BOUNDARY STABILIZATION OF NUMERICAL APPROXIMATIONS OF THE 1-D
VARIABLE COEFFICIENTS WAVE EQUATION: A NUMERICAL VISCOSITY
APPROACH

AURORA MARICA AND ENRIQUE ZUAZUA

ABSTRACT. In this paper, we consider the boundary stabilization problem associated to the 1 — d wave
equation with both variable density and diffusion coefficients and to its finite difference semi-discretizations.
It is well-known that, for the finite difference semi-discretization of the constant coefficients wave equation
on uniform meshes [24] or on some non-uniform meshes [20], the discrete decay rate fails to be uniform with
respect to the mesh-size parameter. We prove that, under suitable regularity assumptions on the coefficients
and after adding an appropriate artificial viscosity to the numerical scheme, the decay rate is uniform as
the mesh-size tends to zero. This extends previous results in [24] on the constant coefficient wave equation.
The methodology of proof consists in applying the classical multiplier technique at the discrete level, with
a multiplier adapted to the variable coefficients.

1. PRELIMINARIES

Let us consider the following initial boundary value problem associated to the 1 — d wave equation with
variable coefficients and with a damping mechanism acting on the right endpoint of the space interval:
p(x)vy — (0(z)vg)s =0, z € (0,1),t € (0,7
(1.1) v(0,t) = o(V)v(1,¢) +v:(1,) =0, ¢ €[0,T)
v(z,0) = v0(z), vs(x,0) = vi(x), x € (0,1),
where (v0,v') € H} x L?(0,1) and H}(0,1) = {f € H'(0,1), f(0) = 0}.
Here we have taken the dissipative boundary condition

o(Dug(1,t) +ve(1,t) =0,
but similar results can be proved for more general feedback terms as, for instance,
o(Dvg(1,t) + kve(1,t) = 0,

with £ > 0 and k # 1. In fact, problem (l.1)) with the second dissipative condition can be reduced to (1.1))
by scaling the time variable.
The energy corresponding to the solution of (1.1)),

Epr(0(0),0(,0) 1= 5 (VAo DI + Vo DlEe),

obeys the following dissipation law:

d

(1.2) =

Epa (W 1), ve( 1)) = —[ve(L,)* or £,5(0°,0") = €0 (v(:, 1), v2(, 1)) = / o (1, ¢)| dt".
0

When the variable coefficients p and ¢ belong to the BV (0, 1) class of functions with bounded variation,
the following stabilization property holds, ensuring the ezponential decay of the energy &£, ,(v(,t),v¢(:, 1))
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of the solutions of (|1.1)), i.e., the existence of two constants M, w > 0 such that the following estimate holds
for any solution v of (1.1)) corresponding to the initial data (v°,v') € H} x L?(0,1) and any ¢t > 0:

(1.3) Epo(V(-1),v0(, 1)) < M exp(—tw)E, »(v°, v1).

There is an extensive literature on the exponential decay of solutions of damped wave equations. In the
1—d case under consideration, a careful spectral analysis allows showing that, most often, the eigenfunctions
of the associated generator of the semigroup constitute a Riesz basis. This allows characterizing the decay
rate in terms of the spectral abscissa. In the case p = o0 = 1, the solutions of vanish in finite time for
all ¢ > 2. But this only occurs in this very exceptional case as pointed out in [5].

For multi-dimensional problems, the analysis of the exponential decay rate cannot be performed by
spectral analysis methods and it requires of tools such as microlocal analysis (see the Appendix 2 of [17] by
Bardos-Lebeau-Rauch and [I] where the exponential decay is proved by microlocal tools under the so-called
Geometric Control Condition), multiplier techniques ([19], [27], [28]), and Carleman inequalities [23].

For one-dimensional problems as the one we are considering here, the exponential decay can also be
proved by means of the so-called sidewise energy estimates or Liouville transformations ([11], [25], [26]).

In this paper, we are mainly interested in the exponential decay of the finite difference approximations
and the multiplier technique seems to be the one that is better adapted to this goal. In [4], in the continuous
setting, the variable coefficients case was analyzed and multipliers adapted to the two variable coefficients p
and o in were introduced. Note that the multiplier technique requires some minimal regularity of the
coefficients, say, one derivative. This is not just a technical requirement, but rather a necessary condition.
Indeed, BV is the minimal regularity assumption on p and o to ensure that stabilization holds since, as
proved in [3], this property may fail when o = 1 for some pathological p € C%%(0,1) for any a € (0,1).

Consequently, one can say that the exponential decay of solutions of the dissipative wave equation with
variable coefficients can be handled in a satisfactory manner using multiplier techniques. But this is far from
being the case for numerical approximation schemes and this is the subject we address here. Indeed, the
propagation, controllability, and observability properties of the numerical schemes for the wave equation are
usually much more delicate to be analyzed due to the existence of fictitious numerical solutions concentrated
on the high-frequency modes. These solutions do not affect the convergence of the numerical solutions in the
classical sense of the numerical analysis since they are highly oscillatory and weakly converge to zero, but
they become important from a stabilization point of view since the standard feedback mechanisms are not
capable of dissipating their energy efficiently. Roughly, one can say that boundary feedbacks are inefficient
with waves that do not reach the boundary. For the numerical schemes of the constant coefficients wave
equations on uniform meshes, the theory is almost complete. Indeed, by now the full panorama of the
numerical pathologies and the corresponding remedies to get uniform observability estimates as the mesh
size parameter tends to zero are well-understood (see the survey paper [29] or the more recent one [10]).

The paper [24] deals with the finite difference discrete version of the exponential decay estimate (1.3])
under the assumptions that the coefficients p, o in the continuous model are constant and the grid is
uniform. In particular, an uniform exponential decay rate is proved to be recovered uniformly as the mesh
size parameter goes to zero by adding an artificial damping in the form of numerical viscosity. This artificial
viscosity method is similar to the Tychonoff reqularization one introduced by Glowinski-Li-Lions in [I3] and
proved to be efficient for computing convergent numerical controls for the wave equation. The efficiency
of the vanishing viscosity method was proved in some other contexts as well. For example, to recover the
uniform controllability properties of a semi-discrete finite difference scheme for the 1 — d wave equation by
means of moment theory tools (fine biorthogonal estimates) in [2I]; to obtain uniform stabilization properties
of the finite difference semi-discretizations for the perfectly matched layer (PML) approximation of the wave
equation in [7] or of some time discretizations of a general class of exponentially stable systems by using the
so-called resolvent estimates method in [§] and [9].

The aim of the present paper is to extend the results in [24] to the three-point finite difference semi-
discretizations of the wave equation with variable and smooth coefficients p, o on uniform meshes. We
will also see that a numerical scheme on a non-uniform mesh obtained as a diffeomorphic transformation of
a uniform one can be written as a numerical scheme for a different variable coefficients wave equation on a
uniform mesh.
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Let us also highlight some recent literature on the behaviour of the numerical waves on quasi-uniform
meshes or on non-uniform ones obtained by diffeomorphic transformations. In [6], uniform observability
properties are obtained for mixed finite element approximations of the constant coefficients wave equation
on quasi-uniform meshes. This analysis uses the particular structure of the numerical scheme allowing
a full description of the spectrum, even in the non-uniform mesh case. In [2], the spectral distribution
of the eigenvalues of sequences of locally Toeplitz matrices arising in numerical approximations of elliptic
operators with variable coefficients on non-uniform meshes obtained by diffeomorphic transformations is
analyzed. In [20], using pseudo-differential calculus tools, we rigorously define the Fourier symbol and
analyze fine geometric properties of the bi-characteristic rays for the finite difference approximations of the
variable coefficient wave equation on non-uniform meshes obtained by regular transformations. The spectral
distribution in [2] turns out to be the integral on the phase-space domain of the Fourier symbol in [20].

