A SPLITTING METHOD FOR THE NONLINEAR SCHRODINGER
EQUATION

LIVIU I. IGNAT

ABSTRACT. We introduce a splitting method for the semilinear Schrédinger equation and
prove its convergence for those nonlinearities which can be handled by the classical well-
posedness L?(R%)-theory. More precisely, we prove that the scheme is of first order in the
L?(R%)-norm for H?(R9)-initial data.

Let us consider the nonlinear Schrédinger equation (NSE):

(1.1) le_z; = iAu+ iAulPu, zeRYt#0,
u(z,0) = o(x), z € R

For any 0 < p < 4/d, A € R and ¢ € L*(R?), equation has a unique global solution
u € C(R, LA (RY)) N LE (R, L"(R?)) for some suitable pairs (g,r). This has been proved by
Tsutsumi in [16] by using a fix point argument and the so-called Strichartz estimates [15].
These estimates show that the semigroup generated by the linear Schrodinger equation

(LSE), S(t) = exp(itA), satisfies

(1.2) 1Sl Lo, r@ay < C(d @)llgll2@ey for all @ € L*(RY),
for the so-called admissible pairs (g, ) (cf. [10]): 2 < ¢,r < o0, (g,7,d) # (2, 00,2) and

(1.3) é:%(%—%)

In addition, in [16] the stability of solutions under perturbation of the initial data has
been proved. In fact there exists a time T', depending on the L?*(R¢)-norm of the initial
data, such that on the interval (0,7") the difference between two solutions of equation (|1.1J)
is controlled by the error made in the linear part S(t)(p; — ) in a certain L?(0, T, L" (R?))-
norm. Thus, Strichartz’s estimate shows that, locally, the error between two solutions
up and uy can be estimated in terms of the L?(R?)-norm of the difference of the initial data
©1 — 9. Using the global well-posedness of system the same procedure can be
extended to any bounded time interval. We will adapt this idea to the numerical context
in order to estimate the error committed when approximating the solutions of by a
splitting method.
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A splitting method consists in decomposing the flow (1.1]) in two flows, which in principle
should be computed easily. To be more precise, we define the flow N(¢) for the differential
equation:

du
at e d

(1.4) dt—@)\|u|u, reRY t>0,
u(x,0) = ¢(x), =eR

1.e.

(1.5) N(t)p = exp(itA|p|?)ep.

The idea of splitting methods is to approximate the solutions of ([1.1) by combining the
two flows S(t) and N(t). For a fixed time interval [0, 7] we can choose a small positive
time step 7 and consider either the Lie approximation:

(1.6) Z(nt) = (S(T)N(1)"¢, 0 <nrt <T,
or Strang approximation
(1.7) Z(nt) = (S(1/2)N(1)S(1/2))"p, 0 <nT <T.

In the two-dimensional case, Besse et al. [I] have analyzed the convergence of the
above methods for globally Lipschitz-continuous nonlinearities. Also Lubich [11] analyzed
the Strang method for the Schrodinger-Poisson equation and the cubic NSE in the case
of H*(R?®)-initial data. There, the H*(R?)-regularity was imposed to guarantee that the
approximate solution Z remains bounded in the H?(R3)-norm.

In this paper we introduce a splitting method for the NSE with 1 < p < 4/d and prove
the convergence in the L*(R?)-norm for H?(R%)-initial data. The scheme we analyse is
based on an approximation S.(t) of the linear semigroup S(¢) which admits Strichartz-like
estimates in some time discrete spaces. We make use of these new estimates to establish
uniform bounds on the numerical solution in the auxiliary spaces [} (7Z, L"(R?)) without
assuming more than L?(R9)-regularity on the initial data. Once these bounds are obtained
we will need the H%(R?) regularity in order to obtain the order of error.

The idea behind the numerical schemes for the LSE which admit uniform (with respect to
discretization parameters) estimates of Strichartz type is that when they are applied in the
context of NSE, the error committed is controlled by the error committed in approximating
the LSE. The application of these numerical schemes for NSE has been previously used in
the case of semidiscrete space approximations [7), 8, 9] and in the fully discrete case in [6].

