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Abstract
In this article, motivated by the study of symplec-
tic structures on manifolds with boundary and the
systematic study of 𝑏-symplectic manifolds started in
Guillemin, Miranda, and Pires Adv. Math. 264 (2014),
864–896, we prove a slice theorem for Lie group actions
on 𝑏-symplectic manifolds.

MSC 2020
53D17, 53D20 (primary)

1 INTRODUCTION

The linearization of Lie group actions for compact groups in a neighbourhood of a fixed point is
due to Bochner [3]. It gives a precise description of the local normal form for a Lie group action
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in the neighbourhood of a fixed point. The next level of difficulty in describing group actions is in
the neighbourhood of an invariant submanifold for the action: It was not until the work of Palais
in the 1960s that such a portrayal was achieved [29, 30]. The description of the normal form in
this case is semilocal (in a neighbourhood of an orbit) and it is done in terms of the action of
the group along the orbit and on the linearization of its (orthogonal) complement, which Palais
denominated ‘slice’.
The existence of slices re-conducts the computation of the orbits for the action in terms of its

normal space on which it acts linearly. When additional geometrical structures are added into
the picture, the existence of normal forms gains interest as it can often be adapted to the new
ingredient (the geometric structure). This is the case of symplectic structures where Lie group
actions are naturally related to the investigation of Hamiltonian symmetries.
In particular, symplectic slice theorems give equivariant normal forms around orbits of sym-

plectic group actions and become particularly handy when computing the orbits of fundamental
vector fields of Hamiltonian actions. For example, the Marle–Guillemin–Sternberg normal form
[18, 22] or its generalizations have been used extensively to study the local structure of symplectic
manifolds with symmetries.
The purpose of this article is to extend these results to the singular set-up, more precisely to

𝑏-symplectic manifolds. In this singular framework, the motivation to find equivariant normal
forms comes from the study of symmetric manifolds with boundary. These singular symplectic
structures have been intensely studied since their introduction in [12]. A study of their geometry
in the presence of symmetries was initiated in [13] (see also [10]) which gave global results on the
structure of 𝑏-symplectic manifolds with toric symmetries and also semilocal models.
In [19], two of the authors in this paper described integrable systems as 𝑏-cotangent lifts of rota-

tions on a Liouville torus to its cotangent bundle. These can be understood as semilocal models
for free actions of tori (associated to integrable systems). Motivated by these models in the inte-
grable case, we plan to give linearized models for general actions of Lie groups in the language
of the symplectic slice theorem. Many examples motivating the study of more general symme-
tries comes from the study of non-commutative integrable systems on (𝑏-)symplectic manifolds
as considered in [20] and [4].
These cotangent lifts appear naturally on the study of geodesic flows: A 𝑃-manifold is a Rie-

mannian manifold 𝑀 with all the geodesics closed. Two-dimensional examples of 𝑃-manifolds
are Zoll and Tannery surfaces (see [2, Chapter 4]). In this case, the geodesics admit a common
period (see [2, Lemma 7.11]) inducing an 𝑆1-action on 𝑀. In the same way that the standard
cotangent lift induces a Hamiltonian action on 𝑇∗𝑀, we can use the twisted 𝑏-cotangent lift to
obtain a 𝑏-Hamiltonian 𝑆1-action on 𝑇∗𝑀. In this case, the action is given as a twisted 𝑏-cotangent
lift which is a ‘linear model’ of the 𝑏-Poisson structure parametrized by an additional invariant:
a constant 𝑐. This constant is themodular period of the structure.
The 𝑏-symplectic slice theorem gives a normal form for a 𝑏-symplectic form via the symplectic

slice theorem, which we recall here (for details on the constructions, see [17] for the Hamiltonian
case or [28] for the more general symplectic case):

Theorem 1. Let (𝑀, 𝜔) be a symplectic manifold and let 𝐻 be a Lie group acting properly and by
symplectomorphisms on𝑀. Let 𝑧 ∈ 𝑀. Denote the isotropy group of 𝑧 by 𝐻𝑧 and the orbit of 𝑚 by
𝐻
𝑧 . Let 𝑉𝑧 be the symplectic normal space

𝑉𝑧 ∶=
(
𝑇𝑧

𝐻
𝑧

)𝜔
∕
((
𝑇𝑧

𝐻
𝑧

)𝜔
∩ 𝑇𝑧

𝐻
𝑧

)
.
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Let 𝔥 be the Lie algebra of𝐻 and consider the following subalgebra of 𝔥,

𝔨 ∶=
{
𝜂 ∈ 𝔥 | 𝜂𝑀(𝑧) ∈ (

𝑇𝑧
𝐻
𝑧

)𝜔}
,

where 𝜂𝑀 is the generating vector field of 𝜂. Let 𝔦 be the Lie algebra of𝐻𝑧 and note that 𝔦 ⊂ 𝔨. Denote
by𝔪 an 𝐴𝑑𝐻𝑧

-invariant complement of 𝔦 in 𝔨. Then the twisted product

𝑌𝐻
𝑧 ∶= 𝐻 ×𝐻𝑧

(𝔪∗ × 𝑉𝑧) (1)

is a symplectic𝐻-space and can be chosen such that there is an 𝐻-invariant neighbourhood of 𝑧
in𝑀, an𝐻-invariant neighbourhood ′ of [𝑒, 0, 0] in 𝑌𝐻

𝑧 and an equivariant symplectomorphism
𝜙 ∶  →  ′ satisfying 𝜙(𝑧) = [𝑒, 0, 0]. Equipping the bundle 𝑌𝐻

𝑧 with coordinates [𝑘, 𝜂, 𝑣] for 𝑘 ∈

𝐻, 𝜂 ∈ 𝔪∗ and 𝑣 ∈ 𝑉𝑧,𝐻 acts on 𝑌𝐻
𝑧 as ℎ ⋅ [𝑘, 𝜂, 𝑣] = [ℎ ⋅ 𝑘, 𝜂, 𝑣].

Remark 2. The symplectic form on the quotient bundle is called the MGS-symplectic form† and
it is denoted by 𝜔𝑀𝐺𝑆 . This symplectic form constructed as explained above admits an explicit
expression in terms of the Lie algebra decomposition associated to the isotropy group (confer
[28]). A particularly important class of symplectic actions are Hamiltonian actions when the
action comes associated with a moment map 𝜇 ∶ 𝑀 → 𝔥∗. In the Hamiltonian case, it is pos-
sible to describe the moment map for the group action as a splitting. Namely, the moment
map 𝜇 ∶ 𝑀 → 𝔥∗ may be written as 𝜇([g , 𝛾, 𝑣]) = 𝐴𝑑∗g (𝜇(𝑝) + 𝛾 + 𝜙(𝑣)), where 𝜙 ∶ 𝑉 → 𝔥∗𝑥 is the
moment map for the slice representation.

In order to prove a 𝑏-symplectic analogue of Theorem 1, we show that 𝑏-symplectic manifolds
equipped with 𝑏-symplectic actions transverse to the symplectic foliation possess a finite cover
which is a product. The slice theorem then reduces to a ‘product slice theorem’ modulo the action
of a finite group. This linearized model has an additional invariant compared to the symplectic
one: the modular period of the component of the critical hypersurface where the orbit lies. We
will prove:

Theorem 3. Let (𝑀, 𝜔, 𝐺) be a 𝑏-symplectic manifold together with an effective 𝑏-symplectic action
by a compact connected Lie group 𝐺. Let 𝑍 be the critical set of the 𝑏-symplectic form. Assume that
𝑍 is compact and connected and that there is one symplectic leaf of 𝑍 which is compact. Assume
further that the orbits of 𝐺 are transverse to the symplectic foliation of 𝑍. Let be a symplectic leaf of
𝑍. Then:

(i) 𝐺 is necessarily of the form 𝐺 = (𝑆1 × 𝐻)∕ℤ𝑘 where𝐻 is a compact, connected Lie group;
(ii) the action of 𝐺 lifts to an action of the product group �̃� = 𝑆1 × 𝐻 on a finite cover �̃� of a collar

neighbourhood of 𝑍, �̃� ∶= (−𝜖, 𝜖) × �̃�, �̃� ≅ 𝑆1 × , where 𝑆1 acts on �̃� by translations on the
𝑆1-factor and𝐻 by symplectomorphisms on the symplectic leaf ;

(iii) let �̃� ∈ �̃�. Denote by �̃�
�̃� the orbit of �̃� in �̃� under the action of �̃� and by 𝑌𝐻

𝑧 the
bundle of Theorem 1 associated to the action of 𝐻 on . Then there is an equivariant 𝑏-
symplectomorphism from a neighbourhood of the orbit�̃�

�̃� ≅ 𝑆1 × 𝐻
�̃� to the zero section of the

bundle �̃� =𝑇∗𝑆1 ×𝑌𝐻
𝑧 where �̃�∕𝐻�̃� is embedded as the zero section and the 𝑏-symplectic form

†MGS for Marle [22] and Guillemin–Sternberg [17].
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on �̃� is given by

�̃�0 = 𝜔𝑐′ + 𝜔𝑀𝐺𝑆.

