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BORDERLINE WEIGHTED ESTIMATES FOR COMMUTATORS OF
SINGULAR INTEGRALS

CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS

ABSTRACT. In this paper we establish the following estimate

wite €5 7] >3 < F [ @ (1m0 L) Mg ysewioida

where w >0, 0 < e < 1 and ®(¢) = t(1 + log™ (t)). This inequality relies upon the following

sharp L? estimate
1

2 p—1\7
.71 vty < x5 (257 ) Illmaro 115001,

where 1 < p < co,w > 0 and 0 < § < 1. As a consequence we recover the following estimate
essentially contained in [18]:

w({z €R" : |[b,T]f(z)| > A}) < erwla, (1+ 10g+[w]Am)2 /Rn D (||b|BMo|f(;)|> Muw(x)dx

We also obtain the analogue estimates for symbol-multilinear commutators for a wider
class of symbols.

1. INTRODUCTION

Motivated by a classical inequality due to C. Fefferman and E. Stein for the Hardy-
Littlewood maximal function, namely

||Mf||L1,oo(w) S C/ |f|M’deL‘
where M denotes the Hardy-Littlewood maximal operator and w is a weight, i.e. a locally
non negative integrable function, B. Muckenhoupt and R. Wheeden conjectured that

||Hf||L1,oo(w) S C / |f|M’lUdfl§'
where H is the Hilbert transform. This conjecture was recently disproved by M. C. Reguera
and C. Thiele [26] (see also [4] for the result in higher dimensions). The failure of this
conjecture was suggested by the first author in [20] where the following positive result was
obtained

(1) 1T fll ey < or / Mgy (w)dz — w >0,
Rn

where T is a Calderén-Zygmund operator (CZO). In the recent work [10], T. Hytonen and
the first author improved the control on the c.r constant and were able to consider the
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maximal singular operator 7™ obtaining the following estimate (see [6] for an improvement
of this result)

* Ccr
(2) T fllzreiy < — s |f (@) [Mpgog oy (w)(x)de w =0
which implies

3) 1T fll iy < cr log (€ + [i]a) / I Muwdz,
R?’L

when w € A. This result improves the main theorem from [15|, namely

(4) 1T Lt (w)= L120 (w) < €1 [w]a, log (e + [w]a,) .

It seemed that the logarithmic factor was superfluous and that it could be removed. However,
this is not the case by a very impressive negative result obtained by F. Nazarov, A. Reznikov,
V. Vasyunin and A. Volberg in [17]. In this work the authors disprove the so called A;
conjecture, namely they prove

[ H [ 1 (w) s L1120 ()

sup =00
wEA; [w]Al

where H is the classical Hilbert transform. Furthermore, the same conclusion holds if the
linear constant [w]a, is replaced by [w]a, log(e + [w]a,)* for a positive o < . This is
indicating that most probably (4) is fully optimal.

The main purpose of this paper is to prove estimates similar to (2) for commutators of
CZOs T with BMO functions b, usually called the symbol. These operators are defined
formally by the expression

b, T]f =bT(f) —T(f),
These commutators were introduced by Coifman, Rochberg and Weiss in [3| in connection
with the classical factorization theorem for Hardy spaces. However, many other applica-
tions were found much later, specially in the theory of elliptic operators [13|, [2]. Another

interesting aspect of the theory is its connection with the following nonlinear commutators
introduced by R. Rochberg and G. Weiss in [27]:

f= Nf=T(flog|f]) =Tf log|Tf|

This operator is interesting due to its relationship with the Jacobian mapping and with
nonlinear P.D.E. as shown in [12]| and [8].

The main result from [3] states that [b, T is a bounded operator on LP(R™), 1 < p < oo,
when b is a BM O function and T is a singular integral operator. In fact, the BM O condition
of b is also a necessary condition for the LP-boundedness of the commutator when 7' is the
Hilbert transform.

From the theoretical point of view, these commutators are of interest because they are more
singular than CZOs. For instance, the first author proved in [21] that these commutators
are not of weak type (1,1) obtaining a suitable replacement, namely the following Llog L
endpoint estimate:

w{zeR" :|[b,T] f(z)] >A}) <c /an) <%||b\|BMo> wdx

where ®(t) = ¢ (1 +log™(¢)), w € A; and the constant ¢ depends upon the A; constant of
the weight. The approach to prove this result was based on an appropriate non-standard
good- ) inequality using the Fefferman-Stein “sharp” maximal function. However, this method
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does not produce good results for further developments and in particular when considering
non-A,, weights.

Later on, the first author together with G. Pradolini (|23]) established the following esti-
mate for arbitrary weights w > 0,

w{z eR™ |[b,T] f(x)] > A}) <ere /Rn o (%HbHBMo) M (1og y+=wdx

for any € > 0. The aim of this paper is to give a quantitative version of this estimate with a
good control on the constant Cr. in terms of €. In the simplest situation our estimate can
be stated as follows

(5) w{x eR” : |[b,T) f(x)] >A}) < C—Z/ P <|fT|HbHBMO) M (1og 1yt+=wd.
e2 Jgn

See Theorem 2 for the general situation. In fact, we will obtain a wider class of results
since we will be considering symbol-multilinear commutators with symbols in Osceyp, 1+ classes
which are subspaces of the BMO space (cf. Section 3.2). We will see that this choice of
symbols will be reflected in the maximal operator on the right hand side of the inequality.
As a consequence of these type of estimates we can recover, among other results, the following
endpoint A; result from C. Ortiz [18] (see Corollary 1):

w(fe R 1111 > D < er (wla [ @ (10hao S ) wiodo

Estimate (5) should be compared with the case of CZOs (2). It is not clear whether is
possible or not to establish (5) using techniques based on sparse operators as in [6]. Another
open question is the analogue of the Muckenhoupt-Wheeden conjecture for the commutator,
namely whether

w({x eR” :|[b,T] f(z)| > A}) < cw/ ® (||b||BMO&;)’) M?(w)(z)dx.
R'l’l

holds for every weight w or not. Techniques used in [26] and [4] rely upon an endpoint
extrapolation result, firstly established in [5], or upon variations of it as in [6]. It is not clear
how to perform a similar extrapolation from the Llog L estimate that commutators satisfy.