In this paper we will concentrate on Lie’s approximation method. We remark that 7
defined by (|1.6]) satisfies

(1.8) Z(nt) :S(nT)gD—I—TiS(nT—kT)WZ(kT), n>1.
k=0

Since Z is defined on a discrete set of points we need to evaluate Z in some discrete time
norms [4(7Z, L"(R?)). We emphasize that for (¢,r) # (00, 2) even the linear part S(nt)¢
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does not satisfy Strichartz-like estimates:
1S (7)o (rz.Lr @y < C(d, Q)| @l p2ay  for all o € L*(RY),

where
ol = (73 0G4, )
nez

Indeed, in contrast with the classical estimate (|1.2]), the above inequality implies that

THYS(T) || prmay < C(d, @)1 ]| L2y

inequality which does not hold for all ¢ € L?(R%) (choose ¢ = S(—7)¢ with ¢ €
LA (RY\L"(RY) for r # 2). This implies that we have to choose an approximation S, (t) of
the linear semigroup S(¢) such that S.(t) admits Strichartz-like estimates which are dis-
crete in time and moreover, these estimates are uniform with respect to the time parameter
T:

”ST(nT)SO“l‘I(TZU(Rd)) < O||S0||L2(Rd), Vo e LZ(Rd).

One of the possible choices is the filtered operator

S,(t)p = SN

where II, filters the high frequencies as follows

(19) ILp(6) = PO eer 1 (E), € R

For other possible choices of the operator S, we refer to the previous work on dispersive
methods for LSE [7], 8, 9]. Also as initial data we have to choose a filtration of ¢, IL, ¢,
since otherwise Z,.(0)¢ = ¢ does not belong to L"(R?) and we cannot evaluate the 19(0 <
nt < T, L"(R%))-norm of the approximation Z,.

The splitting scheme we propose is the following one:
(1.10) Z.(nt) = (S;(7)N(7))"IL;p, n>0.

Observe that in this scheme only the linear equation is filtered while the nonlinear one is
solved exactly.

In the following, for any interval I with |I| > 7, the space [9(nT € I, L"(R?)) contains
all functions defined on 7ZN I with values in L"(R?) and the norm on this space is defined

by
fullagrer, gy = (7 32 Nkl )

nez
Along the paper we always assume that 7 is a small parameter, in the sense that there
exists 79 = 7o(|||| L2(ray) such that all the results holds for 7 < 7.
The main results of this paper are the following.
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Theorem 1.1. (Stability) Let 0 < p < 4/d. For any ¢ € L*(R?) the approzimation Z,
introduced in (1.10]) satisfies:
i) a uniform L*(R?)-bound

(1.11) max || Z,(n7) | 2y < [0l 2@e),

ii) there exists Ty ~ HgoH_‘l%P such that for any interval I with |I| < Ty and for any
admissible pair (q,r) the following

(1.12) | Z+(n7) ia(nrer, Lrray < C(d,p, @)@l r2ra)

holds for some constant C(d,p,q) independent of the time step T,

i11) for any T > 0 and (q,r) admissible-pair the following
(1.13) HZT(nT)||lq(0§nT§T; Lr®rdy) < C(T,d,p, Q>H§0||L2(Rd)
holds for some constant C(T,d, p,q) independent of the time step .

Theorem 1.2. (Convergence) Let d < 3, p € [1,4/d) and ¢ € H*(R?). The numerical
solution Z. has a first-order error bound in L*(R?):

Jmax [1Z(n7) = ulnr) | zagasy < 7O, d,p, [l

We point out that Theorem works in the case d < 3 which is quite restrictive. The
restriction p > 1 comes from the fact that in our proof we need to guarantee that u solution
of belongs to C'(0, T, H?(R%)) (see [2], Ch. 5.3).