This paper is organized as follows. In Section [2] we recall the stabilization properties of the continuous
model. In Subsection we state our main result concerning the uniform stabilization of the viscous
finite difference approximations of and we discuss the analogy between the numerical schemes for the
wave equation on non-uniform meshes and those for variable coefficients wave equations on uniform meshes.
In Subsection we prove the main result in Section [3] Theorem and in Subsection we test
numerically our theoretical result in Subsection Finally, in Section [4 we provide some final comments
on our results and related open problems. Additionally, for the sake of completeness, we have included
Appendix [A] containing the proof of the main result in Section [2] concerning the continuous model.

2. STABILIZATION OF THE CONTINUOUS MODEL
The exact statement of the exponential decay property ([1.3) is the following one:

Theorem 2.1 (Appendix in [B]). For any strictly positive coefficients p,o € BV (0,1) and any initial data
(w9, 01) € Hl1 x L%(0,1), the solution v of the damped wave equation satisfies the estimate .

By density arguments, it is enough to prove the decay property for dense subsets of coefficients
and initial data, with constants M and w depending on the total variation of the coefficients p and . We
will consider here the dense subclasses given by strictly positive coefficients p, o € C*(0,1) and initial data
(v%,v') € V, where

Vo= A{(f° 1) € H x L*(0,1),(0; .f°,0; ,f") € H x L*(0,1)}.

We denote by 3270 f:= (0 fs)z/p the weighted Laplace operator involved in the wave equation . Indeed,
set ve to be the solution of corresponding to the strictly positive coefficients p., 0. € C1(0,1) and to the
initial data (v2,v}) € V and assume that p. — p, 0. — o strongly in BV(0,1) and (v2,v!) — (v°,v1)
strongly in Hl1 x L?(0,1) as ¢ — 0. Taking into account the dissipation law of the energy and the
uniform positivity of the coefficients (pe, o), we see that v, is uniformly bounded in L (0, 00; H}(0,1)) N

W122(0,00; L?(0,1)) as € — 0 so that
ve — v weakly star in L°°(0, oo; H}(0,1)) N W*(0, 00; L*(0, 1)).
For any 6 € L*(0,T; H}(0,1)) nW11(0,T; L?(0,1)), with a finite 7' > 0, v, satisfies the weak formulation
1

s T T T 1
(2.1) /peve,tedm‘o —//pgveftﬁéﬁt dacdt—i—/ve’t(l,t)e(l,t) dt—l—//ogvﬁ,ﬁe#t dx dt = 0.
0 0 0 0 0

0
Since BV (0,1) C L*(0,1) continuously, from the strong convergences in BV, we get strong convergence
pe — p and o, —> o in L>=(0,1). On the other hand, from the dissipation law for v, we see that
ve,t(1,t) is bounded in L?(0,T) and then, after extracting subsequences, there exists a function f € L*(0,7T)
such that v ¢(1,-) = f weakly in L%(0,T). To identify f as v;(1,-), observe that v.(1,t) = fol Ve,z (2, 1) d,
so that vc(1,-) — v(1,) weakly in L2(0,T), ves(1,-) — v(1,-) in H=1(0,T) and then f = v;(1,-) € L*(0,T).
We can now rigorously pass to the limit into the weak formulation and we obtain that the limit v
satisfies the wave equation with coefficients p, o and initial data (v°,v'). Taking into account the weak
star convergence of v, to v, we obtain &, ,(v(-,t), vi(-,t)) < liminf. &, o (ve(-,t),ve(+, 1)), which, combined
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with the passing to the limit in the exponential decay property for the regular coeflicients p, o and data
(v9,v}), concludes the exponential decay property for all p,o € BV(0,1) and (v°,v') € H! x L?(0,1).
Taking into account the above observation, in what follows, we will focus only on the decay property
for strictly positive coefficients p,o € C1(0,1) and (v°,v!) € V. As we will see, the exponential decay
property is equivalent to the existence of a time 7" > 0 and a positive constant C' > 0 such that the
following observability inequality holds for any (v°,v!) € V and v the corresponding solution of :

T
(22) Sp,a(’UO7U1) < C/|’Ut(1?t)‘2dt
0

Also (2.2) is equivalent to a similar observability property for the corresponding conservative system
with initial data (u®,u') € V:

p(X)uy — (o(x)ug), =0, z € (0,1),t € (0,T]
(2.3) u(0,t) = uy(1,t) =0, te[0,T]
u(x,0) = u®(z),u(x,0) = ul(x), =€ (0,1),
namely,
T
(2.4) Epo(Wlut) < C [ Jug(1,1))? dt.
/

We obtain the following result for which we will give two proofs in Appendix [A}

Theorem 2.2. a) For all initial data (u®,u') € V and all strictly positive coefficients p,o € C1(0,1),
the observability inequality for the solution of holds for any time T satisfying

- o [ [o@
(2.5) T >T,:=20, with £ := P2 .
0/ o(2)

b) For all initial data (u®,u') € V in , all strictly positive coefficients p,o € C1(0,1) and all T > 0
the following direct inequality for the solution of holds:

T
(2.6) /|ut(1,t)|2 dt < C"E, o (u°, ub).
0

¢) Equivalently, the observability inequality and the exponential decay estimate also hold.

Remark 1. The optimal time T, := 20 in can be obtained by using the Liouville transformation
T =L(x) = [ /p/o(@')dx' as in [16] or [25]. In this way, is transformed into the wave equation
Uge — Uzz — f1(L71(Z)uz — fo(L=4(Z))u = 0 on the space interval T € (0,¢). Here, the unknown is u(Z,t) :=
u(x,t)/f(x) and f can be any strictly positive function such that fi := ((f\/pc)" + /pof')/(fp) and fo :=
(af")/(fp) belong to L>=(0,1). The principal part of this new equation being the d’Alembert operator, the
optimal observability time is indeed f* = 2/0.

In this paper, the optimal time T, in is rigorously obtained by the method of sidewise energy
estimates in Appendix [A] However, since this method does not seem to be adaptable at the discrete level,
we will present a second proof using a multiplier technique, that can be adapted to the discrete case. Note
however that the multiplier technique provides the observability property in a non-optimal time T > T},

(2.7) T :=2|[p/p/o]|L=.

In order to define the function ¢ in (2.7, we first introduce some notations and results concerning the
BV(0,1) class. For strictly positive coefficients p,o € L°°(0,1), we denote by py, p* and oy, 0* the four
constants with the following properties:

(2.8) 0<ay:= inf a(@) <a(z)<a*:= sup a(T) <o Vre|0,1], a€c{p,o}.
z€[0,1] 7€[0,1]
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Since p,0 € BV(0,1), they admit the Jordan decomposition a(z) := a(0) + a™(z) — a™ (x) for all
a € {p,o} (cf. [12]), where

(2.9) at(z) :=TV(a,0,z) and a™ (z) := —a(z) + a(0) + TV (a,0,z).

By TV (a,, 8), we denote the total variation of the function a on the interval («, 8) C (0,1). Moreover,
pT,0T > 0 and p~,0~ > 0 are increasing functions. If « € W11(0,1) ¢ BV(0,1), then TV (a,, 3) =
f 4 |a’(Z)| dz. Here, ' denotes the derivative of a function depending on one variable.

As indicated above, one of the techniques used here to prove the observablhty inequality (2.4) with
observability time given by (2.7)) is the multiplier one (cf. [I7]). For p,, o, and p*, oF as in . and .

and inspired by [4], let us deﬁne the adapted multiplier p(z)u,, where ¢ is given as follows:
+ —
(2.10) o(z) = exp((@)), with ¥(z) ==z + Ua(x) +2 p(””.
* *

Remark 2. Note that the classical multiplier xu, used to prove observability for the constant coefficient
wave equation in [I7] is not appropriate for the variable coefficients case. Indeed, by multiplying by
xuy and integrating in (x,t) € (0,1) x (0,T), we obtain the following multiplier identity:

T
1
(2.11) TE, (w0, ul) = pT/ s (1,6)[2 dt — (t)|OT+5//(xa’(m)|uw(x,t)\2—xp’(x)|ut(a:,t)|2)dxdt,
0
where
1
(2.12) /a x)u(x, t)ug (x,t) da.
0

Using the Cauchy-Schwartz inequality, we get

| Xop (1)) < lov/ /0|1 Epo (u, ),

so that

(2.13) Yoo ()15 | < 2llxy/p/0]| L Ep o (u®, uh).