Here 𝜔𝑐′ is the standard 𝑏-symplectic form of modular period 𝑐′ = 𝑘𝑐 on the manifold 𝑇∗𝑆1,
see Equation (5), 𝑐 is the modular period of 𝑍 and 𝜔𝑀𝐺𝑆 is the MGS normal form as given by
Theorem 1;

(iv) let𝑧 be the orbit of 𝑧 ∈ 𝑍 under the action of𝐺. There is an equivariant 𝑏-symplectomorphism
from a neighbourhood of 𝑧 to a neighbourhood of the zero section of the bundle 𝐸 = (𝑇∗𝑆1 ×

𝑌𝐻
𝑧 )∕ℤ𝑙 where ℤ𝑙 is a finite cyclic group acting by the cotangent lifted action on 𝑇∗𝑆1.

An important step in the proof is the analysis of the group action along the critical set, 𝑍 which
is naturally endowedwith a cosymplectic structure. To achieve the proof, we first analyse the con-
sequences of a cosymplecticmanifold having a group action transverse to the symplectic foliation.
In particular, we prove that given a cosymplectic action of a group 𝐺, then there are two distinct
cases.

(1) 𝐺 is a group isomorphic to the product of Lie groups 𝐺 = 𝑆1 × 𝐻 or
(2) 𝐺 = (𝑆1 × 𝐻)∕Γ where where Γ ⊂ 𝑆1 × 𝐻 is of the form Γ = ℤ𝑙 × ℤ𝑘 and ℤ𝑘 is a non-trivial

cyclic subgroup of𝐻.

We will prove that there is a finite covering �̃� of the cosymplectic manifold 𝑍 which is trivial
(in the sense that �̃� ≅ 𝑆1 × ) and this finite covering comes equipped with an 𝑆1 × 𝐻-action
which projects to the action of G on Z. Examples of cosymplectic manifolds with cosymplectic
symmetries include in particular co-Kähler manifolds as discussed in [1], which inspired some
techniques used here.
We remark that the aim here is to show the rigidity of 𝑏-symplectic group actions, for which the

group action and symplectic form are completely determined in a neighbourhood of an orbit by
the isotropy group and its representation on the symplectic normal space. Therefore, Theorem 3
does not reference the traditionalmomentmap sometimes given as part of the symplectic slice the-
orem. Notwithstanding, the combination of our 𝑏-symplectic slice theoremwith the normal form
stated in Remark 2 yields a normal form for 𝑏-Hamiltonian actions on 𝑏-symplectic manifolds.

2 PRELIMINARIES

2.1 Introduction to 𝒃-symplectic geometry

We briefly recall the basics of 𝑏-symplectic geometry, see [12] for details.
A 𝑏-manifold is a pair (𝑀, 𝑍) of an oriented manifold𝑀 and an oriented hypersurface 𝑍 ⊂ 𝑀.

The hypersurface 𝑍 is called the critical hypersurface.
A 𝑏-vector field on a 𝑏-manifold (𝑀, 𝑍) is a vector field which is tangent to 𝑍 at every point

𝑝 ∈ 𝑍.
If𝑎 is a local defining function for the hypersurface𝑍 on someopen set𝑈 ⊂ 𝑀 and (𝑎, 𝑧2, … , 𝑧𝑛)

is a chart on , then the set of 𝑏-vector fields on is a free 𝐶∞(𝑈)-module with basis(
𝑎
𝜕

𝜕𝑎
,
𝜕

𝜕𝑧2
, … ,

𝜕

𝜕𝑧𝑛

)
. (2)
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The corresponding vector bundle, which exists by the Serre–Swan theorem [31], is the 𝑏-tangent
bundle:

Definition 4. The 𝑏-tangent bundle, 𝑏𝑇𝑀, is the vector bundle whose sections are 𝑏-vector fields.

The classical exterior derivative 𝑑 on the complex of (smooth) 𝑘-forms extends to the complex
of 𝑏-forms in a natural way. Any 𝑏-form of degree 𝑘 can locally be written

𝜔 = 𝛼 ∧
𝑑𝑎

𝑎
+ 𝛽,

where 𝛼 ∈ Ω𝑘−1, 𝛽 ∈ Ω𝑘, 𝑎 is a local defining function of 𝑍 and 𝑑𝑎

𝑎
is the 𝑏-one-form dual to 𝑎 𝜕

𝜕𝑎
in a frame of the form (2). The exterior derivative of 𝜔 is then given by

𝑑𝜔 ∶= 𝑑𝛼 ∧
𝑑𝑎

𝑎
+ 𝑑𝛽.

Definition 5. A 𝑏-symplectic form is a 𝑏-form of degree 2 which is closed and non-degenerate as
a 𝑏-form.

If 𝑍 is the critical hypersurface of a 𝑏-symplectic form, it can be shown that 𝑍 has a
codimension-one foliation by symplectic leaves (see [11]). The hypersurface𝑍 is then cosymplectic
as studied in [21].
We recall the following notions for symplectic codimension one foliations given in [11]:

Definition 6. Let be a codimension one symplectic foliation of amanifold𝑍. A form𝛼 ∈ Ω1(𝑍)

is a defining one-form of  if it is nowhere vanishing and 𝜄∗

𝛼 = 0 for all leaves , where 𝜄 is

the inclusion  ↪ 𝑍, that is, the kernel of 𝛼 at any point 𝑝 ∈ 𝑍 is the tangent space of the leaf
through 𝑝.
A form 𝜔 ∈ Ω2(𝑍) is a defining two-form of  if 𝜄∗


𝜔 is the given symplectic form on each leaf

of the foliation.

If 𝑍 is the critical hypersurface of a 𝑏-symplectic manifold, then the defining one- and two-
form of the induced symplectic foliation can be chosen to be closed [11]. Conversely, a manifold
𝑍 with a codimension one symplectic foliation that admits closed defining one- and two-form 𝛼,
respectively, 𝛽 can be extended to a 𝑏-symplectic manifold𝑀 = 𝑍 × ℝ with 𝑏-symplectic form

𝜔 = 𝜋∗
𝑍𝛼 ∧

𝑑𝑎

𝑎
+ 𝜋∗

𝑍𝛽,

where 𝜋𝑍 ∶ 𝑍 × ℝ → 𝑍 is the canonical projection and 𝑎 the coordinate on ℝ.
𝑏-Symplectic manifolds can also be viewed dually as a particular class of Poissonmanifolds. As

such they have a modular vector field:

Definition 7. Let (𝑀,Π) be a Poisson manifold equipped with a volume form Ω and for each
𝑓 ∈ 𝐶∞(𝑀) denote by 𝑋𝑓 the Hamiltonian vector field associated to 𝑓. Then the modular vector
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field of (𝑀,Π) is the following derivation on 𝐶∞(𝑀):

𝑣𝑚𝑜𝑑 ∶ 𝐶∞(𝑀) → ℝ ∶ 𝑓 ↦
𝑋𝑓Ω

Ω
.

It can be shown that the modular vector field is a Poisson vector field and that the modu-
lar vector fields associated to different volume forms only differ by a Hamiltonian vector field.
The following proposition gives a characterization of the modular vector field for 𝑏-symplectic
manifolds:

Proposition 8 [12, Proposition 25]. The modular vector field of a 𝑏-symplectic manifold (𝑀, 𝑍)

is tangent to 𝑍 and transverse to the symplectic leaves inside 𝑍, independently of the volume form
considered on𝑀.

Having chosen a modular vector field 𝑣𝑚𝑜𝑑, we can choose defining one and two-forms of the
symplectic foliation on 𝑍 uniquely by imposing

𝛼(𝑣𝑚𝑜𝑑) = 1 and 𝜄𝑣𝑚𝑜𝑑
𝜔 = 0. (3)

We will call defining one- and two-forms fulfilling this condition the defining one- and two-
forms of the foliation. They are automatically closed [11].

Remark 9. Remark that the modular vector field of 𝑍 viewed as a Poissonmanifold does not equal
the modular vector field of the 𝑏-symplectic manifold𝑀 restricted to 𝑍. In fact, as shown in [11],
𝑍 is unimodular when viewed as a Poisson manifold and so the modular vector field vanishes (up
to the addition of a Hamiltonian vector field).

Finally, we note that the flow of the modular vector field can be used to define the mapping
torus structure of 𝑍 and define themodular period of the 𝑏-symplectic form as follows (cf. [11]):

Definition 10. Let (𝑀, 𝑍) be a 𝑏-symplectic manifold and suppose that 𝑍 is compact and con-
nected and that its symplectic foliation has a compact leaf . Then 𝑍 is a mapping torus. More
precisely, taking any modular vector field 𝑣𝑚𝑜𝑑, there exists a number 𝑐 > 0 such that

𝑍 ≅
[0, 𝑐] × 

(0, 𝑥) ∼ (𝑐, 𝜙(𝑥))
,

where the time 𝑡-flow of 𝑣𝑚𝑜𝑑 corresponds to translation by 𝑡 in the first coordinate. In particular,
𝜙 is the time 𝑐-flow of 𝑣𝑚𝑜𝑑. The number 𝑐 > 0 is called the modular period of 𝑍 and does not
depend on the choice of modular vector field 𝑣𝑚𝑜𝑑.

For notational convenience, we will consider rather 𝑡 ∈ [0, 1]. The modular vector field is then
given by

𝑣𝑚𝑜𝑑 =
1

𝑐

𝜕

𝜕𝑡
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and the defining one-form is given by

𝛼 = 𝑐𝑑𝑡.

The 𝑏-analogue of the Moser theorem for symplectic manifolds is proved in [12].

