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In this work a methodology to perform rheological studies on Smoothed Dissipative Particle Dynamics under arbitrary
flow configurations is introduced. To evaluate the accuracy and flexibility of the proposed methodology viscometric
studies for Newtonian fluids under pure shear, pure extension, and arbitrary flows in bulk or near walls are introduced.
The applicability of this methodology to obtain viscoelastic properties of non-Newtonian fluids, such as polymer solu-
tions is also presented. The new computational approach offer relevant advantages in a variety of applications ranging
from multiscale simulations to rheological characterization of complex flows.

I. INTRODUCTION

In a Newtonian fluid, the presence of different components
such as colloids, polymers or cells can affect its rheological
characteristics1. Moreover, as the fluid deviates from its New-
tonian behavior the appearance of normal stresses start play-
ing an important role when the flow occurs under confinement,
near to walls or objects, for example. These features usually
render the characterization and modeling of complex fluids
a complicated task. Experimentally, the characterization of
complex fluids greatly relies on shear and extensional flows
using a variety of geometrical configurations. Computation-
ally, different particle-based methods have been used to model
equivalent shear and extensional flows. However, challenges
to reproduce complex flow configurations or mix flows are
still subject of investigation.

Traditionally, particle-based methods resort on shear flow
configurations2 such as Poiseuille or Couette schemes. Due
to the inherent features of shear flow, simulations can be ef-
ficiently conducted under periodic boundary conditions (BC),
either deforming the simulation domain via Lees-Edwards3

methodology, or with fixed domains using reverse Poiseuille
flow4,5 or moving walls6–8. Computational studies involving
extensional flow configurations can be conducted applying an
irreversible transformation of the simulation box9–11. How-
ever, when the contracting size of the domain reaches the lat-
tice spacing between particles, the simulations must be inter-
rupted, imposing serious restrictions on the duration of the
simulation. Currently, a well-established approach to model
extensional flows use periodic boundary conditions based on
the idea of Kraynik and Reinelt12 (KR) to model the planar ex-
tension. Improvements of KR boundary conditions have been
proposed to model combinations of elongational and shear
flows of simple fluids in two13 and three dimensions14,15, as
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well polymer melts16. Alternatives to model uniaxial exten-
sional flow without box deformation11,17,18 have also been
proposed imposing constant velocities within the simulation
domain. However, these methodologies have not been ex-
tended for arbitrary flows.

In general, Kraynik-Reinelt boundary conditions appears as
the most suitable approach to model flows combining exten-
sional and shear configurations14,15,19 under the proper lattice
remapping procedure and under homogeneous conditions. In
KR boundary conditions the temporal deformation of the sim-
ulation follows the streamlines of the flow, and at a specific
frequency given by the elongational field, the particles are
mapped back to recover the initial shape of the simulations.
Thus, simulations do not need to be stopped. The mapping of
the cell to its original configuration requires, first the existence
of a finite minimum spacing between lattice points, and sec-
ond that the lattice can be generated by two equivalent basis
vectors, at two different times14,15. Restrictions in the use of
KR arise when the mapping to reset the position of the parti-
cles is unknown, or when the system contains heterogeneities
which deformation is not congruent with the one imposed in
the domain. For example, aggregates, colloids, or solid walls.
In general, the simulation steady elongational flows to extract
extension-related rheology properties is still cumbersome.

Other relevant boundary conditions that has been proposed
to model complex flows include rigid walls with arbitrary
shape20, inlet-outlet flows21, and time-dependent flows22.
These type of BCs model walls either explicitly using groups
of congruently moving particles23, or implicitly using effec-
tive forces that account for interactions between the fluid and
wall to impose no-slip BCs22. For flow boundary conditions,
the reported methodologies include pseudo planes or regions
within the simulation domain where the particles fluxes and
velocities are adjusted through effective force contributions
that mimic inflow and outflow conditions.22

Over the last decade different computational methods have
been successfully to model Newtonian and non-Newtonian
fluids. Among the available methods in the literature
smoothed dissipative particle dynamics (SDPD) has emerged
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as a suitable tool to accurately simulate complex fluids at dif-
ferent scales24,25. Smoothed dissipative particle dynamics26

is a particle-based method that discretizes the Navier-Stokes
equations and incorporates thermal fluctuations associated
with mesoscales. SDPD is a thermodynamic consistent
combination of smoothed particle hydrodynamics27–29 (SPH)
and dissipative particle dynamics26 (DPD). SDPD has been
succesfully used in the modelling of blood30–33, colloidal
suspensions34–36, micro37 and nano fluidics, tethered DNA38

and multiscale coupling strategies39,40.
Here, a methodology to simulate arbitrary flow configura-

tion (a.k.a velocity boundary conditions) for SDPD is intro-
duced to facilitate the rheological characterization of complex
fluids. This approach is simple yet well suited to model both
homogeneous and heterogeneous flows, allowing simulations
of bulk and near-wall conditions for fluids under pure shear,
pure extension, and mixed flow. Additionally, the selection
of arbitrary BC allows us to telescope any region of a ve-
locity field. Compared to the existent alternatives to model
specific types of flow (shear or extensional), our methodol-
ogy requires an increase in the degrees of freedom typically
used, that can range from fifty per cent for small systems, to
twenty per cent for a larger system, as described in the results
sections. However, given the current performance of compu-
tational clusters and code parallelization, the overhead in the
computational cost is acceptable, compared with the gain in
the level of complexity of the simulated systems, as well as
the flexibility and simplicity on its implementation. The flexi-
bility to model mix flows, in both homogeneous and heteroge-
neous conditions makes the proposed methodology suitable to
investigate a variety of flow phenomena, including biological
channels, polymer solutions, membranes.

In the following sections, first, the smoothed dissipative
particle dynamics discretization of the fluctuating Navier-
Stokes equations is presented, then, the proposed method-
ology to impose arbitrary flow configurations is introduced.
Next, the validation procedure is described, followed by the
corresponding discussion of the results obtained. Without
loss of generality, we streamline the validation of our method-
ology, focusing on two-dimensional simulations. However,
the boundary conditions approach adopted can be extended to
three dimensional systems.

II. SMOOTHED DISSIPATIVE PARTICLE DYNAMICS

In smoothed dissipative particle dynamics26,41 fluids are
modelled as a set of discrete particles with position ri and ve-
locity vi. As a convention, we use the subindex i and j to iden-
tify the discrete particles. As it is customary in DPD, the evo-
lution of the system is determined by the forces acting on each
particle, such that dvi/dt = fi = ∑ j

(
fc
i j + fd

i j + fr
i j

)
+ fexternal

i ,
where the index c, d, r, and external stand for conservative,
dissipative, random, and external force contribution. For a re-
view in SDPD the reader is referred to the recent publication
of Ellero and Español24.

If we consider the isothermal Navier-Stokes (NS) equations

in a Lagrangian reference frame the mass balance is given by
dρ/dt = ∇ ·v, and the momentum equation reads

ρ
dv
dt

+∇p−η∇
2v−

(
ζ +

η

D

)
∇∇ ·v = fexternal, (1)

for D = 2,3, where p is the pressure, whereas η and ζ are the
standard shear and bulk viscosity. We discretize the system as
a set of N particles with a volume Vi, such that 1/Vi = di =
∑ j W (ri j,h), being di the number density of particles, ri j =
|ri− r j|, and W (ri j,h) an interpolant kernel with finite sup-
port h and normalized to one. To discretize the NS equations
we also define the positive function Fi j = −∇W (ri j,h)/ri j.
Hence, in SDPD we have that the evolution equation for the
particles position is dri/dt = vi, whereas the discrete density
di and the deterministic part of the momentum equation (1),
without external forces, can be expressed as26

m
ddi

dt
= ∑

j
Fi jri j ·vi j (2)

m
dvi

dt
=−∑

j

[
pi

d2
i
+

p j

d2
j

]
Fi jri j︸ ︷︷ ︸

fc
i j

−∑
j

fd
i j︷ ︸︸ ︷

[ai jvi j +bi j(vi j · ei j)ei j]
Fi j

did j
, (3)

where vi j = vi − v j, m is the mass of the particle, ai j and
bi j are friction coefficients related to the shear η and bulk
ζ viscosities of the fluid through ai j = (D+2)η/D− ζ and
bi j = (D+ 2)(ζ +η/D). D being the dimension of the sys-
tem.

