms of a log resolution of f , and asked if
there is a similar spectral sequence converging to the cohomology of the
m-th contact locus of f . Our main result is an affirmative answer to this
question, if one takes compactly supported cohomology for the contact
locus.

It is natural to conjecture that the Floer cohomology of the m-th
iterate of the monodromy of f is isomorphic to the compactly supported
cohomology of the m-th contact locus of f , and that this isomorphism

Mathematics Subject Classification. 14E18, 32S55.
Received December 4, 2019.

389



390 N. BUDUR, J. F. DE BOBADILLA, Q. T. LÊ & H. D. NGUYEN

comes from an isomorphism of McLean spectral sequence with ours.
Besides giving very different interpretations of the same object, if true,
our conjecture would endow Floer cohomology of the m-th iterate of
the monodromy with a mixed Hodge structure, and would show that
McLean’s spectral sequence satisfies the same non-trivial degeneration
properties as our spectral sequence.

The conjecture is true if m is the multiplicity of an isolated hyper-
surface singularity. Inspired by this observation, we conjecture also
that if two germs of holomorphic functions are embedded topologically
equivalent, then the Milnor fibers of their tangent cones are homotopy
equivalent.

To state the main result, let X be a smooth complex algebraic variety
of dimension d. For each m ≥ 0, the m-th jet scheme Lm(X) of X is
the variety parametrizing morphisms

γ : SpecC[t]/(tm+1)→ X

of schemes over C. We denote by γ(0) the center of a jet γ, that is, the
image in X of the closed point of SpecC[t]/(tm+1).

Let
f : X → C

be a non-invertible regular function, that is, not a unit in the ring of
regular functions, or equivalently, a regular function with non-empty
zero locus. For a jet γ ∈ Lm(X) we denote by f(γ) the truncated power
series given by the image of s under the morphism of C-algebras

C[s]
γ#◦f#−−−−→ C[t]/(tm+1)

corresponding to the composition f ◦ γ.
Fix a non-empty Zariski closed subset Σ in X0 = f−1(0). The m-th

(restricted) contact locus of f is defined to be

Xm(f,Σ) := {γ ∈ Lm(X) | γ(0) ∈ Σ and f(γ) ≡ tm (mod tm+1)}.
For this to be non-empty, we assume that m > 0.

Let h : Y → X be a log resolution of (f,Σ), that is, a proper mor-
phism from a smooth variety Y such that E = h−1(X0) and h−1(Σ) are
divisors with simple normal crossings and the restriction h : Y \ E →
X \X0 is an isomorphism. By Hironaka, we can and in fact assume that
h is a composition of blowing ups of smooth centers. We denote by Ei
with i in S, the irreducible components of E. We define

mi = ordfEi and νi = ordKY/XEi + 1,

where KY/X is the relative canonical divisor defined by the vanishing of
det dh.
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We assume that h is m-separating, that is, mi+mj > m if Ei∩Ej 6= ∅
for all i 6= j ∈ S. By Lemma 2.9 below, such a log resolution always
exists. We set

A := {i ∈ S | h(Ei) ⊂ Σ},
Sm := {i ∈ A | mi divides m},

and

ki := m/mi

for each i ∈ Sm if Sm is non-empty. Fix a tuple of integers w = (wi)i∈S
with wi ≥ 0 such that the divisor

W = −
∑
i∈S

wiEi

is relatively very ample for h. We can, and we will assume, that wi = 0
if Ei is not an exceptional divisor. For an integer p, we let

Sm,p := {i ∈ Sm | wiki = −p}

if Sm is non-empty, otherwise we set Sm,p to be the empty set as well.
Let E◦i = Ei \ ∪j 6=iEj . Then there exists an unramified cyclic cover

Ẽ◦i → E◦i of degree mi, given locally in a neighborhood U in Y of a
point in E◦i by

{(z, P ) ∈ C× (E◦i ∩ U) | zmi = u(P )−1},

where f ◦ h = u · ymii with yi a local equation for Ei and u an invertible
regular function on U .

Our main result is the following:

Theorem 1.1. Let f : X → C be a non-invertible regular function
on a smooth variety X of dimension d. Let Σ be a non-empty closed
subset of f−1(0), m > 0 an integer, and h : Y → X an m-separating log
resolution of (f,Σ). Then there is a cohomological spectral sequence

Ep,q1 =
⊕
i∈Sm,p

H2(d(m+1)−kiνi−1)−(p+q)(Ẽ
◦
i ,Z) ⇒ Hp+q

c (Xm(f,Σ),Z)

converging to the cohomology with compact support of the m-th contact
locus of f .

Proposition 1.2. After tensoring with Q, only the first d pages of
the spectral sequence {Er, dr}r≥1 can contain non-zero differentials.

Example 1.3. (i) If f = xr ∈ C[x] for some integer r > 0, and Σ is
the origin in X = C, then the identity map is the only log resolution
for (f,Σ) and it is m-separating for any m > 0. Then

Ep,q1 '
{

0 if r - m or (p, q) 6= (0, 2(m− m
r )),

Zr if r | m and (p, q) = (0, 2(m− m
r )).
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Thus the theorem implies that

H∗c (Xm(f,Σ),Z) '
{

0 if r - m or ∗ 6= 2(m− m
r ),

Zr if r | m and ∗ = 2(m− m
r ).