Theorem 11 (𝑏-Moser Theorem). Let 𝜔0 and 𝜔1 be two 𝑏-symplectic forms on (𝑀, 𝑍). If they
induce on 𝑍 the same corank one Poisson structure and their modular vector fields differ on 𝑍 by
a Hamiltonian vector field, then there exist neighbourhoods𝑈0,𝑈1 of 𝑍 in𝑀 and a diffeomorphism
𝛾 ∶ 𝑈0 → 𝑈1 such that 𝛾|𝑍 = id𝑍 and 𝛾∗𝜔1 = 𝜔0.

The condition that 𝜔0 and 𝜔1 induce the same Poisson structure on 𝑍 and the same modu-
lar vector field (up to a Hamiltonian vector field) is equivalent to demanding that the induced
symplectic foliations have the same defining one- and two-forms.
A consequence is the following semilocal model proved in [12]:

Corollary 12 (Extension Theorem). Let (𝑀, 𝑍) be a 𝑏-symplectic manifold where 𝑍 is compact
and connected. Then there is a neighbourhood of 𝑍 in 𝑀 that is 𝑏-symplectomorphic to the collar
neighbourhood 𝑍 × (−𝜖, 𝜖) with 𝑏-symplectic form

𝜔 = 𝜋∗
𝑍𝛼 ∧

𝑑𝑎

𝑎
+ 𝜋∗

𝑍𝛽, (4)

where 𝛼, 𝛽 are the defining one-, respectively, two-forms on 𝑍, 𝑎 is the coordinate on the interval
(−𝜖, 𝜖) and 𝜋𝑍 the projection of the collar to 𝑍.

As noted in [13], by averaging the vector fields of the 𝑏-Moser theorem, given two 𝑏-symplectic
forms invariant under a group action and 𝑏-symplectomorphic by the 𝑏-Moser theorem, we can
choose the 𝑏-symplectomorphism to be equivariant with respect to the group action. In the special
case where𝑀 is two-dimensional, this yields the following semilocal normal form:

Proposition 13. Let (𝑀, 𝑍) be a two-dimensional 𝑏-symplectic manifold with compact connected
critical hypersurface 𝑍 and modular period 𝑐 > 0. Then 𝑍 ≅ 𝑆1 and there exists a neighbourhood of
𝑍 which is 𝑏-symplectomorphic to 𝑆1 × (−𝜖, 𝜖) with 𝑏-symplectic form

𝜔𝑐 ∶= 𝑐𝑑𝑡 ∧
𝑑𝑎

𝑎
. (5)

Here (𝑡, 𝑎) are the standard coordinates on 𝑆1 × ℝ.

It will be convenient to view the 𝑏-symplectic manifold 𝑆1 × (−𝜖, 𝜖) as a neighbourhood of the
zero section of the cotangent bundle 𝑇∗𝑆1 ≅ 𝑆1 × ℝwith 𝑏-symplectic form given by the formula
inEquation (5).We also remark for future purposes that𝜔𝑐 is clearly invariant under the cotangent
lift of the action of 𝑆1 on itself by translations.
In this article, we characterize the normal form for actions which preserve a 𝑏-symplectic form

(𝑏-symplectic actions). Among the class of 𝑏-symplectic actions, the 𝑏-Hamiltonian class plays a
central role. We end up this section of preliminaries with the definition of 𝑏-Hamiltonian action.
We refer the interested reader to the articles [13–16].
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Definition 14. The action of 𝐺 on a 𝑏-symplectic manifold (𝑀, 𝑍, 𝜔) is called 𝑏-Hamiltonian if
there exists a moment map 𝜇 ∈𝑏 ∞(𝑀) ⊗ 𝔤∗ with

𝜄(𝜐𝜉)𝜔 = ⟨𝑑𝜇, 𝜉⟩ ,
where 𝜐𝜉 is the fundamental vector field associated to 𝜉 ∈ 𝔤 and the set of 𝑏-functions is defined
as 𝑏∞(𝑀) = {𝑎 log |𝑡| + g , g ∈ ∞(𝑀)}.

In other words, the action is 𝑏-Hamiltonian if it preserves the 𝑏-symplectic form and the form
𝜄(𝜐𝜉)𝜔 is exact.

2.2 Transversally equivariant fibrations

A bundle map 𝜋 ∶ 𝑍 → 𝑆1 is a transversally equivariant fibration if there is a smooth 𝑆1-action on
𝑍 such that the orbits of the action are transversal to the fibres of 𝜋 and 𝜋(𝑡 ⋅ 𝑥) − 𝜋(𝑥) depends
on 𝑡 ∈ 𝑆1 only. The following is a specialization of a theorem by Sadowski which was applied to
the case of co-Kähler manifolds in [1].

Theorem 15. Let 𝑍
𝜋
→ 𝑆1 be a smooth bundle projection from a closed manifold 𝑍 to the circle. The

following are equivalent.

(1) 𝑍
𝜋
→ 𝑆1 is a mapping torus associated to a diffeomorphism of finite order.

(2) The bundle map 𝜋 is transversally equivariant with respect to an 𝑆1-action on 𝑍,
𝜌 ∶ 𝑆1 × 𝑍 → 𝑍.

Let  be the fibre of 𝜋. If the above conditions are satisfied then 𝑍 has a ℤ𝑘-cover (𝑘 ∈ ℕ)

𝑝 ∶ �̃� = 𝑆1 ×  → 𝑍

given by the action (𝑡, 𝑙) ↦ 𝜌𝑡(𝑙), where ℤ𝑘 acts diagonally on 𝑆1 ×  and by translations on 𝑆1.

Explicitly, we can describe the ℤ𝑘-action as follows: Consider the leaf-fixing subgroup of 𝑆1,

Γ = {𝑠 ∈ 𝑆1 ∶ 𝜌𝑠() = }. (6)

Identifying 𝑆1 ≅ ℝmod 1, the group Γ is of the form {0, 1
𝑘
, … , 𝑘−1

𝑘
} for some 𝑘 ∈ ℕ and hence

we can identify it with ℤ𝑘 in the natural way. Then for 𝑚 ∈ ℤ𝑘 = {0, 1, … , 𝑘 − 1}, the action 𝜌𝑚
𝑘

restricts to a leaf automorphism

𝜎𝑚 ∶  → , 𝜎𝑚(𝑙) = 𝜌𝑚
𝑘
(𝑙). (7)

The mapping torus 𝑍 is then the quotient of the cover �̃� by the following action of ℤ𝑘 on �̃�

𝜇𝑚(𝑡, 𝑙) =
(
𝑡 −

𝑚

𝑘
, 𝜎𝑚(𝑙)

)
, 𝑚 ∈ ℤ𝑘, (𝑡, 𝑙) ∈ �̃� = 𝑆1 × . (8)
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From the condition of transverse equivariance, it is clear that 𝜌maps leaves to leaves. It induces
an action on the base 𝑆1 given by translations 𝑡 ↦ 𝑡 + 𝑘𝑠 and the equivariance condition reads

𝜋(𝜌𝑠(𝑙)) = 𝑘𝑠, 𝑙 ∈  ∶= 𝜋−1({0}).

There is an associated 𝑆1-action �̃� on the cover �̃� given by

�̃�𝑠(𝑡, 𝑙) = (𝑡 + 𝑠, 𝑙), 𝑠 ∈ 𝑆1, (𝑡, 𝑙) ∈ 𝑆1 × . (9)

The projection �̃� → 𝑍 is equivariant with respect to this action.
The existence of a finite trivializing cover of the critical hypersurface 𝑍 will play a crucial role

in the 𝑏-symplectic slice theorem.

3 A TRIVIALIZING COVER FOR THE CRITICAL HYPERSURFACE

Now we consider (𝑀, 𝑍) a 𝑏-symplectic manifold. As we focus on a semi local result, we will
assume 𝑀 ≅ 𝑍 × (−𝜖, 𝜖) where the critical hypersurface 𝑍 is compact and connected with
𝑏-symplectic form given by Equation (4). On a semilocal level, the last assumption is not an
additional restriction, since as we have seen in the previous section, any 𝑏-symplectic manifold
satisfying the previous conditions is of this form on a tubular neighbourhood of its critical
hypersurface. We will further assume for the rest of the article that 𝑍 has a compact leaf. Note
that according to [11] this implies that 𝑍 has a mapping torus structure (though not necessarily
the same mapping torus structure given by Theorem 15).

Definition 16. A group action on a 𝑏-symplectic manifold is called transverse if it is transverse to
the symplectic foliation of the critical hypersurface. If the action, restricted to the critical hyper-
surface, preserves the cosymplectic structure we will call the action cosymplectic. Finally, if the
action preserves the 𝑏-symplectic form we will call the action 𝑏-symplectic.

Cosymplectic and 𝑏-symplectic actions are special cases of Poisson actions, when considering
the manifolds with the associated Poisson structures.
As cosymplectic actions are leaf preserving, cosymplectic actions transverse to the symplectic

foliation are automatically transversely equivariant where the relevant bundle map 𝜋 ∶ 𝑍 → 𝑆1 is
a projection to the base of the mapping torus. Indeed, the 𝑆1-action being leaf-preserving implies
by definition that 𝜋(𝑡 ⋅ 𝑥) − 𝜋(𝑥) depends only on 𝑡 ∈ 𝑆1. The next proposition then follows
directly from Theorem 15:

Proposition 17. Let 𝑍 be a cosymplectic manifold and suppose 𝑍 has a transverse 𝑆1-action pre-
serving the cosymplectic structure. Then 𝑍 has a finite cover �̃� ∶= 𝑆1 × ,  a leaf of the foliation,
equipped with an 𝑆1-action given by translation in the first coordinate for which the projection
𝑝 ∶ 𝑆1 ×  → 𝑍 is equivariant.