The stochastic term accounting for thermal fluctuation
reads

m
dṽi

dt
= ∑

j

fr
i j︷ ︸︸ ︷(

Ai jdWi j +Bi j
1
D

tr[dWi j]

)
· ei j, (4)

where ṽ corresponds fluctuating velocity of the particles, thus
account for the stochastic contributions on the momentum bal-
ance. Both equations 3 and 4 are related according to the gen-
eral equation for non-equilibrium reversible-irreversible cou-
pling (GENERIC) formalism. Here Wi j is a matrix of inde-
pendent increments of a Wiener process for each pair i, j of
particles, and Wi j is its traceless symmetric part, given by

dWi j =
1
2
[
dWi j +dWT

i j
]
− δ αβ

D
tr[dWi j],

where D is the dimension of the system. To satisfy the
fluctuation-dissipation balance the amplitude of the thermal
noises Ai j and Bi j are related to the friction coefficients ai j
and bi j through

Ai j =

[
4kBTai j

Fi j

ρiρ j

]1/2

, (5)

Bi j =

[
4kBT

(
bi j−ai j

D−2
D

)
Fi j

ρiρ j

]1/2

, (6)
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III. ARBITRARY FLOW CONFIGURATION

Herein, we consider a domain Ω⊂RD (with D = 2,3) with
a boundary ∂Ω, where the velocity of the system is consistent
with the discretized Navier-Stokes equations, satisfying 〈v〉=
v̄ on ∂Ω× (0,T ). These correspond to Dirichlet boundary
conditions. In SDPD, the velocity field corresponds to the
ensemble average of the velocity, 〈v〉. However, to streamline
our discussion, in the remaining of this document we will omit
〈·〉. Our goal is to introduce a set of computational boundary
conditions suitable to model arbitrary flow configurations of
an incompressible fluid. In this context, we aim to impose a
target v̄(x) in ∂Ω, that satisfies ∇ · v̄ = 0.

A. Computational boundary conditions

We adopt a domain decomposition that consists of three
different regions, as presented in Figure 1. i) the core re-
gion, Ω, where the underlying physical behavior of the fluid
is simulated and their viscometric properties measured. ii)
the boundary-condition region, Ωbc, that surrounds the core.
This region prescribes the flow configuration and the bound-
ary conditions consistent with v̄. iii) the buffer region, Ω0, that
is the outermost region of the domain and helps to equilibrate
the boundary conditions. Each region has a characteristic size
l, lbc, and l0, corresponding to the core, boundary-condition,
and buffer region, respectively. Particles in the whole sim-
ulation domain are allowed to move between the different
regions, which ensures mass conservation if smooth density
fluctuations across the domain are satisfied. Globally, we use
periodic boundary conditions that warrant the overall mass
conservation of the system. With this scheme, we can im-
pose arbitrary flow configurations while retaining the flexibil-
ity of the traditional periodic boundary conditions in particle-
based methods. The use of different regions within the sim-
ulation domain has been previously explored to impose flow
boundary condition21,22 and multiscale coupling42–44. How-
ever, in those investigations, additional effective forces op-
erate on the boundary regions to impose the desired BCs.
Here, the velocity is explicitly prescribed at the boundary-
condition region, whilst the whole domain is modelled with
the same force contribution. We propose a domain decompo-
sition that is consistent with those adopted on heterogeneous
multiscale methods45,46, therefore, it is also suitable to cou-
ple with continuum-based solvers that provide velocity gradi-
ents information to microscales, and retrieve stress informa-
tion from microscales.

The number of particles required for a simulation with the
size of the core typically scales as N ∝ lD, whereas the scaling
for the total number of particles simulation in the proposed
methodology takes the form Np ∝ (l + 2lbc + 2l0)D, leading
to overhead in the computational cost. In particular, we can
estimate the added number of particles for the boundary and
buffer region as

Nbc ∝ (D−2)(2lbc)
2 +2D(lbcl(D−2)+ lbcl(D−1) (7)

N0 ∝ (D−2)(2l0)2 +2D(l0(l +2lbc)
(D−2)

+ lbc(l +2lbc)(D−1) (8)

The cost of the boundary-condition region can be compared
with the cost of explicitly modelling a walled domain. Thus it
should not impose a significant overhead compared with other
approaches that deal with confined domains, for example. We
consider the overhead in the computational cost is mostly re-
lated to the number of particles required for the buffer region.
Consequently, we express the relative increment in the re-
quired number of particles as N0/N. In the Results section,
we identify the minimal overhead required to recover the vis-
cosity of a fluid accurately.

1. Boundary-conditions region

For rectangular domains, we have that ∂Ω=∑k ∂Ωk, where
k is the number of edges (2D) or faces (3D). We can express
the imposed velocity as v̄= v̄nΨm, where v̄n is a set of n point-
wise target velocities, and Ψm a set of basis m functions that
interpolate the target velocity in the Ωbc domain. Here, to
describe our methodology, we adopt a bilinear (2D) or trilin-
ear (3D) interpolation of the velocity field into Ωbc. How-
ever, if the velocity field require a higher order interpolation
scheme, other alternatives are compatible with our approach.
We consider Ψ = {ψ1,ψ2}x∪{ψ1,ψ2}y∪{ψ1,ψ2}z. The ba-
sis functions in the direction α , for α = x,y,z are defined as
ψ1α = 1− ζα and ψ2α = ζα , where ζal pha = (α − lbc)/l. In
Figure 1, we present a sketch for a two dimensional interpola-
tion, in particular, we indicate the linear interpolation between
v̄1 and v̄2 at the interface between the core and the boundary-
condition region. The linear interpolation extends over the
full lenght of the l +2lbc within Ωbc in order to ensure a con-
tinuous transition of the velocity across the interface. For the
bilinear interpolation illustrated in Figure 1 the velocity v̄(x,y)
in Ωbc is fully defined through v̄n = {v̄1, v̄2, v̄3, v̄4}, such that

v̄ = ψ2y

(
v̄1ψ1x + v̄2ψ2x

)
+ψ1y

(
v̄4ψ1x + v̄3ψ2x

)
(9)

Within the region Ωbc, the position of each particle defines
its velocity given the interpolated velocity v̄(x,y). In contrast,
the thermal fluctuations at mesoscale determine the variance
of the velocity by 〈v〉2 = DkBT/m, where D is the dimension-
ality, and m is the mass of the SDPD particle. In principle, the
presented approach involves the control of the velocity of the
particle at each time step. However, it is possible to set the
velocity of the particles at certain time intervals, such that the
target velocity is recovered up to certain tolerance. This ap-
proach offers a significant gain in computational performance
for systems with low energy dissipation. Additionally, since
the size lbc, of the boundary-condition region need to be large
enough to warrant the development of a stable velocity profile
while avoiding an excessive increment in the number of addi-
tional particles, the implementation of the BCs require the cal-
ibration of both region size lbc and velocity-update frequency.
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FIG. 1. Sketch of the regions defined for SDPD simulations, and the type of boundary conditions defined according to the target velocity
field. The velocities defined on the nodes of the sketch are linearly interpolated on the region Ωbc using the basis functions ψ1 and ψ2. The
interpolated velocity field in then imposed over the whole extend of Ωbc to ensure a continuous transition at the interface between Ω and Ωbc.
Our approach allows us to define rigid walls in the simulations domain while modelling extensional and shear flows.

In the results section, we further discuss the effect of both pa-
rameters.

In the absence of mean flow in any of the k edges of the
boundary (v̄k = 0), it is defined two types of schemes, open
and closed boundaries. Both types satisfy 〈v〉= 0 and 〈v〉2 =
DkBT/m′ to ensure the correct temperature distribution across
the core and boundary-condition regions. However, for closed
boundaries the position of the particles is fixed xbc(t) = x̄(0),
which corresponds to model rigid walls. This implies that
boundary particles are accounted consistently during the force
calculation of the fluid using virtual velocities, but the position
of the wall particles is not updated. In the case of open bound-
aries, since particles are allowed to move between regions dif-
fusive transport occurs. For closed boundaries, no-penetration
of the wall is ensured given the density dependent potential
of SDPD23. Additionally, to reduce density fluctuation near
closed walls, a random distribution of the frozen particles in
the wall is used20,23, such that the spurious effects of particle
layering is avoided. In Figure 1, we include a scheme of the
type of boundary conditions used, indicating two cases where
the system contains rigid walls. We highlight that the pres-
ence of rigid walls in the simulation domain prohibits the use
of KR boundary conditions that require box deformation.