This paper is organized as follows: Section 2 contains the statements of our main results
and the proof of Corollary 1. Section 3 contains precise definitions and facts which will
be used throughout the paper. In section 4 we give the proof of the strong type theorem,
namely Theorem 1, and all the needed technical results. The proof of the endpoint estimate
(Theorem 2) is presented in Section 5.
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2. MAIN RESULTS

To state our main results we need to introduce some notation. Let b; € OscCexprsi ;i > 1,
i=1,--+,k (cf. section 3.2 after Lemma 1) and 7" a CZO with associated kernel K. We
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define the symbol-multilinear commutator with respect to the symbol b = (b1,...,bx) as
follows .
T5f(@) = [ 1) = i) Kl f(0)dy
"i=1

We also denote .

1 1
i D

and

k
1Bl = T T lbilloscoyy ooi-
i=1

Our main results are the following.

Theorem 1. Let be T; defined as above and let w be a weight. Then

1
k+1 1 p—1\7" -
e G W[

for every 6 € (0,1) and p € (1, 00).

1 w)
log L)(1+§)p71+5

This result can be applied to derive the following endpoint estimate.

Theorem 2. Let be 15 and w as above. Then

C = X
wlfeer L >2) < o5 [ & (mn%ﬂ) My, ()

for every e € (0,1) where ®,(t) = t(1 +log™(t)), p > 0.

There is an interesting application of Theorem 2 from which we can recover one of the
main results of [18].

Corollary 1. Let T be a CZO and let b € BMO.
(1) If w € Ay then

w({z € R" : |[b,T]f(z)] > \}) < clw]a, (1 +log+[w]Aw)2/n o (HbHBMo&;j)l) Muw(x)dz,

(2) If w € Ay then
w{z eR" : [[b,T]f(z)]| > A})

< culafula. (14108 Tula)” [ @ (o™ ) wioo
<t (ula)® [ @ (W05 wioyas

where ®(t) = t(1 + log*t ).

Proof. For the proof of the corollary we follow the arguments in [10]. First observe that for
every a > ( we have that logt < % Then we can write

sa(l+e)
o)1+ <
and hence
Mp(og pyr+ew < Miivaase.

a1+5
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1
cn[wlag (1+€)

1
=]

Let us take oo = . Then, using the reverse Holder inequality (Theorem 3),

1
Mpogryr+e < o5 [enlw]an (1 +€)] T Mpisaaenw
2 1
< o len[w]an (1+€)] T Muw.

If we choose ¢ = we obtain the desired results just recalling that [w]a, < [w]a

1
Tog ¥ ([w]Aoy) .

3. PRELIMINARIES AND NOTATION

In this section we gather some definitions and properties which will be used throughout
the paper.

3.1. A, weights. We recall that a weight w belongs to the class A,, 1 < p < o0, if

=gy ) (& )

A weight w belongs to the class A; if there is a finite constant C' such that
1 / :
— [ w(y)dy < Cinfw,
1@l Jq Q

and the infimum of these constants C' is called the A; constant of w denoted by [w]4,. Since
the A, classes are increasing with respect to p, the A class of weights is defined in a natural
way by As = Up=14,. These classes of weights were introduced by B. Muckenhoupt in [16]
where it was shown that for 1 < p < oo

weA <= M:LP(w) — LF(w)
and also
weA = M:L'(w) — L"(w).

From the definition of A, it is not clear how to define an appropriate constant. However,
Fujii proved essentially in [7] another characterization:

1
= sup
Q w(Q)
which was also rediscovered later on by Wilson in [29]. Recently, this quantity was defined
as the A, constant in 9] since it was proved to be the most suitable one. In particular, the
following optimal reverse Holder’s inequality obtained in [9] (see also [11] for a better proof
and [28] for some other related results) was used in the proof of Corollary 1.

weE Ay = [w]a

oo

/ M (xqw)dz < oo
Q

Theorem 3. Let w € A, then there exists a dimensional constant T, such that

() =l

1

TnW] 4.,

where

Tw =1+



6 CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS

3.2. Orlicz maximal functions. We recall that ® is a Young function if it is a continuous,
nonnegative, strictly increasing and convex function defined on [0, co0) such that ®(0) = 0 and
lim; ., ®(t) = co. We define the localized Luxembourg norm of a function f with respect to
a Young function ® as follows

. 1 T
1o = 1flew.a = mf{A S0 /Q 3 (&Q') i < 1}

which is equivalent to the following

/ : p /()]
1 flleq = i&% {M+ @ o o <T) dx} )

This result is due to Krasnosel’skii, M. A. and Rutickii, Ja. B. [14, p. 92| (see also [25, p.
69]). In fact,

Ifllee < Ifllso <20 flleq

which will be quite useful for our purposes. Observe that the case ®(¢) = t corresponds to the
usual average and we can see these localized norms as a “different” way of taking averages.
We can also define the maximal function associated to ® as

Mg f(z) = sup || f|le,o-
z€Q

Some useful examples that will be quite useful in the sequel are L log L functions
P,(t) =t(1+log™(t))” with t>0
where log™ (t) = X(1,00)(t) log(t) and p > 0. For such ® we shall denote
[flle.e = 1fllzaog 7.0

Another useful property that makes interesting these “non-standard averages” is the fol-
lowing generalized Holder inequality.

Lemma 1. Let &y, 1, Dy, ..., Dy be Young functions. If
(6) 7 ()3 (1)... 07 (1) < £ (1),
then for all functions f1,..., fm and all cubes Q) we have that
If1fo - fellooq < kel filleollfollewg - - [ fille.q-

A particular case of interest, an especially in this paper, are the spaces defined by

Hf”oscempLs = Sgp Hf - fQ’ Vs,Q

where
U, (t)=e"-1 t>0,

with s > 0, is a Young function. Then the space Osceyp, 1+ is defined as

OSCGXPLS = {f 6 L}OC<Rn) : ”fHOSCeszS < OO} :

We observe that John-Nirenberg’s theorem yields BMO = Oscexp 1. It’s also clear that for
every s > 1

OSCexprs © BMO.

Now we state a result borrowed from [24] that will be used in the proof of Theorem 2.
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Lemma 2. Let @, ..., O be continuous, nonnegative, strictly increasing functions on [0, 00)
with ®(0) = 0 and lim;_,o, (t) = 0o such that

T HP(H) ... 0 () <Dy (t)  t>0,
then for all 0 < x1, 9, ..., 2, < 00
q)()(l'lxg .. fL’k) S @1(1‘1) —|— (I)Q(ZEQ) + s —f- q)k(l'k)

To close this section we provide a proof of Lemma 1 and also a corollary of it that will be
quite useful in the proof of Theorem 2.

