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Abstract

In this paper, we study the global dynamics of a delayed SIRS epidemic model
for transmission of disease with a class of nonlinear incidence rates of the form
BS(¢) foh f(r)G(I(t — 7))dr. Applying Lyapunov functional techniques in the
recent paper [Y. Nakata, Y. Enatsu and Y. Muroya, On the global stability of an
SIRS epidemic model with distributed delays, accepted], we establish sufficient
conditions of the rate of immunity loss for the global asymptotic stability of an
endemic equilibrium for the model. In particular, we offer a unified construction
of Lyapunov functionals for both cases of Ry < 1 and Ry > 1, where Ry is the
basic reproduction number.

Keywords: SIRS epidemic model; nonlinear incidence rate; global asymptotic
stability; Lyapunov functional; distributed delays

1. Introduction

In order to understand epidemiological patterns and control communicable
diseases, we have obtained qualitative results of stability analyses of epidemic
models (see [1]-[23] and the references therein).

Mena Lorcat and Hethcote [15] formulated SIRS (Susceptible - Infected -
Recovered - Susceptible) epidemic models, which were initially applied to fit
data for infectious diseases as regulators of laboratory population of mice.

In order to investigate the effect of the impermanent immunity of vector-
borne diseases, many authors have now carried out stability analysis of the
equilibria for delayed SIRS epidemic models [16, 20, 21, 22, 23].
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Recently, Nakata et al. [16] studied the following SIRS epidemic model with
a bilinear incidence rate and distributed delays,

deit) B — uS(t) — B8S(t / f()I(t—7)dr + 6R(t),
‘” / FEVI(E = 7)dr — (u+ ), (1.1)
dT =7 1() ~ (1 + O)R()

S(t), I(t) and R(t) denote the fractions of susceptible, infective and recov-
ered individuals at time ¢, respectively. The positive constant B represents the
birth rate of the population and the positive constant p represents the death
rate of susceptible, infected and recovered individuals. The positive constant
represents the recovery rate of infectives and the nonnegative constant § denotes
the rate at which recovered individuals lose immunity and return to suscepti-
ble class. The positive constant § is the contact rate between susceptible and
infective individuals and & is a superior limit of incubation times. The incuba-
tion period distribution f(7), which denotes the fraction of vector population in
which the time taken to become infectious is 7, is assumed to be continuous on
[0, h] satisfying fo T)dr =1 and f(7) >0 for 0 < 7 < h (see, e.g., [1, 2, 17]).

By applying Lyapunov functional techniques which is an extension of those
in McCluskey [12, 13] and the property that the total population of the system
(1.1) converges to a positive constant, Nakata et al. [16] established that if
1<Ry<1+ %, then a unique endemic equilibrium of system (1.1) is globally

asymptotically stable for any § > 0, where Ry = is the basic reproduction

8B
w(uty)
number of system (1.1). Otherwise, they offered sufficient conditions 0 < § <
- such that the endemic equilibrium is globally asymptotically stable.

1+ £

WOn the other hand, in modeling of those communicable diseases, nonlinear
incidence rates have played a vital role in ensuring that the model can give
a reasonable qualitative description for the disease dynamics such as cholera
epidemic spread in Bari in 1973 (see, e.g., Capasso and Serio [3]).

Based on their idea, Xu and Ma [20] investigated the global dynamics for
a delayed SIRS epidemic model with a saturated incidence rate %
established the global stability of the disease-free equilibrium and a sufficient
condition under which the endemic equilibrium is globally asymptotically stable
by applying monotone iterative techniques on a limit system obtained from the
fact that the total population N(¢) = S(t) + I(t) + R(t) converges to a positive
constant (see Xu and Ma [20, Theorem 3.1]).

In this paper, by using the key properties of Lyapunov functional techniques
in Nakata et al. [16], we establish the global asymptotic stability of a disease-free
equilibrium and sufficient conditions of the rate of immunity loss for the global
asymptotic stability of an endemic equilibrium for the following SIRS epidemic

and



models with a class of nonlinear incidence rates and distributed delays:

dS( ) =B —uS(t)—pS(t / F(M)GI(t —7))dr + dR(¢),

/ FOGU(E —7))dr — (s +7)I(E), (1.2)

=~I(t R
AR —21(t) ~ (s + RO,
and offer a unified construction of the Lyapunov functionals for both cases that
the basic reproduction number is less than or equal and larger than 1.

The initial condition of system (1.2) is given as follows.

¢1(9) >0, e [_h70]7 ¢z(0) >0, ¢i € C([_h70]7R+)7 i=1,2,3. '

For system (1.2), the positive constants pq, pe and ps satisfying py <
min{ug, 13} represent the death rate of susceptible, infected and recovered in-
dividuals, respectively. For the incidence function G, we assume the following.