This is compatible with the isomorphism

Xm(f,Σ) '
{

∅ if r - m,
µr × Cm−

m
r if r | m,

where µr is the group of r-th roots of unity, which can be easily checked.
(ii) In the case that f is a product of linear polynomials on X = Cd,

it is shown in [3] that the spectral sequence degenerates at E1.

Remark 1.4. If X = Cd and with the additional assumption that f
has an isolated singularity Σ = {x}, McLean [13, Theorem 1.2] showed
that there exists a spectral sequence

(1.1) ′Ep,q1 =
⊕
i∈Sm,p

Hd−1−2kiνi−(p+q)(Ẽ
◦
i ,Z) ⇒ HF ∗(φm,+)

converging to the Floer cohomology of the m-th iterate of the mon-
odromy φ on the Milnor fiber of f . We note that E1 in this case differs
from ′E1 by a (2dm+ d− 1)-shift in the total degree p+ q, hence up to
relabelling, the two pages are the same.

Conjecture 1.5. If X = Cd and f has an isolated singularity Σ =
{x}, the two spectral sequences {Er, dr}r≥1 and {′Er,′dr}r≥1 are isomor-
phic, and

HF ∗(φm,+) ' H∗+2dm+d−1
c (Xm(f,Σ),Z) .

The conjecture is true if m is the multiplicity of f at the singularity.
More generally:

Proposition 1.6. Let

f = fm + fm+1 + . . .

be a polynomial in d variables vanishing at the origin, where fi are the
homogeneous components of degree i, and m > 0 is the multiplicity of f
at the origin. Let Σ = {0}. Then,

H∗c (Xm(f,Σ),Z) ' H2(dm−1)−∗(F,Z),

where F ' {fm = 1} is the Milnor fiber at the origin of the initial form
fm of f . If in addition f has an isolated singularity at the origin, then
also

HF ∗−2dm−d+1(φm,+, ) ' H2(dm−1)−∗(F,Z).

Recall that Zariski’s Problem A, the multiplicity conjecture, states
that the multiplicity is an embedded topological invariant of a hyper-
surface singularity. On the other hand, Zariski’s Problem B, see [16], has
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counterexamples: there exist embedded topologically equivalent hyper-
surface singularities (even in families) such that the topology of the tan-
gent cones changes drastically, see [8, 2]. However, inspired by Propo-
sition 1.6, we observed that in all these examples the homology of the
Milnor fiber of the tangent cone stays the same. Therefore, we dare to
conjecture that the same is true in general:

Conjecture 1.7. Let f, g : (Cd, 0) → (C, 0) be two germs of holo-
morphic functions. If f and g are embedded topologically equivalent,
then the Milnor fibers of their initial forms are homotopy equivalent.

The conjecture holds if f, g, and their initial forms have isolated sin-
gularities, by [11, Corollary 2.4].
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2. Proof of the main results

We denote by L(X) the space of arcs on X. Recall that an arc on X
is a morphism γ : SpecCJtK→ X of C-schemes. We denote by

πm : L(X)→ Lm(X) and πlm : Ll(X)→ Lm(X)

the truncation morphisms, for 0 ≤ m ≤ l. We let from now on

Xm := Xm(f,Σ),

and
X∞m := π−1

m (Xm) and Xlm := (πlm)−1(Xm).

For an arc γ on X, let γ(0) := π0(γ) denote the center of γ, that is,
the image of the closed point of SpecCJtK under γ, and by f(γ)(t) we
denote the power series associated to the composition f ◦ γ.
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If γ ∈ X∞m , then clearly fred(γ)(t) 6= 0, that is, the generic point of
the arc γ lies in X \X0. Thus, by the valuative criterion of properness
for the map h : Y → X, there exists a unique lifting of γ to an arc γ̃
of Y . We define

X∞m,i := {γ ∈ X∞m | γ̃(0) ∈ E◦i }.

Lemma 2.1. There is a decomposition into mutually disjoint subsets

X∞m =
⊔
i∈Sm

X∞m,i.

Moreover, each X∞m,i with i in Sm is a constructible cylinder in L(X),

that is, the inverse image under πm of a constructible subset of Lm(X).

Proof. If γ is in X∞m , γ̃(0) must lie in some Ei with i ∈ A. If γ̃(0)
lies also in Ej for some j ∈ S with i 6= j, then γ̃(0) ∈ Ei ∩ Ej and so
Ei ∩Ej 6= 0. Since the resolution is m-separating, mi +mj > m. Hence
γ has contact order ≥ mi + mj > m with f , which is a contradiction.
Thus γ̃(0) ∈ E◦i and the disjoint decomposition follows.

Equivalently, the decomposition follows from [7, Theorem A], by not-
ing that

X∞m,i = h∞(Contµ(E)) ∩ X∞m
in the notation of loc. cit., see Appendix A below, where

h∞ : L(Y )→ L(X)

is the induced map on arc spaces, µ = (µj)j∈S with µj = 0 if j 6= i and
µi = ki, and

Contµ(E) = {λ ∈ L(Y ) | ordλEj = µj for all j ∈ S}.
Moreover, h∞(Contµ(E)) is a constructible cylinder in L(X) by loc.
cit., and hence X∞m,i is also a constructible cylinder. q.e.d.

Remark 2.2. We can say more precisely that each X∞m,i with i in

Sm is the pull-back of a constructible subset of Ll(X) for any l ≥
max{2ki(νi − 1), ki(νi − 1) + m}. This follows from the proof of [7,
Corollary 1.7].