To get a cosymplectic structure on the cover, one simply lifts the associated defining one and
two-forms.

Proposition 18. In the setting of the previous proposition, the cosymplectic structure on 𝑍 is given
by the quotient of a cosymplectic structure on �̃� = 𝑆1 ×  by the action of a finite cyclic group ℤ𝑘 .
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Proof. Let 𝑝 ∶ �̃� → 𝑍 be the finite cover given by Proposition 17. Denote the one and two forms
of the cosymplectic structure by 𝛼 and 𝛽, respectively. Then 𝛽 = 𝑝∗𝛽 and �̃� = 𝑝∗𝛼 can easily
be shown to define a cosymplectic structure on 𝑆1 ×  and by construction, the cosymplectic
structure on the quotient agrees with the cosymplectic structure on 𝑍. □

To extend this cover to a 𝑏-symplectic neighbourhood of𝑍, we simply use the extension theorem
(Corollary 12):

Corollary 19. Let 𝑀 = 𝑍 × (−𝜖, 𝜖) come equipped with a transverse 𝑆1-action preserving the
𝑏-symplectic form 𝜔. Then the 𝑏-symplectic structure on𝑀 is 𝑏-symplectomorphic in a neighbour-
hood of 𝑍 to the quotient of a 𝑏-symplectic structure on 𝑆1 ×  × (−𝜖, 𝜖) by the action of a finite
cyclic group.

Proof. As before, let 𝑝 ∶ �̃� → 𝑍 be the finite cover. Let 𝑣𝑚𝑜𝑑 be some choice of modular vector
field and denote the defining one and two-forms of 𝑍 fulfilling the condition in Equation (3) by
𝛼 and 𝛽, respectively. Denote by �̃�, 𝛽 the correspond two forms defined in Proposition 18. By the
extension theorem, we can assume that the 𝑏-symplectic form on𝑀 is

𝜔 = 𝜋∗
𝑍𝛼 ∧

𝑑𝑎

𝑎
+ 𝜋∗

𝑍𝛽.

Let �̃� ∶= �̃� × (−𝜖, 𝜖). Then we have a finite cover 𝑝𝑀 ∶ �̃� → 𝑀 for 𝑀 given by the product
map of the cover 𝑝 ∶ �̃� → 𝑍 and the identity on (−𝜖, 𝜖). Let 𝜋�̃� ∶ �̃� → �̃� be the projection onto
the first factor. Define for 𝑎 ∈ (−𝜖, 𝜖) the 𝑏-symplectic form on �̃�

�̃� = 𝜋∗
�̃�
�̃� ∧

𝑑𝑎

𝑎
+ 𝜋∗

�̃�
𝛽.

Then by construction (𝑝𝑀)∗𝜔 = �̃�. □

Remark 20. Note that the modular period of the associated 𝑏-symplectic form on the ℤ𝑘 cover is
𝑘 times the modular period of the 𝑏-symplectic form on the base. This can be seen as follows: let
(𝑡, 𝑙) ∈ be a coordinate system on �̃� = 𝑆1 × . Then the projection 𝑝 ∶ �̃� → 𝑍 acts on the 𝑆1 factor
as 𝑝(𝑡) = 𝑘𝑡 mod 1. Therefore, if the defining one-form on 𝑍 is 𝛼 = 𝑐𝑑𝑡 the defining one-form on
�̃� is given by �̃� = 𝑝∗(𝑐𝑑𝑡) = 𝑐𝑑𝑘𝑡 = 𝑐𝑘𝑑𝑡 and the modular period of �̃� is 𝑐𝑘.

Remark 21. Similarly, any 𝑏-symplectic structure with defining one and two-forms �̃� and 𝛽

equipped with a discrete 𝑏-symplectic group action gives a 𝑏-symplectic structure on the quo-
tient. For such a group action, there are well-defined one and two-forms, 𝛼 and 𝛽, on the base
manifold defined by 𝑝∗(𝛼) = �̃� and 𝑝∗(𝛽) = 𝛽, where 𝑝 is the projection to the quotient. Then 𝛼

and 𝛽 automatically fulfil the conditions to define a cosymplectic structure on the image of the
critical hypersurface. As the group action is discrete, the quotient of the symplectic structure on
leaves is likewise symplectic.

4 THE 𝒃-SYMPLECTIC SLICE THEOREM FOR AN 𝑺𝟏-ACTION

First, we wish to simplify the expression of the 𝑏-symplectic form in the neighbourhood of an
orbit. In the case that the leaf  is simply connected, the 𝑏-symplectic form has a particularly
simple expression.
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Proposition 22. Let𝑀 ≅ 𝑍 × (−𝜖, 𝜖) be a 𝑏-symplectic manifold and suppose that 𝑍 is a product,
𝑍 ≅ 𝑆1 × ,  a leaf of the symplectic foliation. Suppose furthermore that  is simply connected.
Then for a suitable defining function 𝑓 of 𝑍 the 𝑏-symplectic form is given by

𝜔 = 𝑐𝑑𝑡 ∧
𝑑𝑓

𝑓
+ 𝜋∗


(𝛽), (10)

where 𝑡 is the standard coordinate on 𝑆1, 𝛽 is the symplectic form on  and 𝜋 is the projection
𝑆1 ×  → .

Proof. A 𝑏-symplectic form on 𝑆1 ×  × (−𝜖, 𝜖) equipped with coordinates (𝑡, 𝑙, 𝑎) can be written

𝜔 = 𝑐𝑑𝑡 ∧
𝑑𝑎

𝑎
+ 𝑑𝑡 ∧ 𝜂 + 𝜋∗


(𝛽),

where 𝛽 is the symplectic form on .
When  is simply connected, 𝜂 = 𝑑ℎ for some ℎ ∈ 𝐶∞(𝑀). The function 𝑓 = 𝑎𝑒ℎ is then a

defining function for 𝑍 and moreover

𝑑𝑓

𝑓
=

𝑑𝑎

𝑎
+ 𝑑ℎ,

whence we have

𝜔 = 𝑐𝑑𝑡 ∧
𝑑𝑓

𝑓
+ 𝜋∗


(𝛽).

□

As in the symplectic slice theorem, the normal form of a 𝑏-symplectic form in the neighbour-
hood of an orbit is given by virtue of an equivariantMoser theorem. Equivariant 𝑏-Moser theorems
for isotopic forms invariant under 𝑆1-actions have been given in [13] and for more general groups
in [25]. As we wish to compare 𝑏-symplectic forms in the neighbourhood of an orbit rather than
on the whole of 𝑍, we require an equivariant 𝑏-Moser theorem of a slightly different nature:

Proposition 23. Suppose that 𝜔1 and 𝜔0 are 𝑏-symplectic forms on𝑀, invariant under an action
of a group 𝐺 on𝑀 which is transverse Poisson for 𝜔1 and 𝜔0. Denote by 𝑧 the orbit of some 𝑧 ∈ 𝑍

and suppose that 𝜔1 and 𝜔0 coincide at 𝑧. Then 𝜔1 and 𝜔0 are equivariantly 𝑏-symplectomorphic in
some neighbourhood of 𝑧.

Proof. As the defining one and two-forms associated to 𝜔1 and 𝜔0 are invariant under the
𝑆1-action, it follows that on 𝑧 we have 𝛼0 = 𝛼1 and 𝛽0 = 𝛽1. By the relative Poincaré lemma,
in a contractible neighbourhood of 𝑧, we have that 𝛼0 − 𝛼1 = 𝑑g , an exact one-form on 

and similarly 𝛽0 − 𝛽1 = 𝑑𝜂, an exact two-form on  . Whence 𝜔0 − 𝜔1 = 𝑑(−g 𝑑𝑓

𝑓
+ 𝜂). Then

𝜔𝑡 = 𝜔0 + (1 − 𝑡)𝜔1 is non-degenerate on 𝑧 and so on a neighbourhood of 𝑧. We use this to
define a 𝑏-vector field 𝑣𝑡 by 𝜄𝑣𝑡𝜔𝑡 = g 𝑑𝑓

𝑓
− 𝜂. As 𝑣𝑡 is zero on𝑧, the time-one flow exists in a neigh-

bourhood of 𝑧 and gives the required 𝑏-symplectomorphism. As both 𝑏-symplectic forms are
invariant under the group action, we can choose the 𝑏-symplectomorphism to be equivariant. □

Theorem 24. Let𝑀 ≅ (−𝜖, 𝜖) × 𝑍 be a 𝑏-symplectic manifold equipped with a 𝑏-symplectic form 𝜔

of modular period 𝑐 and a transverse 𝑏-symplectic 𝑆1-action. Let 𝑧 ∈  ⊂ 𝑍, let𝑧 be its orbit under
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the 𝑆1-action, let𝑉 ∶= 𝑇𝑧 and letℤ𝑙 be the isotropy group of 𝑧. Then there exists an 𝑆1-equivariant
neighbourhood (−𝜖, 𝜖) × of 𝑧 in𝑀 and an 𝑆1-equivariant mapping

𝜙 ∶ (−𝜖, 𝜖) × → (𝑇∗𝑆1 × 𝑉)∕ℤ𝑙, (11)

where 𝑧 is embedded as the zero section of the bundle 𝑆1 ×ℤ𝑙
ℝ × 𝑉 ≅ (𝑇∗𝑆1 × 𝑉)∕ℤ𝑙 and where

the action of ℤ𝑙 is given by the cotangent lifted action on 𝑇∗𝑆1 and by the isotropy representation on
𝑉.
Moreover, if we equip the bundle 𝑇∗𝑆1 × 𝑉 with the 𝑏-symplectic form:

�̃�0 = 𝜔𝑐′ + 𝜔𝑉,

where 𝜔𝑐′ the 𝑏-symplectic normal form on 𝑇∗𝑆1 as given in Definition 5 with modular period
𝑐′ = 𝑘𝑐 and 𝜔𝑉 the linear symplectic form on 𝑉, and the quotient (𝑇∗𝑆1 × 𝑉)∕ℤ𝑙 with the
quotient 𝑏-symplectic form 𝜔0 (see Remark 21), then the mapping becomes an equivariant
𝑏-symplectomorphism onto its image.