(H1) G(I) is continuous and monotone increasing on [0, +00) with G(0) = 0.
(H2) I/G(I) is monotone increasing on (0, +00) with Ihrilo(I/G(I)) =1
—

We note that G is Lipschitz continuous on [0, +00) satisfying 0 < G(I) < I
for all I > 0. Under the hypotheses (H1) and (H2), system (1.2) always has a
disease-free equilibrium E° = (59 I1°, RY), where S° = % and I = R =
In addition, if Ry > 1, then system (1.2) has a unique endemic equilibrium
E* = (S*,I*, R*), where S* > 0, I* > 0 and R* > 0 (see Lemma 2.2).

The basic reproduction number of system (1.2) becomes as follows.

8B

Ry=——2"
pa (g2 + )

(1.4)

B5°G{)
2 +7 I
8S0 = gL o implies that g Bl denotes the number of new cases infected per unit
time by one infective individual at an initial infection state. Thus, Ry denotes
the expected number of secondary infectious cases generated by one typical
primary case in an entirely susceptible and sufficiently large population.

If G(I) = I, then the incidence rate becomes a bilinear form, which is
proposed in [23] for the case p; = pg = p > 0, ua = p+ ¢ > 0, where ¢ > 0
denotes the disease—related death rate and [16] for the case 11 = g = 3 = p >
0. Moreover, if G(I) = 7= + 7, then the incidence rate describes saturated effects
of the prevalence of infectious diseases, which is proposed in [20] for the case
p1 = po = p3=p>0.

Our main results are as follows.

denotes the average infection period and the relation that lim;_, ¢




Theorem 1.1 Let Ry > 1. If
1 S* —dR* >0, (1.5)

then the endemic equilibrium E* of system (1.2) is globally asymptotically stable.
Moreover, (1.5) holds if the following conditions are satisfied.

0<6d <+, for 1<R0§1—|—“—72,
0<6<8:= 72— for Ry>1+4%2 (1.6)
1+272_

In particular, for the case G(I) =1, then (1.5) is equivalent to (1.6).

Theorem 1.2 If Ry < 1, then the disease-free equilibrium E° of system (1.2)
is globally asymptotically stable.

To prove Theorems 1.1 and 1.2, for E = (S,I,R) and N = S+ 1+ R, we define

Sg () + 19 (X2) + BSG() Jy () J, 9 (SG5) dudr
48 (RO-R)? 5 {N(t)—N+£2ZEL (R(1)-R))}?
vS 2 {v(pa—p1)+(p2—p1)(p1+pus+0)}S 2
vl =< 1 eltgfr) p < “i(t)or < fias (1.7)
Sq (50 +Igg )+ 8SG) fy 1) J)-, 9 (SHL) dudr
5 (R(t)=R) 5 (N@#®)-N)*
+'y_S 2 + 4418 2 )
it p1 = po = pa,
where
Nit)=S@t)+I(t)+ R(t), and g(zx)=z—1—Ilnz>g(1l)=0. (1.8)
We offer a unified construction of Lyapunov functionals in the proof of global
stability of the global stability of the disease-free equilibrium E° for Ry < 1 and
the endemic equilibrium E* for Ry > 1, respectively as follows (see Section 4);
E%\ . 1 E E* N 1 E
U(; (t) = EILI%O U(; (t), and U(; (t) = Eli}né* U(; (t)
By using the relation
lim zg (y) =y, for any fixed y > 0,
z—+0 x
we obtain that, for N0 = §0 + 19 + R® = SO and N* = S§* + I* 4+ R*,
5(t) h
S0 (32) + 1(t) + BS° fy £(7) [ G(I(w))dudr
L8 (R()-R°)* i 5y {(N(#)=N°)+2221L (R(t)-R°)}*
~ 50 2 {v(pz—p1)+(p2—p1) (p1+p3+6)}S° 2
B0 if either py <pe or py < ,ug,
Us” (t) = 04 (50 0 [y
Sg( )—l—I( +BS° [, f ftT ))dudT
4o (RO-R)" 5 ( (H-N°)*
~S0 2 4p1 SO 2 ’
it pn = pe = ps,

)



and

5% (%2) + 10 (52) + 857G 7 7(0) J1 o (Geriyt) dudr

L0 (R(t)—R*)? T 5y {(N(t)=N")+#2-H1 (R(¢)—R")}?
vS* 2 {v(us—p1)+(n2—p1)(p1+p3+90)}S* 2 ’
Ul *(t) _ ) ifeither py <p2 or wp <upus,

5°9 (S0 + g (42) + 55°GU") i 1) 1y (42 dudr
1) R(t)—R*)? Fy Nt—N*)2
+W(()2 ) +4u15*( ()2 7
it p1 = pe = ps3.