Let now l be a positive integer so that each X∞m,i with i in Sm is the

pull-back of a constructible subset of Ll(X). We let

Xlm,i := πl(X
∞
m,i).

Then Xlm,i is a constructible subset of Ll(X) such that

X∞m,i = π−1
l (Xlm,i)

and

Xlm =
⊔
i∈Sm

Xlm,i.



COHOMOLOGY OF CONTACT LOCI 395

We construct a filtration FpX
∞
m of X∞m . For an integer p, we let

FpX
∞
m :=

⊔
i∈Sm, wiki≥−p

X∞m,i,

F(p)X
∞
m := FpXm \ Fp−1Xm =

⊔
i∈Sm,p

X∞m,i.

We define similarly a filtration FpX
l
m of Xlm by replacing ∞ with l.

Lemma 2.3. Given m > 0, for all l � 0 we have: the set FpX
l
m is

Zariski closed in Xlm for every integer p.

Proof. For l � 0 we have that FpX
∞
m is the pullback of FpX

l
m by

the truncation map πl : L(X) → Ll(X). Since X is smooth, it admits
a finite cover by affine Zariski open subsets such that each of them is
an etale open subset of Cd. Since the assertion is local in X for the
Zariski topology, we can assume that X itself is an étale open subset
of Cd. Then the projection πl is a trivial fibration. Hence, it is enough
to prove that FpX

∞
m is closed in X∞m .

Since X, Y are smooth and h is proper birational, we have h∗OY '
OX . Since X is affine there is an isomorphism of rings of global regular
functions

h# : Γ(X,OX)
∼−→ Γ(Y,OY ), φ 7→ φ ◦ h.

Since −W =
∑

i∈S wiEi is an effective divisor, OY (W ) is a sheaf of
ideals of OY . One has thus an ideal of regular functions on X

I := (h#)−1(Γ(Y,OY (W ))).

If γ is an arc on X not completely lying in X0, then its lift γ̃ to an
arc of Y satisfies

ordγI = ordγ̃(−W ),

since OY (W ) is generated by its global sections. Then the set FpX
∞
m

can be expressed as

FpX
∞
m = X∞m ∩ {γ ∈ L(X) | ordγ(I) ≥ −p},

which is closed in X∞m . q.e.d.

Remark 2.4. One can determine a precise lower-bound for l from
m, mi, and wi, similarly to Remark 2.2. From now on we fix l as in
Lemma 2.3.

Lemma 2.5. For any integer p and any i ∈ Sm,p, the set Xlm,i is

Zariski closed in F(p)X
l
m.

Proof. Suppose by contradiction that Xlm,i is not closed in F(p)X
l
m for

some i ∈ Sm,p. Then there exist j ∈ Sm,p different than i, and γ ∈ Xlm,j

such that γ is in the closure Xlm,i of Xlm,i in F(p)X
l
m. Since Xlm,i is a
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constructible set, the usual curve selection lemma holds, see [14]. That
is, there exists a complex analytic curve germ

α : (C, 0)→ (Xlm,i, γ), s 7→ α(s)

such that α(0) = γ, and α(s) ∈ Xlm,i for all s 6= 0 close to 0.

Fix a local section of the truncation morphism πl : L(X)→ Ll(X) in
a neighborhood of γ. Via this section, we view now γ as an arc on X,
and thus α defines a complex analytic surface germ, i.e. a wedge,

α : (C2, (0, 0))→ (X, γ(0)), (t, s) 7→ α(t, s)

such that

(a) α0(t) := α(t, 0) = γ,
(b) αs(t) := α(t, s) is an arc lifting to Y with center on E◦i for all

s 6= 0.

Consider the following diagram

Y

h
��

>>
β

C2
α
// X

which defines the meromorphic map β = h−1 ◦ α. The meromorphic
map β cannot be holomorphic. If so, then β(t, s) would equal α̃s(t) for
all s, t, where α̃s is the unique lifting of αs to Y . The latter is however
not even continuous in s: the lifting α̃0 of α0 has center α̃0(0) ∈ E◦j ,

and the lifting α̃s of αs has center α̃s(0) ∈ E◦i for all s 6= 0. Hence the
map β has non-trivial locus of indeterminacy, which, by a theorem of
Remmert [15, p. 333], is a complex analytic subspace of codimension
≥ 2 since C2 is normal. By Hironaka, the locus of indeterminacy of β
can be resolved by a sequence of blow ups:

Z
β̄ //

σ
��

Y

h
��

==
β

C2
α
// X.

Here Z can be defined as a log resolution Z → C2×XY of the locus where
the natural holomorphic map C2×X Y → C2 fails to be biholomorphic.

Let F = σ−1(0) = ∪j∈JFj be the exceptional divisor of σ. Let Ls be
the line {(t, s) | t ∈ C} in C2. Let

σ∗L0 =
∑
j∈J

bjFj + L̃0

be the total transform of L0 under σ, where L̃0 is the strict transform
of L0. For s 6= 0, Ls does not meet the origin, and so σ∗Ls = L̃s. The
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composition

Z → C2 pr2→ C
gives by definition a rational equivalence between the cycles determined
by its fibers. Hence the cycles σ∗Ls and σ∗L0 are rationally equivalent
for any s. As a consequence we have an equality of intersection products

[σ∗Ls] · β̄∗W = [σ∗L0] · β̄∗W.