Proof. Fix (x1,...,zx) and consider tg = ®1(z1) + Po(z2) + - - - + Pr(xx). Combining (6) and
the fact that each ®; is increasing it readily follows that

B, <c1>;1(t0)<1>;1(t0) e q),;l(to)) <,

K
and also that
;' (to) = ;7 H(Py(w1)) = i

7

Then we have that
(7) o, (%) < By (1) + Pola) + - -+ By(a)

We observe that this argument gives us a proof of Lemma 2. Coming back to our proof, let
us consider now t; > || fil|e,.o- We have that using 7,

11 \fl...fk\)
m|Q| Q(I)O(Htl...tk

() e ()

<1

Consequently
1 fi- frllooo < Kti.. .ty

and it is enough to take the infimum on each ¢; to finish the proof of the lemma. ([l

As a particular case, the following corollary holds which will be used several times in this
paper.

Corollary 2. Let sy,...,s, > 1 and denote Zk L. Then

i=1s,
1
@ o |f1 ce fk9| < CS||f1||eXpL51,Q e ”fk:||eXPLZ7Q||9||L(IOgL)%7Q

Proof. We denote ¢, (t) = ¢ — 1. Then ¢, (t) = log(z + 1)% and we have that

o) o (BT = e () o () ———— <
: log (z + 1)

® =

and Lemma 1 gives the desired result. O



8 CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS

3.3. Symbol-multilinear commutators. We recall that an operator 7" initially defined on
the Schwartz spaces and taking values into the space of tempered distributions 7" : S(R") —
S'(R™) is a CZO fif,
(1) T is bounded on L*(R™).
(2) For each smooth and compactly supported function f, T f admits the following rep-
resentation
Tf(x)= | K(z,y)f(y)dy  x¢&suppf
R"L
where K is a standard kernel. Recall that a kernel K : R” x R*\ A — R, where A is
the diagonal in R™ x R", is a locally integrable function such that for some constants
C1, Cs, v > 0 the following conditions hold:
(a) Size condition

1 .
K@yl <Op— ety

|z

(b) Regularity condition

/ / |J] B x/|’y
|K(z,y) — K2, y)| + | K(y,2") — K(y,2)| < sz
provided that |z — z'| < |z — y|.
The symbol-multilinear commutator 7T} with vector symbol b= (by,--- ,b), bi € OSCexprsi i =

1,--+ .k, and CZO T with kernel K is defined for smooth functions f as follows

k

Ty () = / T ((2) — b)) K (o) Fo)dy & supp f.

n
=1

Let b = {b1,b,...,b;} be a set of symbols with b; € Oscexprsi,i = 1,--- , k. Also, let
b = o Uo’ where o and ¢’ are pairwise disjoint sets be a splitting of b. If we identify ¢ and b;
we can introduce the following notation

where A = (A1, Ay, ..., \) and also to write ..+

1€0 s; "
By C;(b) we refer the family of all the subsets o of b such that #0 = j. We shall also omit
the set of symbols and write just C']’?. Finally if o is a subset of b we write

Tz f(z) = /R [T 0i(z) = b)) K (=, ) f(y)dy = / (b(z) = b(y)), K(z,y)f(y)dy  z & supp f.

X n
1€0

We end this section with some further notation. We write
18]l = TT lIbillosc,,, ,e0
b;€b
and similarly
1] = TT Ibillosc,,, - -
b;€o

We will denote by #o the cardinal of the set of symbols o.
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3.4. Some estimates involving the sharp function. In this paper we will use two clas-
sical operators and some of their variations. The first one is the Hardy-Littlewood maximal
operator,

M f(x) = sup ’Q|/|f ) dy,

zeQ
where each @ is a cube with sides parallel to the axis. Also, M¢ will denote its dyadic
version, where the supremum is taken over dyadic cubes. We will also use the following
variants, M.(f) = M(|f]7)¢, and similarly for M2 where ¢ € (0, 00). The second operator is
the Fefferman-Stein sharp maximal function, namely

M f(2) —sup|Q‘/\f — foldy,

and its dyadic counterpart M*?. Similarly as above we define the following useful variation

M(f) = MA(fI")3
with § € (0, 00).
The first result that we state in this section is borrowed from [19].

Lemma 3. Let 0 < p < o0, 0<d <1 and let w € Ay. Then
1y < eplula. 25|

for any function f such that |[{z : |f(z)| > t}| < oo for allt > 0.

LP(w)

Using the preceding lemma and following the proof of Lemma 3.1 in [18] we can derive the
following improvement.

Lemma 4. Let 0 <p< oo, 0 <e <1 and w € Ay. Suppose that
{z : |f(x)] >t} < oo
for allt > 0. Then there is a constant ¢ = ¢, such that
d d
IMEF || oy < eplwlace [|MEF| o,
Proof. Applying previous lemma with 6 = ¢y and 0 < gy <e < 1
d t,d (1 7d
[ f”Lp(w < eplwla, [|ME (M f)HLP(w)
Now it suffices to prove that
Meﬁ(’)d (Mgdf) (z) < M f(x).
But this was done in Lemma 3.1 of [18]. O

The reason why it is important to deal with M? for small £ will be clear after the following
pointwise estimate proved in [24].

Lemma 5. Let Tj; be the symbol-multilinear commutator defined above and let 0 < 6 < e < 1.
Then there exists a constant ¢ > 0, depending only on 6 and € such that

k
M} (Tyf) (@) < cae | 1810, 0 (F)+ D0 D7 10 (T, f ) (@)

Jj=1 UGC]’?

for any bounded function f with compact support.
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The first result, corresponding to the case k = 0, namely
(8) MATf)(x) <esMf(zx) 0<d<1

can be found in [1] and the case k = 1 was established in [21].

4. PROOF OF THEOREM 1

In this section we prove Theorem 1. The first two subsections will be devoted to the core
of the proof for all the cases, namely £k = 1 and £ > 1. Both cases rely upon a two weight
inequality that will be established in the third subsection. A careful control of some Young’s
functions inverses will be required to obtain that two weight inequality.

4.1. Case k£ =1.

Proof. In this proof we follow techniques in [15] and [18]. Let us call v = M 1)y W

L(1ogL)(”§)
1 1

If Kk =cp (p’)2p1+§ (1%1) * | by duality, it suffices to show that

H b T]'f f

<K=
v w

L? (v) LY’ (w)

Where [b,T]" is the adjoint of [b, T]. Calculating the norm by duality allows us to find a
non-negative function h € LP(v) with ||| ) = 1 such that

H [, 71" f

()

R

Tt
:/ thdx: |[b, T)"| f hdx = 1.
LP/(U) n v

Let us consider the operator

M (hv%>
S(h) = —x—

vp
We build the Rubio de Francia algorithm R using the operator S.

k

=1
,;_knsu

R satisfies the following properties:
(1) 0 < h < R(h)
(2) [[R(A)||zewy < 2[|Rl|zr )
(3) R(h)v% € A; and furthermore [R(h)vﬂA <cp.