The organization of this paper is as follows. In Section 2, some basic results
are offered. In Section 3, we introduce the essential ideas of Lyapunov functional
technique in McCluskey [12]. In Section 4, we establish the global asymptotic
stability of the disease-free equilibrium E° and the endemic equilibrium E* of
system (1.2) for Ry < 1 and Ry > 1, respectively. Finally, we offer a conclusion
in Section 5.

2. Basic results

In this section, we state some basic results of system (1.2). Let i = max{us, u3}.

Lemma 2.1 For system (1.2) with the initial condition (1.3),

B B
limsup N(¢) < —, liminf N(t) > —, (2.1)
t—+oo p1 - t—too 7
and
B — —

liminf N(¢) > — — H2 = P g sup I(t) — B3 = I i sup R(t),
t—+oo ,l% M1 t—+o00 M1 t—+o0 (2.2)
limsup N(t) < — — H2 = M i inf I(t) - Hs = M i int R(t).
t—+o0 M1 J251 t—-+oo 1 t— 400

Proof. It follows from system (1.2) that

dN(t
WO _ B 1S(1) — pal(t) ~ psR(1) < B - N (),
from which we obtain the first equation of (2.1). Similarly, from

AN (t)
dt

> B — aN(t), (2.3)

we obtain the second equation of (2.1). Moreover, we have

AN (t)

— —B- pN(t) = (2 = p)I(t) = (ns — pa) R(2).



First, we suppose that N(t) is eventually monotone decreasing for ¢ > 0.
Then there exists a lim;_, 4 N(t) = N* > 0 and we have

0=B—mN"— lim {(n2—p)I(t) = (ns — p1) R(2)},

from which we obtain (2.2).
Second, we suppose that N(t) is not eventually monotone decreasing for
t > 0. Then, there exists a sequence {t,}22; such that

dN (t)
—7 >0 li N(t,) =1 N(t).
By, 20 lim (tn) in sup (t)
Then, from (2.4) at t = ¢,, we obtain the second equation of (2.2). Similarly,
we can obtain the first equation of (2.2). This completes the proof. O

Lemma 2.2 (Cf. Enatsu et al. [7]) If Ry > 1, then system (1.2) has a unique
endemic equilibrium E* = (S*, I*, R*) satisfying the following equations.

B — 1 S* — BS*G(I*) + 6R* =0,
BS*G(I*) — (p2 +v)I* =0, (2.4)
~I* — (us + 6)R* = 0.

Proof. From the second and the third equations of (2.4), the following equa-
tions hold.

R (T e 0 A 7
Sr =2 - pr o .
BG(I*) ps + 0

(2.5)

After substituting (2.5) into the first equation of (2.4), we consider the following
equation:

~vol

+I
H(I):B—M—(u2+7)l+ug

BG(I)

By the hypothesis (H2), H(I) is a strictly monotone decreasing function on
(0, +00) satisfying

lim H(I):B_MZB(l—i>>o,

=0.

I—+0 B8 Ry
and H(I) < 0 holds for all I > B/{uas + (1 — ﬁ)}. Hence, there exists a
unique positive I* > 0 such that H(I*) = 0. By (2.5), we obtain the conclusion

of this theorem. O

First, we prepare the following basic lemma.

Lemma 2.3 (Cf. Enatsu et al. [5]) Assume that I(s) < I* for any s such that
t—h<s<t IfI(t) <I(s) for any s such thatt —h < s <t then S(t) < S*.
Inversely, if S(t) > S*, then there exists an s; € [t— h,t) such that I(t) > I(s).



Proof. Assume that I(t) < I(s) < I* holds for any s such that t — h < s < t.
Then, by the monotonicity of ﬁ in the hypothesis (H2), we have

h
I = BS(@) / FGU(E = ))dr — (2 +7)I(E)

> / FEABSHGU(E — 1)) — (2 + It — 1)} dr

B 1t — 1) o

- /0f<>{ﬁs<> o wm}w )
h

> /Of(){ﬂS() ) (u2+7)}1(t—7)d7

= BG( —87) f It —7)d

Then, by I’(t) < 0, we hence obtain S(t) < S*. The remaining part of the proof
is evident. g

By applying Lemma 2.3, we now offer a simplified proof for the permanence
of system (1.2) than that of Wang [18] (see also Xu and Ma [20]).