We also easily obtain

T 1
1
(2.14) 5// ) s (2, 0)[2 — 29 (&), ) da dt < my o TE, o (u°, ud),
0 0
where
o my,:=0,ifc’ <0 andp >0,
e m,, = maX{H:cp /pllLe, ||:ccr’/0||Loo}, if o' >0 and p' <0,
® Mpo i= lzp'/pllLes, if o', p' <0,
® My = |[xa’[o||Le, if o', p" > 0.

Combining identity (-) with inequalities (W and (2.14) m we get

T
(215) (700~ ) = 2o/pT1) Epatu®sat) < A2 [t an,
0

so that observability holds under the requirement m,, < 1 on the coefficients. But this reduces artificially
the class of admissible coefficients in Theorem [2.3
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3. STABILIZATION OF THE NUMERICAL APPROXIMATION SCHEME: A VANISHING VISCOSITY METHOD

3.1. Main result. Consider N € N, h:= 1/(N + 1) > 0 to be the mesh size parameter and G" := {x; =
7,0 < j < N + 1} an uniform grid of size h of the interval [0,1]. For o as in (L)), set 04172 == o(2;11/2),
with 0 < j < N, and p; := p(z;), with 0 < j < N + 1. We denote by f" the column vector of components
f5,0<j < N+ 1. Also define the forward, backward and centered first-order finite differences Gi, o' and
O as O f; = £(fj41 — fj)/h and 0" f; :== (fj41 — fj—1)/(2h). Let 92 be the three point finite difference
approximation of the weighted second-order derivative 92 := 9,(0d,) defined as follows:

0ji1/200 fi — 0j_120" f;
. .
We also set 9"? := 3? 2 to be the classical centered three point finite difference operator approximating the
Laplacian 9.
Let us now consider the following viscous finite difference semi-discretization of the damped wave equa-
tion (1.1)) on the uniform grid G":
Pty (1) = 0h%uy (1) = RO, 1< <Nt (0.7)
(32) Uo(t)—UN+1/28 UN( )+’UN+1( ) 0, t e [07T]
Vh(O) vh0 (Vh)/(()) — yhl

In this section, ' denotes the time derivative. The energy associated to the damped wave equation (3.2]),

(3.1) N2ty =

N N
. h h h?
Eh (V) Vi) = = JOP+ 2 o ;)2 + s——|h1 (D%
Rl O = 5 DO + 5 3 ol + 30
is decreasing in time and satisfies the following dissipation law:
d - N
(3.3) %Sﬁg(vh(t),vﬁ(t)) =~ (B2 = B3 [0 (t)?

or
t

N !
&L, (00 VEO) — EL (v (0.9 0) = [ ok a ()Pt +1Y / s (1)
0 ‘:
As in the continuous case, we are interested in the exponential decay property of the discrete wave

equation 7 i.e. in the existence of two positive constants M w >0 1ndependent of h such that the
following energy estimate holds for all + > 0 and for all initial data (v?,v*!) in .

(3.4) EL L(V(t), VI () < M exp(—tD)ED , (vI0,vhL).

Also, as for the continuous model, the decay property (3.4]) is equivalent to the existence of a finite time
T > 0 and of a constant C' > 0 such that the following observability estimate holds for any solution v"(¢) of
the damped system (3.2} uniformly as h — 0:

T
(35) 000 < | [P aey. / oy (o)
0 3=079
Consider the following finite difference approximation of ([2.3] :
piu (t) — 95 2u;(t) = 0, 1<j<N,te(0,7]
(3.6) up(t) = Mun(t) =0, te0,T]
wh(0) = 0, (uh)/(0) = ut,

for which the total energy of the solutions given below is time conservative

N N
h h
En (W (0),uf (0) == 3 D palus (O + 5 D" 0l (0
j=1 j=0
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At the same time, the decay property (3.4]) is equivalent to the fact that the following observability
inequality holds for any solution u”(t) of the conservative system (3.6):

N-1 T

(3.7) &, (u"(0),ul(0)) < ¢’ /|uN+1 ()]? dt+h3Z/|6h L ()| dt

Let us now state the main result of this paper:

Theorem 3.1. a) For all strictly positive coefficients p,o € C%(0,1) and all initial data (u™°,uM!) €
RN x RN+ 4 @ such that their total energy Eg’a(uh’o,uh’l) is finite, the discrete observability

inequality holds uniformly in a finite time T" that tends to Ty in as h — 0.
b) Equivalently, and also hold true, uniformly with respect to h > 0.

Remark 3. Consider g : [0,1] — [0,1] to be an increasing C3(0,1) function such that g'(z) > g > 0 for all
z € [0,1], a non-uniform grid Q;’ of the interval [0, 1] constituted by the nodes g; := g(x;) and the following
viscous numerical approzimation of the constant coefficients wave equation vy —vyy = 0 on the non-uniform
mesh G":

g

Oivj(t) 7@’1%(0

— Y 2qh,./

W(t) - P S EEL0 1< <Nte 0.7
(3.8) ohun(t) | ’

vo(t) = Ty + V() =0, t€0,7]

Vh(O) — V}J{,'O’ (Vh)l(()) = vl

Observe that (@ can be also seen as a semi-discretization of the variable coefficients wave equation
with O"g ~ ¢’ =: p and 1/8fﬁg ~1/g" =: ¢ on the uniform mesh G", so that our result in Theorem also
applies to system @) and to its conservative version in which the two damping mechanisms represented by
the right hand side in the first equation and the second term vy (t) in the second equation on the boundary
are eliminated.

3.2. Proof of the main result, Theorem 3.1] -. ) Set ;== p(x;), with ¢ as in (2.10). Let us multiply
. ) by p;0"u;(t), add in 1 < j < N and integrate in ¢ € (0, 7). Then

N T N T
3.9 h pjuy (t) (t);0"u;(t) dt — h M2 (t);0Mu;(t) dt = 0.
j 5O Uj o U (L) ;07U
0

j=1 =1}

Step 1. Processing of the first term in the left hand side of (3.9). After integration by parts
in time, taking real parts and using the identity 2ab = |a|? + [b|> — |a — b|? for all a,b € R, we obtain

N T
(3.10) hZ/f’H sty 6t = 05 13 [(0),00,000) — )

Jj=1 0

where w; (£) = [u§ (O] + sy (D] — 1) = j_y ($)]? and

N
bty = hZaju;(t)ahuj(t).

In what follows, we will apply several times the Abbel summation by parts formula:

8 8
(3.11) > (aj41 = a;)b; = appabgir —anbar — Y ajy(bjp1 —b;) Va<BEL
j=a j=a—1

We first apply formula (3.11]) for the last term in the right hand side of (3.10) in the particular case of
a=1,8=N, a; =w;(t) and b; = (pp),;. Taking into account the boundary conditions in (3.6)), we get
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w41 = 2wy [? (since wly ;= uly) and wy = 0 (since uy = 0). In this way,

N N

(3.12) D (ep)i(wisr —wy) = 2(pp) o uy i |* = Y ((0)j11 — (00)) ([ |* + [u)]?)
j=1 j=0
N-1

+ ) ((ep)ier — (pp))|ufy — uf|*.