2. Buffer region

The primary role of the buffer region is to couple the pe-
riodic boundary conditions of the whole simulation domain
while keeping the proper momentum and mass balance of
the system. In principle, the buffer serves as a source/sink

stabilizing the fluxes of momentum and mass within the Ω

and Ωbc regions. Therefore, as the velocity gradients become
more stringent, the buffer requires a bigger thermal capacity
to keep up stabilizing the simulation domain. The capacity
of this buffer region can be prescribed either by increasing its
volume or adjusting its temperature. Increasing the volume
of the Ω0 region ensures the thermal stability of the whole
simulation domain. However, it may lead to overhead in the
computational cost due to the larger number of particles. In
contrast, adjusting the temperature of the buffer eases the re-
quirement to use a larger volume, but it may induce tempera-
ture gradients that make the simulation unstable. In practice,
since the target domain to investigate corresponds to Ω, if the
fluctuations within the buffer do not disrupt the core behavior,
both approaches to control the buffer are suitable. Further dis-
cussion about the different approach will be presented in the
following section.

IV. VISCOMETRIC CALIBRATION

As a validation of the proposed arbitrary-boundary-
condition scheme, first, we investigate the existence of spu-
rious effects associated with the size of the simulation and
ensure the stability of the domain decomposition. To this end,
we conduct a number of simulations to evaluate the response
of the system for various regions size, l, lbc/l, and lo/l. Next,
to evaluate the consistency and robustness of our methodol-
ogy we conduct viscometric studies for Newtonian fluids un-
der pure shear, planar extension, and arbitrary flow in two
dimensions, as illustrated in Figure 2. The velocity profiles
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presented in this work can be generalized in the form

v =

 ε̇x γ̇xy 0
γ̇yx − 1

2 ε̇(1+q)y 0
0 0 − 1

2 ε̇(1−q)z

 , (10)

where q is a free parameter, ε̇ and γ̇x are the strain and shear
rate, respectively. The values of ε̇ , γ̇x, γ̇y, and q define the
flow configuration47. As an example, for simple shear we set
ε̇ = γ̇y = 0, whereas for shear-free flows γ̇x = γ̇y = 0. For
shear-free conditions the magnitude of q allows us to model
uniaxial-extensional flow (q = 0) or planar-extensional flow
(q = 1). For Newtonian flows, the term η∇2v from the bal-
ance of momentum (1), can be written as the divergence of
the stress tensor, τ , where τ = η [∇v+(∇v)T ]. We express
the stress tensor for the different flow configurations investi-
gated in the formτxx τxy 0

τyx τyy 0
0 0 τzz

= η

 2ε̇ γ̇x + γ̇y 0
γ̇x + γ̇y −ε̇(1+b) 0

0 0 −ε̇(1−b)


(11)

We start out by verifying the input viscosity η0 of the fluid via
shear and planar extensional flow. From (11) we observe that
the viscosity, for both simple-shear (ε̇ = γ̇y = 0) and planar-
extensional (q = 1, γ̇x = γ̇y = 0) flow can be determined as

τxy = ηsγ̇x, and τxx− τyy = ηeε̇ = 4ηsε̇, (12)

respectively. Where τxx− τyy correspond to the first normal
stress difference, and the subindex s and e denote the flow
configuration used to measure the viscosity, shear or exten-
sional, respectively. In the case of planar extensional flow,
given the flexibility of our methodology to model arbitrary ve-
locity profiles, we simulate two flow configurations, one that
captures the stagnation point in the domain, and another with
a velocity field that corresponds with planar extension away
from the stagnation point, as shown in Figure 2. In order to
compute the components of the stress tensor, we adopt the
Irving-Kirkwood (IK) methodology48 as described below.

I-K methodology

This approach applies a space and time averaging to obtain
a representative stress measure. In general, IK uses a weight-
ing function wIK(r,x) for the spatial averaging, whereas time
averaging is conducted over a range on Nt time steps. The total
stress is given by τ(x; t) = τK(x; t)+ τP(x; t), where τK(x; t)
and τP(x; t) account for kinetic and potential contributions to
the stress tensor. The kinetic part is given by49

τ
K(x; t) =− 1

Nt

Nt

∑
n=1

[
∑

i
mi wIK(ri(n)−x)M vi(n)⊗M vi(n)

]
,

(13)
where M vi(n) is the relative velocity of the particle i at time
step n. In IK approach, if ϕi j is the magnitude of the force
between particles i and j, it is considered that the force term

can be expressed in central force decomposition as

fi j(n)⊗ ri j(n) =
ϕi j(n)ri j(n)

ri j(n)
,

With this, the potential part of the stress tensor reads

τ
P(x, t) =

1
2Nt

Nt

∑
n=1

∑
i, j
i6= j

fi j(n)⊗ ri j(n)B(x;ri(n),r j(n))


(14)

where B(x;ri(n),r j(n)) is a bond function given by
B(x;u,v) =

∫ 1
s=0 wIK ((1− s)u+ sv−x)ds. The bond func-

tion is the integrated weight of the bond for a weighting
function centered at x. The stress given by (13) and (14) is
widely known as the Hardy stress. The Hardy stress is re-
duced to other well-known stress measures by selecting spe-
cific weighting functions and taking suitable limits. If the
weighting function wIK(y− x) is taken as constant within a
domain Ωa, and zero elsewhere, wIK = 1/Vol(Ωa) if y ∈ Ωa.
If additionally, the bond function B is calculated only with
bonds fully contained in Ωa, we would have B(x;ri,r j) =
1/Vol(Ωa) for i− j ∈Ωa. Since the rheological characteriza-
tion we are interested to model is focused on the core region,
for the measurement of the stress tensor we consider Ωa ⊂Ω.
If we consider the core is divided in k bins of size lk (as illus-
trated in Figure 2), the computation of the stresses can be con-
ducted taking Ωa from each of the k bins. For the particular
case, k = 1, then Ωa =Ω, and the measured stress corresponds
to the mean value of the whole core region. For k > 1, each
bin determines its temporal average separately, providing the
spatial distribution of the stresses in the core.

In addition to the different spatial sampling approach, the
temporal sampling adopted (number of time steps Nt ) is im-
portant to ensure a proper rheological characterization of the
system. The number of times steps Nt required, in princi-
ple, determine a characteristic time scale of the investigated
system. Henceforth, unsteady problems with temporal scales
larger than this characteristic time scale can also be investi-
gated using this approach. However, a proper denoising and
ensemble averaging would be required. Applications of the
proposed methodology to unsteady conditions are subject of
future investigations.

We should remark that the measured viscosity η , in SDPD,
may exhibit kinetic, potential, dissipative contributions50 (i.e.
η = ηkin +ηpot +ηdiss) depending on the state of the system,
such as Reynolds number and temperature. Thus, variations
between the measured and input viscosity can occur depend-
ing on physical condition of the system simulated. Here, we
conduct simulations in flow regimes that allow us to mea-
sure effective viscosity dominated by the dissipative, ηdiss
contribution. We characterize the regime of the system in
terms of the Reynolds number Re = v̄(l)/η , and the ratio be-
tween inertial to diffusive effects through the Péclet number
Pe = hv̄η/kBT , being h the size of the finite support for the
interpolation kernel.
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FIG. 2. Example of the different flow configurations used to evaluate our methodology. All types of flow are given by (10). For planar exten-
sional flow both stagnation and stagnation-free configurations were explored. The measurement of the stress tensor of the core is computed
by dividing the core in bins of size lk, thus at each bin we determine the spatio-temporal average of the stress. Additionally, the rheological
characterization of the system is also conducted using the mean-stress of the whole core.