Proof. Let 𝑧 ∈ 𝑍 be a point in the critical set and𝑧 the orbit of 𝑧 under the 𝑆1-action 𝜌. Denote by
Γ𝑧 the isotropy group of 𝑧. Note that Γ𝑧 is automatically a subgroup of ℤ𝑘 and so Γ𝑧 ≅ ℤ𝑙 for some
𝑙. By the slice theorem, there exists a neighbourhood of𝑧 in 𝑍 equivariantly diffeomorphic to
a neighbourhood of the zero section of the vector bundle 𝑆1 ×Γ𝑧

𝑇𝑧𝑍∕𝑇𝑧𝑧, where 𝑆1 acts on the
latter according to 𝑠 ⋅ [𝑡, 𝑣] = [𝑡 + 𝑠, 𝑣]. By choosing the invariant Riemannian metric in the proof
of the slice theorem in such away that𝑇𝑧 is orthogonal to𝑇𝑧𝑧, the equivariant diffeomorphism
can be expressed

𝑆1 ×Γ𝑧
𝑇𝑧 →  ∶ [𝑡, 𝑣] ↦ 𝜌𝑡(exp𝑧 𝑣).

Denote by 𝜓 the corresponding diffeomorphism on the neighbourhood (−𝜖, 𝜖) × of 𝑧 in𝑀:

𝜓 ∶ (−𝜖, 𝜖) × → (−𝜖, 𝜖) × 𝑆1 ×Γ𝑧
𝑇𝑧.

Restricting the defining one and two forms of 𝜔 to , we have that is a cosymplectic manifold
with a cosymplectic 𝑆1-action. The symplectic leaves of  are given by  ∶=  ∩  and the
leaf fixing subgroup as defined by Equation (6) is Γ𝑧. By Proposition 17, there is a trivial Γ𝑧-cover
̃ ≅ 𝑆1 ×  of pictured in Figure 1. Then 𝜔|(−𝜖,𝜖)× is the quotient of a unique 𝑏-symplectic
form �̃� on (−𝜖, 𝜖) × ̃ as given by Corollary 19. By Proposition 22, wemay assume �̃� is of the form

�̃� = 𝑐𝑘𝑑𝑡 ∧
𝑑𝑎

𝑎
+ 𝜋∗


𝛽,

where 𝑎 ∈ (−𝜖, 𝜖) and 𝛽 is a symplectic two-form given on a leaf . Consider the two form 𝛽𝑧
on 𝑇𝑧. On (−𝜖, 𝜖) × 𝑆1 × 𝑇𝑧, define the 𝑏-symplectic form

�̃�0 = 𝑐𝑘𝑑𝑡 ∧
𝑑𝑎

𝑎
+ 𝛽𝑧.

Denote the quotient 𝑏-symplectic form on ((−𝜖, 𝜖) × 𝑆1 × 𝑇𝑧))∕Γ𝑧 given in Remark 19 by 𝜔0.
Finally consider the 𝑏-symplectic form 𝜓∗𝜔0 on (−𝜖, 𝜖) × . This is a 𝑏-symplectic structure,
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F IGURE 1 A scheme of the trivializing finite cover with a regular orbit (Γ𝑧 = 0) in black and exceptional
orbit (Γ𝑧 = ℤ2) in red

invariant under the 𝑆1-action agreeing with 𝜔 at 𝑧. By Theorem 23, there is an equivariant
𝑏-symplectomorphism 𝜑 between neighbourhoods of 𝑧 such that 𝜑∗(𝜓∗𝜔0) = 𝜔. Making 

smaller if necessary and setting 𝜙 = 𝜓 ◦ 𝜑, we obtain the 𝑏-symplectomorphism given in the
statement of the theorem. □

Remark 25. Note that themodular period of the form𝜔0 is
𝑘

𝑙
𝑐where 𝑐 is themodular period of the

𝑏-symplectic form. This is not necessarily themodular period of the original form𝜔 cf. Remark 20.

Example 26. Consider the following symplectic mapping torus: take as a symplectic leaf a torus
𝕋2 with coordinates (𝜑, 𝜓), 𝜑, 𝜓 ∈ ℝmod 1 equipped with the standard symplectic form and the
holonomy map given by the diffeomorphism of 𝕋2 which descends from the diffeomorphism of
ℝ2 given by 𝜙 ∈ GL(2, ℤ):

𝜙 =

(
0 −1

1 0

)
.

The mapping on ℝ2 corresponds to rotation by 𝜋

2
and so we have 𝜙4 = Id. Denote the mapping

torus 𝑍 = ([0, 1] × 𝕋2)∕(0, 𝑥) ∼ (1, 𝜙(𝑥)).
Consider the following 𝑏-symplectic form on (𝑡, 𝜑, 𝜓, 𝑠) ∈ 𝑍 × 𝑆1:

𝜔 = 𝑑𝑡 ∧
𝑑𝑠

sin(𝑠)
+ 𝛽,

where 𝛽 is the standard symplectic form on 𝕋2. Consider the action of 𝑆1 on 𝑍 × 𝑆1 given by trans-
lation in the 𝑡-coordinate. Then there is a neighbourhood of a regular orbit contained in 𝑍 which
is equivariantly diffeomorphic to a neighbourhood of the zero section (𝑡, 𝟎) of 𝑆1 × ℝ3 where 𝑆1
acts by translations on the 𝑆1 factor of 𝑆1 × ℝ3. Moreover, there exist coordinates (𝑡, 𝑥, 𝑦, 𝑎) on
𝑆1 × ℝ3 so that the equivariant diffeomorphism becomes a symplectomorphism where 𝑆1 × ℝ3 is
equipped with the 𝑏-symplectic form

𝜔 = 4𝑑𝑡 ∧
𝑑𝑎

𝑎
+ 𝑑𝑥 ∧ 𝑑𝑦. (12)
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F IGURE 2 The curled torus. Source: Konstantinos Efstathiou

On the critical set, there is also the exceptional orbit at 𝜙 = 𝜓 = 0. In a neighbourhood of the
singular orbit, the 𝑏-sympletic form is the quotient of the 𝑏-symplectic structure (12) given above
where the group action 𝜎𝑛 ∈ 𝐺𝐿(2, ℤ) on the vector space (𝑥, 𝑦) is given by

𝜎𝑛 =

(
0 −1

1 0

)𝑛

.

Example 27. We can find examples from integrable systems having a naturally associated
𝑆1-action model with non-trivial isotropy group.
Take 𝑀 = 𝑇∗𝑆1 × ℝ2 endowed with coordinates (𝑝, 𝑡, 𝑥, 𝑦) and 𝑏-symplectic form

𝜔 = 1

𝑝
𝑑𝑝 ∧ 𝑑𝑡 + 𝑑𝑥 ∧ 𝑑𝑦. Consider the 𝑏-integrable system on 𝑀 given by 𝐹 = (log(𝑝), 𝑥𝑦).

This 𝑏-integrable system has hyperbolic singularities. Now let ℤ∕2ℤ act on 𝑀 in the following
way: (−1) ⋅ (𝑝, 𝑡, 𝑥, 𝑦) = (𝑝, 𝑡, −𝑥′, −𝑦′) observe that this action leaves the hyperbola 𝑥𝑦 = cnst
invariant and switches its branches. The action clearly preserves the 𝑏-integrable system and
induces a new integrable system on the quotient space 𝑀∕∼. Observe that the first component
of the integrable system naturally induces an 𝑆1-action given by the 𝑏-symplectic vector field
associated to the singular Hamiltonian function log(𝑝) (named as 𝑏-function, see [13] for a
discussion). This circle action also descends to the quotient and the model for the circle action
has non-trivial isotropy group of order two.
This twisted hyperbolic case in 𝑏-symplectic manifolds is a reminiscent of the twisted hyper-

bolic construction in the symplectic case in [7] and [26]† and it is an invitation to study the
invariants of a non-degenerate singularity of a 𝑏-symplectic manifold. This example can be
extended to higher dimensions and the action of a ℤ∕2ℤ can be considered for every hyperbolic
block added as long as the corank of the singularity is equal or bigger than 1. The situation can be
visualized using the curled torus, the Figure 2 showing the structure of the set 𝑝 = 0, 𝑥𝑦 = 0.