§=0
Due to the boundary condition uj, = 0, the second term in the right hand side of (3.12) verifies the identity

N N

D ((ep)ir1 — (00)7) (U P + %) = (pp) i1 — (pp) M) [ula I+ Y ((90)j11 — (p) 1),
Jj=0 j=1

so that we get the following expression for the first term in the left hand side of (3.9):

N T T
PP + (pp
B13) B [ o0 a0 de = by off - LT / a1 (1)
j=1 0
h& A B3 Nl T
+ 52/8h ©p);|uf(t)]* dt — Ry, with Ry := T /8 ©p) ;|0 (1)) dt.
j=1 0 j=0 0

Step 2. Processing of the second term in the left hand side of (3.9)). First, by simply taking
into account that 20"u; = 8% u; + 0% u;_1, we obtain

N T
(3.14) =3 / M2 (t)p;0"
0

j=1

l\J\»—t

N T
Z/%(%H/ﬂ@fﬁw(t)\z — 0172|001 (1)) dt
0

J=1

l\.’J\H

N T
Z/%(Jﬁl/? — 0j_172) 00 u;(t)0"u;(t) dt.
0

Jj=1

For the first term in the right hand side of (3.14]), we use Abbel formula (3.11) with « = 1, g =
a; = 0;_12|0%u;_1|* and b; = ;. Taking into account that ay4; = 0 (since duy = 0), we get

N N-1
(3.15) > @iyl 0tusl® — 051 2]0ui1]?) = —poo12|0fuel® = Y oji1ya(iin — 5)|0%us .
j=1 =0

On the other hand, using the identity 2ab = |a|?> + |b|*> — |a — b|?, holding for all a,b € R, in the particular
case a = aj+1/28fﬁuj and b = aj,l/gﬁﬁ u;, we can transform the second term in the right hand side of l)
as follows:

N N
1
(3.16) D 0i(oj1/2 = j1/2)0 ;0" uy = 3 > (071 ol P+ 03y p|0"ug)?)

j=1 j=1
h 2y, (2, Oj+1/2 — 05-1/2 .
j=1 Jj+1/2¢95-1/2
Since 8ﬁuj = 8_fﬁuj_1 and 3_’}_uN =0, we get
N N-1
(3.17) Z’Yj(032‘+1/2|8-7-uj‘2 071 ol 0" uy]?) = 107 ol uol* + Z (Vi1 +797)07 1 /2|0 s

Jj=1 Jj=1
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Finally, inserting (3.15] into 7 we obtain
N p107 1 1Y/
1
(318)  —h>_ / Ol s (1) py0"uy (1) dt = — ( + ) / 0% ug ()] dt
0 0

01/2 03/2

(1 1 2
[t {“”;( +— )haﬁ;uj ()2 dt + ZZ/ 002, ()2 dt.
0 =139

Oj+1/2 0j-1/2

Step 3. Equipartition of energy. Note that the last terms in the right hand sides of (3.13)) and ((3.18)
are reminder terms with respect to formulas (A.4) and (A-F)) (in Appendix[A]) corresponding to the continuous
case. The last term in 1' is a discrete version of —h? fOT fol (o) (x)|usz (x,t)|? do dt /4, while the last one
in is of the form —h? fOT fol o(z)(1/0) ()|(0us).(z,t)|? dz dt /4. However, in the right hand side of the

discrete observablhty inequality 1} only the dlscrete version of the term h? fo fo [uee (2, )] d:v dt appears,
so that firstly we have to express the last terms in and (| in terms of the last one in , modulo
eventually some additive reminders. To obtain an equlvalent expresslon of the last term in , we multiply
by 7;082u;(t), add in 1 < j < N and integrate in ¢ € (0, 7). After integration by parts in time, we get

(3.19) hQZ/%W“ ()2 dt = hQZ/’y]p] ()02, (1) dt

Jlo

N T
=h? ZVJPJ 6h2u1 _hZZ/'YJPJ 8h2 /( ) dt.
0

Jj=1

If a; is defined only for values of j between 1 and N, then, by applying Abbel formula (3.11f) for o = 2,
B=N-1,a; = Uj,l/gaﬁgj,l and b; = f;, we get:

N N
WY f00Rg; = by fi(0j11/200 95 — 01720 g5 1)

i=1 =1
= hfn(oNns17208gn — on_1720% gn—1) + hfi(05/20% g1 — 0120 go)
N-1
+h Y 1i(0541/204 95 — 0521720 ;1)
=2
=hfn(on+1/200gn — on_1/208gn—1) + hfi(o3/20% g1 — 01/20% g0)
N-1
+ hfnon—1/200gn—1 — hf103/20% g1 — h Z (fiv1 = £i)oj11/20% 9
i=1
and, finally,
N-1
(320) h? Z f]ah 293 = th0N+1/25’ gN — hf101/26 go—h Z f]+1 fg)0g+1/28+gg
Jj=1 j=1

Apply || for f; = ~,p;u; and g; = u;. Taking into account that BﬁuN = 0, we transform the first term
in the right hand side of (3.19)) as follows:

N
(3.21) hQZ'y]p]u 8h‘ u; = y,’;a,

with

N-—1
VI () = hyrpruy () o1 20 uo(t) + b Z (Vjs1P5+1U5 11 () = Yo (£)) 0y /20w (2).
Jj=1
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Also apply (3 for f; = 'yjpjuj and g; = u . Taking into account that aiuN = 0, from the second term
in the right hand side of (3.19)) we get:

N—
(3.22) hQZVJPJ jahQ L= —h? 71P1<71/2|8+Uo| Z 7]+1Pj+1“9+1 VipPiu )%+1/2a U
o N—
= —h271/’10'1/2|3i%|2 Z (Vi+1pj+1 + 'Yjpj)gj+1/2|aiu;'|2
1 N—-1
=5 2 (ir1ei = %) T2l [* = ).
j=1

In the last term in the right hand side of (3 - for the terms of indices from j =2 to j = N — 2, we apply
Abbel formula (3.11) for o = 2, 8 = N =2, a; = [u) 2, b; = (Vj+1pj+1 —VP;)0j+1/2 and, taking into account
that vy = UN+17 we obtain

N—-1
(3:23) > ()41 — ()T 2 (U |* = W5
j=1

= ()~ — (vp)n-1)on-1/2lun 1 * = (v0)2 = (vp)1) s ol |
N—-1

((v0)j+1 = (v0);) o172 = ((v0);5 = (vp)j—1) o1 2l .
j:2

Finally, by inserting (3.20))-(3.23) into (3.19)), we get the following equipartition of energy identity:

(3.24) h2z / |02y (1) 2 dt = — V" (DT + Ra + Rs + Ra,
j=1 0
where
_ )| 2
Ry:=h V1P101/2/\3+Uo )| dt+* Z/%HPJH +75p5)0 412108 (1) dt,
j=1 0
B2 9% (vp) f
Ry 1= o IR /‘“9\/+1(t)\2dt

2 h

and

h2 8 (vp)103/2 r h? r
Roim =1 SOOI [ opar— T3 [ okt o) .
0 =2

Step 4. The discrete multiplier identity. By putting together (3.9)), (3.13)), (3.18) and (3.24)), we
obtain the following multiplier identity:

+ 1
(335) B + B, + B, = e 220 / s (O dt— X, 1 + SV, 0 + - T2 T Ry

where X:;p and yh are as in - ) and 1 ) the reminder terms R; to R4 are defined in and

and the energy terms E., E,, I, are as follow

nl f
=33 / 0" o)l (),
0

Jj=1
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hN 1 T ; . , -
2 | j( " )]0t Qd”*/a O ug(t)|? dt
2 3210/ j+1/2%+ Ojt1/2  Oj_1/2 |04 u; (1)] 5 J 12|05 ug(t)]
and
E 80105/2( 1 /|8hu )|2 dt h/T |8 uo(t )|2dt
r o= _n o
4 Noy o3 0 J 1210 uo

Step 5. Estimates on the energy terms F., I/, and E,. Due to the structure of ¢ in , even
if the coefficients p,o in the continuous model are very smooth, ¢ cannot have more than two derivatives
in L*(0,1) since ¢’ = ¢’ and 1’ involves the absolute values of p’ and ¢’ (excepting the situation when
both p and ¢ are monotonic). By Taylor expansions, for some Zj1/2 € (75, 2j11), Tj43/4 € (Tj41/2,Tj41),
§j+1/4 € (1'], ‘Tj+1/2)7 /SIJ\] S (xj—l/Qa $j+1/2)7 we obtain

9" (pp); = (p)' () + %((SDP)"(@H/Q) = ()" (Zj-1/2)),
if (¢p)” € L*°(0,1), and

. 1 1 o\’
A e
+ 2 Tjt1/2 Ti_1/2 o ( j+1/2) J

if ", 0" € L*°(0,1), where
h 1\" . 1\ =N h 1 =N .
rj= Z@jﬂ/z[(;) (Tj41) — (;) (ﬂfj)] + g(;>j+1/2(‘/’"(xj+3/4) — " (Zj41/4))
h? IR 1IN h2 /1\/ . ~
+ g(@’)j+1/2 [(;) (Tj41) + (;) (%‘)} + 16 (;>j+1/2 (" (@jzs/a) + " (Tj41/))
h3 N 1N\" - 1IN\
+ 39 [80//(%43/4)(;) (Tj41) — <P"(%‘+1/4)<;> (ffj)}

At the points « € (0,1) where o'(xz) = 0 or p'(xz) = 0, the second-order derivative ¢”(x) has jumps
since it depends on (|p'|)'(z) and (|o’])'(z). We define then rigorously ¢”(x) as the generalized derivative (or
subderivative, cf. [22], pp. 213) of ¢’ taking at the jump points x the set value given by the closed convex
hull of {¢"(z—), " (x+)}, where f(z+) is the value of f to the left/right of the point .