We now comment on the possible analysis of the order of error in the case of less regularity
or other nonlinearities. It is convenient to write u in the semigroup formulation:

t
(1.14) u(t) = S(t)p + z'/\/ S(t — s)|ulPu(s)ds, t>0.
0
Looking at ([1.8)), we observe that Z (or Z.) defined by (1.6)) (or (1.10])), differs from w in two

important facts: the integral in ((1.14)) is replaced by a sum in ((1.8) and the nonlinear term
f(u) = AulPu is replaced by 77(N(7) — Z)Z. In view of this, it seems to be reasonable
that Z better approximates the solution of the following NSE:

dv exp(iAT|v[P) — 1 4
(1.15) %—ZAU—F . v, z€e€R*t>0,
v(z,0) = ¢(z), x € RY,
whose solution satisfies
t N(t)—1T
(1.16) v(t) = S(t)e +/ S(t— 3)(7—+v(3)ds, t>0.
0

When 0 < p < 4/d and ¢ € H'(R?), equation has a global H!(R%)-solution (see [2],
Theorem 5.2.1). We conjecture that in this case similar results to those obtained in this
paper could be obtained once the results of Lemma [4.6] are obtianed with less regularity
assumptions.
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In what concerns the range 4/d < p < 4/(d—2),d > 3, (4/d < p < x if d € {1,2})
equation ([I.1]) entries in the subcritical H!'-case and there are instances where the solution
is global (see [2], Ch. 6 for a precise statement) since we have the following conservation

of energy:
Bl =5 [ 19uF = =2 [

However, in this range of p’s we cannot guarantee that system has a global H'-
solution since it is not obvious what is the energy which is preserved. This suggests that
the H'(R%)-stability for large time intervals for the splitting methods ([1.6] . will be
very difficult to prove, or even impossible, even though the solutions of (|1.1)) are global and
belong to H*(RY) at any positive time. It has been proved in [I1] that the H!(IR?®)-stability
of the numerical scheme can be established assuming more regularity on the initial data,
for example H3(R3) in the case p = 2.

Since in the case 4/d < p < 4/(d —2),d > 3, (4/d < p < oo if d € {1,2}) the
global existence of an H'-solution for is not an easy task we can only guarantee
the existence of a local solution v in some time interval [0, To] with To = To(||o|| g1 (ray)-
In what concerns the splitting method we conjecture that there exists a positive time
Ty ~ Tp such that the solution {Z(n7)}o<pr<r, is uniformly bounded with respect to the
time parameter 7 in the H'(R?)-norm. This smallness on the time interval has been also
previously imposed by Frohlich in [4] where the order of error has been obtained in the
case of the Schrodinger-Poisson equation. The error analysis for small intervals of time
remains to be analysed in a future work.

The paper is organised as follows. In Section [2] we obtain discrete in time Strichartz
estimates which are similar to the classical ones in [10]. Once these estimates are obtained
we prove Theorem Section |3|is devoted to presenting some classical results about the
NSE and to estimating the error between w, solution of system (1.1]), and v solution of
system . In Section [5| we first measure the error between Z, and v and then apply
it to prove Theorem The last section contains some auxiliary results that are used
throughout the paper.

The analysis in this paper can be extended to splitting methods in fully discrete frame-
work by using the schemes introduced and analyzed in [6]. This will be the object of a
future work.

2. DISCRETE TIME STRICHARTZ ESTIMATES AND STABILITY

In this section we prove discrete in time Strichartz-like estimates for the operator S;
introduced in previous section. Similar estimates for space semidiscretizations and fully
discrete schemes have been obtained in [7, 8] and [6]. Once the Strichartz estimates are
obtained we apply them to obtain uniform bounds on the discrete solution Z..

Theorem 2.1. The semigroup {S;(t)}+er satisfies
(2.1) 15 (D)l 2y < [l@llrewey, VEER,
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and

C(d)
(22) HST(t>S0HL°°(Rd) S WHQ&HIA(R%, Vi S R.