Lemma 2.4 If Ry > 1, then for any solution of system (1.2) with initial con-
dition (1.8), it holds that

B
liminf §(f) > vy = —— = 50,
P (t) = vy 11 + BG(B/ 1)
ltierian( ) > va(q) = qG(I*)e —(p24Mp(a) 0,
—+00
> =
lim inf R(¢) > vs(q) : o 502 >0,

where for any 0 < ¢ < 1, p(q) > 0 is a constant such that
* A B —rp(q) *
S* < 8% = ?(1 —e P and =y + BeG(IY). (2.6)

Proof. Let (S(t),I(t), R(t)) be any solution of system (1.2) with initial condi-
tion (1.3). By Lemma 2.1, we have limsup,_, . I(t) < B/u;1. Hence, for e > 0
sufficiently small, there is a 71 > 0 such that I(t) < B/uj + € for t > Ty. Then,
by the first equation of (1.2), we derive

das(t)

7 > B — {1+ BG(B/pm +€)}S(t),

which implies

B
lim inf S(t) > . 2.7
o o 5(2) > p1+ BG(B/pa + €) @7)




Since (2.7) holds for arbitrary € > 0, we get liminf, 1 S(t) = v1.

We now show that liminf; , . I(t) > va(q) for any 0 < ¢ < 1. It follows
from (2.4) that S* = m+ﬂBG(I*) < u1+B]ng(I*) = g for any 0 < ¢ < 1. Thus,
there exists a positive constant p(q) such that (2.6) holds. We claim that it is
not possible that for any solution of system (1.2), there exists a nonnegative
constant to such that I(t) < ¢G(I*) for all ¢ > ty. Suppose on the contrary that
there exists a nonnegative constant ¢y such that I(t) < ¢G(I*) for all ¢t > to.
Then, by the hypothesis (H1), G(I(t)) < ¢G(I*) holds for all ¢ > ¢y. This yields

——= > B —(u1+ BqG(I))S(t) = B—rS(t) forallt>ty+h,

which yields

t
S(t) > e~r(t=t0) (S(to) +B / eT<9—to>d9> > B1 Zemrt—to)
T

to

for any t > tg + h. Therefore, we have

B(l —e Py = 5 5 g% (2.8)

r

S(t) >
for any t > to + h+ p(q). By the second part of Lemma 2.3, we obtain I'(t) > 0
and for any ¢ > to+h+p(q), there exists an s; € [t —h,t) such that I(t) > I(s).
For a positive constant I = ming 4 ,(q)<s<to+h+p(q) 1(5), we then have

I(t)>1 forany t>ty+h+ p(q). (2.9)

We here consider the following functional.

W(t) = I(t) + 3 /O £ /t ()G (w)dudr

For t >ty + h + p(q), we have

AW (t)
dt

h
— 8s() / FOGU(E —7))dr — (s + I (E)
+8 / FE{S(E +nGU) — SOGU( — 7)) }dr

h
- B / F(@)S(E +)GUE)dr — (15 +7)I(E)

= {os2 S G+ 1t

. ~y>}f<t>

> B(S5 - S*)G(I*)f >0,




which implies lim;_, o W(t) = +00. However, by Lemma 2.1, it holds that

lim SUP;—, 4o wW(t) < % + 8. B (%) < 4o0. This is a contradiction. Hence,
the claim is proved.

By the claim, we are left to consider two cases. First, I(t) > qG(I*) for all ¢
sufficiently large. Second, I(t) oscillates about ¢G(I*) for all ¢ sufficiently large.
If the first case holds, then we get the conclusion of the proof. If the second
case holds, then we can choose t; and t2 (¢t; < t3) sufficiently large such that

I(t) = I(t) = ¢G(I"), and I(t) < qG(I")

for t; <t < ty. Since %(tt) > —(ug +)I(t) for t > t1, we have

I(t) > I(tl)ef(uﬁw)(tftl) > qG(I*)e*(IQJF’Y)(t*tl)
for any t > t1. Therefore, we obtain
I(t) > qG(I*)e—(M2+’Y)P(Q) = u3(q)

for t1 <t <t1+p(q). I t2 > t1+p(q), then by applying the similar discussion to
(2.8) and (2.9) in place of ty by t1, we obtain I(t) > va(q) for t1 + p(q) < t < ta.
Hence, we prove I(t) > va(q) for t1 < t < tg. Since the interval t; < t < o is
arbitrarily chosen, we conclude that I(t) > va(q) for all sufficiently large. Since
q is also arbitrarily chosen, Thus, we obtain liminf, . I(t) > wva(q), which
implies lim inf;_, ;o R(t) > v3(q). This completes the proof. O

By Lemmas 2.1 and 2.4, we obtain the permanence of system (1.2) for Ry > 1.

3. Lyapunov functional techniques in McCluskey [12]

In this section, we consider the case § = 0 for system (1.2). Then system
(1.2) becomes an SIR epidemic model with a class of nonlinear incidence rates
and distributed delays as follows.

h
B =B s - 550) [ 106U - n)ar

h
1) _ ﬁS(t)/O FOGU(t —7))dT — (u2 +7)I(t), (3.1)

RO — 1(t) ~ s R00).