Note that, β̄∗W is supported on the exceptional divisor F , since W is
supported on the exceptional divisor E. Hence β̄∗W is a compact cycle,
and thus the intersection product is well-defined. We have the following
equalities

[σ∗Ls] · β̄∗W = [L̃s] · β̄∗W = β̄∗L̃s · [W ] = ordα̃s(W ) = p,

and

[σ∗L0] · β̄∗W = [L̃0] · β̄∗W +
∑

bj [Fj ] · β̄∗W

= β̄∗[L̃0] ·W + (
∑

bj β̄∗Fj) ·W

= ordγ̃(W ) + (
∑

bj β̄∗Fj) ·W

= p+ (
∑

bj β̄∗Fj) ·W,

where γ̃ = α̃0. Hence we obtain that

(
∑

bj β̄∗Fj) ·W = 0.

Since the bj are non-negative, by Kleiman ampleness criterion we obtain
bj = 0 for all j such that β̄(Fj) is not collapsed to a point. But this
means that the map β has no indeterminacy, which is a contradiction.

q.e.d.

For the following we will fix possibly-higher value for l than up to
now, one such that Lemma 2.7 applies.

Lemma 2.6. For every i ∈ Sm, Xlm,i is a smooth complex variety of

dimension d(l+ 1)−kiνi−1, and it has the same homotopy type as Ẽ◦i .

Proof. We consider the induced morphisms

h∞ : L(Y )→ L(X) and hl : Ll(Y )→ Ll(X)

and denote

Y∞m,i := h−1
∞
(
X∞m,i

)
and Ylm,i := h−1

l

(
Xlm,i

)
.

Note that

Y∞m,i = {γ ∈ L(Y ) | (f ◦ h)(γ) = tm + (higher order terms) ∈ CJtK,
and γ(0) ∈ E◦i }.
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The morphism
π0 : Y∞m,i → E◦i , γ 7→ γ(0)

factorizes through the cyclic cover Ẽ◦i → E◦i and a morphism

π̃0 : Y∞m,i → Ẽ◦i ,

which we define as follows. Let U be any open neighborhood in Y of a
point in E◦i such that f ◦ h = u · ymii in U , where yi is a local equation
for Ei and u is an invertible regular function on U . Then the restriction
of π̃0 on the open subset (π0)−1(U) ∩ Y∞m,i is given by

π̃0(γ) := (ac(yi(γ)), γ(0)) ,

where ac(yi(γ)) denotes the coefficient of the lowest order power of t in

the power series yi(γ). To check that the image of π̃0 lies indeed in Ẽ◦i ,
note that the power series (f ◦ h)(γ) is

tm + (higher order terms) = u(γ) · yi(γ)mi .

Thus
(ac(yi(γ)))mi = (ac(u(γ)))−1 = u(γ(0))−1.

Define
π̃l0 : Ylm,i → Ẽ◦i

similarly to π̃0. Since X∞m,i = π−1
l (Xlm,i), one has Y∞m,i = π−1

l (Ylm,i)
as well, where we abuse the notation and denote also by πl the map
L(Y ) → Ll(Y ). Since l is very big, cf. Remark 2.4, it follows that π̃0

factorizes through π̃l0.
We consider now the following diagram

Ylm,i
hl //

π̃l0
��

Xlm,i

Ẽ◦i

In this diagram, the morphism hl is a locally trivial fibration with fiber
C(νi−1)ki , by Lemma 2.7 below. The lemma is then completed by the
following observation: the morphism π̃l0 is a locally trivial fibration with
fiber Cdl−ki . To prove this claim, fix an open neighborhood U in Y of
a point P0 in E◦i as above. Note that Ẽ◦i ∩ (C × U) is the restriction
above E◦i of the étale cyclic cover

Ũ = {(z, P ) ∈ C× U | zmi = u(P )−1} p2−→ U.

Let (z0, P0) be a fixed point in Ẽ◦i ∩ Ũ above P0, and let Ω be a small

open neighborhood of (z0, P0) in Ũ . Note that the projection onto the

first coordinate defines a regular invertible function on Ũ , whose inverse
we denote by ũ. The function ũ plays the role of u1/mi , the latter being
not necessarily well-defined on U ; that is, ũ satisfies ũmi = u ◦ p2. Then
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ỹi := ũyi is a local equation for Ẽ◦i in Ω, and f ◦ h ◦ p2 = ỹmii . Since
ỹi is smooth, it forms part of an étale local system of coordinates on
Ω. Since forming of jet schemes is compatible with étale morphisms by
[4, Lemma 4.2], it follows that π̃l0 is trivialized above Ẽ◦i ∩Ω with fiber
isomorphic to

{γ ∈ Ll(Ω) | γ(0) = (z0, P0) and ac(yi(γ) = z0 and

ỹmii (γ) ≡ tm mod (tm+1)} '

' {γ ∈ Ll(Ω) | γ(0) = (z0, P0) and ỹi(γ) ≡ tki mod (tki+1)} '

' {γ ∈ Ll(Cd) | γ(0) = 0 and x1(γ) ≡ tki mod (tki+1)} ' Cdl−ki .

q.e.d.

Lemma 2.7. The morphism hl : Ylm,i → Xlm,i is a Zariski locally-

trivial fibration with fiber C(νi−1)ki for l� 0.

Proof. As in the proof of Lemma 2.1, the map Ylm,i → Xlm,i is obtained
by base-change from the map

πl(Contµ(E))→ hlπl(Contµ(E)),

since Xlm,i = hlπl(Contµ(E)) ∩ Xlm for l � 0. Thus the claim follows
immediately from Theorem A.4 in the Appendix. q.e.d.