Moreover, for any admissible pairs (q,r) and (4,7) the following hold
i) Continuous in time estimates:

(2.3) 157 ()l Lar,rmeyy < C(d, @) ||l L2 may,
(2.4 | [sersas, . < C@l o,
and
) I si0-s < Ol s ey
(25) s S O DI e
i1) Discrete in time estimates:
(2-6) ||ST(')90||1q(TZ,Lr(Rd)) < O(CL Q)HSO“L?(Rd),
(2.7) |7 sy rom)|, L < CE DIl moy:
neZ
and
n—1
28 | X S=mmsn)|, o < O DI ez my

k=—o00

Remark 2.1. A useful consequence of (2.8)) is given by the following estimate

< q o =
19(7<nT<(N+1)7,L7 (R4)) — Cd, 0 9)glla (0<nT<NT,L™(RY))

29 || nz S, ((n — k)7)g(kr)

which holds for any positive integer N. It is a consequence of (2.8)) applied to the function
f(n7) = g(n7)Ljo<nr<nry (nT).

Remark 2.2. Inequalities (2.1)) and (2.2)) give us estimates for S; in norms which are
discrete in time. When considering continuous in time norms LY(R, L"(R%)) we obtain
similar results since (2.2)) implies that

. C
1S7(t)S-(5)* @l oo (ray < m||90“L1(Rd)a Vit # s,
and we apply the results of Keel and Tao, [10], Theorem 1.2.

Proof. A scaling argument reduces all the estimates to the case 7 = 1 since

(S (1)) (@) = (Si(t/T)p(rH/2)) (771 %a).
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Inequality ([2.1) is obvious. In the case of (2.2)) observe that S; satisfies S1(t)p = Ky * ¢
where K; is given by

K(x) = / (i g
1€1<1
We obviously have
HKt“LOO(Rd) S C(d)
Using the stationary phase method (see [13], Th. 1.1.4, p. 45) we also obtain
1Kl e (ray < c(d)[t]~2.

Both inequalities prove that for some constant C'(d) the kernel K, satisfies

C(d)
| Kt || oo (mety < W'

Applying Young’s inequality we prove (2.2). Observe that (2.2) implies
. C
1S7(t)S7(8) @l oo may < m”@HLI(W), Vi #s.

Applying the classical results of Keel and Tao, [10], Theorem 1.2 we obtain estimates

Let us now concentrate on the discrete estimates . We first pomt out that
the argument of Christ and Kiselev (see [3], Theorem 1 1) reduces estimate ) to the
following one

e) | X sk

k=—o00

<C(d,q, €7)||f||zé’(Z,Lf’(Rd))-

19(2, L7 (R%))

The TT* argument shows that (2.6]), (2.7) and (2.10]) are equivalent. In the following we
prove (2.7). By duality ({2.7] ﬁ is equivalent with the bilinear estimate:

‘<251(” 251 >‘ < C(d; DN f 1l 2,07 ®ap 19l 2,27 ®ay)
nez neZ
where (,) is the L2(R?) inner product. In fact we prove the stronger inequality:

YD Hsun) f(n), Su(m) g(m)| < O, Dl 2, oy 191w 2,17 ey

neZ meZ
Observe that

[(51(n)* f(1),51(m)"g(m))| = [(f (n), Si(n)S1(m)"g(m))| = |(f(n), Si(n —m)g(m))]

||9(m)||Lr’(Rd)
< Ol ey 191 (0 = m)gll ety < W () ey T = mp

It implies that

> > 1Sin) f(n),Si(m) g(m))| < I f e .o gy

n€EZ meZ

‘ Z Hg ||LT " (R4)
1+ |n—ml?/a

19(z)
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At this point we make use of the following Lemma (see [12] and [14]) which is a discrete
version of the well-known Hardy-Litlewood-Sobolev inequality:

Lemma 2.1. Let be 0 < a < 1 and k a sequence such that

[k(n)| <

,Vn € Z.
1+ [n|*

Then the operator T defined by T(f) = f * k maps continuously IP(Z) into 19(Z) for any p
and q satisfying