Thus, by taking into account that ¢ satisfies the second and third inequalities in , we get the
following lower bound on E. and Ej:

Chh )2 > _ hl(ep)"l| L
Jj= 10
and
Ch N—-1 T
(3.27) % / 01412l (£)? di, with CP =1 — pl(h)
j=0 0
and
iy o IR0/ e Rl o)

2 Oy 4 o2

*

Set CI := min{C},C}} = 1—O(h). Taking into account (3.26) and (3.27) and the time conservation of
the energy of the solutions of (3.6)), we get

(3.28) E.+ E, > CITE) ,(u"° u™?).

Moreover, using the first inequality in (A.7)), it is easy to check that, for any h < (1 + o, /0*)/2, we get
that E, mimics the positivity of the last term in the left hand side of (A.6)), i.e.,

(3.29) E, > 0.
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Step 6. Estimates on the reminder terms R; and R,;. Observe that R; and Ry are of the same
nature. Therefore, we can write their sum as follows:

g N-1 T
(3.30) Ry — % = % /c]\aiu’ t)* dt,
Jj=0 0
with
o = oo~ LTV i i (op), - NP LRIy gy,

and ¢ as in (2.10). By taking into account the expression of v;, 1 < j < N, in (3.16)), we obtain the following
equivalent expressions of the coefficients c;:

Tj+1/2 Ii+1/2
P1p1gLs — opy einipier (14 202) — oy (1+ 22 :
co = S;L and ¢; = . oh - I<j<N-L

By Taylor expansions around Tjt1/2, We obtain the following expressions of the coefficients ¢;, 0 < j < N —1,
in which 2 Tjt1/4 € (j, ]+1/2) Tjy3/4 € (z ]+1/27IJ+1) and 7; € (z Tj—1/25 ]+1/2)

(3.31) ¢ = [a(%)] et g«wp)l/z(%)'(fl) + g((gop)”(ig/@ — (¢p)"(F1/a)) + g [a(@p)’(%)l} »
o], (2) @+ e G [o(3)], , + Seoraten @ (5) @)

and, for 1 <j < N —1,

o= [o(2)] ., 0+ e (5) @ = (5) @) + 5 (00 @iroro) — (00" @y )

oo )eapa [ (3) @)+ () 0]+ 2 (00" Gansg) + (00 G (2]
B3 "

+ 397i+1/2 [(@P)”(@HM)(%)H(@H) - (@P)”@Hl/ﬂ(%) @j)]

The following inequality shows that the main term in each coefficient c; is strictly positive for any p, o and
@ as in (2.10). Thus, for h small enough, all ¢; are strictly positive. We use here the fact that p > p. > 0,
o>o0,>0and |d|, |p/|—p >0:

¥

(3.32) (sz;p) (¢PU+PU—P0) e {pa—l—p('ifll(j—a’)—i—a((’)/"[):pl)'l)_,_p')} > PP .

Consequently, we get the following estimate on R; — Ro/4:

Ry  Chp3 =l )
(3.3) Ry- 2 < AR ST [ b P,
j=0 0
with
h wp
ctim (2] +om

Step 7. Estimates on X (t) and Y} (t). Observe first that, since 0"u; = (9 u; + fu;_1)/2, X}
in (3.10) can be rewritten as

N-1

D ((0p)iraa (1) + (0p) juf (1)) Dy (8).

Jj=1

ro| >

h
X;}p(t)zg(@P)lUﬂ( M ug(t) +
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By applying twice the Cauchy-Schwartz inequality, we obtain

ho o eim , h gy pi+1luf 4?4 pjlul|? N
(3:34) X5l =5 o1 [Vprunlly/Er20kuel +h Y ey 5 |V/Ti11/20% w5
j=1
BNl h
< 3 ﬂj+1/20j+1/2|8iuj|2 + 5 Z»ij’ﬂ“ﬂ?v
§=0 j=1
where
2 . 2. 2
Pi1Pi+1 T 9504 . 1 [eip
. = . = ; Vl < <N-1 = = e
Qj11/2 \/ 207112 v Bit1/2 = Qg2 SJ= » o Biye 2\ o1/
and
1 021 Q172 + 012 , 1
B1 1=§<a3/2+ 1 >7 B; 12% V2<j<N-1, pBn:= FON-1/2-

We use the following two Taylor expansions of a2, the first one around x4/, to estimate §3;,1/, and
the second one around z; to estimate 3;:

2 2
2 _ PP h 2 N 2 NI
Gre = () saso * Too, s (6 @ivaga) + (F0) @r110)]
and
2 2
w7p h 1\ h N h 1\ .
aGyryg = (70 )j + 5(%’20)3‘(;) (Tjt1/a) £ %0, (©°p) (Tjx1/2) + 1 —(¢%p)’ (%i1/2)(;> (Tjt1/4)-

Then taking into account that ¢?p/c > 0 on (0, 1), we obtain the following upper bound for all 3;,1 < j < N,
and fj11/2, 0<j <N —1:

(3.35) Bij < Ch = Hga\/zHL +O(h) ¥1<j<2N.
Consequently,
(3.36) X205 | <2058) (w0 ut ).

Remark that 20} — T, as h — 0, with T, as in (2.7).
Note that V), (t) in (3.21)) is of the same nature as X (t) we just estimated, so that the same kind of
techniques will be applied. Indeed, by applying the Cauchy-Schwartz inequality as before, we obtain

vm 1/2 pi+1lu) 1] + pjluf]?
(3:37) Vol < B2\ 2552 [ prut ||y /o /a0 uo| + 2h2 Z aHl/M | o 20 g
N_ ~ ~
<hY ) BieryaojinjelOfusl + b2 Zﬁipﬂuﬂz’
§=0 j=1
where
~ (Vpir1 F 2005012 ~ . ~ 1 [vipro1)s
Qji1/2 = e 5 Eahstl s Bit12 = Q2 VIS N1, Bypi=; L 3 /
2h 2 h
and
5 _ _
ViP101/2 > Qjy1/2 + Q179 . ~ 1_
B = *(043/2 + 1h72/)’ Bj = % V2<j<N-1, Bn:= Z0aN-1/2-
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All Ej/g, 1 < j < 2N, are finite as h — 0 since 7; in (3.16) approximates 7, ~ hcpj(l/o);- = O(h). More
precisely, by the same kind of Taylor expansions used above for /3, we can prove that
~ ~ 1y’ O(h) if |o'| >0 Vzx €0,1] .
A R e Ly zs
(3:38) firz < G2 \G) VPl + OWh), if|o’| =0 at some = € [0, 1] Vi<j<2N

Finally we get

1 ~ 1
(3:39) IV (O] < hCLED, (uh®, ut).