A. Simulations details

To describe the variation of the pressure with the density of
the system we adopt the Cole equation (a.k.a. Tait’s equation
of state) given by

pi =
c2ρ0

7
[
(ρi/ρ0)

7−1
]
+ pb (15)

where c is the speed of sound on the fluid, and ρ0 is the ref-
erence density. The term c2ρ0/7 correspond to the reference
pressure of the system, given by c2 = ∂ p/∂ρ|ρ=ρ0 . The pa-
rameter pb is a positive background pressure that provides
numerical stability by keeping the pressure of the system al-
ways positive. The maximum value of pb is chosen such that
the conservative force does not affect the measured effective
viscosity51. Here, we restrict to incompressible flows, as to
Mach numbers on the order of 0.1, such that, Ma = v̄/c . 0.1.
For the the interpolant function we adopt the Lucy kernel26

typically used in SDPD

W (r) =

{
w0
hD

(
1+ 3r

h

)(
1− r

h

)3
, r/h < 1.

0, r/h > 1,
(16)

where w0 = 5/π or w0 = 105/16π for two or three dimen-
sions, respectively.

For the region calibration studies, we varied the size l of
the core region in the range 4h− 25h, with values lbc of
[1h,2h,3h]. To evalute the efficacy of changing the volume of

the buffer, the size l0 was changed from various values from
h to 25h, to explore ratios 0.5 < l0/l < 1.5, depending on the
size of the core. To study the effect of the temperature kBT0
of the buffer, we defined the range of values to change the
temperature as m inf{v̄} ≤ kBT0 ≤ msup{v̄}. In this way we
minimize the generation large temperature gradients between
the core and buffer.

For planar extensional, we present the viscosity ηe accord-
ing to (12), using both the normal stress as measured (τxx and
τyy), and the shear-free stress components (τ1 and τ2) from the
principal stress, given by

τ1 =
τxx + τyy

2
+

√(
τxx− τyy

2

)2

+ τ2
xy,

τ2 =
τxx + τyy

2
−

√(
τxx− τyy

2

)2

+ τ2
xy. (17)

The use of the shear-free components indicates the magni-
tude of the numerical error of our simulations to capture fully-
extensional flow with τxy = 0.

For most of the simulation, unless otherwise stated, the sys-
tem condition that we used are presented as follows. We con-
ducted simulations at kBT = 1, in systems with a mass den-
sity ρ = 1, and set an interparticle distance dx = 0.2, lead-
ing to a mass per particle m = 0.04 and m = 0.008, for two
and three dimensions. The size of the kernel h for SDPD
was set as 4dx. This size has shown to provide a good res-
olution to model incompressible Newtonian flow35. For the
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fluid properties, we set a fluid viscosity η = 3.0, bulk viscosity
ζ =η(2D−1)/(D), a reference mass density ρ0 = 1, an artifi-
cial speed of sound c = 80. The bulk viscosity is adopted such
that angular momentum conservation is satisfied24,28. The
background pressure pb from (15) was varied in the range
[0− 400] depending on the simulation conditions to obtain
better statistics. Since, the integration of the equations of
momentum must satisfy the incompressibility of the system
and ensure numerical stability, to define the time-step size in
our simulations, we choose the smaller time scale between the
Courant-Friedrichs-Lewy condition δ t = h/(4(v̄+ c) and the
viscous time scales, δ t = h2/(8ηρ)50. Thus, the size of the
time steps was fixed on δ t = 1e− 4 to ensure lower density
fluctuations. Random particle distribution for rigid walls is
achieved by running an initial equilibration stage of the whole
system during ten thousand steps. After that the position of
wall particles is fixed.

Oligomer solutions and melts

To conduct experiments for non-Newtonian fluids, we con-
struct oligomers containing two and four SDPD particles
linked through bond potentials52. The bond connectivity
of the oligomers is maintained by the a finitely extensi-
ble nonlinear elastic (FENE) potential of the form Ufene =
−1/2ksλ

2
maxln

[
1− (r/λmax)

2
]
, where ks and λmax are the

bond energy constant and maximum distance between con-
nected particles, respectively. Otherwise stated, in our sim-
ulations we adopt ks = 25kBT/λ 2

max and λmax = 1.5dh. We
characterize the oligomers in the system through its end-to-
end vector R f , to determine the mean end-to-end distance and
orientation as

〈R f 〉2 = 〈|R f |〉2 and 〈θ〉= arccos
〈

R f · v̄
|R f ||v̄|

〉
,

respectively. The mean orientation angle 〈θ〉 is estimated on
the range 0 to π/2, such that θ = 0 indicates a chain fully
aligned with the flow, and θ = π/2 when is perpendicular.
Thus, for systems without favored orientation or not-flow, it
is expected to have a distribution of angles with a mean orien-
tation 〈θ〉 ≈ π/4 = 45o. Additionally, the size of the chains
under no-flow conditions is denoted as R∗f

V. RESULTS

A. Boundary condition region

In order to impose the proper velocity profile in the
boundary-condition region, Ωbc, we can control two param-
eters the size of the region lbc and the velocity-update fre-
quency. The overkill solution for this region corresponds to
the scheme where a large size lbc >> h of the boundary-
condition is used and the velocity of the particles in that region
is set at every time step. However, in order to reach an opti-
mal balance between accuracy and computational efficiency,

we evaluate the effect of lbc and frequency of velocity update
over the imposed velocity profile and measured viscosity. As
the accuracy criteria, we require that 〈|v|〉> 0.95|v̄|, where v̄
is the imposed target velocity. We identify that a sizes lbc > 2h
of the boundary condition region warrant the proper velocity
field imposition independently of the overall size of the do-
main. Thus, for the sake of computational efficiency, we fix
the size of the boundary region lbc = 2h in all our simulations.

Since the energy-dissipation rate of the system conditions
the velocity-update frequency, thus, highly dissipative sys-
tems require a more frequent verification and update of the
imposed velocities. Since the dissipation rate depends on the
viscosity of the system, we evaluate the velocity decay for
different input viscosities η0, as presented in Figure 3. Fig-
ure 3.a presents the velocity decay in a reverse Poiseulle flow,
where a initial velocity |v|0 > vthermal is imposed in the sys-
tem at time t0 and then is left to thermal equilibration. The
velocity decay is given by 1− (〈|v|〉− |v|0)/|v|0. The specific
dependence of this decay will depend then on the particular
regime simulated and can be in principle be approximated as
an exponential decay function of the effective relaxation time.
For practical purposes, we find the direct measurement of this
decay as depicted in Figure 3.a a good estimate to define the
velocity-update frequency for the different simulations. To re-
call that the effective viscosity of the system also has potential
contributions that can affect the selection on the updating fre-
quency, in Figure 3.a we also include the velocity decay for
two systems with the same input viscosity η0, but different
conservative interactions given by ρ0 = 1.0 (solid line) and
ρ0 = 0.9 (dashed line).

In addition to the velocity decay, we evaluate the actual re-
sponse of a system composed of the proposed computational
boundary conditions. For a planar-extensional flow configu-
ration, with η0 = 3 and ρ0 = 0.9 we varied the frequency of
velocity update and measured viscosity η/η0 and the veloc-
ity field within the core region, as presented in Figure 3.b and
Figure 3.c, respectively. η is inferred from the measured vis-
cosity from (12). For the measured velocity field, we compute
the norm of the error with respect to the theoretical velocity
profile given by the imposed velocity at Ωbc. The norm of
the error is given by ‖ v ‖= ∑k

√
[(v− v̄)/v̄]2, where v̄ corre-

sponds to the theoretical velocity field in the core, and k indi-
cate a discrete set of bins of size 0.5h. For the range of vis-
cosities investigated, we found that velocity updates required
to be performed at least every 20 time steps for the highest
viscous case η0 = 20. In the remaining of the document, we
fix the update in the imposed velocity every 104t, to ensure
negligible disturbances in the imposed v̄. Consequently, the
relative error (||v||) on the imposed velocity profile in the dif-
ferent simulations are on the order of 10−2, as depicted on
Figure 3. In principle, this error can be further reduced for
systems with lower Reynolds or larger Peclet numbers.