1 1
l<p<g<ooand - =-—1+a.
qa p

Applying this Lemma we obtain that

> D Sy (), Sum) g(m))] < 1l 2, oy 19w 2, ey

neZ meZ
which finishes the proof. O

We now prove that Z, introduced in (1.10]) is uniformly bounded in the auxiliary norms
Il (TN, L"(R%)).

loc )

Throughout the paper we will denote by (qo, 7¢) the admissible pair with ro = p+2. The

relevance of this pair comes from the fact that f(u) = |u[Pu maps L™ (R%) to L70(R%). In
order to simplify the presentation we consider in what follows we consider the case A = 1.

Proof of Theorem[I.1 The uniform boundedness of the L?(R%)-norm follows from the fol-
lowing properties of the two operators S, and N(7):

15-(T) el r2®ay < @l L2ra)
and
IN(T)pllL2mey = | exp(i]el”) ol L2ray = (|0l L2 @a)-
The definition of Z,,

Z,(n7) = (S,(r) + S-(7) (N(7) - I))nHTgo, n>0,
gives us that
(2.11) Z(n1) = S-(n1T)p + Y (Z;)(nT), n >0,

where
0, n =20,

U(Z.)(nT) =g n-l

Z Sy(nt — k7)(N(1) = 1) Z.(kT), n>1.
k=0

Estimate ([2.6) of Theorem applied to (qo, 79) shows that:

ST T LT
C(d,p) =sup sup 15 (TPl r2: 70 e < 00.
7>0 e L2(R4) HSOHLQ(Rd)
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We consider the following set of integers:

k=0

N @ 1/q0
A= N €ZN 20, (r S 120 ) " < 260 D) el s -

First we show that the set A is not empty by showing that 0 € A:

70N Z(0) || 1o ray = 7S (0)0 || 1o ey < IS+ (T-)pll190 (2,170 ()
< C(d,p)llell L2 @e-

If sup A = oo then ([1.13]) holds for the admisible pair (g, o). Otherwise, let N, be the
largest element of A, i.e. N,+ 1 ¢ A. Using representation (2.11)) and estimate (2.6]) given
by Theorem we obtain that

Ni+1

1/q0
(" 220 e

<|IS- (”T)SOHNO (0<nT<(Ny+1)r; L7o (R4)) T ¥ (Z )(”T)quo (0<nT<(Ny+1)7; L70(R%))

N(r)-Z

Cd Dl +||r 3 S ((n - £)7) 2, (k)

190 (r<nT<(NuA1)7; LT0 (RY))

Applying estimate ([2.9) with g(n7) = 774N (1) — Z)Z,(nT) we obtain

Ni+1

1/qo
(2.12) (7’ Z | Z-(nT)|| % (R )

N(r)-T

O(d,p) el o, + C1(d, p) H Z,(n7)

19 (0<nT<N.7; L"0 (R4))

We now use that the operator N(7) — Z satisfies

‘N( ’ _ ‘exp (i7||P) — ¢’ < [Pt

We introduce this inequality in (2.12)) to obtain:
(2.13) HZT(nT)||lqo(ogmg(1v*+1)7; L0 (R4))

< C(d. Pl zgma) + Cr(d, )1 27 (n7) |4

1% (0<nT<NyT; L0 (R4))
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Using that N, € A and Holder’s inequality in time variable (see Lemma we get:

1 Z+(n7) [ 100 (0<nT<(Nw+1)7; L70(R%))

_dp
< O(dap)||90||L2(Rd) + 02<dap) (N*T)l 4 ||ZT('T)| fq—(i)_éognTSN*T;L”'O(Rd))

dp
< C(d, p)ll¢ll2@ey + Cald, p)(Nor)' = (C(d, p) [0l L2y )P+

<2C(d, p)|lll 2may
as long as
Cal(d, p)(N.7)'= % (C(d p) o2 < C(dop) 1l 2
This means that if the following inequality holds:
(C(d, p)llspll p2ggay) #] P
Ca(d, p) ’

then NV, + 1 € A, which contradicts the assumption on the maximality of N,. Thus (2.14]
is false and

(2.14) N, <Tp:=

N, > Tp.
Thus ((1.13) holds for 7' = T, and the admisible pair (qo, r9).