Using Lemma 4.2 in [10]

Taking that into account

[Rh] 4, = {R(h)v; (U‘M)lq} < [royes] [o#], < e
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Applying Lemma 3, with p = 1, w = Rh and 7 € (0, 1), together with [Rh]a < [Rh]a, <
cnp’, we have

I< | |[bT)f| Rhda
Rn

< cuRhla., | M, TV f)Rh(z)ds < cpp’ [ ME([b,T)' f)Rh(z)dx

Rn

Now we observe that [b,T)" = —[b,T"]. Consequently, [b, T]" is a commutator and if we
choose € € (0,1) in Lemma 5 we can continue with

< ot Ibllosers. [ /R My f@)RR() + / M. (1) (x)Rh(x)dx]

= Cnp/HbHOscexpLs (Il + IQ)

n

To estimate [; we use Holder’s inequality and the second property of the operator R

S

My s f(:c)p’v(x)l—p’dx) : ( / n Rh(m)pv(az)da:)

h= Rn M, 1o ryt [ (@) BR(z)dz < (/

n

<9 ML(logL)%f

LY (v)
To bound I, we apply lemma 4 with w = Rh and p =1
Iy < co[Rh]a, | MHNT'f)(x)Rh(z)dr < c,p’ | MHYT'f)(x)Rh(z)dx.
R" R"
Using now (8) for the adjoint of T', namely, M*(T'f) < c. M f, we have
I < e M fRh.
Rn

Proceeding now as we did for I; we derive to

I <cp||— .
LY’ (v)
Consequently
b, Tt M, o1f
1B <o 0 o |22
v LP/(U) (% LP/(v)
and recalling that v = M (142)p 1455 everything is reduced to establish the following
L(log L) s
inequality,
1
() "ML(logL)if <. p”i (p — 1) ' i
v LY (v) 0 WL (w)

which will be proved in Lemma 6 below. This concludes the proof of the Theorem in the
case k = 1.

O
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4.2. Case k > 1.
Proof. Due to the homogeneity of the operator we may assume that

||b1||Osceszsl = ||b2||Oscesz52 == ||bk||OSCeszSk =1

\\H

Let us denote v = M

. If — k+1 1+
. w. If k= cr(p) ptts (B2)7

, by duality, it suffices

(1+%)p71+5
to show that
Tgtf

<[

LY ( L’ (w

where Tg is the adjoint of Tj. Using duahty we can find a non-negative function h € LP(v)
with [|A]|zr(s) = 1 such that
T3 T

! :/ 157 hvdx = |T% fl hdx = 1.

L¥' (v)

As in the case k = 1 we use again Lemma 3 with p =1, w = Rh and v € (0,1). Hence, since
[Rh]Aoo < [Rh]As < Cnp/, we have

Jg/ |T% f| Rhdx
Rn
< cu[Rh]a, / ME(TEf) Rhdr < cppf / M(T}f) Rhdz
R R"”

Tgt f is a commutator so if we take € € (v, 1) Lemma 5 yields

cnp// Mg (Tgf) Rh(z)dx
Rn

<ecnp / My f (@) Rhda + Z > / ) Rhdx

Jj=1 eC’C
= Cnp/(ll + 1)

Now we have to estimate I; and I;. For I} we proceed as in the case k = 1 obtaining

I <2 Moy

LY’ (v)

To estimate Is we need to control each term of the sum. To accomplish this we claim that
for every e € (0,1):
10) [ M(T58) @)RMa)ds < DG [ M ) R
n Rn og Zico! %

where

1 j=0

rj={2 j=1

2+ ()r@E) j>1
which will be proved by induction on the number of symbols of T},, i.e., #0'. For simplicity
with the notation, we prove the claim for T’ instead of T(;,. We can do this since both them
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are commutators with the same number of symbols. Let us call m = #0’. If the number of
symbols is zero T, = T and then combining Lemma 4 and (8) we obtain

. M_(Tf) (z)Rh(z)dx < cp’ . M f(z)Rh(x)dz

since we assume »
p = 1 we have that

0 > +=0.Ifm=1, then T}, = [b1,T]. Applying Lemma 4 with w = Rh,

M. ([by, T)f) (z) Rhdx < c,[Rh]a, | MF([b1, T]f) Rhdx

Rn R™

<cup Mf([bl, T)f) Rhdx

Rn

Now, if we take 0 < ¢ < € < 1, Lemma 5 produces the following bound of the last expression

<ep | M 1 f(x)Rh(x)dz +cp’ | Mz(Tf(x))Rh(z)dx

Rn L(log L) ®1 Rn
<cp | M 1 f(x)Rh(x)dx +c(p')* | Mf(x)Rh(x)dx
Rn L(log L) *1 Rn

<2(p) | M 1 f(z)Rh(x)dz.

rr  L(logL)®1

This proves claim (10) in the case m = 1. Let us suppose now that the result holds for
0 < < m symbols, namely, if 0 < #7 < m, then for every € € (0,1)

M. (To) () Rhdo < CEDE [ M @) Bhds

R n L(log L)

Combining Lemma 4, with w = Rh and p = 1, and Lemma 5 we have for ¢ < £ < 1,

/ M. (T; f) Rhdxz

< M s, L f Rhdx + E g cp / thm
Rr  L(log L) i€ =1 recy

<cp ML(1 1) Zseor 1 f Rhdx + E E cp / tha:
R? ¢ o j=1 recy

Using now the induction hypothesis we continue with

#T +1
tha:+z > I / M e (@) Bhda

j=1 TGCm

<c | M
- Rn L(log L)Ziec’/ sl

< / m+1
<cp ML(logL)Ziea/ i x) Rhdzx + Z Z /Rn ML(logL)ZiEG/ %f(:v) Rhdx

R j=1 TECm

<1+ r#) k+1/ M, s f(2) Rhda.

j=1 TEC]’-”
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It’s easy to check that
1+ ) T(#7) =T(m)
j=1 ’TEC;-”‘

Then the main claim (10) is proved in full generality. This yields, combining estimates

k+1
I < chpse (D) " /Rn ML(logL)%f(:C) Rhdzx.
Proceeding as we did for I; we obtain the following estimate

ki1 ML(log L)s f

[2 S Cn,b.e (pl) v

LY (v)

Consequently
Tg f

v

ML(logL)% f

S cn (p/)k—i-l -

LY’ (v)

L¥' (v)
This concludes the proof since by Lemma 6

1
< ep'ts (p_g 1> ’

4.3. A key two weight inequality. As we already mentioned, we prove the following
lemma that was used several times during the proof of Theorem 1.

f

w

ML(log L)s f

L' (w)

Lr' (v)

that v =M O

L(log L)(1+%)p71+5w.