† This example shows up in physical examples and corresponds to the 1:2 resonance (see, for instance, the example in page
32 of the monograph [8]).
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5 ACTIONS OF COMPACT LIE GROUPS ON COSYMPLECTIC
MANIFOLDS

We treat the case ofmore general group actions on a 𝑏-symplecticmanifold close to the critical set.
First, we prove that only groups of a particular form can act on a 𝑏-symplectic manifold. For now,
we will treat group actions on a mapping torus 𝑍 and then extend the results to a neighbourhood
of the critical set.
In the following, we assume that the group 𝐺 is compact and connected and acts on a mapping

torus 𝑍 via a transverse, effective and foliation preserving action 𝜌. For a more general treatment
of the lifting of group actions, see [27].

Proposition 28. Suppose an element ℎ ∈ 𝐺 fixes a leaf of the mapping torus, 𝜌ℎ(0) = 0. Then ℎ
fixes every leaf of the mapping torus.

This is an easy consequence of the fact that compact connected subgroups of Diffeo+(𝑆1) are
conjugate to SO(2), which is itself a consequence ofDiffeo+(𝑆1)having a uniquemaximal compact
subgroup, see [9] for the case of orientation preserving homeomorphisms which can be adapted
mutatis mutandis for the smooth case.

Proof. Let 𝜋 ∶ 𝑍 → 𝑆1 be themapping torus projection. The action of the group𝐺 on a symplectic
mapping torus 𝑍 induces an action of 𝐺 on the base 𝑆1 in the obvious fashion

𝜏 ∶ 𝐺 × 𝑆1 → 𝑆1, (13)

(g , 𝜋(𝑥)) ↦ 𝜋(𝜌g (𝑥)) =∶ 𝜏g (𝑥). (14)

As 𝐺 is compact and connected its image 𝜏(𝐺, ⋅) is a compact subgroup of Diffeo+(𝑆1), the group
of orientation preserving diffeomorphisms of the circle. Whence 𝜏(𝐺, ⋅) is conjugate by some
𝑤 ∈ Diffeo+(𝑆1) to SO(2). Suppose ℎ ∈ 𝐺 fixes a leaf 0. This corresponds to a fixed point of the
induced action 𝜏ℎ on 𝑆1, and so a fixed point for 𝑤𝜏ℎ𝑤−1 ∈ SO(2). Whence 𝑤𝜏ℎ𝑤−1 = Id𝑆1 and
so 𝜏ℎ = Id𝑆1 . This corresponds to ℎ fixing all leaves of 𝑍. □

It can be checked easily that this defines a subgroup of 𝐺. We call

𝐻0 = {ℎ ∈ 𝐺 | 𝜌ℎ(0) = 0}

the leaf preserving subgroup of 𝐺.

Proposition 29. Let 𝐺 be a group acting in a transverse and foliation preserving manner on a
symplectic mapping torus. Let𝐻0 be the leaf preserving subgroup of 𝐺. Then:

(i) 𝐻0 is a normal subgroup of 𝐺;
(ii) 𝐻0 is a closed Lie subgroup of 𝐺;
(iii) the codimension of𝐻0 in 𝐺 is one.

Proof.

(i) This follows immediately from the fact that for ℎ ∈ 𝐻0, g ∈ 𝐺, we have 𝜏gℎg−1 = 𝜏g𝜏ℎ𝜏
−1
g =

𝜏g𝜏
−1
g = Id𝑆1 , hence gℎg−1 ∈ 𝐻0.
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(ii) Consider the projection

Φ ∶ 𝐺 → SO(2)

Φ(g) = 𝑤𝜏g𝑤
−1

corresponding to the map from 𝐺 to SO(2) given in Proposition 28. It is clear that the
level set Φ−1(Id) consists precisely of the elements of 𝐺 which are leaf preserving. Hence
Φ−1(Id) = 𝐻0 is a closed subgroup of 𝐺.

(iii) The codimension of 𝐻0 is at most one since it is given as the level set Φ−1(Id) = 𝐻0. As 𝐺
induces an action transverse to the foliation of 𝑍, it follows that the codimension of 𝐻0 is
exactly one. □

Proposition 30. The action of 𝐺 on the mapping torus 𝑍 lifts to an action of a product group
�̃� = 𝑆1 × 𝐻 on a finite trivializing cover of 𝑍 where 𝐻 is compact and connected. Moreover, 𝐺 is
necessarily of the form 𝐺 = (𝑆1 × 𝐻)∕Γ for a finite cyclic subgroup Γ (which might be trivial).

Proof. Let 𝔥 ⊂ 𝔤 be the Lie algebra of 𝐻0, the leaf preserving subgroup of 𝐺 and consider a com-
plementary ideal 𝔨 of 𝔥 in 𝔤. From the construction in the proof of Proposition 29, we can check
that the subgroup 𝐾 = exp(𝔨) is closed (and indeed isomorphic to 𝑆𝑂(2) ≅ 𝑆1). The action of 𝐾 is
transverse to the foliation and so by Proposition 17 there exists a finite trivializing cover �̃� ≅ 𝑆1 × 

of 𝑍, such that 𝑍 is the quotient of �̃� by the action of the leaf fixing subgroup Γ′ ≅ ℤ𝑘 of 𝐾 on �̃�

where Γ′ acts as

𝜇𝑚(𝑡, 𝑙) = (𝑡 −
𝑚

𝑘
, 𝜎𝑚(𝑙)), 𝑚 ∈ ℤ𝑘, (𝑡, 𝑙) ∈ 𝑆1 ×  (15)

and 𝜎 is the leaf automorphism induced by the leaf-fixing elements of𝐾 on. Denote exp(𝔥) ⊂ 𝐺

by𝐻. Denote by �̃� the group 𝐾 × 𝐻. Then we have an action �̃� of �̃� on �̃� given by

�̃� ∶ �̃� × �̃� → �̃�, �̃�(𝑠,ℎ)(𝑡, 𝑙) = (𝑡 + 𝑠, 𝜌ℎ(𝑙)).

Suppose 𝜎𝑚 = 𝜌ℎ as an equality of maps on  for some ℎ ∈ 𝐻, 𝑚 ∈ Γ′∖{0}. As 𝐻 is connected,
𝜎1 = 𝜌ℎ′ for some ℎ′ ∈ 𝐻. Whence the action 𝜇 of Γ′ on �̃� is equivalent to the action �̃� of Γ ⊂ �̃�

on �̃� where Γ is the group

Γ =
{(

−
𝑚

𝑘
, (ℎ′)𝑚

) |||𝑚 = 0,… , 𝑘 − 1
}
,

that is, 𝜇𝑚 = �̃�(−𝑚
𝑘
,(ℎ′)𝑚) for all𝑚 ∈ ℤ𝑘. Letting 𝑝�̃� and 𝑝�̃� denote the projections to �̃�∕Γ and �̃�∕Γ,

respectively, we have a commutative diagram
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By construction, the action of �̃�∕Γ on 𝑍 and the action of 𝐺 on 𝑍 possess the same fundamen-
tal vector fields. Moreover, the action of both groups is effective. Necessarily, then, �̃�∕Γ = 𝐺.
Conversely, assume that 𝜎1 ≠ 𝜌ℎ for any ℎ ∈ 𝐻.
Then exp(𝔨) ∩ exp(𝔥) = 0 and so 𝐺 ≅ 𝐾 × 𝐻. The action �̃� of �̃� ≅ 𝐺 on �̃� projects to an action

of𝐺 on 𝑍 where the projection 𝑝�̃� is given by quotienting the group by the subgroup Γ = Γ′ × {𝑒𝐻}

and the projection 𝑝�̃� is given by the action 𝜇 of Γ ≅ Γ′ in (15). □

Proposition 31. Let 𝐺 = 𝑆1 × 𝐻 be a product group acting on a mapping torus 𝑍 such that the
𝑆1-factor acts transverse to the foliation. Let 𝑧 ∈ 𝑍 and denote by 𝐺𝑧 the isotropy group of 𝑧. Then
𝐺𝑧 ≅ ℤ𝑙 × 𝐻𝑧 where 𝐻𝑧 the isotropy group of 𝑧 under the 𝐻-action and ℤ𝑙 is a cyclic subgroup and
ℤ𝑙 × {𝑒𝐻} acts as the identity on 𝐻

𝑧 .

Proof. Let 0 be a leaf of 𝑍. Denote by 𝐻
𝑧 ⊂ 0 the orbit of 𝑧 under the action of (0,𝐻) ⊂ 𝐺.

Denote the subgroup (𝑆1, 𝑒𝐻) ⊂ 𝐺 by 𝐾. Let 𝜌𝐾 be the action of 𝐾 on 𝑍. The leaf preserv-
ing subgroup of 𝐾 can be identified with ℤ𝑘; for 𝑚 ∈ ℤ𝑘, that is,

𝑚

𝑘
∈ 𝐾 is leaf-preserving, we

either have 𝜌𝐾𝑚
𝑘

(𝐻
𝑧 ) ∩ 𝐻

𝑧 = ∅ or 𝜌𝐾𝑚
𝑘

(𝐻
𝑧 ) ∩ 𝐻

𝑧 = 𝐻
𝑧 . Moreover, elements 𝑚 ∈ ℤ𝑘 satisfying

𝜌𝐾𝑚
𝑘

(𝐻
𝑧 ) ∩ 𝐻

𝑧 = 𝐻
𝑧 form a subgroup ℤ𝑙 of ℤ𝑘.