B. Buffer and core region

In Figure 4, we compile the results of the effect of buffer
and core size over the measured viscosity, for both pure shear
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FIG. 3. a) Initial velocity |v|0 decay for different input fluid viscosi-
ties η0 in a reverse Poiseuille configuration and reference density
ρ0 = 1 (solid lines). The effect of potential contributions can lead to
higher apparent viscosities as depicted by the dashed line for η0 = 3
and ρ0 = 0.9. In general, for all range of viscosities evaluated the
interval 10 M t showed to be enough to warrant the desired tolerance.
For practical purpose, to mantain the velocity at Ωbc we required an
update frequency such that 〈|v|〉 > 0.95|v̄|, indicated by the dashed
line. b) Measured viscosity for a planar extensional flow for differ-
ent frequencies of velocity update. c) L 2-norm of the error between
the imposed extensional velocity profile imposed in the boundaries
and the velocity profile reproduced by SDPD. The plots correspond
to two different velocity-update frequency, and the contours indicate
the norm of the error ||v||, whereas ||v|| is the mean of the error.

(Figures 4.a-d) and shear-free (Figures 4.e-f) flows. In gen-
eral, pure shear flows exhibit greater flexibility to be accu-
rately reproduced in small domains l > 5h with l0/l ≈ 0.1.
Whereas for adequately modeling extensional flow the size of
the core and buffer need to be increased l > 8h with l0/h≈ 4.
The difference in relative size requirement for these types of
flows stems on the existence of opposite velocity fronts (for
extensional flows) at the periodic boundaries of the buffer re-
gion. In such cases, larger buffer regions ensure the proper
damping of shock waves that can alter the core. In Figures
4.a-d we compile the effects of buffer and core size for pure
shear. From the probability density function of the normalized
stress, τxy/(η0γ̇x) in Figure 4.b. We confirm that the measure-
ment of the shear stress is not affected by the buffer as shown
for ratios l0/l = 0.1 and l0/l = 1.2. Since the measured vis-
cosity may be affected by kinetic, potential, and dissipative
contributions50, deviations on η/η0 > 1 indicate a viscosity
increment due to potential contributions18. Therefore, they
can be easily controlled by the pressure of the system. In
4.c we include the results for a system with ρ0 = 0.9 (dashed
lines), where the potential contributions to η are more notice-
able. However, even for those conditions, core-size effects re-
main negligible. This is confirmed by the probability density
function of the normalized stress in Figure 4.d, where for dif-
ferent core-sizes the distribution is practically unchanged, and
their mean value depends only on the reference density. The

ratio between the measured viscosity and the input viscosity
η/η0 significantly reduces as the Reynolds number of the sys-
tem decreases. As we present in Figure 5, the magnitude of
η/η0 converges to the unity for larger input viscosities (lower
Re). Under this flow regime, the dissipative contribution to the
measured viscosity dominates, whereas kinetic and potential
effect are negligible50. Figure 5 also includes the probability
density function of the measured stress in the whole domain
as the viscosity of the system changes. We can observe that
the increase in viscosity reduces the variance of the computed
stress tensor, improving the accuracy of the measured viscos-
ity. This effect can be attributed to the reduction in the thermal
fluctuations of the particles, due to an increment Pe.

For shear-free simulations (planar extension), we identify
that the critical size of the regions is slightly larger than pure-
shear flows. Figure 4.c presents the variation of the measured
Trouton ratio for planar extensional flow as the size of the
buffer changes. For the regime of strain rates investigated,
it was identified that buffer sizes below 3h exhibit deviations
of the measured ηe/ηs. Smaller buffers are unable to con-
trol fluctuations on Ωbc thus affecting the behavior the core.
Since larger buffer regions would increase the overall compu-
tation cost, in the remaining of this document a buffer size of
3.75h, to ensure an adequate accuracy on the measured stress.
Buffer region sizes on this order would entail an overhead
in the number of particles required N0/N, ranging between
twenty to fifty per cent, as depicted in the inset on 4.c. The in-
set of Figure 4.c presents the variation on the overhead N0/N
for different values of the core size l/h and various buffer
size l0/h. In general, since accurate results can be obtained
for relatively small buffer sizes ≈ 4h, the overhead required
decreases significantly as the size of the simulated core in-
creases. In practice, the additional cost incurred due to the use
of the buffer did not represent a noticeable limitation, as the
boundary conditions can straightforwardly implemented and
tested on the highly parallelizable software53 that used tradi-
tional periodic boundary conditions. In Figure 4.d we include
the Trouton ratio with respect to the measured shear viscos-
ity ηs and the input viscosity η0. As we discussed previously,
the potential contributions on the effective viscosity are re-
sponsible for deviations of around ten per cent for the input
viscosity. However, these deviations do not represent a major
artifact on the rheological behavior of the investigated fluid,
as the ratio between the effective extension and shear viscosi-
ties is consistent with the theoretical value of ηe/ηs = 4, for
planar extensional flow.

C. Shear and planar-extensional viscosity

As an initial benchmark, we validate the proposed
boundary-condition scheme to reproduce the shear-
independent viscosity for a Newtonian fluid. In Figure
6 we present the computed viscosity for different shear rates,
for two different viscosities. At low viscosities, the difference
in the measured viscosity and input viscosity are in the order
of one to five per cent. However, as presented before in
Figure 5 this difference is reduced when the viscosity of
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FIG. 4. Effect of buffer region size and core over the measured viscosity for pure shear and planar extension. a). Viscosity measured for pure
shear configuration for different ratios l0/l, with two different size l and ρ0 = 1.0. b) probability density function of normalized τxy/(η0γ̇x)
for simulations with ratio l0/l = 0.1 and l0/l = 1.2 evidencing that the measurement of the shear stress is not affected by the buffer size. c)
Measured viscosity for different core size with, l0/l = 0.4 and two ρ0. d) probability density function of normalized stress for the different
core size in (c) with ρ0 = 0.9 (dashed) and ρ0 = 1 (solid), evidencing that measured stress is not affected by core-size. e-f ) Trouton ratio
measured (e) varying buffer size with fix l/h = 12.5, and (d) varying core size with fix l0/h. The inset in (e), corresponds to particle overhead
(N0/N) for different core and buffer size. For comparison, in (f ) the Trouton ratios are computed both from the input viscosity, η0, and the
measured shear viscosity, ηs.

the system increases. For lower viscosities, the increase on
the shear rate also evidence an improvement on η . This is
associated with a narrower distribution of measured stress
as depicted by the probability density function of the stress
in the inset plot of Figure 6. The reduction in the error of
the measured viscosity is consistent with the reduction of the
variance of the response variable. Similar to the effect of
higher viscosities, the increment on γ̇ rises the Peclet number
of the system, reducing the effects of thermal fluctuations.

In Figure 7, we showcase the deformation of a droplet at

two different time steps during planar-extensional flow. Prop-
erties of both fluid and droplet are identical. Thus capillary
effects are neglected. However, the current setting allows for
different pair interactions to include capillary effects, allowing
multiple phases investigation in shear6, extensional flow54,55,
or any arbitrary flow configuration as described here. For most
of the simulations, we compute the stress tensor and derive the
corresponding shear and extensional viscosity using (13) and
(14) over the whole volume of Ω. Thus, the sampled viscosity
corresponds to a point-wise sample of size Ω. Nevertheless,
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FIG. 5. Measured viscosity η for different input viscosities η0. Inset
plot correspond to the probability density function of the measured
stress in the whole domain as the viscosity of the system changes.
Larger viscosities reduce the variance of the computed stress tensor
improving the accuracy of the measured viscosity

.

FIG. 6. Measured shear viscosity for different shear rates γ̇x. The dif-
ference in the measured viscosity are in the order of one to five per-
cent, however this difference is reduced as the shear rate increases.
The reduction of the error correlates with the narrower distribution of
the response variable, for larger shear rates. In the inset we present
the probability density function for the stress τxy, evidencing a re-
duction in the variance of the measured stress at larger shear rates.

an alternative approach that allows the calculation of spatially
dependent properties is also feasible. In Figure 7 we include
the measured Tr ratio across the simulation domain, evidenc-
ing that the domain decomposition adopted allows for a more
localized calculation of the stress tensor, which is adequately
modeled in the whole domain (Tr ≈ 4.0) including near Ωbc.
In Figure 7 the red marks correspond to extensional viscosity
computed from (12) using the measured diagonal components
of the stress tensor, τxx and τyy, whereas the blue mark uses
the corrected shear-free stresses, τ1 and τ2 (see (17)). Thus,
evidencing the adequacy of the proposed methodology to cap-
ture pure shear-free flows. Similarly, low-density fluctuations
are verified across Ω to avoid spurious effects. For the differ-
ent strain rates evaluated, larger density fluctuations can po-

tentially occur at the stagnation point. Therefore, in all the
simulations, we only use strain rates with density fluctuations
no larger than five per cent.