Lemma 6. Let w > 0 be a weight. Let s > 1 and 0 < § < 1. Then for every p € (1,00) we

have that
M 1f _ 4
R L
v L7 (v) WL (w)
where v = M

L(log L)(1+%)p—l+§w.

The proof of this lemma will follow ideas from [22]. In particular, we are going to obtain
a precise version of the two weight inequality that appears in the proof of Theorem 2 of that
work. To do that we need precise estimates of the following inverse functions.

Lemma 7. Let p >0, A,(t) =t (1 +1log" (t))” and X,(t) = m. Then

p
(1) t= <t
Proof. Observe that

t(1+1log* (t))”
(1+log™ (¢ (1+1log* (t))p))p
The upper bound is straightforward since

(1+1log* (1))” < (1 +1log™ (¢ (1 +1log™ (¥))"))".

Xp(A,(1)) =
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Now we prove the lower bound. It suffices to prove that

1 +log™ (2) L1
1+1log™ (t(1+1log" ()") ~ 1+p

If 0 < t < 1 there’s nothing to prove since log* (t) = log™* (t (1 +log™ (t))p) = 0. Suppose
now that ¢ > 1. Then we have that

1+ log™ (¢) B 1+ log (1)

1+1log™ (t(1+1log™ (1))") ~ 1+log (t(1 +log (1))

B 1+ log (t) S 1 + log (¢)

~ 1+log(t) + plog (1 +1log(t)) — 1+log (t) + p (1 +log(t))

1
S 14p
0
Lemma 8. Let p > 1, Ay(t) = ¢ (14 log™ ®))” and X,(t) = m with t, = pP.
og E

Then

Proof. Observe first that

Ap(X(t) =1t

We begin studying the lower bound.
If t € (0,1) then

and there’s nothing to prove.
If t € [1,t,] then

A (X,(1) = td(t) =t (1 +1og" ()" >t
Now if ¢ > t,, it’s easy to check that ﬁ > 1. Then

()
o (i)

1+ log <i>

Ap(X,(t) =t

Now we observe that

1+ log (W) ~ l+log (t) — plog (1 +log <i)>
1+ log <i> - 1+log (%) |
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Let us choose t = ¢ and t, = e*. Then

1+)\—plog<1+10g<:TAp>) _1+/\p—p10g(1+>\_/\p)
1—i—log<e%) B I+A—=AX,

=1+ gp(/\)

A
Now we minimize g,(\). It’s easy to check that g, reaches its minimum when A\ = P +
Ap, — 1. We observe that

1+22 —P
gp(e ’ +)\p_1>: 1+22
(& P
and since 1, = p”
—p 1
AL e

and we obtain the desired lower bound. To finish the proof we focus on the bound. If
t € (0,1), then A,(X,(t)) =t and there’s nothing to prove. If ¢ € [1,¢,] then we have that

A (X, (1) = t(1 +logt)” < t(1 4 logt,)” = t(1 + plog p)’.
Finally if ¢ € (t,,00) then it’s easy to check that

ALK, (1) < t(1+1og (1,))’
]

Finally, with the precise control of the inverses at our disposal we are ready to give the
proof of lemma 6.

Proof of Lemma 6. Proving (11) is equivalent to prove that

/ 1—p/ /
1\P , 141 p p— 1 ’
/n MLlogL% (pr> (ML(logL)(Hé)lew) <6 <p > ( 0 ) R" 7F

Using now the notation of Lemma 7, we can write A1 () = t(1 4 log*t)s and X.(¢) =
t

- and we have that
(1—',—log;+ t) s

We observe now that
t tr
Xl(t) = I 1, p—1495 v
’ (I+1log"t)*  (1+1log™t) o

P
1

1 p—1+44
v

(1 + log™ t) P

t ' ( 146 —1)) ¥ 1
_ t(1+1log*t) ) = Fi(t)7 - Fy(t)
(1 +log* t)(1+§)p—1+5

Using again the notation of Lemma 7,

‘E\‘ -

t
)(1+§)p—1+5'

Fl(t):X1+l —1+(5(t):
(3)r (1+log™t
From that lemma it readily follows that

(1+%)p71+5

1 P »
- <W) A(1+%)p_1+5(t) .

Q=
=

Fi(t)
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Analogously, following the notation of Lemma 8
1+6(p'—1
FQ(t) = A1+5(p/_1) (t) =t (1 -+ 10g+ t) =D

From that lemma it follows that
1+5(;;/L1)

1 e—1 P ~ 1
R 2 ()7 R0,

e
Taking into account (4.3) and (4.3) we obtain the following estimate

(1+%)p—1+5
L5 .

B /1+5(p/71) 1 P _ 1~
ATOE@ ((”E)p +5) 2 A1y Xy OF >0,

Using now generalized Holder inequality (Lemma 1) and taking into account that, since
5 €(0,1),

W =

/ 1+1)p-1+6

148(p’—1)
() (2p+d) <ot

1
and also that [|w||y ) = [|w?|] ”( 1) if ¥ is a Young function, we have that
e

i 1
<eptts ||f||)~(1+6(P/71)(LP’),Q [[w]|

wa%

1 (L).Q

L(logL) 7Q (1+%)p_1+5

and consequently

Sl

w)

1 1+
ML(logL)% <pr) = cp SMXlM(p’fl)(L”/)(f)M p—1+6 (

L(log L)(H%)

Using this estimate we have that

/

/ 1-p
1\P
/n ML(IOgL)% <pr> (ML(logL)<1+;>p1+5w> dr

P 1-p
) ar »
< /n <Cp( )MXH(;(F,/1)(LP')(f)ML(10gL)(1+§)p1+5 (w>p) (ML(IOgL)(1+i)p1+6w) dx
1

1 P’ ’
- (cp1+s) /n MX1+6(p/—1)(Lp/)<f)p dz

Lemma 2.1 of [10] yields

CNE NP N
([ M5 unt@ras)” < e(B2) ([ ).