Step 8. Estimate on the reminder term R, and on the energy on the boundary. The following
identity is obvious:

Ojr1/2+ 0512

Oj+1/2 —0j—-1/2
2 (vp); = 0" (vp); 5 R IR

+ ah(’yp)j h 9
so that
(3.40) 002 (vp);1 < 0*10"*(vp);| + 0] | L= 10" (vp);| V2 <j< N -1

To estimate the terms |0"2(vyp);| and 0" (vp);|, we first note that, for ; as in , we obtain the following
identity:
1 1

(vp); = —(¥p);6;, with 6; :=
Tj+1/2  Oj5-1/2

and then, using the formula for the discrete Laplacian 0™2 of the product of the sequences ¢p and &, we
obtain

041 +20; +0;— op)it1 +2(ep); + (pp);—
02 (yp), = —0"2(pp), LI ZI LU g () g, — o2g, (PP)is £ 200Ny T (0,
Since 0; is also a finite difference and, by the hypotheses of Theorem o € C?(0,1), we obtain
h 1 1 1 1
oMy = |0 (= o= d o5, =02 ( = Y i = :
J 2[ 2(0’)j+1/2+ z(a)j—l/z] an J (O’)j+1/2 (J)j—1/2

Thus
@an) 10" o)l < 2llenlle~||(2)]] _+n[20n 1o~ ||(2))]. _ + henyiie<]| ()

Similarly, to compute the centered derivative for the product of p and 4, we use the identity

)

L T
so that
(3.42) 0ol < oo le=| | (3) 1]+ enlle=| | (3) ], ]

After combining ([3.40))-(3.42), we get

22700 2%l 1y’
P; - Px o

In a similar way, we obtain

(3.43)

O v2<i<N-1L

O 7 pon | ()], + o= (2)'],.] + o

Finally, we obtain the following estimate of Ry:

| R4 hipeh  (h0 okl h._ 0 Ly\” / Ly
45) S <RGITE (0, O = - llenle|(3) | -IZ)
(3.45) S < hCTEl o), 0 o= T [2llenllo | () ], + o)l

o
Set Ch := ||(pp)|| Lo /4 + hp,Cl /2. Similarly to (3.44), we get

ag) O frpopacs < (GO0 ) [uaop
0 0

(3.44)

| +om.

Lo

4
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1 1

FIGURE 1. The two grids obtained through the applications g; (left) and go (right).

Replacing the inequalities (3.28]), (3.29), (3.33)), (3.36]), (3.39), (3.45) and (3.46) into the multiplier
identity (3.25)), we conclude the part a) of Theorem by taking the observability time 7' > T and the
observability constant C in (3.7) as follows:

~ ch 1
oh 20k + hCh and O e max {717 (‘PPQ)( ) 4 th}
* Ch—hCy " (Ch— hCIT — (2Ch + hCh)

3.3. Numerical experiments. As we pointed out in Remark [3] our result in Theorem is also valid in
the context of numerical discretizations of the constant coefficients wave equation on non-uniform meshes
obtained as diffeomorphic transformations of uniform ones through smooth mappings g. As we know from
[8] or [9], our main result in Theorem applied to system is also true for the implicit midpoint fully
discrete scheme

aﬂianrl ah v n+1 aiv,n—l D’jv.”fl

vyl _gynpyn-t g ok, g, " ot RA@y vt —ap v

j P L) 9 949 L 275 2 1<j<N
347 512 2% 20%g, 25t0" g, L3I S

. n+1 n—1 +1 1

( ) oh — ohvatiyah vy n VL -V 0

0 207 gn 25t )

VO—UO V1 V0+6tv 0<j<N+1.

J
Here, 4t is the time step, V/* is an approximation of v;(ndt), n > 0, and vhi = (v4)o<j<n41 are the initial
data in (3.8) (i = 0,1, v = 0). The total energy of the solutions of (3.47),

gh(Vh,’n Vh,’n,fl) =

n—1 n n—1 n—

=5 T et (G ) - Gl )
+i g, 2 M gn M gn
satlsﬁes the following dissipation lawz

o n n o n n— n+1 n—1 n+1 n—1
Ey(Vhmtt Vi) — gy (v, Vi) ’vjci} V]gg}‘ hZ’VJﬁ -Vinh vt ‘2
ot 20 20t '

In the numerical simulations, we will consider vj = exp(—y(z; — g7 (v0))) cos(x;no/h), v = h™9,

h = 1/400, vjl- = 0, the final time T = 20, the time step 6t = 0.005 and ng € {7/5,7/3,7/2,27/3}. We will
take two non-uniform meshes, g(x) = g1(x) := tan(mx/4) and g(z) = g2(z) := 2sin(7wx/6). The grid given
by ¢1 is finer close to z = 0 and coarser to the endpoint x = 1, where the natural damping is acting, while
for the grid go the situation is opposite (see Fig. .

In Figures 2] and [] on the left column, we consider the numerical scheme without the artificial damping
given by the right hand side in (in that case, we also have to eliminate the last term in the energy
gz;), while on the right column we plot the quotient of the energies at time t = ndt and ¢ = 0 for the
numerical scheme with the artificial damping. Note that, when the artificial damping term is not added,
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0.5
(0]
(0] 5 10 15 20
(a) mo = m/5, no artificial viscosity
1
0.5
(0] J
(0] 5 10 15 20
(¢) no = m/3, no artificial viscosity
1
0.5
(0] J
Y 5 10 15 20
(e) mo = /2, no artificial viscosity
1
0.5
(0] J
o 5 10 15 20

(g) mo = 2m/3, no artificial viscosity

0.5f

5 10 15 20

(b) no = w/5, with artificial viscosity

0.5f

o

5 10 15 20

(d) mo = /3, with artificial viscosity

0.5f

5 10 15 20

(f) mo = /2, with artificial viscosity

0.5¢

5 10 15 20

(h) mo = 2m/3, with artificial viscosity

FI1GURE 2. The quotient between the energy at time ndt, g‘g (VI vhn=1) "and the energy
at the initial time, gg(Vh’l,Vh’O), for the tangential mesh g1(z) = tan(mz/4). Each row
corresponds to a high frequency oscillation 1y € {7/5,7/3,7/2,27/3} and the left/right
column to the numerical approximation without/with numerical viscosity.
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20

oo eesntnamTm—"

uu< a—
e ———
0,

() 0.5 1

(b) no = w/5, with artificial viscosity

(I

mmuummnllummuh

0.5

(g) mo = 2m/3, no artificial viscosity (h) no = 27/3, with artificial viscosity

FIGURE 3. The solutions of (3.47) on the tangential mesh g;(xz) = tan(nz/4). Each row
corresponds to a high frequency oscillation ng € {w/5,7/3,7/2,27/3} and the left/right
column to the numerical approximation without/with numerical viscosity.
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5 10 15 20

(a) mo = m/5, no artificial viscosity

5 10 15 20

(¢) no = m/3, no artificial viscosity

5 10 15 20

(e) no = m/2, no artificial viscosity

0.5

5 10 15 20

(g) mo = 2m/3, no artificial viscosity

0.5f

5 10 15 20

(b) no = w/5, with artificial viscosity

0.5f

5 10 15 20

(d) mo = /3, with artificial viscosity

0.5f

5 10 15 20

(f) mo = /2, with artificial viscosity

0.5¢

5 10 15 20

(h) mo = 2m/3, with artificial viscosity

FI1GURE 4. The quotient between the energy at time ndt, g‘g (VI vhn=1) "and the energy
at the initial time, 5;‘(Vh’1,Vh’°), for the sinusoidal mesh go(x) = 2sin(wx/6). Each row
corresponds to a high frequency oscillation ny € {7/5,7/3,7/2,27/3} and the left/right
column to the numerical approximation without/with numerical viscosity.
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(a) mo = m/5, no artificial viscosity (b) no = w/5, with artificial viscosity

i

B
L
’mn<n«w/. . ‘"'“‘”WMHHI“
% 0.5 ] o) - |
(¢) no = m/3, no artificial viscosity (d) no = w/3, with artificial viscosity

L

Mg > WuMm
jmmmﬁmwMWWWMW 0 T
0 0.5 \ s m |

(f) no = m/2, with artificial viscosity

0 0.5 1 (6] 0.5 ]

(g) mo = 27/3, no artificial viscosity (h) no = 27/3, with artificial viscosity

FIGURE 5. The solutions of (3.47)) on the sinusoidal mesh go(z) = 2sin(7z/6). Each row
corresponds to a high frequency oscillation ng € {w/5,7/3,7/2,27/3} and the left/right
column to the numerical approximation without/with numerical viscosity.
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for both grids, the quotient of energies has a stepped structure which is due to the fact that the energy of
solutions is essentially conserved along the rays of Geometric Optics, except for those time instances at which
the support of the solution interacts with the endpoint z = 1 of the space interval, where the dissipative
boundary condition is imposed.