We consider the following Lyapunov functionals.
UE (1) = S% (B9 + 1(t) + BS° [ f(7) [} G(I(u))dudr,
Uy (t) = S*g % +I*g(11(f))+ﬂ8* (I*) fo (r ft .9 (Gcgﬁu)))dudr

We introduce essential ideas of the global stability of the endemic equilibrium
E* of (3.1) for Ry > 1 in McCluskey [12]. For a fixed 0 < 7 < h, we put

s I o GUI@R) . GU({t—-1))
T T T ey T Ty




Then, we obtain

GO = (- 5) {B-ms0-ss0 [ wr0ut -]
10 S*{B—uls(t) — BS(t) f(T)G(I(t—T))dT}(.3.3)
I

5*5(t)
Substituting B = u15* + 8S*G(I*

%{9(55?)}
_ é) =0 {( 1"+ BSTG(I7)) = S(t) — BS(t / FOGU(E— 1)) }
- ()—‘)9{ pa(S(t) — +B/ () (S*G(I*) — S(t )G(I(t—r)))dT}

S5
= () (5
+BG(I" )/Ohf(f) <1— ;;;) <1_$%{;))> o

= (1= L) -+ sea) | i) (1-5) 0w an G

t Tt

Similar to the above discussion, by the relation o + v = w, we have

alo(f0)} = 0L loso [ swau - dT—(u2+7)I()}
= 0T st [ s - 55 S0 r)
R i ) )

— B GY (1—l> tin —y (3.5)

Finally, we obtain

%{/Ohf(ﬂ/;g< ) dudr - /f o(i))dr

The following lemma plays an important role to apply techniques of equation
deformation in McCluskey [12] to the global stability analysis for the endemic
equilibria of system (1.2).

10



Lemma 3.1 If Ry > 1, then it holds that

(1 - %) (1 — 49e7) + (1 - i) (TeTe,r — Ye)

1 TiYe 7 N
= =o(5) - () - (o) - o) (3.6)
Tt Yt
Proof.
(1—i>(1—x o) + (1—i>(x Jor — 1)
7 tYt,r e tYt,r — Yt
1 . . . Tt r
= (1 - — —XYt,r + yt) + <117tyt,7- L Yt + 1>
Tt Yt
1 T r
= 2__+gt,7_&_yt
Ty Yt
- 1 TGt -
= =o(5) -2 - (o) - o)
This completes the proof. ([

By Lemma 3.1, the time derivative of U#" (t) along the solution of system
(3.1) becomes as follows.

wEw
dt T
~ssa(r) [ e {g (xi) o (i) T () - g@t»} d.

Yt

-
In order to show dUOd—t(t) < 0, we need the following lemma.

Lemma 3.2 If Ry > 1, then for allt > 0,

G(I(t)) — G(I") <G1(f> I > > 0.

I (1)  G(I)

9(yt) — 9(t) >

Proof. First, we have g, — 1 = % and

() GU®) G(I(t))( I _r >

Ye — Y = I G T G(I(t) G(I7)

Since ¢/(z) =1 — 1 = 2=1 and ¢”(x) = -5 > 0 for all z > 0, by the hypotheses

x

(H1) and (H2), we obtain

o) — 9(G0) > gfg: L — i) =

G(I(t) — G(I*) <G1<t> r ) >0,

I (1) G(I)

Thus, we get the conclusion of this lemma. O

11



By Lemma 3.2, we obtain @ < 0. From the permanence result in
Lemmas 2.1 and 2.4, by applying LaSalle invariance principle [11, Corollary 5.2],
the endemic equilibrium E* of system (3.1) is globally asymptotically stable.

Similar to the case Ry > 1, for Ry < 1, we obtain

o (C9) ) =20 mis - s - st [ smata - oy}

Then, we have

dUOE0 (t) = —p—r (S( ) SO) SO / f t _ T))dT

dt

LSt / FOGU(E — 7))dr — (52 +1)I(2)

+85° / F{GU(D) - GUI(t - 7))} dr
(5(t)

t) —S5°)? 0
= g+ BSPGU®) ~ (he ) I(0)
_ Q02
= O () (1 EED 1)1
(@) — 59?2

< — Ry —1)I(t) <0.

By applying Lyapunov-LaSalle asymptotic stability theorem [11, Theorem 5.3],
the disease-free equilibrium E° of system (3.1) is globally asymptotically stable.
Summarizing the above discussion, we obtain the following result.

Corollary 3.1 (See McCluskey [12, 13]) The following statement holds true.
(I) If Ry < 1, then the disease-free equilibrium E° of system (3.1) is globally
asymptotically stable.
(I1) If Ry > 1, then the endemic equilibrium E* of system (3.1) is globally
asymptotically stable.