1

(/Oo X1+5(p/1)(tp/>@) v _ <<1 + (pl _ 1)5) log (1 + (p/ - 1>5) + 1 )p/

' t P (p—1)0

since

and 0 < 0 < 1 allows us to write

((H(i,_ 10) log(1+(p’—1)5)+ﬁ);’ 500%1);”

Consequently we have that

[, (707)]

1
of

1 (p—1\»r
< (550) W lvieny

LP (v1-7")
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This concludes the proof of (4.3). O

5. PROOF OF THEOREM 2
5.1. Case k= 1.

Proof. By homogeneity we shall suppose that [|b|osc,,,.. = 1. We consider the Calderon-
Zygmund decomposition of f at height A. That decomposition allows us to obtain a family
of dyadic cubes {(),;} which are pairwise disjoint such that

fl<2mn

Qj

Q=]
J
As usual, we write f = g + h where g, the “good” part of f, is defined as
x x € Q°
g(x) = /(@)

and veriﬁes that [g(z)] < 2"X a.e. and h = Y h; where h; = (f — fo,) xo, and fo, =
z)dz. We denote w*(z) = w(z)Xpmga() and w;(z) = w(z)xgn g, where Q; =

1
A< —
Q|

Let us denote

1271 Jo, /1 ¢
5y/nQ; and Q= U ; ();. Using that decomposition we can write

w({x eR" :|[b,T]f(z)|] > A}) Sw({mGR”\Q |6, Tg(x)| > %}) + w(Q)

+w<{x€R“\@ b Tlh@)] > %})

=I+11+1I1

To end the proof we have to estimate I,II and III. Let us begin with I. If p > 0,
Chebyschev’s inequality gives

w({rera: g > 3}) <2 [ b Tl s

Let us choose 1+ —+~ T + y <p<l+ ( ) y o= (1 + %) (p — 1). For that choice of p and
d, is easy to check that
~1\» _ 1 1 1
(p’)2pp(1+%)p P—- < c,— and 1+-)p—1+0=-+c¢.
4] g2 s s
Using now Theorem 1, we have that
2P .
7 Hb Tlg(x)[Pw"(x)dx

IA

/ 1 b 1 5 *
e ()7 (T) APM | gyt

> 82 /\p |g L)%ﬁ ( ) x C—X ’g(l‘)’ L(lOgL)%+Ew (x) T

%5 ( / UL

/\

x) ]ML(log L)%Hw* (a:)da:)

=
5
09
S
]
Y
S
+
S
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and it suffices to estimate last integral. Indeed,

ot e <311l Moo
<Yl / 1Ty 88 My 1)
-3 / 01 3 Mgy < 3 LI AL

< c/ |f(y) Llog 1) * Lew(y)dy.

Summarizing, we obtain that

For Il we have the following standard estimate

1
7= w(@) < Z/ dg;_Z|5\/ﬁQj|m/mjw(x)dx

WQ]

< Z 5vn)" Q] mf Muw(z) < (5v/n) Z / f(y)dy inf Mw(z)

zEJ

< (5vi)" Z i < (5va)" [ Lanu)a,

To estimate 11 we split the operator as follows

b, T)h =Y [b,T|h; =Y  (bT(h;) — T(bhj)) =Y (b—bg,) T ZT ((b—bg,) h

J J

Then we continue with

> (b(z) — bg,) Thy(z)| >

J

ZT([b—bQJ hi) ()] > =

Hfgw({xeR”\Q:

+w<{xER”\Q:

—A+B

i)

19
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To estimate A we use standard computations based on the smoothness property of the kernel
K and the cancellation of each h;,

<5 o 2 ) = Tl
R\
< /\Z/ - x) — blw(z / b ()| | K (z,y) — K(z,2q,)| dyda

— h; K(z,y) — K(z,zq,)||b(x) — bg, |w;(x)dxd
gA;/Qjmy)r [ [K0) = Ko, ) = by oy

< %Z/ 1 (y)] W—I%\b(x) — bo, w;(x)dxdy
~ /o N

R™\Q; ‘:z: -

|?J ~ |
hi( E —— = __|h(z) — bo.|wi(x)dxd
/ 17 (W) /2le )Sle—xq; [<2M1U(Q;) ‘ ‘nﬂ‘ @ Q]|w](x) o

xQJ

—/\Z</ ity |dy>z|2k+lQ]| g, ) = o )

We now fix one term of the sum. Using generalized Holder inequality, Lemma 1, we have

o0

ZM () — b, uw;(2)d
X)) — WLl )ax
Gy, @, l;

277k

= Z |2k+1QJ| "y 6(z) — byrs1, |wj(z)d

TG g, 2 — sl (@)

< ZQ ’Y Hb - ka‘HQJ’”eXpLS,Zk'HQjHw]'HLlogL%QkJrle
k=1

+Zz k( (k+ Db 0seosr 1nf Muj(2)

k=1

< Zz—vkubu%cew inf M, 10 (2)

LlogLs J

+Z2 (k4 DlBlloseeays it Muw;(2)

k=1

<c -k —vk
< (Zlencg M\t (z)EQ Zlencg Muw,(z );2 (k+1))
<cinf M, 1w;(2)

2€Q; logLs
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Consequently,

A< = Z/ \h;(y \dy mf LlogLs(wj)(y)
< X; / M1 ()W)

( @M, 1 (wi)(y dy+Z/ My (w)(y >|fQJ|dy>

> I

o

<< ( [FWIM, o (w)( dy+2/f dyzlergM L(wj)(Z)dy>

<5 ) @I, () (0)dy

>

To end the proof we estimate B. Theorem 1.1 from [10] gives

B =w" ({xER”:

< Cli Z/Q |b($) — ij} ‘f(.CE) - fQj‘ ML(logL)5<wj)(x)dx

ZT([b—bQJ hi) ()] > =

i (2)MLog £ye (") (x)dz

11
S CEX zj: inf ML(logL)E ”LU] (/ ‘b o bQJ| |f |dZE +/ |b o bQJ} ‘fQJ‘d$>

1
- g (Bl +BQ)

For B,

B, = —Zzlenf M, 10g 1) (w;)( / ‘b - bQ]| |fQJ‘dI
< )\Z 1) ‘/ |b(x) ij|d$/Qj | f (W) | MLog 1) (w)) (y)da
< S 2 Wlois [ 150 Maieay ) 0}
; ]
<X [ ) )y
j i

x
< c/ U(—)\NML(IOgL)ew(x)dx.