Let us choose (g, r;) another admissible pair. Using representation formula (2.11]) and
a similar argument as the one above we obtain the following estimate:

|| Zy (nT) ||lq1 (0<n7<Tp; L™ (R4))

dp
1_4

< C(d, @)l 2@y + e(d, ¢, )Ty~ * | 2o (n7)

190 (0<nT<Tp; L"0 (R%))

1-_4p
< C<da Q)HSDHLQ(Rd) + TO ! C(d7p7 Q)(C<dap)”gp“[/2(ﬂ§4))p+l

< C<d7 Q7p) HSOHLQ(HW)'
This proves estimates ([1.13)) for 7" = T.

Let us now choose any integer N with N7 < Tj. Definition ((1.10) gives us that Z.
satisfies
n—1
N(r)—-T
Z(NT+n1) = S;(n7)Z-(NT) + TZ Sy (nT — kT)LZT(NT + k1), n > 1.
T
k=0
With the same argument as above we obtain
HZT(')||lq(NT§nT§N7—+T1,LT(Rd) < C(d; Q7p>||ZT<NT)||L2(]Rd) < C(d; Q7p)||90”L2(]Rd)a

where

_ (C(d, )| Z(NT) 2(ra)) P 4/(4—dp)
o [ Co(d.p) } .
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Taking into account that the L?(R%)-norm of Z, does not increase we get

|1 Z(NT)l2@ay < @]l r2ra)
and Ty > Tg. This proves (|1.13]) for the interval [0, 275

The proof is now finished by iterating the same argument on any interval [0, k7] with
k>1. U

3. NONLINEAR SCHRODINGER EQUATIONS

In this section we present some classical results on NSE and use them to estimate the
difference between u and v solutions of equations (|1.1)) and (1.15). In the sequel R(z)
denotes the real part of the complex number z.

We first state the global existence result for NSE cf. [2], Theorem 4.6.1, p. 109.
Theorem 3.1. Let 0 < p <4/d and f: C — C such that f(0) =0 and
(3.1) [f(z1) = f(22)] < C(1 + |21 + [22])"]21 — 2

Also assume that

(3.2) m( f(z(g;))z(x)dx> <0, Vze L(RY)NLPTU(RY).

For every ¢ € L*(R), the equation

du
— =iA R?
(3.3) ikl u+ f(u), xeR%t>0,

u(z,0) = p(x), r € R4
has a unique global solution u € C(R, L*(RY)) N L (R, L™ (RY)).

loc
Moreover, the following properties hold:
i)u € LL (R, L"(R?) for every admissible pair (q,r),
i) ||u(t)|| 2wy < ||@l|L2m) for allt >0,
i) For any admissible pair (q,r) there exists Ty = To(d, p, q, ||¢]| L2(re)) such that for any
interval I with |I| < T,

||U||Lq(1,Lr(Rd)) <C(d,p, Q)HSOHL?(Rd)-
i) (Regularity, [2], Th. 5.8.4, p. 154) If p > 1 and ¢ € H*(RY) then
u € C(R, H*(RY) N LY, (R, W (R)) N W, 2(R, L' (RY))

and
|l |7 := {[u]] Loo 0,7, 2 ®aty) + ||l oo (0.7, w2m0 Ry F [0 || oo 0,7, L70 Ray) < C(T', d, p, |0l 2 (ray)-

Remark 3.1. The H'(RY)-regularity of the solutions holds for any p € (0,4/d), see [2],
Theorem 5.2.1, p. 149. However, we cannot exploit this fact since in the proof of Theorem
when we apply Lemma we need to assume H*(RY)-reqularity on the initial data.
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We now apply this Theorem to prove the existence of a global solution v of equation
(1.15)).