Theorem 2.8. Let f : X → C be a non-invertible regular function on
a smooth complex algebraic variety X of dimension d, Σ a non-empty
closed subset of f−1(0), m > 0 an integer, and h : Y → X an m-
separating log resolution of (f,Σ). For all l� 0, there is a cohomological
spectral sequence

Ep,q1 =
⊕
i∈Sm,p

H2(d(l+1)−kiνi−1)−(p+q)(Ẽ
◦
i ,Z)

converging to Hp+q
c

(
Xlm(f,Σ),Z

)
.

Proof. By Lemma 2.3, there is a finite filtration of Xlm = Xlm(f,Σ)
by Zariski closed subsets

Xlm = F0X
l
m ⊃ F−1X

l
m ⊃ · · · ⊃ FpXlm ⊃ Fp−1X

l
m ⊃ · · · .

This induces a spectral sequence converging to H∗c (Xlm,Z) such that

Ep,q1 = Hp+q
c (F(p)X

l
m,Z).

It follows from Lemma 2.5 that F(p)X
l
m =

⊔
i∈Sm,p X

l
m,i is the irreducible

decomposition of F(p)X
l
m. Hence we have

Hp+q
c (F(p)X

l
m,Z) '

⊕
i∈Sm,p

Hp+q
c (Xlm,i,Z).
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By the smoothness of Xlm,i proven in Lemma 2.6 and Poincare duality,
this is in turn isomorphic to⊕

i∈Sm,p

H2(d(l+1)−kiνi−1)−(p+q)(X
l
m,i,Z).

Since Xlm,i and Ẽ◦i are homotopy equivalent by Lemma 2.6, we obtain

Hp+q
c (F(p)X

l
m,Z) '

⊕
i∈Sm,p

H2(d(l+1)−kiνi−1)−(p+q)(Ẽ
◦
i ,Z).

q.e.d.

Proof of Theorem 1.1. Since X is smooth it admits a cover {Xi}i∈I by
Zariski open subsets such that each Xi is an étale open subset of Cd.
Then, for each i ∈ I there is an isomorphism Ll(Xi) ' Lm(Xi)×Cd(l−m)

such that the truncation morphism πlm : Ll(Xi) → Lm(Xi) is the first
projection. We conclude that πlm : Ll(X)→ Lm(X) is a Zariski locally

trivial fiber bundle, with fiber Cd(l−m). Since Xlm = (πlm)−1Xm, we have

that Xlm is a locally trivial fiber bundle over Xm with fiber Cd(l−m). The
trivializing open subsets are Xm ∩ Lm(Xi) for i ∈ I.

Let cl and cm be the constant maps sending Xlm and Xm to a point
respectively. The spectral sequence of the composition of the functors
R(cl)! = R(cm)!R(πlm)! has

Ep,q2 = Hp
c (Xm, R

q(πlm)!ZXlm
)

and converges to
Hp+q
c (Xlm,Z).

Observe that Hq
c (Cd(l−m),Z) ' Z if q = 2d(l − m) and it is equal

to 0 otherwise. Then Rq(πlm)!ZXlm
is 0 if q 6= d(l −m). By Poincaré–

Verdier duality [6, Theorem 3.3.10] over the ring of coefficients Z, the

rank one local system R2d(l−m)(πlm)!ZXlm
is the dual of the local system

with fibers H0(Cd(l−m),Z) = Z · [pt] given by πlm on Xm, where [pt] is
the 0-homology class of a point in a fiber of πlm. Since the affine space
is path-connected, every loop in Xm will send [pt] to itself, and hence

R2d(l−m)(πlm)!ZXlm
is the constant local system Z on Xm. Therefore, we

obtain
H∗c (Xlm,Z) ' H∗−2d(l−m)

c (Xm,Z).

Thus, replacing q with q + 2d(l −m) in Theorem 2.8, one obtains the
claim. q.e.d.

Proof of Proposition 1.2. The spectral sequence of a filtration by alge-
braic closed subsets of a complex algebraic variety can be lifted to the
category of mixed Hodge structures by [1, Lemma 3.8]. Then the spec-
tral sequence from Theorem 2.8, after tensoring with Q, is a spectral
sequence of Q-mixed Hodge structures once the Tate twists are taken
into account. The rational structure is necessary in order to lift the
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Poincaré duality, cf. [9]. More precisely, the proof of Lemma 2.6 shows
that that there is an isomorphism of Q-mixed Hodge structures

Hk
c (Xlm,i,Q) ' H2di−k(Ẽ◦i ,Q)∨ ⊗Q(−di)

for every integer k, where di = dimXlm,i. Since Ẽ◦i is a smooth variety

of dimension d − 1, it follows that for non-zero groups Hk
c (F(p)X

l
m,Q),

the weights on are contained in

[k − d+ 1, k] ∩ [0, k].

Since this interval has length at most d and the differentials of the
spectral sequence are morphisms of mixed Hodge structures, the result
follows. q.e.d.

Proof of Proposition 1.6. We prove that for every q, there is at most
one non-zero term among Ep,q1 , and respectively among ′Ep,q1 .

Let h0 : Y0 → X = Cd be the blowup at the origin. Let E0 be the
exceptional divisor. Let D = f−1(0), and let D̃ be the strict transform
of D. Then

D̃ ∩ E0 ' f−1
m (0) ⊂ Pd−1 ' E0.