FIG. 7. a) Planar extension of a liquid droplet located at the center of
the domain. Red color is used to indicate the evolution of the liquid
droplet, however the properties of the surrounding fluid and droplet
are identical. b) Profile of the computed Trouton ration Tr = ηe/ηs
across the domain. Shear free extensional flow adequately captured
with the proposed boundary conditions. The red marks correspond
to extensional viscosity computed from equation (12) using the mea-
sured diagonal components of the stress tensor, τxx and τyy, whereas
the blue mark uses the corrected shear-free stresses, τ1 and τ2 (see
equation (17)). The expected value Tr = 4 for planar extension is
included for comparison. The inset plot indicates the density fluctu-
ations within the domain, given by the ratio between the measured
density across the simulation ρmeas and the input density ρ = 1.0.

D. Arbitrary flow configurations

In Figure 8 and Figure 9 we show the flexibility of the
proposed methodology to capture a variety of flow configu-
rations, ranging from simple shear to arbitrary velocity profile
(satisfying divergence-free condition). Figure 8 corresponds
to the pure shear and extension cases, whereas Figure 9 cor-
responds to mixed flows obtained by varying the shear rates
γ̇x and γ̇y, as well as the strain rate, ε̇ . For the sake of com-
parison, we include the corresponding analytical velocity field
of the different flow configuration investigated. We highlight
the consistency of both the boundary-conditions approach and
SDPD to capture the velocity profile in the whole region Ω,
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whereas the velocity is only imposed on the region Ωbc. The
former is in contrast with RK methodologies13 where the ve-
locity field act as a constrains over the whole domain. We
should remark that for the different flow configurations de-
picted in Figures 8 and 9 the error obtained for the analytical
solution may increase in the regions near stagnation points.
These type of conditions present in significant general chal-
lenges in particle-based methods due to compressibility arte-
facts. Thus special care must be taken when defining the flow
regime and simulation conditions. In our simulations, the rel-
ative difference remains on the order of 10−2 as presented for
the pure-planar extensional flow in Figure 3

In Figure 10, we present the velocity streamlines obtained
for flows passing a rigid wall. Two cases are explored, flow
passing a square corner and flow against a wall. The proposed
domain decomposition allows a straightforward combination
of a standard rigid or moving wall boundary conditions52,56,
whereas incorporating the target constraint velocity on free
boundaries Ωbc, as depicted on Figures 10.a. This feature al-
lows rheological investigations on confined systems incorpo-
rating both near-wall effects and arbitrary flow configurations.
In 10.b density and temperature profile for a wall-bounded
simulation is included to demonstrate that a proper control is
achieved. As a special case of flow against a wall in Figure
10.c, we present the velocity profile on a domain that does not
contain an explicit rigid wall. In this case, the fluid velocity
on that face is prescribed as v̄ = 0. The scheme of Figure 10.c
differs from Figure 10.b because particles are able to move
through the boundary by diffusion, whereas in the rigid wall,
fluid penetration is not allowed. From a practical standpoint,
the scheme proposed in Figures 10.c is suitable to model per-
meable membranes, where flow velocity at the membrane in-
terface can be controlled via v̄, whereas the permeation of the
membrane is adjusted independently through potential inter-
actions and thermal fluctuations.

E. Oligomeric melts and solutions

So far, we have verified that the domain decomposition pro-
posed, reproduces up to a good approximation, a target arbi-
trary flow configuration for Newtonian fluids. It also char-
acterizes the rheological behavior adequately in both open
and near-wall conditions. Now, we explore the flexibility of
our methodology and SDPD, to model viscoelastic fluids. In
Figure 11, we give a breakdown of the variation of viscos-
ity (η/η0) and the first normal stress difference (N1/(γ̇η0))
of oligomeric melts, for chains with two and four connected
SDPD particles, and two different values of λmax. Figure 11.a
compares the viscosity variation with the shear rate for pure
solvents, and oligomeric melts, evidencing a typical shear
thinning behavior for the melts, independently of the number
N of particles used to represent the chain. As expected, the
particle connectivity increases the low-shear viscosity (η∗) of
the system and evidences a dependence of the type η∗ ∝ N .
For larger shear rates the measured viscosity converges to the
input SDPD viscosity, η/η0 ≈ 1. The measured viscosity ef-
fectively responds to variations of the characteristic param-

eters of the FENE potential, as observed when the maximum
stretching of the chain varies from λmax = 1.5h to λmax = 3.0h.
In general, we can associate larger relaxation times for sys-
tems with λmax = 3h, which are consistent with a weaker thin-
ning response under the shear rates interval investigated. In
Figure 11.b, we present the normalized contribution of the
chain connectivity η −ηO, elucidating a faster reduction of
the chain-viscosity contribution for λmax = 1.5h, consistent
with a shorter relaxation time.

Besides adequately capturing shear-thinning fluid response,
the parameters adopted for the different chains allowed us to
model the emergence of non-zero first-normal-stress differ-
ences as depicted in Figure 11.c. Here, the onset of normal
stresses requires a significant conformational response of the
chains under shear. For the set of conditions investigated,
chains with λmax = 1.5h exhibit a weak contribution over N1
owning its small conformational changes. In Figure 11.d, we
compare such conformational changes in terms of the chain
stretching and orientation, for oligomers with N = 4. At
lower shear rates both type of chains do not exhibit a favored
orientation, with a characteristic 〈θ〉 ≈ 45o, and eventually
start aligning with the flow and stretching as the shear in-
creases. The alignment and stretching of the chains is consis-
tent with the shear-thinning behavior described in Figure 11.a.
Nevertheless, chains with larger λmax = 3.0h show a stronger
orientation and stretching response. Moreover, from Figure
11.c and Figure 11.d, it is possible to identify that the charac-
teristic shear rate (γ̇ ≈ 4) where N1 change abruptly, correlates
with the change of the chain stretching.

We highlight that, the methodology introduced is also suit-
able for modelling the complex behavior in multicomponent
systems such as polymer solutions. In Figure 12, we present
the effect of the number of beads per chain, with fixed λmax =
1.5h, for oligomeric solutions (φp = 0.1) under simple shear
(γ̇ = 1). The orientation and end-to-end distance of the chains
exhibit a non-linear response as N increases. Moreover,
it is possible to identify two characteristic regimes that are
molecular-weight dependent. For this chain representation,
its observed at the applied shear rate the hydrodynamic inter-
actions become dominant for N & 8. Below this condition,
the chains conformation is driven by the intramolecular po-
tential. Such behavior has been theorized in polymer physics
as the transition between thermal blob to Pincus blob57,58. In
general, we can stress that a systematic variation of the FENE
potential parameters or the use of other alternative potentials59

readly offer the possibility to study the behavior of both syn-
thetic and biological polymers under arbitrary flow condi-
tions.

VI. CONCLUSIONS

In this work, we introduced an arbitrary flow boundary
condition scheme suitable to model complex flows. Using
the smoothed dissipative particle dynamics to discretize the
fluctuating Navier-Stokes equations, the proposed approach is
suitable to conduct rheological studies where both shear and
extensional viscosities can be determined, for both Newtonian
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FIG. 8. Velocity profile for a) pure shear and b) pure planar-extensional flow. Black streamlines correspond to the simulation results, whereas
red streamlines indicate the theoretical velocity field consistent with the imposed boundary condition. Contours indicate the magnitude of the
velocity in Ω

FIG. 9. Velocity profiles obtained for arbitrary flow configurations with different ratios between shear, (γ̇x and γ̇y) and strain (ε̇). Black
streamlines correspond to the simulation results, whereas red streamlines indicate the theoretical velocity field consistent with the imposed
boundary condition. Contours indicate the magnitude of the velocity in Ω

and non-Newtonian fluid. The proposed boundary conditions
adopt a domain decomposition scheme that extends the sim-
ulated domain to include a boundary-condition and buffer re-
gions. In general, the use of additional degrees of freedom
represents overhead in the computational cost, compared to

existing methodologies that model simple flow configurations.
It was identified that buffer regions that expand over two-fold
the size of the interpolation kernel are enough to ensure the
stability of the system and simulate up to a satisfactory agree-
ment the properties of the fluid, which represents an increase
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FIG. 10. Velocity profiles obtained for flows near walls. a) Flow
passing a square corner and flow against a rigid wall. b-c) density
and temperature profiled for flows against a close and open bound-
ary. The main difference between b) and c) is that particles are able
to move through the open boundary by diffusion, whereas in the rigid
wall fluid penetration is not allowed. In both situations the BCs im-
plemented ensures proper density and temperature control near walls.
To show the proper density fluctuation near the wall, in b) it is in-
cluded an instantaneous snapshot of the fluid-wall interface.