Also remark that the size of the flat areas increases with the frequency, so that the energy of solutions
associated to the highest frequency (ny = 7/2,2m/3) wave packets remains essentially constant until the
final time T' = 20. This is due to the fact that, as predicted in [20], the corresponding solutions of
remain concentrated along rays that propagate with a negligible group velocity and that, accordingly, do not
interact with the dissipative boundary. In Fig. Ble, we observe that the initial wave packet splits into two
parts, one going to the left and one to the right, and both of them touch the endpoint x = 1 once, but in a
diffractive manner, so that their behaviour is not influenced by the dissipative boundary. In Fig. [Blg, no one
of the two wave packets reaches the dissipative boundary, in Fig. [Ble,g, the right wave packet touches the
endpoint x = 1 and is dissipated, while the left wave packet reaches the dissipative boundary approximately
at the final time in Fig. [5}e and does not reaches the dissipative boundary until the final time in Fig. [}g.
On the right columns of Figures we observe that the damping mechanism is indeed efficient for both
grids. Moreover, in the case of added numerical viscosity, the lowest frequencies 19 = /5, 7/3 are dissipated
more than exponentially. This is due to the fact that we considered an approximation of the wave equation
with p = ¢ = 1, for which the solutions vanish in finite time.

4. COMMENTS AND OPEN PROBLEMS

In this paper, we extend to the numerical approximations of the wave equation with regular (C?) variable
coefficients on smooth non-uniform diffeomorphic meshes the results in [24] concerning the efficiency of the
vanishing viscosity method to stabilize the numerical schemes for the constant coeflicients wave equation on
uniform meshes. The method of proof uses multipliers adapted to the variable coefficients as in [4].

We list some open problems related to the content of this article:

o The stabilization problem for the numerical approximations of the variable coefficients multi-dimensional
wave equation. Extending the results of this paper to the multi-dimensional case is a challenging
open problem. Some of the difficulties encountered when doing that are related to the fact that
sidewise energy estimates and multipliers do not yield satisfactory results in the continuous context
and that they are hard to adapt to multi-dimensional numerical grids.

o The efficiency of the bi-grid techniques in the stabilization and controllability of the numerical
schemes of the wave equation on non-uniform meshes. Bi-grid algorithm was shown to be use-
ful for observability and control problems (cf. [I0] and the references therein). But its analysis has
been confuted mainly for uniform grids. On the other hand, its use in stabilization problems is to
be developed.

o Construct classes of meshes adapted to the damping or control mechanism, for which there is no need
to filter the high frequency spurious modes to obtain uniform controllability /stabilization properties
of the numerical schemes.

o Numerics for rough coefficients. As explained above, the 1 — d wave equation with BV coefficients
can be observed from the boundary, while here we obtained uniform observability properties for the
numerical approximation of the wave equation with smoother coefficients (C?(0,1)). It remains to
analyze the uniform stabilization/control properties of the numerical approzimations for the wave
equation with less regular coefficients, between BV (0,1) and C2(0,1).

APPENDIX A. SOME TECHNICAL PROOFS

Proof of Theorem[2.3 a) By the method of sidewise energy estimates as in [I1], [14], [25] or [26].
Recall that we work under the assumption that the coefficients and initial data in (2.3)) are smooth, i.e.,
p,o € C1(0,1) and (u°,ut) € V. For e[u](x,t) := (p(x)|us(z,t)|* +0(z)|us(z,t)]?)/2 being the energy density
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of the solution u of (2.3]), we define the sideways energy

e+ (x)
F(x) ::/ . elu)(z,t) dt,

where e, > e_ are two functions to be determined. By applying Leibniz formula for differentiation under
the integral sign [I5], for which e[u] must belong to C((0,1) x (0,7))NC*(0,1) and e* € C*(0,1), we obtain
et ()
F'(z) = A(z) + A (z) + A_(z), where A(z) := % / (0 () |ug(z,1) ]2 — o () |ug(z, )|?) dt
e ()
and
Az () = £(ex) (x)elul(x, ex (@)  p(a)ur (2, ex(7))us (7, € (2)).
By choosing (e+)’ = £+/p/o, we get Ar = 0.5\/p/o|\/pus(-,ex) £ fux( 6i)|2 > 0. Since A > —mF,
with m := max{|p'|/p, |0’|/c}, we get F'(x) > —m(z)F(z). Thus, F(z)exp(fy m(Z)dZ) is an increasing
function, i.e., F(z) < F(1) exp(f1 m(7) dZ) and, by integration in x € (0, 1), we get

0/F()dm<F /exp /m dz | de < F(1)exp O/m(m)dm

We choose e4(0) =T — ¢ and e_(0) = ¢, so that e; (1) =T, e_(1) = 0 and F(1) = p(1) fOT lug(1,¢)]2 dt /2
(since uy(1,¢) = 0). In order to ensure the positivity of F', we ask e;(0) > e_(0), i.e. T > 2¢ (and
then, since e™ and e~ are increasing/decreasing, et > e~ for all z € (0,1]). However, in view of the time
conservation of the energy of u, in order to prove the observability inequality , it is sufficient to ask the
existence of a rectangle of the form (0,1) x (t_,¢4), with ¢t_ < ¢4, included in the curved trapezoidal region
Trap :={(z,t),z € (0,1),e_(x) <t < e;(z)} (see the bold curved trapezoidal region in Fig. [6] left). Then
fol F(z)dx > (t4 —t_)E, - (u’, u'). Of course, the optimal choice of this rectangle is given by ti =e4(0), so

that 0 <ty —t_ =T — 2{. Since exp fo x)dz) < exp(TV(p,0,1)/px + TV (0,0,1)/0,), holds with
(A1) o ﬂ(l)exp(TV(pﬂ(l)/_pgz) TV(0,0.1)/0.)

The requirement elu] € C1(0,1) is ensured by the extra regularity assumption imposed on the initial
data (u’,u') and on the coefficients. Indeed, when the initial data (u",u') € V, the second-order energy
E2 S (u(-,t),u (-, t)) below is also time conservative and finite

5.2 (@, 1) | +o( )|(8§7gu)m(x,t)‘2] dx.

(A2) &2, (1)1 1) = &y lwl 0w 0) = 3 [ [o

oa‘_§5H

In particular, there exist two functions f°, f! € L®(0,7;L?(0,1)) such that

1
1 - — f0
(outy), = [ and (p oUy I)w 7.
Thus,
[ 1
(auw)w(x,t):p(x)/f (z',t)dx’ € H'(0,1) and wus . (z,t) (—/ (z',t)dx’ € H*(0,1)
o(x)
0 0
and, finally, ou,,u; € H(0,1) C C*(0,1). Since o, p € C*(0,1), we get |ous|*/o, plul?, e[u] € C1(0,1).