The results in Corollary 3.1 plays an important role to extend the global
stability results for the case § = 0 to those for the case § > 0. Recently, the
similar global stability results for delayed SIR epidemic models with a wider
class of nonlinear incidence rates are obtained in [6, 8, 9, 14]. We note that the
differentiability of the incidence function as imposed in [8, 9, 14] is no longer
needed. In addition, the inequality estimation in Lemma 3.2 is also extended in
the Lyapunov functional techniques for a delayed SIRS model with a nonsepa-
rable incidence rate in Enatsu et al. [7].

4. Proofs of Theorems 1.1 and 1.2

In this section, by applying Lyapunov functional techniques for the SIR
epidemic model (3.1) in Section 3, we prove Theorems 1.1 and 1.2.

12



First, we consider the case Ry > 1 and prove Theorem 1.1. In addition to
the notations in (3.3), we put
R(t) N(t)
ng = .
R " N*

Zt =
The following lemma also plays an important role as in Nakata et al. [16].

Lemma 4.1 Let Ry > 1. Then it holds that

(1 _ i) (2= 1) = (2 = V(s = 1)

Tt

(1 - i) (1 — 24)(z — 1)

Tt
—1)2
N P (4.1)
Lt
Lemma 4.2 Let Ry > 1. Then (1.5) holds if (1.6) holds. In particular, for the
case G(I) = I, then (1.5) is equivalent to (1.6).

Proof. From (2.4), I'* satisfies the following equation.

Blpa(pa + ) + pa2d} ., r—
o I +“1(“2+7)G(I*) = pB. (42)

From the hypothesis (H2), we have

« ps +0 I”
ro= B-
Bl (is ) + 120 {B (2 ”)GU*)}
w3 +9

B{uz(p2 +v) + p2d} {BB — m(p2 +7)}

 pa(pe ) (us +9) _
= Blus(u )ty oY “3)

Therefore, from (1.6) and (4.3), we obtain

(2 +7)(u3 + 0)R*

ST —O6RY = 3G (12 + ) (s +0) — 6R"
= o e ) +8) =BG}
> M%m{ul(uz +7)(ps +6) — By}
> gt + ) +0) ot B (|

- ﬁngIﬂ [ML(;ZZ; v )j)(futaé) {“3 - (1 fo— - 1) H =0

From the above discussion, it is obvious that (1.5) is equivalent to (1.6) for
G(I) = I. This completes the proof. O
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Proof of Theorem 1.1. We consider the following Lyapunov functional.

* s (R()—R*)? 5y {(N(t)=N")+£#2-H1 (R(t)—-R")}?
Ug" () + vS* 2 + {v(n3—p1)+(p2 —p1) (p1+p3+6)}S* 5 ’
Ul *(t) _ ) ifeither py <ps or p1 < ps,
E* 5 (R(H)—R*)? s (N@H-=N*)?
Up )+ 553 T 5 2

it 1= po = ps,

where UF"(t) is defined in (3.2). First, by Lemma 3.1, the time derivative of
UF" (t) along the solution of system (1.2) becomes as follows.

* 12
M — _ng*u+5}g* <1_i) (2 — 1)
dt Tt Ty

_/Ohf(T) {9 (%) +9 (%) +9(y) — g(ﬂt)} dr.(4.4)

Second, by I(t) = N(t) — S(t) — R(t), calculating the time derivatives of
5 (R(t)-R")?
2

35+ gives

d{ 5 (R(t)-R*)?}

dt | vS* 2
= (RO = R (10~ (1 + R()
— (RO - B {3 (V) = 50 - R(0)) - (ua + D0}
= (RO R (V0 = N°) = (50 = 5) — (ua +7+ )R - )
_ SR*N* . O(p3 + + 0)(R*)?
= (=D = 1) =R (2 — D, ~ 1) = 2 5 (2 —1)%
(4.5)

14



For the first case either 1 < pg or py < ps, by S(t) = N(t) — I(t) — R(t), we
obtain

d ({(N(t) = N*) + £ (R(t) — R*)}?
il : |

{(N(t) C Ny BT gy R

: }
)

B ¥ 0) = (i = )10) = (o = i) (0 ~ 222110 ua + R0

= {0 -5+ 22 ) - 1) [ B - a0 - {a - ) + L2200 20 g
~ {vo - v+ 22 v - 1)
X [_NI(N(t) - N*) - {(N3 — )+ (p2 = “17)(/% +5)} (R(t) - R*)} '
(p2 — p1)(pa + pz +9)

