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Abstract Among the modelling approaches that have been proposed for the simula-
tion of wildfire propagation, two have gained considerable attention in recent years:
the one based on a reaction-diffusion equation, and the one based on the level set
method. These two approaches, traditionally seen in competition, do actually lead to
similar equation models when the level set method is modified taking into account
random effects as those due to turbulent hot air transport and fire spotting phenomena.

The connection between these two approaches is here discussed and the applica-
tion of the modified level set method to test cases of practical interest is shown.
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1 Introduction

In recent years wildfire propagation modelling and simulation has drawn consider-
able attention and many efforts in this challenging research field have been made,
as thoroughly reviewed in [1–3]. Among the others, two different approaches have
proven to be successful: one is based on a reaction-diffusion model [4–6], and the
other one on the so-called level set method (LSM) [7–9].

These two approaches are typically regarded as mutually exclusive, being the
solution of a reaction-diffusion equation a smooth function representing, for instance,
the temperature in the domain of interest, and the solution of the LSM providing the
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exact localization of the fire front. However, it was recently argued that these two
approaches are complementary and can be merged [10, 11].

Two features of wildfire propagation which are remarkably challenging from the
modelling point of view are the turbulent transport phenomena in hot regions [12–15],
and the fire spotting, i.e. the ejection of embers from the hot region into the yet-to-
burn region ahead of the fire [16–18]. Since both these processes at a macroscopic
level have random characters, the fire evolution turns out to be a stochastic process
[19], and the level set method has proven to be a flexible framework that allows to
implement these random phenomena with relative ease.

In the model recently adopted and improved by the authors [20–22], the fire front
motion is randomized by adding to the deterministic rate of spread (RoS) of the fire
prescribed by empirical or semi-empirical models, two stochastic terms correspond-
ing to the above mentioned turbulent heat transport and fire spotting. The resulting
averaged process is governed by an evolution equation of reaction-diffusion type in
which the rate of spread (RoS) of the fire plays a role in the source term and the ran-
domization of the fire front is performed according to the probability density function
(PDF) of the front particle displacement. In the limit case of deterministic motion,
the reaction-diffusion equation reduces to the Hamilton–Jacobi equation typical of
the classical LSM. The resulting model allows to simulate the effects of fire-breaks –
something that cannot be easily modelled by the classical level set method – as well
as effects of turbulent convection such as flanking and backing fire and the increase
in fire spread due to the pre-heating associated to turbulent transport of hot air.

The paper is organized as follows. In Section 2 the models of wildfire propagation
based on the reaction-diffusion equation (Section 2.1) and on the LSM (Section 2.2)
are outlined, as well as the newly introduced randomized LSM (Section 2.3). In Sec-
tion 3 the application of the proposed model is discussedand in Section 4 a selection
of numerical simulation results are shown and discussed.

2 Reaction-Diffusion Model and Level Set Method in Wildfire Simulation

2.1 Brief overview of the rection-diffusion model

An important observable in regions affected by fire is the temperature. Since the
mechanisms of energy transport involve molecular processes in turbulent flows, on
a macroscopic level the transport of energy can be modelled as a diffusion process
and the combustion is modelled as a source term. A two-equation model involving
the average temperature field T (x, t) and the fuel mass fraction Y(x, t), Y ∈ [0, 1],
has been developed and has proven to be very successful [4–6, 23, 24]. In its simpler
formulation, such a model is based on the following governing equations

∂T
∂t

+ U∇T = ∇ (K∇T ) + RY − (T − Ta) ,
∂Y
∂t

= −RY,

where U is the mean wind velocity, K the diffusion coefficient, R the reaction rate and
Ta the ambient temperature.
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In models based on a reaction-diffusion equation, typically a solution featuring
large gradients in the neighbourhood of the fire front, and nearly constant elsewhere,
as to allow to localize of the fire front, is regarded as an important asset. This consid-
eration leads directly to the development of a model based on the LSM. The latter,
in fact, provides a well-known and flexible framework for modelling the evolution of
moving interfaces [7]. In the context of wildfire propagation, modelling the interface
between burnt/unburnt regions by means of the classical LSM has been considered
by several authors [8, 9, 13].