Moreover, since fm is a homogeneous polynomial, the closed subset
F = {fm = 1} of Cd is the Milnor fiber of fm. The associated map

F → Pd−1 \ f−1
m (0)

to the complement of the zero locus in the projective space of fm, send-
ing a point to the line connecting it to the origin, displays F as the
cyclic cover Ẽ◦0 of degree m of E◦0 = E0 \ D̃ ∩ E0.

Let h : Y → X be an m-separating log resolution of (f,Σ) factoring
through Y0, with Σ consisting of the origin only. Abusing slightly the
notation, we denote by E0 the strict transform of E0. Then the multi-
plicity of every exceptional divisor Ei in E = h−1(0) is > m, and it is
equal to m only if i = 0. Therefore, the index set

Sm,p =

{
{0} if p = −w0,
∅ if p 6= −w0.

One obtains thus for every q that

E−w0,q
1 = H2(dm−1)−(−w0+q)(Ẽ

◦
0 ,Z) ' H−w0+q

c (Xm(f,Σ),Z)

by Theorem 1.1, and

′E−w0,q
1 = H−1−d−(−w0+q)(Ẽ

◦
0 ,Z) ' HF−w0+q(φm,+)

by (1.1). The claim now follows. q.e.d.

Finally, we provide a proof of [13, Lemma 2.4] since the proof in loc.
cit. contains a false claim (i.e. the inequality aY − bY < aY ′ − bY ′ does
not necessarily hold).
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Lemma 2.9. Let X be a smooth complex algebraic variety of dimen-
sion d, f a non-invertible regular function on X, Σ a non-empty closed
subset of f−1(0), and m > 0 an integer. There exist m-separating log
resolutions of (f,Σ).

Proof. Let h : Y → X be a log resolution of (f,Σ) and let E =
(f ◦ h)−1(0) =

∑
i∈SmiEi be the pull-back of the divisor f−1(0) with

Ei the irreducible components of E. For I ⊂ S, let EI = ∩i∈IEi.
Let ∆ be the dual complex of the simple normal crossings divisor E,

whose vertices are labelled by S and for every irreducible component of
an EI with I ⊂ S one attaches a (|I| − 1)-dimensional cell. Each vertex
i ∈ S of ∆ comes with the associated multiplicity mi. For a cell σ of
∆, the multiplicity is defined mσ as the sum of the multiplicities of its
vertices. Define

M(∆) = min{mσ | σ is a 1-cell of ∆}
and

M(∆) = { 1-cells σ of ∆ | mσ = M(∆)}.
Consider the blowup Y ′ of Y along a non-empty intersection Ei ∩Ej

corresponding to a 1-cell σ in M(∆). Let ∆′ be the associated dual
complex. Then ∆′ is the stellar subdivision of ∆ at σ, see [10, §9]. The
multiplicity of the new vertex in ∆′ is mσ = mi+mj . The multiplicities
of the other vertices remain the same. Therefore, M(∆′) ≥M(∆).

If M(∆′) = M(∆), then M(∆′) = M(∆) \ {σ}. We repeat the
blowing up process |M(∆)| − 1 times. The resulting modification Y ′ →
X then satisfies that M(∆′) > M(∆).

Repeating this process, we have achieved after finitely many steps
that M(∆′) > m. q.e.d.

Appendix A.

The goal of this appendix is to prove Theorem A.4, a particular case of
the local triviality claimed in [12, Lemma 9.2] whose proof was deemed
“easy” and not included.

The notation in this appendix is independent of the notation from
the introduction.

For a smooth complex variety X, an ideal subsheaf I of OX corre-
sponding to a closed subscheme Z, and a natural number m, we denote
the (non-restricted) m-contact locus by

Contm(Z) = Contm(I) = {γ ∈ L(X) | ordγ(I) = m}.
For a reduced closed subscheme with the decomposition D = ∪iDi into
irreducible components, and for a tuple m = (mi)i of natural numbers,
the (non-restricted) multi-contact loci are defined as

Contm(D) = {γ ∈ L(X) | ordγ(Di) = mi for all i}.
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We recall that by πl : L(X) → Ll(X) we mean the truncation map
from arcs to l-jets on X, and for a morphism µ : Y → X, the associated
maps on arcs and jets are denoted by µ∞ : L(Y ) → L(X) and µl :
Ll(Y )→ Ll(X), respectively.

The contact loci are cylinders since Contm(Z) = π−1
l πl(Contm(Z))

for l ≥ m, and Contm(D) = π−1
l πl(Contm(D)) for l ≥ max{mi}.

Lemma A.1. Let 2 ≤ ν ≤ d be integers and let

µ : Y = Ad → X = Ad

be the map given in coordinates by xi = ydyi for i = 1, . . . , ν − 1, and
xi = yi for i = ν, . . . , d. Let m ∈ N. Then the map

µl : πl(Contm(yd))→ µlπl(Contm(yd))

is a trivial fibration with fiber C(ν−1)m for l ≥ m.

Proof. Note that µ : Y → X is an affine chart of the blowing up of
X at a linear subspace of codimension ν, and yd is a defining function
for the exceptional divisor. Consider the exact sequence

(A.1) µ∗ΩX
dµ−→ ΩY → ΩY/X → 0.

Then

dµ =

(
ydIν−1 A
O Id−ν+1

)
,

where Ik is the k × k identity matrix, O is a zero matrix, and A is the
matrix with only the last row nonzero

A =

O y1
...

yν−1

 .