—(N*)?(ng = 1)% = {(m — ) + }N*R*(nt— 1)(z — 1)

gl

2t gy 4 L2 E O ey,

Combining (4.4), (4.5) and (4.6), we have

O _uls*(:ﬁt;l)2+5}z* (1_%) (20— 1)
* * o
+6R5fv (2 —1)(ne — 1) — SR (2 — 1)y — 1) — 5(u3+77;*5)(3) (- 1)?
- Mlé/y(N*y n, —1)% — ONR ng — 2 —
Y P B P rypra - G My T Y C

O(p2 = )y (ps = ) + (p2 — ) (s + )} (R¥)? (
Yy(ps = pa) + (po — pa)(pa + ps3 4 6)}S*

-/ ") {g (i) o (%) o) - g@t)} d. (4.7)

zZt — 1)2
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By the condition (1.5) and Lemma 4.1, we have

dUi;(t) = —(mS"+4(R(?) —R*))—(It; >
_ pa0y(N*) (ny — 1)
{(7(us — p1) + (p2 — 1) (1 + ps +6) 15
_ {5(u2 — ) (s = ) + (2 — ) (s + OIRYD? S+ + 6)(R)? } 1 1)?
H(us — 1) + (2 — pa) (1 + pia + 6)}S* VS '

h ~
- [ {o(2) + o (222) + ) - gt b ar
< f10y(N*)? (ny — 1)?
B {v(u3 = pa) + (2 — pa) (p1 + pz + 6) p.S*
_ {5(u2 — ) {v(ps — 1) + (p2 — p) (3 + )} (R*)* | d(us + + )(R)? } (2 — 1)?
Yy (s — p1) + (2 — pa)(pa + ps + 6)}S* yS5*

[0 f(2) s(282) )

For the second case 1 = po = ps, by S* + I* + R* = B/u1, we obtain

%{4/;155* (N(t) = N¥) } = 4uf5* (N(t) = N*)(B = muN(t)) = —%(

Combining (4.4), (4.5) and (4.9), we have

duf () (2, — 1)2
= — S*
dt H1 Tt

*\2 * NT* *)2
__5(R*) (ze — 1) + RN (ze —1)(ng — 1) — 6%*)

v [ 60{o(2) 0 (2 o=}

N(t) — N*)%.(4.9)

+ R (1 - i) (2 — 1) = 0R* (2 — 1) (y — 1)

Tt

(ne — 1)

S (e = 17
By the condition (1.5) and Lemma 4.1, we obtain
WO~ s o - S ey L)
-/ e {o(5)+o("22) + otw) - ati) far
—6(7};**)2( +6) (2 — 1)?
S So] - [rob() ()
—5(7};**)2 (1 +8) (2 — 1)2 (4.10)



From (4.8) and (4.10), for the both cases, we obtain @ < Oforallt > 0 with
equality if and only if S(¢t) = S*, R(t) = R*. This implies lim;_, ;. S(t) = S*,
limy 400 R(t) = R*, that is limy_ 4o I(t) = I* holds. By an extension of
LaSalle invariance principle (see also Kuang [11, Corollary 5.2]), the endemic
equilibrium E* is globally asymptotically stable. This completes the proof. [

Proof of Theorem 1.2. We consider the following Lyapunov functional.

E° ) (R(t)*RU)Z 5 {(N(t)—NO)+M(R(t)—RO)}2
Uo (1) + 750 2 + {7(“37#1)+(#2*31)(#1+#3+5)}50 3 ;
UEo (t) _ if either p; < pe or py < ps,
4 - 2

0 R(t)—R°)? N(t)—N°
UoE(t)"'%( P )"‘4“?50( 2 )7

it = pe = ps,

where U({EO (t) is defined in (3.2). First, the time derivative of U({EO (t) along the
solution of system (1.2) becomes as follows.

dU(S:(t) = —m% + (u2 +7) (Ro G%;)) - 1) I(t)+6 (1 - %) (R(t) — R").
(4.11)
Second, calculating the time derivatives of ~Z5 U gives
%{% (R(1) - RO)Q}
— (RO - B {310 ~ (i + H(R() - )
= %ﬂmw—Wﬂww@—sw—R@wwm+®m@—R%}
= %@(R(f) — R {y(N(t) = N°) = 7(S(t) = §°) — (3 + 7 + O)(R(t) — R°)}
5

— SROWE -8 w0 - 1) (3 - 1) - 2D ey - oy,

(4.12)
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For the first case either py < po or p; < pg, similar to (4.6), we obtain

d ({(N(t) = N°) + 225 (R(t) — R%)}?
E{ 2 }

{0 = 30+ 2221 (i) - R} B = 1500 - a0 = k() = 222 010) - oo}

Ho — p1
{0+ 2221 (o) - )}

x {B — pa(N () = I(t) = R(t) — pa (t) — psR(t) - %wu) - ugR(t))}

H2 — K1
{v - voy+ 221 (e - 1)}

X {B — N (t) = (p2 — p)I(t) — (us — ) R(t) — @(vl(t) — (3 + 6)R(t))}

_ {(N(t) —~ N%+ % (R(t) - RO)} {B —mN(t) — {(M3 —p1) + (12 — Mli(% + 5)R(t)H

= {(N(t) - N+ 2R (R —RO)}

Y
< [—ul(N(t) _ N9 - {mg )y 2 ‘“7)(“3 9 } (R(t) - RO)}
= 060 = 8 = { (o = ) + L2 (v ) () - )
M2 ;Ml {(MS )+ (p2 — Ml’i(MB + 5)} (R(t) _ RO)Q. (4.13)