Theorem 3.2. Let 1 < p < 4/d and p € H*(R?). There exists a unique global solution of
equation (1.15) which satisfies properties i)-iv) of Theorem (3.1).

Proof. In order to apply Theorem (3.1)) it is sufficient to check that
f(z)
-

satisfies hypotheses (3.1)) and (3.2)). The first one is a consequence of Lemma and the
second one holds since for any function z € L?(R%) N LPT2(R?) the following holds

) Py _ Py _
R( [ f()zdr) = 3%(/ xp(iTlz]") 1!z|2dx) :/ cos(Tlzl") =1 120, < 0
R4 R4 T R4 T

The proof is now complete. [l

exp(it|zP) — 1
= z

With the above theorem we are able to estimate the distance between u and v.

Theorem 3.3. Let 0 < p < 4/d, ¢ € L*(R?) and u and v solutions of (1.1) and (1.15).
Assume the existence of an admissible pair (q,7) such that u € Ll(zfﬂ)q (R, LT (R)).
For any T > 0 there exists C = C(T, p, q, ||¢l|12(re)) such that

2p+1

(34) ||U - UHLOO(O,T:LQ(]RGZ)) < CT||U||L(2p+1)q~/(O7T7 LEp+D)7 (Rd))*

Moreover, if 1 <p < 4/d and o € H*(R?Y) then
2p+1
(35) ||U — U||L°°(O,T:L2(Rd)) S CTHUHLPJ(O,T, H2(Rd))'

Remark 3.2. For any p < 2/d and ¢ € L*(R?) we can find a pair (§,7) such that u €
LT (R LT (RD)). Indeed, we can find (q,r) an admissible pair with (2p+ 1)7 = r

loc

and ¢ < (2p+1)§ and use that u € L} (R, L"(R?)). Also for any ¢ € H*(R?), s > 0, we

can find a range of exponents p such that the norm of w in the right hand side of (3.4)) is
finite.

Proof. In the following, the constants C'’s occurring in the proof could change from line to
line.

Let us choose an admissible pair (q,r) € {(00,2),(qo,70)}. Writing v and v in the
semigroup formulation

u(t) = S(t)p —1—2'/0 S(t—s)|ulPu(s)ds, t>0

and
N(r)—1

d t>0
- v(s)ds, >0,

v(t) = S(t)e + /OtS(t —3)
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we obtain that

o= vl < || [ 5= )00 + gutuls)) s

where

La(0,T,L7 (RY))’

exp(iT|v[P) — exp(it|u|P) N exp(iT|ul?) — 1
v

(v —u)

gl(uv U) - - -

and

golur) = (exp(ir|uyl’) —1

—i|ufP)u.
-

Applying classical Strichartz’s estimates (see [10], Theorem 1.2) with (¢, 7) an admissible
pair we get
HU - UHLQ(O:TyLT(Rd)) S C<d7 Q7p) Hgl <u7 U) HL‘I6 (O,T7Lr6 (R%)) + C(d7 q, q~) HQQ(U) HL‘?/ (O,T7L7ﬂ (R4))-
Using that g; and g, satisty
|91 (u, V)] <o = JulP[[o] + ul"]v — u] < e(p)lv = ul(jo]” + |ul?)
and
|92(v)| < Te(p)lul™*!
we obtain by Lemma [.1] that

HU—UHLq(o,T,U(Rd))
< C(d, q7p)T17dp/4HU - UHL‘IO(O,T,LTO(RUZ))(HUHL‘IO(O,T,LTO(JRUZ)) + ”UHLQO(O,T,LTO(Rd))>p
+7C(d, q,¢,p)||ul )

LC@p+1)d (0,1,L(2r+1)7 (R4))"
For any T < Ty with T given by Theorem [3.1] and Theorem [3.2] we get

||u_UHLQ(0,T,LT(Rd))