FIG. 11. a) Shear viscosity η/η0 and b) normalized contribution of
the oligomers to the measured viscosity evidencing a faster reduction
of the chain-viscosity contribution for shorter relaxation time (short
chains). c) first normal stress difference N1, variation with shear
rate for a simple solvent (Newtonian) and oligomeric melts (non-
Newtonian) evidencing a shear-thining behavior for systems con-
taining connectivity between beads, and adequately capturing non-
Newtonian features. Furthermore, the emergence of non-zero normal
stresses, N1 > 0, due to the increase in the oligomer length can also
be modelled. d) Variation of orientation and stretching of the chains
under simple shear flow configuration for a oligomeric solution with
N = 4

in the computational cost between twenty to thirty per cent.
However, this additional cost is not significant given i) the
simplicity and flexibility of the implementation, ii) the gain in
the complexity of flows modelled, and iii) the possibility to

FIG. 12. Mean orientation and end-to-end distance under simple
shear (γ̇ = 1) for different number of beads per chain N . The
oligomeric concentration in the different cases is fixed in φp = 0.1
and λmax = 1.5h.

model systems in both bulk and near-wall conditions.
The flexibility to define both open and close boundaries of-

fer opportunities to investigate transport process where both
convective and diffusive transport across interfaces are of in-
terest. These boundary conditions have applicability in a vari-
ety of problems where the rheological characterization require
the modelling complex fluids under complex flow configu-
rations, such as micro-nano devices60, protein dynamics57,
biological flows, colloidal and particulate systems35,61,62, to
name a few. Finally, given the direct resemblance of the
domain decomposition adopted and those used for heteroge-
neous multiscale methods45, the proposed scheme opens new
avenues for multiscale Lagrangian modelling, as it can be
readily coupled with velocity fields derived from continuum-
based methods.

ACKNOWLEDGMENTS

This research is supported by the Basque Goverment
through the BERC 2018-2021 programme and by the Span-
ish State Research Agency through BCAM Severo Ochoa
excellence accreditation SEV-2017-0718 and through project
RTI2018-094595-B-I00 funded by (AEI/FEDER, UE) and
acronym VIRHACOST. The authors acknowledge also the
financial support received by the Basque Business Develop-
ment Agency under ELKARTEK 2019 programme (bmG19
project: grant KK-2019/00015)

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

1R. G. Larson, The structure and rheology of complex fluids (Oxford univer-
sity press, New York, 1999).



Arbitrary Flow Boundary Conditions in Smoothed Dissipative Particle Dynamics: A generalized virtual rheometer 14

2M. P. Allen and D. J. Tildesley, Computer Simulation of Liquids: Second
Edition (Oxford University Press, 2017) pp. 1–626.

3B. V. Raghavan and M. Ostoja-Starzewski, “Shear-thinning of molecular
fluids in Couette flow,” Physics of Fluids 29, 023103 (2017).

4J. A. Backer, C. P. Lowe, H. C. J. Hoefsloot, and P. D. Iedema, “Poiseuille
flow to measure the viscosity of particle model fluids.” The Journal of
chemical physics 122, 154503 (2005).

5D. a. Fedosov, G. E. Karniadakis, and B. Caswell, “Steady shear rheom-
etry of dissipative particle dynamics models of polymer fluids in reverse
Poiseuille flow.” The Journal of chemical physics 132, 144103 (2010).

6S. Chen, N. Phan-Thien, X.-J. Fan, and B. C. Khoo, “Dissipative particle
dynamics simulation of polymer drops in a periodic shear flow,” Journal of
Non-Newtonian Fluid Mechanics 118, 65–81 (2004).

7I. V. Pivkin and G. E. Karniadakis, “A new method to impose no-slip bound-
ary conditions in dissipative particle dynamics,” Journal of Computational
Physics 207, 114–128 (2005).

8A. Russo, M. A. Durán-Olivencia, S. Kalliadasis, and R. Hartkamp,
“Macroscopic relations for microscopic properties at the interface between
solid substrates and dense fluids,” Journal of Chemical Physics 150, 214705
(2019).

9D. M. Heyes, “Molecular dynamics simulations of extensional, sheet and
unidirectional flow,” Chemical Physics 98, 15–27 (1985).

10O. Cheal and C. Ness, “Rheology of dense granular suspensions
under extensional flow,” Journal of Rheology 62, 501–512 (2018),
arXiv:1801.03805.

11B. Dietemann, T. Kraft, H. Kruggel-Emden, and C. Bierwisch, “A
Smoothed Particle Hydrodynamics scheme for arbitrarily shaped rigid bod-
ies within highly viscous fluids,” Journal of Computational Physics: X 8,
100068 (2020).

12A. M. Kraynik and D. A. Reinelt, “Extensional motions of spatially periodic
lattices,” International Journal of Multiphase Flow 18, 1045–1059 (1992).

13T. A. Hunt, S. Bernardi, and B. D. Todd, “A new algorithm for extended
nonequilibrium molecular dynamics simulations of mixed flow,” Journal of
Chemical Physics 133, 154116 (2010).

14M. Dobson, “Periodic boundary conditions for long-time nonequilib-
rium molecular dynamics simulations of incompressible flows,” Journal of
Chemical Physics 141, 184103 (2014), arXiv:1408.7078.

15T. A. Hunt, “Periodic boundary conditions for the simulation of uniaxial
extensional flow of arbitrary duration,” Molecular Simulation 42, 347–352
(2016).

16T. C. O’Connor, N. J. Alvarez, and M. O. Robbins, “Relating chain confor-
mations to extensional stress in entangled polymer melts,” Physical Review
Letters 121, 47801 (2018).

17D. Pan, N. Phan-Thien, N. Mai-Duy, and B. C. Khoo, “Numerical inves-
tigations on the compressibility of a DPD fluid,” Journal of Computational
Physics 242, 196–210 (2013).

18D. Alizadehrad and D. A. Fedosov, “Static and dynamic properties of
smoothed dissipative particle dynamics,” Journal of Computational Physics
356, 303–318 (2018).

19R. Seto, G. G. Giusteri, and A. Martiniello, “Microstructure and thickening
of dense suspensions under extensional and shear flows,” Journal of Fluid
Mechanics 825, R3 (2017), arXiv:1706.01745.

20Z. Li, X. Bian, Y. H. Tang, and G. E. Karniadakis, “A dissipative particle
dynamics method for arbitrarily complex geometries,” Journal of Compu-
tational Physics 355, 534–547 (2018), arXiv:1612.08761.

21E. G. Flekkøy, R. Delgado-Buscalioni, and P. V. Coveney, “Flux boundary
conditions in particle simulations,” Physical Review E - Statistical, Nonlin-
ear, and Soft Matter Physics 72, 026703 (2005).

22H. Lei, D. A. Fedosov, and G. E. Karniadakis, “Time-dependent and out-
flow boundary conditions for Dissipative Particle Dynamics,” Journal of
Computational Physics 230, 3765–3779 (2011).

23S. Litvinov, M. Ellero, X. Hu, and N. A. Adams, “Particle-layering effect
in wall-bounded dissipative particle dynamics,” Physical Review E - Statis-
tical, Nonlinear, and Soft Matter Physics 82, 066704 (2010).

24M. Ellero and P. Español, “Everything you always wanted to know about
SDPD (but were afraid to ask),” Applied Mathematics and Mechanics (En-
glish Edition) 39, 103–124 (2018).

25D. a. Fedosov, B. Caswell, and G. E. Karniadakis, “Systematic coarse-
graining of spectrin-level red blood cell models,” Computer Methods in
Applied Mechanics and Engineering 199, 1937–1948 (2010).