2.2 The classical level set method

The level set method can be briefly described as follows [7]. Let Γ ≡ Γ(t) be the
interface (either a simple closed curve, or an ensemble of simple non-intersecting
closed curves), representing a propagating front in a domain S ⊆ �d (d = 2, 3), and
let ϕ : S × [0,+∞[→ � be a function such that ϕ (x, t) = ϕ∗ coincides with the
evolving front, i.e. Γ(t) = {x ∈ S | ϕ(x, t) = ϕ∗}. The evolution of the field ϕ is
governed by the following Hamilton-Jacobi equation:

Dϕ
Dt

=
∂ϕ

∂t
+

dx
dt
· ∇ϕ = 0, ϕ(x, t = 0) = ϕ0(x), (1)

where ϕ0 is the initial field embedding the interface Γ at t = 0, Γ0 ≡ Γ(t = 0).
Introducing the velocity of the interface V = dx/dt and its component normal to the
interface itself,V = V · n̂, where n̂ = −∇ϕ/‖∇ϕ‖, Eq. (1) may be written as follows

∂ϕ

∂t
= V(x, t)‖∇ϕ‖, (2)

which is the ordinary level set equation, being ϕ(x, t) the so-called level set function.
The interface Γ and the burnt region Ω may be conveniently identified by means of
two indicator functions IΓ,IΩ : S × [0,+∞[→ {0, 1} defined as follows:

IΓ(x, t) =

1 if ϕ (x, t) = ϕ∗

0 elsewhere,
IΩ(x, t) =

1 if ϕ (x, t) 6 ϕ∗
0 elsewhere,

The initial topology of the fire is indicated by IΓ0 (x) = IΓ(x, t = 0) and IΩ0 (x) =

IΩ(x, t = 0). In case Γ is made up by more than one closed curve, the domain Ω
is not simply connected, resulting in multiple independent burnt areas. When the
application to wildfire is considered, the front velocity V(x, t) is identified by the
RoS, which depends on wind intensity and direction, topography of the terrain, kind
of vegetation, etc. Several models for the RoS have been proposed and validated
[8, 25–27]; all of them can be straightforwardly implemented in the classical LSM.
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2.3 The randomized level set method

The first step towards the development of the randomized LSM consists in assuming
that the motion of the front is affected, in addition to the deterministic RoS, by random
effects as turbulence and fire spotting phenomena.

Indexing the realizations by ω, the random trajectory of the particle located at
t = 0 in x0 is denoted by Xω(t, x0). Adopting the formalism of statistical mechanics
[28], the trajectories are marked out by the one-particle density function f ω(x; t) =

δ(x−Xω(t, x0)), where δ (x) is the Dirac δ-function. Observing that in the deterministic
case the level set function ϕ, solution of Eq. (2), may be written as

ϕ (x, t) =

∫
S

ϕ
(
x, t

)
δ
(
x − x

)
dx, (3)

the effects of the random phenomena are included in the model assuming that, in the
ω-realization, the level set function ϕω embedding the fireline Γω is obtained as a
straightforward generalization of Eq. (3) as follows:

ϕω(x, t) =

∫
S

ϕ(x, t)δ(x − Xω(t, x)) dx.

Accordingly, IΓ and IΩ are replaced by IΓω ,IΩω : S × [0,+∞[→ {0, 1} defined as:

IΓω (x, t) =

∫
Γ(t)

δ(x − Xω(t, x)) dx,

IΩω (x, t) =

∫
Ω(t)

δ(x − Xω(t, x)) dx,

Hence, denoting by 〈·〉 the ensemble average, the effective indicator of the burnt re-
gion, ϕe(x, t) : S × [0,+∞[→ [0, 1], can be finally introduced:

ϕe(x, t) =

〈∫
Ω(t)

δ(x − Xω(t, x)) dx
〉

=

∫
Ω(t)

f (x; t|x) dx =

∫
S

IΩ(x, t) f (x; t|x) dx (4)

where f (x; t|x) =
〈
δ(x − Xω(t, x))

〉
is the PDF of the displacement of the particle [29].

It is worth noting that, since in the deterministic case Xω(t, x) = x and f (x; t|x) =

δ(x − x), from Eq. (4) it is seen that ϕe(x, t) = IΩ(t).