The direct inequality . can be obtained by applying the same method of bldewayb energy estimates
within the same class of regular coefficients o, p € C'(0,1) and initial data (u°,u') € V in . We only
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0 0
0 1: 0 1)
-l 1

FI1GURE 6. The two trapezoidal integration domains where the sidewise energy estimates
method is applied to prove the observability inequality (left) or the direct inequality (right).

choose e such that (e1)’ = F+/p/c and the initial data in 1] at time tg = —¢. Thus, Ay < 0 and
F’ < mF, so that, at the end, (2.6 holds with

Oﬂ:ﬁ%@mﬂvmﬁﬂwm+TVWQJV@XT+%)

By the method of adapted multipliers. Let us consider (2.3)) with (u°,u!) € V and strictly positive
coefficients p, o € C1(0,1). We multiply (2.3) by ¢(z)u,, with ¢ as in (2.10), and integrate in (0,1) x (0,T):

T 1
(A.3) 0://p Yug (z, t)p(z)uy (z, t) dxdt—//auwxxt x)ug(x,t) de dt.
00

With &,,(t) as in (2.12]) and using integrations by parts in both time and space variables in the first term
on the right hand side of the above identity, we get:

T 1

//p o(lue|?)z (2, t) da dt

00

D [ e , )
up(1,8)]* dt + (pp) (z)|ue(z, )| dz dt.
0 20/ !

l\D\»—t

(A.4) ijp Yuge (2, ) (@) g (2, 8) do dt = X
00

= Xpsa(t”oT -

From the second term in (A.3)), we get

T 1 . T 1
(A.5) —// (oug)s(z, t)p(x)uy(x,t) dedt = 5// z)(|oug ) (0, t) do dt
00 00

T 1
:@/m@,t)mﬁg// ()]s, )] dix .

0
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Putting together the two identities and -, we obtain

; T
;//[ z)|us(z, 1) +( )/(96)02(33)|uz(33,t)|2 dmdt+%/|uw(o,t>|2dt
0 0

T
_ %/W(Ltﬂ?dt—%@(ﬂ 0-
0

Let us verify that, for ¢ as in (2.10]), the following three inequalities are verified in the sense of M(0,1),
the set of Radon measures on (0, 1), which is the dual space of positive C}(0, 1) functions:

li
(A7) w>1, (pp) >pand (f) c>1 Vxe(0,1).
o

Since the derivative of the total variation function TV (a,0,2) is |a’(x)| in a measure sense for any a €
W11(0,1), we note that 1 in is increasing since ¢’ = 14|0’| /o +(|p'|—p")/p« = 1 and ¢(0) = 0, so that
¢(z) > ¢(0) = 1. On the other hand, since p/p, > 1, then (pp)" = ©(¥'p+p") > plp+(p/p)(|p'|—p") +p'] =
wp > p. Similarly, we get the third inequality in . Using and the time conservation of the total
energy for the solution of 7 we get the positivity of the second term in the left hand side of and
the following lower bound on the first term:

%// {(ptp)/(x)ut(xjﬂz + (g)/ (33)0'2($)|Ux(33,t)‘2 dx dt > T5p7g'(u0,u1).

0 0

(A.8)

Using the Cauchy-Schwartz inequality, we get

(A.9) [ Xep (D] < oV /0L Ep o (1, uh),
so that
(A.10) [Xep()[5 | < 2||@m‘|ng o (u® ut).
Combining identity (A.6| - with the inequalities (A.8) and -, we get
T
(A1) (= 2lev/polli=)Epa(u,ut) < ED [l o ar
0

which concludes the part a) of our result.

c¢) Let us prove now that (2.4) implies (2.2). We argue by means of a decomposition argument, i.e.
we consider (2.3) with the same initial data (v%,v!) as in (1.1)) and the following problem satisfied by the
difference z = v — u:

p(x)zy — (0(2)25)s = 0, x € (0,1),t € (0,7
(A.12) 2(0,t) = o(1)2,(1,¢) —|—Ut(1 t)=0, te][0,T]
Z(‘rﬂo) Zt(l’,O)—O, ( 71)'
From and the fact that u = v — z, we get
(A.13) Epo (00,01 < 20’/\vt(1,t)|2dt+20’/|zt(1,t)|2dt.
0

It is enough to prove that

(A.14) /|zt(1,t)|2dt§ C”/\vt(l,t)|2dt.
0 0
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To obtain (A.14)), we first multiply (A.12) by 2, integrate in z € (0,1) and from 0 to ¢, with ¢ € (0,7T),
and, taking into account that the initial data in (A.12)) is the trivial one, we get the identity

¢
(A.15) € (2( ), 22(-1 1)) = —/zt(Lt’)vt(l,t’)dt’.
0
The second step is to use sideways energy estimates. More precisely, set G(z fo (z,t) dt, where
elz] == (p|zt|* + o]2:|%)/2 is the energy density of the solution of (A.12] - Then since the 1n1t1a1 data in
(A.12)) are the trivial ones, we get
1

(A.16) G'(z) = =

5 [ (P @z, ) = o' (2)|za (@, )]%) dt + p(2)z2(w, T)za (@, T).

O\%

For m(z) := max{|p’(2)|/p(z), |0’ (x)|/o(x)}, from the previous identity we obtain
(A.17) G'(z) < m(2)G(z) + p(z)|2e (2, T)| 20 (2, T)|
and
1
(A18) exp ([ miz) )+ 1V/P70l 1o (. T), 2 T).
0
After integrating inequality (A.18) in z € (0,1), we get
(A.19) ) < exp /m dx /Spg ) dt + ||/ p/ol|peEpe(2(-, ),zt(-,T))>.
Note that, by using the boundary condition at x = 1 in (A.12)), we obtain
W T . T
P 2 2
A2 1) =——= 1 — 1 .
(A.20) 61 = 2 [latufa+ s [nnpa
0 0

Using the fact that exp(fo1 m(z)dx) < o = exp(TV(p,0,1)/px + TV (0,0,1)/0,) and replacing 1 in
(&19), we get

T
(A.21) /
0

By applying Cauchy-Schwartz inequality in (A.21]), we get

o\w

T
2 (1,8 v (1, ) dt’ dt + ||\/p/0||Loc/ (1, t)ve (1, t)dt}
0

T T
(A.22) G(1) < %/|zt(1,t)|2dt+2%/|vt(1,t)|2dt Ve > 0, with ¢:= a(T + ||\/p/c||z=).
0 0

Choosing € = p(1)/(2¢) in (A.24]) and taking into account (A.20)), we obtain (A.14) with
o 4 (Cz B }p(1)> . 2o/l
p*(1) 20(1) p*(1)
To prove that (2.2) implies (2.4)), we argue similarly. That is, we consider the same initial data (u®,u!)
1.1]

in both problems (1.1)) and (2.3)) and use the same decomposition v = u + z as in the direct implication. It
is enough to prove the estimate

> 0.

(A.23) /\zt(l,t)\thS C”’/|ut(1,t)|2dt.
0 0
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Since v = u + z, (A.21]) becomes

T T T t
1 1
<@+i+a||\/p/7llm)/Izt(l,t)IQdH / (1,t) |2dt+a//|zt(1,t/)|2dt’dt
2 20(1)
0 0 0
1 ’ T
< - o) /Zt (Lt)ue(1,t)dt — //zt (1, Yu (1, ") at’ dt+||\/p/70—||Loo/Zt(1 tue(1, t)dt).
o
0 0

Then, for all € > 0 and ¢ = 1/0(1) + a(T + ||\/p/c||L=), We get

1
(p(2)+7+a||\/p/0'||[,oo /‘Zt].t|2dt+ /‘Ut1t|2 t<*/|2t1t|2dt+*/|ﬂt1t‘2dt

By taking € = (p(1)/2 + 1/(20(1)) + a||\/p/c||r=)/c in the above inequality, we obtain (A.23) with

"o 4 o p(1)+1/0(1) 4+ 2al|\/p/o]|L=

c” ¢ — > 0.
(o(1) + /(1) + 20]l/p/al|)? 20(1)

To prove that (2.2]) implies (|1.3)), first observe that, due to the dissipation law (1.2)) and to (2.2]), we get

(A24) SPVU(U(WT)’ vt('vT)) < C/ |vt(17t)‘2 dt = 0(6970(1)07”1) - gpyﬂ(v('vT)vvt('aT)))a
so that
(A25) & ,U(U("T)avt('vT)) < 'YSP,U(U(WO)aUt('vO))ﬂ with v = C +1 € (07 1)

and we obtain (1.3) with M :=1/v and w :=In(1/~)/T.

To prove that (1.3) implies (2.2)), we combine (1.3]) with the dissipation law (1.2)) and chose T such that

M exp(—wT) < 1. O
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