Hence, multiplying dµ on the left by the appropriate invertible matrix,
we can effect a change of basis so that

dµ =

(
ydIν−1 O
O Id−ν+1

)
.

For any arc γ ∈ Contm(yd), one therefore has

γ∗(dh) =

(
uγt

mIν−1 O
O Id−ν+1

)
,

for some invertible uγ ∈ CJtK.
It is shown in the proof of [12, Lemma 9.2] that the fiber of

µl : πl(Contm(yd))→ µlπl(Contm(yd))

through πl(γ) is the vector space

Kl(γ) := HomCJtK(γ
∗ΩY/X ,CJtK/(tl+1)).
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This is the kernel of the linear map

HomCJtK(γ
∗ΩY ,CJtK/(tl+1))→ HomCJtK((h ◦ γ)∗ΩX ,CJtK/(tl+1))

induced γ∗(dµ) via the exact sequence (A.1). Hence

Kl(γ) = [tl−m+1CJtK/(tl+1)]×ν−1 × {0}×d−ν+1

does not depend on the choice of γ, and it is isomorphic to C(ν−1)m as
a C-vector space. q.e.d.

The second proof. It suffices to prove the case d = ν = 2, because the
general case for d and ν is similar. Let us consider the morphism µ :
A2 → A2 given by (x, y) 7→ (xy, y). By definition, Contm(y) is the
subscheme of L(A2) consisting of (ϕ,ψ) with ψ of order m. Thus we
can identify πl(Contm(y)) with

{(a0, . . . , al; bm, . . . , bl) ∈ A2l−m+2 | bm 6= 0},

and identify µl : πl(Contm(y))→ µlπl(Contm(yd)) with

(a0, . . . , al; bm, . . . , bl)

7→ (a0bm, a0bm+1 + a1bm, . . . , a0bl + · · ·+ al−mbm; bm, . . . , bl).

We now consider the morphism

(µl,prAm) : πl(Contm(y))→ µlπl(Contm(yd))×k Am

sending (a0, . . . , al; bm, . . . , bl) to

(a0bm, a0bm+1+a1bm, . . . , a0bl+· · ·+al−mbm; bm, . . . , bl; al−m+1, . . . , al).

This morphism is an isomorphism because given (um, . . . , ul; bm, . . . , bl;
al−m+1, . . . , al) in the target, the following system of linear equations,
in variables (a0, . . . , al−m),

a0bm = um

a0bm+1 + a1bm = um+2

· · · · · · · · ·
a0bl + · · ·+ al−mbm = ul

is a Cramer system due to bm 6= 0. q.e.d.

Lemma A.2. Let µ : Y → X = Ad be the blowing up of X along a
linear subspace Z = Ad−ν . Let E be the exceptional divisor. Let m ∈ N.
Then the map

µl : πl(Contm(E))→ µlπl(Contm(E))

is a Zariski locally-trivial fibration with fiber C(ν−1)m for l ≥ m.

Proof. In this case, µ∞(Contm(E)) = Contm(Z) since µ is a log res-
olution of (X,Z), by [7, Theorem A].
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There is an open covering Y = ∪νi=1Yi with Yi ' Ad such that the
restriction µ : Yi → X is as in Lemma A.1 for a suitable choice of
coordinates. For each i, the set

πl(Contm(E ∩ Yi)) = {γ ∈ πl(Contm(E)) | γ(0) ∈ Yi}
is open in πl(Contm(E)).

We show now that the set µlπl(Contm(E ∩ Yi)) is also open in
µlπl(Contm(E)). It consists of truncations πl(γ) of arcs γ ∈ Contm(Z)
with the tangent line at the center γ(0) contained in the normal direc-
tions to Z given by E ∩ Yi.

Letting Z be the zero locus of I = (x1, . . . , xν), where x1, . . . , xd are
coordinate functions on X, the last condition means the following. The
exceptional divisor E ' Pν × Z is the projectivization of the normal
bundle of Z in X, which is trivial. An arc γ centered on Z gives a
well-defined point of E, the center of the unique lifting to an arc on Y ,

γ̃(0) =
dγ

dt

∣∣∣∣
t=0

× γ(0) ∈ Pν × Z = E,

where
dγ

dt

∣∣∣∣
t=0

=

[
d(x1(γ))

dt
, . . . ,

d(xν(γ))

dt

]∣∣∣∣
t=0

∈ Pν

is the point with homogeneous coordinates given by the coefficients of
tv−1 of the derivatives of xi(γ)(t) with respect to t, with

v = min{ordγxi | i = 1, . . . , ν} = ordγ(I).

Thus, for a fixed i in {1, . . . , ν}, the point γ̃(0) belongs to E \ (E∩Yi) if
and only if the respective homogeneous coordinate of (dγ/dt)|t=0 is zero.
That is, if and only if ordγxi > v. The last condition is a Zariski-closed
condition on arcs, as well as on l-jets for l ≥ v.

Thus for a fixed i in {1, . . . , ν},
µlπl(Contm(E ∩ Yi))

= µlπl(Contm(E)) ∩ {γ ∈ Ll(X) | γ(0) ∈ Z and ordγxi ≤ m}

is open in µlπl(Contm(E)) for l ≥ m.
Since

µl : πl(Contm(E ∩ Yi))→ µlπl(Contm(E ∩ Yi))

is a trivial fibration with fiber C(ν−1)m by Lemma A.1, the claim follows.
q.e.d.