Applying the Reynolds transport theorem to Eq. (4), the evolution equation of the
effective indicator ϕe(x, t) reads as [29]:

∂ϕe

∂t
=

∫
Ω(t)

∂ f
∂t

dx +

∫
Ω(t)
∇x · [V(x, t) f (x; t|x)] dx. (5)

Taking into account that f (x; t|x) satisfies the evolution equation ∂ f /∂t = E f , where
E = E(x) is a generic evolution operator, Eq. (5) can be written as:

∂ϕe

∂t
= Eϕe +

∫
Ω(t)
∇x · [V(x, t) f (x; t|x)] dx.
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Introducing now the mean front curvature κ = ∇x · n̂/2 and considering that the front
velocity typically depends on the curvature, rather than directly on the position, i.e.
V ≡ V(κ, t), the evolution equation of ϕe(x, t) becomes

∂ϕe

∂t
= Eϕe +

∫
Ω(t)

V · ∇x f dx +

∫
Ω(t)

f
{
∂V

∂κ
∇xκ · n̂ + 2V(κ, t)κ(x, t)

}
dx. (6)

Equation (6) is a reaction-diffusion equation, establishing a connection between reac-
tion-diffusion-based models and models based on the randomized LSM. In particular,
the proposed formulation allows to pass from an LSM approach, based on a hyper-
bolic balance equation (see for example [30]), to a reaction-diffusion model, based
on a parabolic balance equation (see for example [31]).

Since the effective indicator ϕe takes values on the compact interval [0, 1], rather
than on the discrete set {0, 1}, a criterion to mark the effective burnt region Ωe is
required. A straightforward choice is to mark as burnt the region in which ϕe exceeds
a threshold value ϕth

e , i.e. Ωe(x, t) = {x ∈ S | ϕe(x, t) > ϕth
e }.

3 Model discussion

The random trajectory of a particle belonging to the moving front is given by Xω(t, x) =

x + χω + ξω where xRoS is the deterministic term computed by means of the chosen
RoS model, and χ and ξ are noises corresponding to turbulence and fire spotting,
respectively. These terms are embodied by the PDF f (x; t | x), which is given by the
convolution of the PDF associated to the random variable (xRoS +χ), in the following
indicated as G, and the one associated to ξ, in the following indicated as q.

In the present model, the fire spotting noise ξ is aligned with the mean wind
direction n̂U , i.e. ξω = `ωn̂U , being ` the landing distance of the firebrands from
the front. Moreover, turbulent noise χ is a zero-mean noise, i.e. 〈χ〉 = 0, while fire
spotting noise ξ has a positive mean value, i.e. 〈`〉 > 0, being the wind velocity
the same in all realizations. Therefore, the average position in the leeward sector is〈
X(t, x)

〉
= x + 〈`〉 n̂U , while in the windward sector is

〈
X(t, x)

〉
= x. It should also

be considered that fire spotting is to be taken into account only in the leeward part of
the front, being fire spotting an intrinsically downwind phenomenon. Therefore,

f (x; t | x) =


∫ ∞

0 G(x − x − `n̂U ; t) q(`; t) d` where n̂ · n̂U > 0,
G(x − x; t) otherwise.

Concerning turbulent phenomena, the most simple model is the Gaussian one that, in
the isotropic case, provides the following PDF:

G(x − x; t) =
1

2πσ2(t)
exp

(
−

(x − x)2 + (y − y)2

2σ2(t)

)
,

where x ≡ (x, y), x ≡ (x, y), and σ2(t) =
〈
(x − x)2

〉
/2 = 2D t is the particle displace-

ment variance, beingD the turbulent diffusion coefficient.



6 Andrea Mentrelli, Gianni Pagnini

For what concerns the fire spotting phenomenon, it has been argued [18] that the
landing distance of the firebrands follows a log-normal distribution:

q(`; t) =
1

√
2πs(t)`

exp
{
−

(ln ` − µ(t))2

2 s(t)2

}
,

where µ(t) = 〈ln `〉 and s(t) =
〈
(ln ` − µ(t))2

〉
are, respectively, the mean and the

standard deviation of ln `.
It should be emphasized here that, being 〈χ〉 = 0, the noise due to turbulent

transport does not affect the average position of the front,
〈
X(t, x)

〉
. The same cannot

be said when fire spotting is also considered. In fact, being 〈`(t)〉 > 0, in the leeward
front sector, the advancement of the fire is enhanced by fire spotting,

〈
X(t, x)