If𝜌𝐾𝑚
𝑘

(𝑧) ∉ 𝐻
𝑧 for all𝑚 ∈ ℤ𝑘, thenℤ𝑙 = {0} and𝐺𝑧 = {0} × 𝐻𝑧 where𝐻𝑧 is the isotropy group of

𝑧 under the action of (0,𝐻). Alternatively suppose ℤ𝑙 ≠ {0}, so that 𝜌𝐾1
𝑙

(𝑧) = ℎ ⋅ 𝑧 for some ℎ ∈ 𝐻.

If ℎ ≠ 𝑒𝐻 , we can find a new 𝐾′ ⊂ 𝐺 which acts as the identity on 𝑧 as follows: let 𝜂 in 𝔨 be such
that 𝐾 = exp(𝑡𝜂)where 𝑡 ∈ [0, 1). Let 𝜈 ∈ 𝔥 be such that exp(1

𝑙
𝜈) = ℎ−1. Consider the subgroup

𝐾′ = {exp(𝑡(𝜂 + 𝜈))| 𝑡 ∈ [0, 1)}.

Then the isotropy group of 𝑧 is of the formℤ𝑙 ×𝐻𝑧 whereℤ𝑙 ≅ {exp(𝑛
𝑙
(𝜂 + 𝜈))|𝑛=0,… , 𝑙 − 1}. □

6 A 𝒃-SYMPLECTIC SLICE THEOREM

Let (𝑀 ≅ (−𝜖, 𝜖) × 𝑍, 𝜔) be a 𝑏-symplecticmanifold together with an effective 𝑏-symplectic action
by a compact connected Lie group𝐺 acting transversely to the symplectic leaves inside the critical
hypersurface 𝑍. First we will construct the 𝑏-symplectic models which will give us a normal form
for the 𝑏-symplectic form about an orbit of 𝐺. By Proposition 30, there are two distinct cases.

(1) 𝐺 is a group isomorphic to the product of Lie groups 𝐺 = 𝑆1 × 𝐻.
(2) 𝐺 = (𝑆1 × 𝐻)∕Γ where Γ ≅ ℤ𝑙 × ℤ𝑘 ⊂ 𝑆1 × 𝐻 and ℤ𝑘 is a non-trivial cyclic subgroup of𝐻.

Recall from Proposition 30 that there is a trivial finite cover �̃� = 𝑆1 ×  of 𝑍 equipped with an
(𝑆1 × 𝐻)-action which projects to the action of 𝐺 on 𝑍.
Let 𝑧 ∈ 0 be a point in a symplectic leaf of 𝑍 and consider the orbit𝐻

𝑧 of 𝑧 given by the group
action of𝐻 = exp 𝔥 on 0. Denote the isotropy group of 𝑧 by𝐻𝑧. By the symplectic slice theorem
(Theorem 1), there is an 𝐻-equivariant neighbourhood  of 𝐻

𝑧 in 0 which is equivariantly
symplectomorphic to a neighbourhood of the zero section of the vector bundle 𝑌𝐻

𝑧 = (𝐻 ×𝔪∗ ×

𝑉𝑧)∕𝐻𝑧 with symplectic form 𝜔𝑀𝐺𝑆 as given by Theorem 1. Recall that𝔪 is a Lie subalgebra of 𝔥,
the vector space 𝑉𝑧 ⊂ 𝑇𝑧0 is the symplectic orthogonal 𝑉𝑧 = (𝑇𝑚

𝐻
𝑧 )

𝜔∕𝑇𝑚
𝐻
𝑧 and 𝐻𝑧 acts on

𝑉𝑧 by the isotropy representation.
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Definition 32 (𝑏-Symplectic models). Consider the 𝑏-symplectic form on �̃� = 𝑇∗𝑆1 × (𝐻 ×𝐻𝑧

𝔪∗ × 𝑉𝑧) given by

�̃�0 = 𝜔𝑐′ + 𝜔𝑀𝐺𝑆, (16)

where 𝜔𝑐′ is the 𝑏-symplectic form on 𝑇∗𝑆1 of modular period 𝑐′ = 𝑐𝑘 given by Definition 5, and
𝜔𝑀𝐺𝑆 is the symplectic form on𝑌𝐻

𝑧 = 𝐻 ×𝐻𝑧
𝔪∗ × 𝑉𝑧 given by the symplectic slice theorem (The-

orem 1). Consider the quotient 𝑏-symplectic structure on 𝐸 = �̃�∕ℤ𝑙 where
𝑚

𝑙
∈ ℤ𝑙 acts on 𝑇∗𝑆1 as

the cotangent lift ofℤ𝑙 acting by translations on 𝑆1 and acts on the factor𝐻 ×𝐻𝑧
𝔪∗ × 𝑉𝑧 equipped

with the coordinates [𝑘, 𝜂, 𝑣] of Theorem 1 either by:

(1) 𝑚

𝑙
⋅ [𝑘, 𝜂, 𝑣] = [𝑘, 𝜎𝑚(𝜂), 𝜎𝑚(𝑣)] for a linear symplectomorphism 𝜎;

(2) 𝑚

𝑙
⋅ [𝑘, 𝜂, 𝑣] = [ℎ𝑚 ⋅ 𝑘, 𝜂, 𝑣] where ℎ is some element of𝐻;

then 𝐸 has a unique 𝑏-symplectic structure such that the projection is a local 𝑏-
symplectomorphism (see Remark 21). We call these normal forms 𝑏-symplectic models with
symplectic slice 𝑉𝑧 and modular period 𝑐

𝑘

𝑙
.

We will now show that a neighbourhood of an orbit of a 𝐺-action on a 𝑏-symplectic manifold
with the properties stated in the beginning is 𝑏-symplectomorphic to a neighbourhood of the zero
section of one of the models above, completing the proof of Theorem 3, which we recall here in a
succinct way:

Theorem 33. Let 𝐺 be a compact Lie group acting on a 𝑏-symplectic manifold (𝑀, 𝜔) transverse
to the symplectic foliation and assume there is one symplectic leaf of the critical set 𝑍 which is com-
pact. Suppose that the action of 𝐺 is 𝑏-symplectic, effective and Hamiltonian when restricted† to a
symplectic leaf of 𝑍. Let 𝑧 be an orbit of the group action contained in the critical set of 𝑀. Then
there is a neighbourhood  of 𝑧 in𝑀 which is 𝑏-symplectomorphic to a neighbourhood of the zero
section of a bundle given by the 𝑏-symplectic model 𝐸 in Definition 32.

Proof. By Proposition 30, there exists a finite cover �̃� ≅ 𝑆1 ×  which comes equipped with the
action of a product group �̃� ≅ 𝑆1 × 𝐻 which covers the action of 𝐺 on 𝑍. Let 𝑧 ∈ 0 ⊂ 𝑍 and let
�̃� ∈ �̃� be a point projecting to 𝑧. Denote by 𝐻

𝑧 the orbit of 𝑧 under the action of the subgroup
𝐻 and by �̃�

�̃� the orbit of �̃� under the action of �̃� ≅ 𝑆1 × 𝐻 on the cover �̃�. Then an invariant
open neighbourhood of�̃�

�̃� in �̃� ≅ (−𝜖, 𝜖) × �̃� is of the form ̃ = (−𝜖, 𝜖) × 𝑆1 × where is an
invariant open neighbourhood of𝐻

𝑧 in 0. Recall that 𝑍 is the quotient of �̃� by a cyclic subgroup
Γ of �̃�. By Proposition 30, we may assume that Γ is of the form

Γ =
{(

−
𝑚

𝑘
, ℎ𝑚

)||𝑚 = 0,… , 𝑘 − 1
}
. (17)

† The group action 𝜌 induces a Lie algebra homomorphism from 𝔤 to the Lie algebra of vector fields on 𝑀 via 𝑑𝑒𝜌𝑥 ∶

𝔤 → 𝑇𝑥𝑀. In turn, by restricting the action to the critical set, we have a Lie algebra homomorphism 𝑑𝑒𝜌𝑥|𝑍 ∶ 𝔤 → 𝑇𝑥𝑍 ≅

𝑇𝑥𝑆
1 × 𝑇𝑥 where  is a leaf of the foliation. The action is transverse to the leaf of the foliation if the restriction of this

homomorphism to the first factor, 𝑇𝑥𝑆1, is surjective everywhere. The action is Hamiltonian when restricted to leaves if
the vector fields given by the restricted homomorphism 𝑑𝑒𝜌𝑥| ∶ 𝔤 → 𝑇𝑥 are Hamiltonian.
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Let �̃� be the lift of 𝜔 to �̃� as given by Proposition 17. By Theorem 22, we may assume that locally
around �̃�, �̃� is of the form

�̃� = 𝑐𝑘𝑑𝑡 ∧
𝑑𝑎

𝑎
+ 𝛽,

where 𝛽 is the symplectic form on the leaf 0. Denote by 𝐻𝑧 the isotropy group of 𝑧 under
the action of 𝐻. By the symplectic slice theorem, Theorem 1, a neighbourhood  of 𝐻

𝑧

with symplectic form 𝛽 is equivariantly symplectomorphic to a neighbourhood of the zero
section of the bundle 𝑌𝐻

𝑧 = 𝐻 ×𝐻𝑧
𝔪∗ × 𝑉𝑧 with symplectic form given by the symplectic slice

theorem.
Consider the vector bundle �̃� = 𝑇∗𝑆1 × (𝐻 ×𝐻𝑧

𝔪∗ × 𝑉𝑧) with symplectic form given by �̃�0 in
Equation (16), where 𝑐 is the modular period of 𝜔 and 𝑘 is the order of Γ. Let �̃� be the equivariant
diffeomorphism form ̃ to a neighbourhood of the zero section in �̃� obtained from the slice theo-
rem on0. Then �̃�∗�̃�0 is a 𝑏-symplectic form on a neighbourhood of�̃�

�̃� and, since (�̃�
∗�̃�0)�̃� = �̃��̃�,

by the equivariant relative Moser Theorem, Theorem 23, and after making ̃ smaller if necessary,
we can conclude that there is an equivariant 𝑏-symplectomorphism from ̃ to a neighbourhood
of the zero section of �̃� equipped with the 𝑏-symplectic form �̃�0.
Denote by Γ𝑧 the subgroup of Γ defined by {𝑚 ∈ Γ | 𝜌𝑚(𝐻

𝑧 ) ∩ 𝐻
𝑧 = 𝐻

𝑧 }, where 𝜌 is the action
of Γ𝑧 ⊂ �̃� on 𝑍 equivariant with respect to the projection �̃� → 𝑍, as in Proposition 30.
Then Γ𝑧 is a cyclic subgroup Γ𝑧 ≅ ℤ𝑙 of Γ of the form

Γ𝑧 =
{(

−
𝑚

𝑘
, (ℎ′)𝑚

)||𝑚 = 0,… , 𝑙 − 1
}

for some ℎ′ ∈ 𝐻. Denote by 𝑝̃ , 𝑝�̃� the projections to the quotients of ̃ and �̃� by the action of Γ𝑧,
respectively. Define 𝜓 by the condition that the following diagram commutes:

First consider the case where 𝐺 ≅ 𝑆1 × 𝐻. We may assume by Proposition 31 that the action
of Γ𝑧 on the orbit 𝐻

𝑧 and so on the base of the bundle 𝑌𝐻
𝑧 is trivial. Moreover, it preserves the

slice 𝑉𝑧 and acts by linear symplectomorphisms and so 𝜓 is 𝑏-symplectomorphism to Model (1)
of Definition 32.
For ℎ ≠ 𝑒𝐻 in the group Γ in Equation (17) (that is, the case 𝐺 ≅ (𝑆1 × 𝐻)∕Γ for Γ non-trivial

and Γ𝑧 ⊂ Γ), the action of Γ𝑧 on 𝑌𝐻
𝑧 is given by the symplectic slice theorem, Theorem 1, and the

equivariant normal form is given by Model (2) of Definition 32. □

Some remarks are in order:

Remark 34. It would be possible to extend this slice theorem to proper group actions rather than
compact group actions as done in [28].

Remark 35. This slice theorem puts a first step forwards towards understanding rigidity phenom-
ena in the Poisson realm. In [24], a rigidity theorem for Hamiltonian actions on Poissonmanifolds
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is given. Our slice theorem yields a similar rigidity theorem also for 𝑏-symplectic actions. The gen-
eral rigidity theorem in [24] uses sophisticatedNash–Moser techniqueswhich are not necessary in
the case of 𝑏-symplectic manifolds. In a more general context, this is connected to the problem of
stability of symplectic leaves (the normal form obtained gives an equivariant version of this phe-
nomenon). For the general problem of stability of symplectic leaves and rigidity and flexibility
phenomena, refer to [6] and [5].

Example 36. Let𝐺 be a compact Lie groupwith non-trivial centre. Let 𝜉1 ∈ 𝔤 be a central element
of the Lie algebra and 𝜉2, … , 𝜉𝑛 ∈ 𝔤 be such that 𝜉1, … , 𝜉𝑛 form a basis of the Lie algebra. Denote
by 𝜂𝑖 the basis of the Lie algebra dual such that (𝜂𝑖, 𝜉𝑗) = 𝛿𝑖𝑗 . Denote the associated invariant
vector fields 𝐿g∗𝜉𝑖 by 𝑣𝑖 and 𝐿∗g𝜂𝑖 by 𝑚𝑖 , respectively. At each point g ∈ 𝐺, these give a basis for
the tangent and cotangent spaces at g . Consider the singular two-form on 𝑇∗𝐺

𝜔 = 𝜋∗𝑚1 ∧
𝑑(𝜆(𝑣1))

𝜆(𝑣1)
+

𝑛∑
𝑖=2

𝜋∗𝑚𝑖 ∧ 𝑑(𝜆(𝑣𝑖)), (18)

where 𝜋 the canonical projection 𝑇∗𝐺 → 𝐺. It can be checked directly that 𝜔 is a 𝑏-symplectic
form on 𝑇∗𝐺 invariant under the cotangent lifted action of 𝐺 on 𝑇∗𝐺. By Proposition 30, 𝐺 has a
finite cover of the form 𝑆1 × 𝐻. The 𝑏-symplectic model for the action of𝐺 on 𝑇∗𝐺 is given by �̃� =

(𝑇∗𝑆1 × 𝑇∗𝐻)∕ℤ𝑘 where ℤ𝑘 acts diagonally on 𝑇∗𝑆1 × 𝑇∗𝐻 by the cotangent lift of translations
on 𝑆1 and the 𝑏-symplectic form on �̃� is

�̃�0 = 𝜔𝑐 + 𝜔𝐻, (19)

where

∙ 𝜔𝑐 is the standard 𝑏-symplectic form of modular period 𝑐 on the manifold 𝑇∗𝑆1, as given in
Definition 5;

∙ 𝜔𝐻 is the canonical symplectic form on 𝑇∗𝐻.

Example 37. Consider the symplectic mapping torus

𝑍 =
[0, 1] × 

(0, 𝑙) ∼ (1, 𝜙(𝑙))
, (20)

where

∙  ≅ 𝑆2 × 𝑆2, where 𝑆2 is the two sphere equipped with the standard symplectic form and  is
equipped with the product symplectic form;

∙ 𝜙 ∶  →  is the diffeomorphism of given by exchanging the 𝑆2 factors of, that is, 𝜙(𝑥, 𝑦) =
(𝑦, 𝑥).

Consider the group 𝐺 = 𝑆1 × SO(3) where SO(3) acts diagonally on the product  ≅ 𝑆2 × 𝑆2 by
rotation on each factor and 𝑆1 acts by translations on the factor [0,1] of the above mapping torus:

(𝑠, 𝐴) ⋅ (𝑡, 𝑥, 𝑦) = (𝑡 + 2𝑠, 𝐴 ⋅ 𝑥,𝐴 ⋅ 𝑦), (𝑠, 𝐴) ∈ 𝑆1 × SO(3), (𝑡, 𝑥, 𝑦) ∈ [0, 1] × .

Consider a point 𝑧 = (0, 𝑥, 𝑦) ∈ 𝑍 and the corresponding orbit 𝑧 in the 𝑏-symplectic manifold
𝑀 = (−𝜖, 𝜖) × 𝑍. We distinguish three cases.
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First, suppose 𝑥 ≠ ±𝑦. Then the action of 𝑆1 × SO(3) on the orbit 𝑧 is free. There is a neigh-
bourhood  of 𝑧 equivariantly 𝑏-symplectomorphic to the zero section of the bundle 𝐸 =

𝑇∗S1 × 𝑌SO(3)
𝑧 , where 𝐸 is equipped with the 𝑏-symplectic form

�̃�0 = 𝜔2 + 𝜔𝑀𝐺𝑆

and 𝜔2 is the standard symplectic form of modular period 2 on 𝑇∗𝑆1 and 𝜔𝑀𝐺𝑆 is a symplectic
form on 𝑌SO(3)

𝑧 given by Theorem 1.
Now let 𝑥 = 𝑦. Then 𝑧 has isotropy group ℤ2 × SO(2). The associated 𝑏-symplectic model

is given by 𝐸 = 𝑇∗S1 × 𝐹, where 𝐹 = SO(3) ×SO(2) 𝑉 is a bundle over the homogeneous space
SO(3)∕SO(2) ≅ 𝑆2, 𝑉 a two-dimensional vector space with Darboux symplectic form 𝜔𝑉 . The
𝑏-symplectic form on 𝐸 is given by

�̃�0 = 𝜔1 + 2𝜔𝑆2 + 𝜔𝑉,

where 𝜔1 is the standard symplectic form of modular period 1 on 𝑇∗𝑆1 and 𝜔𝑆2 is the usual
symplectic form on the sphere.
Finally, suppose 𝑦 = −𝑥. Let 𝜈 ∈ 𝔨, 𝔨 the Lie algebra of 𝑆1. Let exp(𝑡𝜉) ≅ SO(2) be the 1-

parameter subgroup of 𝑆𝑂(3) such that g = 𝑒𝑥𝑝(𝜉) acts on 𝑆2 by g(𝑥) = −𝑥 and 𝑑𝜌g = −𝐼𝑑. Then
the subgroup (exp(𝑡𝜈),exp(𝑡𝜉)) ↪ 𝑆1 × 𝑆𝑂(3) acts as the identity on the orbit 𝑧 ≅ 𝑆2 and the 𝑏-
symplectic model is given by the quotient bundle 𝐸 = 𝑇∗S1 × (𝑆𝑂(3) ×𝑆𝑂(2) 𝑉)∕ℤ2 where ℤ2 acts
on 𝑢, 𝑣 ∈ 𝑉 by (𝑢, 𝑣) → (−𝑢,−𝑣) and 𝐸 is equipped with the 𝑏-symplectic form

�̃�0 = 𝜔1 + 2𝜔𝑆2 + 𝜔𝑉.
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