26P. Español and M. Revenga, “Smoothed dissipative particle dynamics,”
Physical Review E 67, 1–12 (2003).

27J. J. Monaghan, “An introduction to SPH,” Computer Physics Communica-
tions 48, 89–96 (1988).

28A. Colagrossi, D. Durante, J. Bonet Avalos, and A. Souto-Iglesias, “Dis-
cussion of Stokes’ hypothesis through the smoothed particle hydrodynam-
ics model,” Physical Review E 96, 023101 (2017).

29M. Ellero, M. Kröger, and S. Hess, “Viscoelastic flows studied by
smoothed particle dynamics,” Journal of Non-Newtonian Fluid Mechanics
105, 35–51 (2002).

30N. Moreno, P. Vignal, J. Li, and V. Calo, “Multiscale modeling of blood
flow: Coupling finite elements with smoothed dissipative particle dynam-
ics,” in Procedia Computer Science, Vol. 18 (2013).

31L. Lanotte, J. Mauer, S. Mendez, D. A. Fedosov, J. M. Fromental, V. Clave-
ria, F. Nicoud, G. Gompper, and M. Abkarian, “Red cells’ dynamic mor-
phologies govern blood shear thinning under microcirculatory flow con-
ditions,” Proceedings of the National Academy of Sciences of the United
States of America 113, 13289–13294 (2016).

32T. Ye and L. Peng, “Motion, deformation, and aggregation of multiple red
blood cells in three-dimensional microvessel bifurcations,” Physics of Flu-
ids 31, 021903 (2019).

33T. Ye, H. Shi, N. Phan-Thien, and C. T. Lim, “The key events of thrombus
formation: platelet adhesion and aggregation,” Biomechanics and Modeling
in Mechanobiology 19, 943–955 (2020).

34A. Vázquez-Quesada, M. Ellero, and P. Español, “Smoothed particle hy-
drodynamic model for viscoelastic fluids with thermal fluctuations,” Physi-
cal Review E 79, 1–17 (2009).

35X. Bian, S. Litvinov, R. Qian, M. Ellero, and N. A. Adams, “Multiscale
modeling of particle in suspension with smoothed dissipative particle dy-
namics,” Physics of Fluids 24 (2012), 10.1063/1.3676244.

36A. Vázquez-Quesada, M. Ellero, and P. Español, “A SPH-based particle
model for computational microrheology,” Microfluidics and Nanofluidics
2012 13:2 13, 249–260 (2012).

37Z. Zhang, W. Chien, E. Henry, D. A. Fedosov, and G. Gompper, “Sharp-
edged geometric obstacles in microfluidics promote deformability-based
sorting of cells,” Physical Review Fluids 4, 024201 (2019).

38S. Litvinov, X. Y. Hu, and N. A. Adams, “Numerical simulation of teth-
ered DNA in shear flow,” Journal of Physics Condensed Matter 23, 184118
(2011).

39P. M. Kulkarni, C.-C. Fu, M. S. Shell, and L. Gary Leal, “Multiscale model-
ing with smoothed dissipative particle dynamics,” The Journal of Chemical
Physics 138, 234105 (2013).

40N. D. Petsev, L. G. Leal, and M. S. Shell, “Hybrid molecular-continuum
simulations using smoothed dissipative particle dynamics,” The Journal of
Chemical Physics 142, 044101 (2015).

41A. Vázquez-Quesada, M. Ellero, and P. Español, “Consistent scaling of
thermal fluctuations in smoothed dissipative particle dynamics.” The Jour-
nal of chemical physics 130, 034901 (2009).

42R. Delgado-Buscalioni and P. Coveney, “Continuum-particle hybrid cou-
pling for mass, momentum, and energy transfers in unsteady fluid flow,”
Physical Review E 67 (2003), 10.1103/PhysRevE.67.046704.

43S. Barsky, R. Delgado-Buscalioni, and P. V. Coveney, “Comparison of
molecular dynamics with hybrid continuum-molecular dynamics for a sin-
gle tethered polymer in a solvent.” The Journal of chemical physics 121,
2403–11 (2004).

44X. Bian, Z. Li, M. Deng, and G. E. Karniadakis, “Fluctuating hydrodynam-
ics in periodic domains and heterogeneous adjacent multidomains: Thermal
equilibrium,” Physical Review E 92, 053302 (2015).

45W. E, B. Engquist, X. Li, W. Ren, and E. Vanden-Eijnden, “Heterogeneous
multiscale methods: A review,” Communications in Computational Physics
2, 367–450 (2007).

46A. Alexiadis, D. A. Lockerby, M. K. Borg, and J. M. Reese, “A Laplacian-
based algorithm for non-isothermal atomistic-continuum hybrid simulation
of micro and nano-flows,” Computer Methods in Applied Mechanics and
Engineering 264, 81–94 (2013).

47R. B. Bird, C. F. Curtiss, R. C. Armstrong, and O. Hassager, Dynamics of
Polymeric Liquids, Vol. 2 (Wiley, 1987).

48J. Z. Yang, X. Wu, and X. Li, “A generalized Irving-Kirkwood formula for
the calculation of stress in molecular dynamics models,” Journal of Chem-
ical Physics 137, 134104 (2012).



Arbitrary Flow Boundary Conditions in Smoothed Dissipative Particle Dynamics: A generalized virtual rheometer 15

49E. B. Tadmor and R. E. Miller, Modeling Materials: Continuum, Atom-
istic and Multiscale Techniques, Vol. 9780521856980 (Cambridge Univer-
sity Press, 2011) pp. 1–759.

50M. Borreguero, D. Bezgin, S. Adami, and N. A. Adams, “Implicit atomistic
viscosities in smoothed dissipative particle dynamics,” Physical Review E
100, 033318 (2019).

51M. Ellero and N. A. Adams, “SPH simulations of flow around a periodic ar-
ray of cylinders confined in a channel,” International Journal for Numerical
Methods in Engineering 86, 1027–1040 (2011).

52S. Litvinov, M. Ellero, X. Hu, and N. a. Adams, “Smoothed dissipative
particle dynamics model for polymer molecules in suspension,” Physical
Review E 77, 1–12 (2008).

53S. Plimpton, “Fast parallel algorithms for short-range molecular dynamics,”
Journal of Computational Physics 117, 1–19 (1995).

54S. Ramaswamy and L. G. Leal, “The deformation of a viscoelastic drop
subjected to steady uniaxial extensional flow of a Newtonian fluid,” Journal
of Non-Newtonian Fluid Mechanics 85, 127–163 (1999).

55D. Pan, N. Phan-Thien, and B. C. Khoo, “Studies on liquid–liquid interfa-
cial tension with standard dissipative particle dynamics method,” Molecular
Simulation , 1–11 (2014).

56N. C. Admal and E. B. Tadmor, “Stress and heat flux for arbitrary
multi-body potentials: A unified framework,” (2015), 10.1063/1.3582905,
arXiv:1508.02250.

57C. M. Schroeder, “Single polymer dynamics for molecular rheology,” Jour-
nal of Rheology 62, 371–403 (2018), arXiv:1712.03555.

58M. Rubinstein and R. H. Colby, Polymer Physics, 1st ed. (Oxford University
Press, 2003).

59V. Symeonidis, G. Em Karniadakis, and B. Caswell, “Dissipative parti-
cle dynamics simulations of polymer chains: scaling laws and shearing
response compared to DNA experiments,” Physical Review Letters 95,
076001 (2005).

60S. Varchanis, S. J. Haward, C. C. Hopkins, A. Syrakos, A. Q. Shen, Y. Di-
makopoulos, and J. Tsamopoulos, “Transition between solid and liquid
state of yield-stress fluids under purely extensional deformations,” Proceed-
ings of the National Academy of Sciences of the United States of America
117, 12611–12617 (2020).

61A. Vázquez-Quesada, X. Bian, and M. Ellero, “Three-dimensional simu-
lations of dilute and concentrated suspensions using smoothed particle hy-
drodynamics,” Computational Particle Mechanics 3, 167–178 (2016).

62S. S. Kumar, A. Vázquez-Quesada, and M. Ellero, “Numerical investiga-
tion of the rheological behavior of a dense particle suspension in a biviscous
matrix using a lubrication dynamics method,” Journal of Non-Newtonian
Fluid Mechanics 281, 104312 (2020).