Lemma A.3. Let µ : Y → X be the blowing up of a smooth variety
X along a smooth subvariety Z. Let E be the exceptional divisor. Let
m ∈ N. Then the map

µl : πl(Contm(E))→ µlπl(Contm(E))

is a Zariski locally-trivial fibration with fiber C(ν−1)m for l ≥ m.
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Proof. It is enough to cover X by open affine subsets U and prove
the claim for the restriction µ−1(U) → U instead of Y → X. Let ν be
the codimension of Z. Since the sequence of locally free sheaves

0→ IZ/I
2
Z → ΩX → ΩZ → 0

is exact, we can find U and sections x1, . . . , xd of OX(U) with x1, . . . , xν
generating IZ(U), dx1, . . . , dxd trivializing ΩX(U), and dx1, . . . , dxν
trivializing ΩZ(U). Thus we obtain a base change diagram

Z ∩ U //

��

Ad−ν

��
U // Ad,

with the horizontal morphism being étale and the vertical ones closed
immersions. Thus µ−1(U) → U is the étale base change of the blow-
ing up of Ad along the linear subspace Ad−ν . The claim follows from
Lemma A.2 and the compatibility of jet schemes with étale morphisms.

q.e.d.

In what follows, the definition of a log resolution is more relaxed than
in the introduction: we do not assume it anymore to be an isomorphism
outside a fixed closed locus.

Theorem A.4. Let µ : Y → X be a log resolution of an ideal subsheaf
I of OX obtained by successively blowing up smooth centers. Let I ·OY =
OY (−

∑
imiEi), where Ei are the irreducible components of the zero

locus E of I · OY , and mi ∈ N. Let k = (ki)i be a tuple of natural
numbers. Then for l� 0 the map

µl : πl(Contk(E))→ µlπl(Contk(E))

if a Zariski locally-trivial fibration with fiber Ce with e =
∑

i ki ·
ordKY/XEi.

Proof. The proof of [12, Lemma 9.2] covers the claim except the
fibration is only showed to be piecewise locally-trivial.

Factor µ : Y → X into

Y = Y N µN−−→ Y N−1 → . . .
µ2−→ Y 1 µ1−→ Y 0 = X,

with

µj : Y j → Y j−1

the blowing up along a smooth closed subvariety Zj−1 of Y j−1. Let Ej

be the exceptional divisor introduced by µj .
Let

µj,k = µk ◦ µk+1 ◦ . . . ◦ µj : Y j → Y k
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for k ≤ j. Define

Yj = µN,j∞ (Contk(E)) ⊂ L(Y j),

so that we obtain a tower of surjective maps

Contk(E) = YN → YN−1 → . . .→ Y1 → Y0 = µ∞(Contk(E))

induced by the maps µj∞ : L(Y j)→ L∞(Y j−1).
By [7, Theorem 2.1] applied to the proper birational map µN,j : Y =

Y N → Y j , each Yj is a cylinder. The proof of this fact also shows that

Contk(E) = YN is a union of fibers of µN,j∞ : L∞(Y N ) → L∞(Y j) for

each j. That is, YN = (µN,j∞ )−1(Yj) for all j. Thus

Yj = (µj∞)−1(Yj−1)

for all j as well. Since µN,j is a log resolution of (Y j , Zj) and of (Y j , Ej),
by loc. cit. we have that

Yj ⊂ Contpj (Zj) and Yj ⊂ Contqj (Ej),

for

pj =
∑
i

ki · ordZjEi and qj =
∑
i

ki · ordEjEi = pj−1.

The cylinder property allows us to draw the same conclusions for
l-jets for l� 0. Define

Y
j
l := πl(Y

j).

Then for l� 0,

Yj = π−1
l (Yjl )

and we have a tower of surjective maps

πl(Contk(E)) = YNl → YN−1
l → . . .→ Y1

l → Y0
l = µlπl(Contk(E))

induced by the maps µjl : Ll(Y
j)→ Ll(Y

j−1), such that

Y
j
l = (µjl )

−1(Yj−1
l ),

Y
j
l ⊂ πl(Contpj (Zj)) and Y

j
l ⊂ πl(Contqj (Ej)).

Therefore, the map Y
j
l → Y

j−1
l is obtained by base change from the map

πl(Contqj (Ej))→ µjlπl(Contqj (Ej)) = πl(Contpj−1(Zj−1)),

which is Zariski locally-trivial by Lemma A.3. Thus each map Y
j
l →

Y
j−1
l is a Zariski locally-trivial fibration, and so the composition YNl →

Y0
l is as well. q.e.d.
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Milnor number of weighted-Lê-Yomdin singularities. Int. Math. Res. Not. IMRN
22 (2010), 4301–4318. MR2737772, Zbl 1210.32011.

[3] N. Budur, T. Q. Tue, On contact loci of hyperplane arrangements.
arXiv:2002.08480.

[4] J. Denef, F. Loeser, Germs of arcs on singular algebraic varieties and motivic
integration. Invent. Math. 135 (1999), 201–232. MR1664700, Zbl 0928.14004.

[5] J. Denef, F. Loeser, Lefschetz numbers of iterates of the monodromy and trun-
cated arcs. Topology 41 (2002), 1031–1040. MR1923998, Zbl 1054.14003.

[6] A. Dimca, Sheaves in topology. Universitext, Springer-Verlag (2004), xvi+236
pp. MR2050072, Zbl 1043.14003.
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