〉
=

x(t) + 〈χ〉 + 〈ξ〉 = x(t) + 〈`(t)〉 n̂U , being n̂U the unit vector pointing outward of the
burned domain. As a consequence, when the fire spotting is included, the velocity of
the mean front in the leeward sector is incremented by the contribution due to the
deterministic RoS, VRoS ,

V(x, t) =
d
(
xRoS + 〈`〉 n̂U

)
dt

= VRoS (x, t)n̂+
d 〈`〉

dt
n̂U +〈`〉

dn̂U

dt
= VRoS (x, t)+V`(x, t),

and the level set equation in the leeward sector must be modified as follows in order
to incorporate the effect of the fire spotting:

∂ϕ

∂t
= (VRoS + V` · n̂) ‖∇ϕ‖.

Another important result of the proposed approach is the possibility to manage real
world cases in which fire overcomes a zone without fuel, like roads or artificial fire-
break (this feature of the model was reported also in the case in which only turbulence
was taken into account [10, 11]).

4 Numerical results

The model discussed in the previous section has been implemented in a general pur-
pose LSM-based parallel code thoroughly described elsewhere [32, 33].

Since the aim of the present paper is to investigate the potentialities of the model,
rather than simulate a wildfire under realistic conditions, the results presented here are
restricted to oversimplified cases in order to highlight the role played by the random
phenomena and the effects of fire-breaks in the region affected by the fire.

Details concerning the simulation set-up and the environmental input data are not
provided here for the sake of brevity, being the same as those previously detailed
by other authors [16, 18, 20]. It is only mentioned here that the deterministic rate of
spread is computed on the basis of the Byram formula [34] suitably modified in order
to include the wind and slope effects as prescribed in [13]. The direction of the mean
wind is 90◦clockwise from North (i.e. from West to East) for the first 90 minutes,
than it changes gradually rotating clockwise of 1◦/4 minutes.

With the purpose of pointing out the main features of the model and the effects of
fire-breaks like roads, three cases have been selected for discussion among the pool of
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new available numerical results. These cases are characterized by values of the wind
velocity ranging from 6.7 to 17.88 m/s and values of the fire intensity I ranging from
5 000 to 20 000 kW/m (Ut = 6.7 and I = 5 000 kW/m for caseA, shown in Figure 1;
Ut = 6.7 and I = 10 000 kW/m for case B, shown in Figure 2; Ut = 17.88 and I =

20 000 kW/m for case C, shown in Figure 3). In all the cases, numerical simulations
have been performed assuming a deterministic front propagation, as well as including
random effects due only to turbulence with and without fire spotting.

In each case, the evolution of the front propagating in a terrain with no fire-breaks
are shown on the left, and the corresponding evolution in presence of fire-breaks
(grey regions, representing roads or similar fuel-free obstacles) is shown on the right.
For both cases, the results obtained by adopting three different models are shown
in the figures: the deterministic model, in which the front is tracked by means of
the classical level set method (top raw of each figure); the model in which the front is
tracked by means of the level set method including only the turbulence effects (middle
raw), and the full-featured model presented in the previous section in which the fire
spotting phenomenon is also included (bottom raw).

As a general rule, comparing the results obtained in the randomized approach to
those obtained in the deterministic framework, it is possible to state that, as expected,
the fire front propagates faster when turbulence effects are taken into account.

In addition, the numerical results strongly suggest the importance of the fire spot-
ting phenomenon as a mechanism enhancing the front propagation: This is particu-
larly evident in the cases in which the fire propagates in a region in which fire-breaks
are present. In this situation, the modelling results strikingly point out how the fire
spotting phenomenon may be crucial in making the fire overcoming the fire-breaks
faster than when adopting a model including only turbulence effects. As it has been
previously shown [10, 11], the turbulence itself can be responsible for the spreading
of the wildfire across fire-breaks; but it appears clearly, when comparing the results of
Figures 1(d), 2(d) and 3(d) to those of Figures 1(f), 2(f) and 3(f), that the fire spotting
phenomenon is capable of remarkably enhancing this capability of the wildfire.
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by the randomized LSM including turbulence without (middle raw) and with (bottom row) fire spotting.
(The darkest/lightest region represent the extension of the wildfire after 30/180 minutes (intermediate color
regions are snapshots taken each 20 minutes).
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