Combining (4.11), (4.12) and (4.13), we have

dUy” (1)
dt
— G0)2 0
= B ) (RS 1) 1045 (1- 25 ) ey - )
g (RO - RV = N°) = a0 - ) (35 1) - 0 5D gy - oy

10 9 0
(s =) + (Mu_ /Z)(Nl o T ayee (N = NP = g (N(0) = NO)(R() - RY)
~0(p2 = p){v(ps — p1) + (p2 — ) (ps +0)}
Y{ vz = p1) + (p2 — pa) (pa + p3 + 9)}S°
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Similar to Lemma 4.1, we use the following equation (see [16]).

(1- 5 ) (R - ) - w10 (5 1)

_(S() — 5%
S0S5(t)
Then, by (4.14), we obtain

E° _Q0)2
Ljilt ) = —(mS°+ 6R(t))7(s(éz)s(g ) + (p2 +7) (Ro Ggl(g)) — 1) I(t)

B p10Y
{v(us — p1) + (p2 — pa)(pa + ps + 6)}S*
02 — p){y(ps — 1) + (2 — 1) (ps +6)}
Y{y(ps = pa) + (p2 — pa)(pa + ps 4 6) SO
Q02
~(pas® + m(0) P 4 ) 0 - D10
B p10Y
{v(pz = pa) + (p2 — pa)(pa + ps +6)}S*
0(p2 — pa){y(ps — 1) + (p2 — pa)(ps + 9)} _ p0y2
s — ) + (2 — ) (r s £ 0350 ) RO

For the second case 1 = o = ps, similar to (4.9), we obtain

R(t) < 0. (4.14)

(N(t) = N%)?

(R(t) - R°)?

IN

(N(t) = N%)?

%{4Hf50 Sl NO)2} = —2a (V) ~ N2 (4.15)
By (4.14), we obtain
- RO+ 5 ROW(E) — N%) = 7o (V) - 8 = 222 D
< —Gus®+ om) G 4 (s )00 - 110)
—Sio {R(t) _ (N(t); M) }2 _ 5(“;’;(: %) Ry, (4.16)

0
From (4.15) and (4.16), for the both cases, we obtain % <Oforallt>0
with equality if and only if S(¢) = S°, R(t) = R® and N(t) = N°. Therefore, we
have lim;_, 1 o S(t) = S°, lim;_, 4o R(t) = R and lim;_, ;o N(t) = N°, which
imply that lim;_, o I(t) = I° holds. By an extension of LaSalle invariance
principle (see also Kuang [11, Corollary 5.2]), the disease-free equilibrium E° is
globally asymptotically stable. From Lemma 4.2, the proof is complete. O
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5. Conclusion

To investigate global behavior of disease prevalence has played a vital role
to predict the dynamics of the disease transmission in the long run and take
more efficient control measures such as vaccination for immunization in the
communicable diseases.

In this paper, by applying deformation techniques of the time deriavtive of
Lyapunov functionals in Nakata et al. [16] (see Lemma 4.1) and constructing a
Lyapunov functional U, fo (resp. UF") for Ry < 1 (resp. Ry > 1), we established
the global asymptotic stability of the disease-free equilibrium E° (resp. the
endemic equilibrium E*) of an SIRS epidemic model with a class of nonlinear
incidence rates and distributed delays for Ry <1 (resp. R > 1).

Our model incorporates the assumption that the death rates of susceptible,
infective and recovered individuals is different each other and the monotone
properties of G(I) and I/G(I) in (H1) and (H2) are satisfied when considering
a class of nonlinear incidence rates which describes saturation effects observed
in the literature of epidemiology [3]. Theorems 1.1 and 1.2 show that, if Ry <
1, then the diseases transmission with impermanent immunity will eventually
disappear, and if Ry > 1, then the diseases will be permanent. Furthermore,
without imposing any restriction on the size of a latent period h, if the basic
reproduction number Ry lies in an interval (1,1 + uz/7v], then the disease will
equilibrate at an endemic steady state for any rate of immunity loss § and
otherwise, we establish the maximal rate of immunity loss 6 which guarantees
the global stability of the endemic steady state.
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