21
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For By we use the generalized Holder inequality Lemma 1 and we obtain

c
B, = Xzzlenf M (105 1y (w;)( / |b(x) — bo, | | f(x)| dx
(12) S szlenf ML(logL) ( )(Z)X |Q]| HbHOSCeszS ||f||L(lOgL)%L,Q]’

. 1
=D il Migog e ()(2) 3 1Ql I g 1)t

Now we see that
(13)

AT TI R _)\IQ]!1nf{u+| ui e

u
|le< 0 QJ (f&xgd:ﬁ) |Qg|~|~/@j¢>i(|f(;)’>dx
o

hiG \) weo | o, ('ﬂjﬂ) dr.

B, < szlenf] M (1og 1= (W )(2)/Q 1 (M) d

J

|/ (

~y
~—
L
8
—

<

> =

If( Idl“+ ®1

>/I>—‘

Consequently

IN
V)\H
N\
\
—
&
—_ >/
=
5
o
S
ﬁ
QU
8

5.2. Case k£ > 1.

Proof. Let us suppose that the desired inequality holds for [ < k—1 symbols. By homogeneity
we may assume that [[b]|ose,, = |[bllosc,,,, s = 1. Using the Calderén-Zygmund
decomposition with the same notation used in the case kK = 1 we can write

w({zeR" : [Tpf(z)] > A}) <w ({x ER"\ Q : |Tyg(x)| > %}) + w(Q)

+w ({x ER"\ Q : [Tph(z)| > %})

=I+11+1I1

We consider now each term separately. To estimate I we use Chebyschev’s inequality for
p > 1 that will be chosen appropriately,

w({rerna: o> 3}) < % [ mewre @
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Let us choose, as we did in the case k = 1, p such that 1 + 3(1;) <p<l+ e and

1+ 1)2
0=¢— (1 + %) p. For this choice of p and § we have that

1
Nk+Dp, (141)p (P L7 < 1 1 _ :1
@) p (—5 Scogmoand (14 )p—l4+d="+c¢
Using now theorem 1 and the choice of § and p we have that
2P P, * n(k+1)p (1+l)p p —1 pi/ P *
ﬁ e \ng(m)| w (x)dx <cp (p) b+ ¢ - e |g(ZL‘)| ML(IOgL)(1+%)p71+5w (J})dl’

€k+1 /\p/‘g L(logL w*(x)dﬂj‘

Arguing as in the case k = 1 we obtain that

1 /(W)
I'< C”€k+l/ A ML(logL)%Jrsw(y)dy'
For 11, as in the case k = 1, we have the following estimate

f)

I7<3"
R )\

Muw(y)dy

It remains to estimate /7. Following the computations of page 684 of [24] we can write

Tyf(x) = (by(x ) = A1) (bk(x) = M) T f ()

-1

#3030 (@ - X) [ (b - X) Koy

i=1 0eCy(b)

(14)

Now we work on the last double summation. We observe that for each term we can write

(b)) [ (o) =) Ko sy

rur'=o / n (b(;,)—A)U/i > (b(x) = b)), (b(y)—X>T,K(w,y)f(y)dy
Jj=0 1€C;(0)
S [ b, (b0 -5 Ko
7=0 7€Cj (o) R 7
#o
SRR
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Plugging this into the double summation of (14), since 7 U 7" U ¢’ = b we can write,

S (—1)k (b(a:) — X)g/n <b(y) - A)g K(z,y)f(y)dy

i=1 0eC;(b)

= T (b= A (b — M) ) () + oTs ((0-%) 1)
i=1 geC;(b)

where ¢, is a constant that counts the number of repetitions of each T3. Summarizing

Tyf(x) = (bu(x) = A1) - (b(2) = M) T f ()
+ CkT ((br = A1) (b = Ak) f) ()

33wt (10 -1) 1)

=1 oeC;(b)

Using this for each h; and summing on j,

ZTh Z bi(x) — A1) .. (b(x) — M) Thy(z)
+) T (b — M) (b — M)hy) (2)

FEY S en((b-1) 1) @

j =1 oeC;(b)

Then we can estimate /17 as follows

U[gw<{yeRn\Q:
+w<{y€R”\Q:
+w({y€R”\Q:

=L+ Ly+ Ls
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To estimate L, we denote w; = Xgn\5,mq,w and B(z) = 1,

bi(z) — (bi)Qj‘. Then

w(z)dx

7 (@) = (b)) - (be() = (g, ) Thy(a)

<3 s/ o BT @) (e =

g;g/ﬂw (/ W) (2, ) — <x,ij>\dy)dx

<5 mwl Bla)uy(2) K () — K (2, | drdy
7 M RN\5VQ,;

A standard computation using the smoothness condition of K yields that the latter is

bounded by
c ly — zg,|”
- hj(y / B(zx)w;(x)———dzdy
)\/-‘ i )|Z 2U(Q))<le—wg, <2 HI(Q)) )i |z — zq, "t

27y
< h( / B(x)w;(x)dxdy =
Z 5 N GG gy

Let us estimate the inner sum. We have that

(15)

2~

2 gy /| ) Bla)uw;(@)de

- Z 2m+1l

2=

B Z (2mH1(Q;))" /m+1Q H

J
— 2m+1l /m+1Q] =0 eck (

11 z(x) 2m+1Q D (H‘ i)omi1Q; i)Qj
k o—my
SH s (H 02, 000 ) / (I

1=0 oeCy(b) ico

9—my

=0 ceCy(b) \i€o’ i€o

(z)dx

m+1Q

) wj(x)dx

2m+1Q ‘ + ‘ 2m+1Q (b7'>Q

> wj(z)dx

bi(x) = (bi)ym+ig, D wj(w)dw

bz(l') — (bi)27n+le ‘) w](a:)dx

Applying Corollary 2 we have that

1
@ Q,)" /Q (H

1€0

<c (H ||bi||Oscprsi> zngllej ML(logL)Eie" % (U}J)(ZE)

€0

bi(r) — (bi)2m+1Qj D w;(r)dx
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Then for each y € Q;

S 3 (Mo ) gy Lo (11

m  1=0 oceCy(b) \ico’ i€0

3
ISP (Hnb o )

1—0 EC[ (b) sco’ expL Ts

bi(z) = (bi)gmi1g, ‘) w;(z)dx

(13 I ||Oscemrli) centhig, M og 1ymiee & (00)(®)
1co

< C’“ML(logL)%(wj)(y) Z Qv_m - C"“]\/[L(logL)% wi)(y)

m

Continuing the computation in (15) we have that by standard estimates,

Is] 9—me
L A e B(z)w;(x)dzd
25 /Qj' W gy /| o sy D

Cr
= X - Q; |h] (y)|ML(logL)% (wj)(y)dy

<5 [ WM (00
Summarizing

Ck
Ll S N 0 |f(y)’ML(logL)%(w)(y)dy

We shall work now on Ly. Theorem 1.1 from [10] gives

Ly =i ({y ER" : T (Z (bl - (bl)Q]) <bk - (bk)Qj> hj) ()

¢l [(bl() (b1)g, ) - (Be(2) = ()g, ) B

Ae

ML(log L)EUNJ(IL‘)dZL'

Z/ fQ]|ML logL)ij( )dl‘
< %%;Zlenf M, (0g £)=w;(2) (/ B(a:)\f(x)|dx—|—/ B(x)‘fQj‘dq;)

J J

S (Z;gf M iog e (2) /Q B@)|f(@)ldz + 3 inf Migogryew; (2) /Q B<x>erj!dx>

j ; 5
=z (Lo1 + Loo)

We estimate first Lo as follows

C .
§ 3 it Mages() [ Bo)ifo b

r 2€Q; ;

= - inf M og Ly=w; (2 x)dx x)|ax
IR <>(|Q]| B )d><Qj|f( >rd>
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Using Corrollary 2 with ¢ =1 and f; = |b2- — (bi)Q].|, we obtain the following estimate

(16) |QJ|/ oz < e ]|

Then

m

(b

1>Qj S CHbH = C.

LS" .
i= 1 oxp L%,Q;

% 2 5 Mitecsy ) (@ i B<x>daz> ( ) |f<x>|da:>
§§2z1£5 M (1og 1) w; (2 (/ |f(z |de’>
—AZ |, 1@ My o)

b\ | f ()| MLog Ly=w;(z)dz.
R

Let us estimate now Lo;. Using generalized Holder inequality (Lemma 1) similarly as we did
n (12)

C
L= £ 37 inf Muossrws@) | Bl f(o)lds
z j j

C
< S it Maoe s QI g,

z€Q

since ||b]| = 1. Also the same computation used in (13) based on properties of the Calderén-
Zygmund cubes @); yields

1 ()
X’Q]"“fHL(logL)%:Qj = 2/Q]- Q)% (T “

C
L21 S XZ 1nf ML(logLEw]( )‘QJ|HfH 1ogL) 1Qj
J
| ()
<3 g Mot [ 2, (H)
SCZ/ o, <|f($)
j J

< c/n (I)% (|f(>\m)|> M p(10g yew(z)dz.

Putting Loy and Loy together we have that

LQ < Cg /n 1 <|f( >|> ML(logL)ew(x)dm

£

Hence

| > ML(log L)e W ($)d$
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To conclude the proof we are left with estimating L3 as follows

Ly—w|dyecr\ 0 - > ch(;(Z(b—X)a,hj) (z) >%

i=1 0eC;(b) j

o

B

-1

< w yeRn\Q CUT&‘(Z<b_X>U,fXQj)(x> >%
oeC;(b)

=1 J

??‘

-1

+w y e R"\ Q : co 1 (Z (b—x>a,fQjXQj> (x) >%
oeC;(b)

=1 J

= L31 + L3
To estimate L3; we use the inductive hypothesis.

Ls

k—1
—w|{yeRr\Q: ‘ o T (%:(b—X>U/fXQ,7> (x) >%
S (GO RRED)
i=1 geC;(b)

Z ZE#O’+1/ Tico = (H ||‘f( ull ( (z) — ij)J,> ML(logL)ZiG(’ %Jre(wj)(x)dx

=1 oeCyi(b) J

Since we are assuming that ||b1||ose
o C b we have that ||&]| = 1. Then,

Z Z Zg#aﬂ / (’f (f)‘ (b(@—bwa,) M s ey ()

capLl — HbQHOSCewLSz — ... = kuHOSCeprSk = 17 for eaCh

1=1 geCy( J
<oy Z Z ) [ og o (LN ) —bg) Y
>~ ey €#U+1 ZGQ L(logL)ZZef’S J . ZieJE A Qj) o

i=1 o j J

Let us consider now

4 )
@, (¢ “1(4) = log(1 + t)5.
u () log(e +t) py (t) = log(1 +1)
Then
t 1 t
1 -1
1! ”905Z =—1||10g(1+t)8i _ = L)
) ico log(e + t)z i€o log(e + t)zleff si Yieo 5

and also we know that

D, (t) =t (1+1og"t)", ¢, (t) =" —1.
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Taking that into account, Lemma 2 gives

/ - <|f( I (o) b, )dx

/QJ(I)i (|f(>\m dx—l—Z/ exp
(

) -1)de

(b )Qj

|f(2)]
< [ o (V) ot T 100 nina,
Q] st
() /(@)
T
< /Q @% ( h\ > dl‘+CZ |QJ|||b ||OscempL5 |:||bz‘||Oscesti - 1]
j €0
S/ >dm+ck|Q]

o

1 (|f<as |
J : >\
0

sl o (1)

In the last step we used properties of the Calderéon-Zygmund cubes.
Plugging now that estimate,

Z Z Z 5#0’+1 zeQ L(logL)Eieg =+ (w])(z)/ ‘I)Zieg, L (@ (b(:E) — ij)U) dx

i= 10’60k J j
|f(z)]
< 1
ckzl Ezcmz €#a+1 ZEQ L(logL) ot & (wj)(z)/j 0, ( )\ dz
=1 O J

! )
<ag X i My e [ o (L) e
J

J

<ckkz/ Jxx)@i(lf(;n)dx

< ck—/ eyt (1) (2 (&f)') dz

For Ls; arguing in the same way we have that

fo
Posak Y S Yo [ o (20w ), ) @

1= 1U€Ck J J

The same computation used to obtain (17) yields

/_(I)Zie,,/ji (|f§3| (b(x) —ij)U) dx §/'<I>i (@) dz + ck|Q;|.

J

Now we see that using Jensen’s inequality,

/ o (101 e < oy, (V)
’Q”‘w/ () e = [0 (B2 e

J

n =
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/Qj Dy : <|f§j| (b(z) — ij)U) dx < /Q ®, (@) dz + ck| Q|

J

Hence

and we finish the estimate arguing as we did for Ls;. OJ
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