— ~ 2p+1
S C(d, q,p)T1 dp/4||u - UHqu (0,T,LP+2(R4)) ||90||Z£2(Rd) + TC(d, q,4, p) ||“||L]Z;;+1)q/ (07T’L(2p+1)?l(Rd))'

Choosing T} < Ty but still depending on the L*(R%)-norm of ¢ we obtain

~ 2p+1
(36) ”u - 'U”L‘I(O,Tl,L’“(Rd)) S TC(d, q, Q7p)||u||L€;;+1)q’ (O’TLL(Zerl)F’ (R))’

which proves estimate (3.4)) for the interval (0,7}).
Applying the same argument on the interval (77,277) we obtain

~ 2
Hu - UHLQ(T1,2T1,L”(R‘1)) < C(d> (J) Hu(Tl) - U(Tl)HLQ(Rd) + TC(d, g, Qap)Hu”Lzz;Zlﬂ)q’(Tl72T1’L(2p+1)f')'

Using estimate (3.6 with (¢,7) = (00, 2) we obtain

~ 2p+1
“u - U||Lq(T1,2T17LT(Rd)) < 20(d7 4, Qap)THUHLZZ;H)q/ (0,274, L2p+1)7 )"
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An induction step allows us to prove the same inequality on any interval (kT3, (k + 1)T})
and then for any interval (0,7)

~ 2p+1
“u - U”Lq(O,T,LT(Rd)) < C(T7 d7 D, 4, Q)THUHLIZ;HW (0,7, L(2p+1)7 )"

The proof of estimate is now finished.

In the particular case of ¢ € H?(R?) Theorem 3.1/ shows that u € C(R, H?(R%)). Thus,
using the embedding H?(R%) — L*(R%), d < 3, and estimate (3.4) with (g,7) = (o0, 2)
we obtain estimate (3.5)).

The proof is now complete. O

4. PRELIMINARY ESTIMATES
In this section we prove some results that will be used in the proof of the main result.
Lemma 4.1. Let 0 < p <4/d and f : C — C satisfying f(0) =0 and
£ (21) = f(22)] < Clzr = 20| (|21 + [22f").

Then

,@
(41) “f(u)HLqE)(LLTé(Rd)) — ( )‘1’1 ||UHI[):01 I,L70(R4))
and

(42) ||f<u’> - f(U)HLq(')(LLT(')(]Rd))

_dp
SCE™ 7 (1w = vll oo (1, cro ety Nullao (1 Lo ety T 191500770 ) -
Also, for any interval I with |I| > 7 similar inequalztzes hold in the discrete time spaces:
_dp 1
(43) £ gty < COME L o
and

(44) ||f(u) - f(v)qu{J(LLT{)(Rd))

<O = vllimo 1.0 ey (1 rgr o gy + 1010t o)

Proof. Let us first consider the case of continuous in time norms. Using that r{ = (p +
2)/(p+1) we get

1) g 0 ) < )]
= c(p)ul}!

Pty (1,L70 (R4))

pt+l1 P
”qu(l L’!‘O Rd = ( )” ’ L(P+1)Q6([,L(P+1)T/0(Rd))

Holder’s inequality shows that for any 1 < a < b < oo the following holds:

11
[Vl ey < f[ollzeen L]
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Thus

(177 ‘“’Hullp+1 = eI lullh,

Hf(U)Hng(LLrg(Rd)) < L9 (1,170 (R%)) La0(I,L70 (R4))"

The second inequality can be treated in a similar way and we leave it to the reader.
The case of discrete norms can be treated similarly once we observe that

i
leletren < Rolloren(s [

1_1 1_1
o b < Hv”lb(nﬂ'el)’HG b,

where [-] is the floor function. O

Lemma 4.2. For any p > 0 there exists a positive constant c(p) such that

‘N(T) -1 N -Z

(4.5) 1= Ea] < et ol (uP + o)
holds for all complex numbers w and v. Moreover if p < 4/d and |I| > T then

HN(T)—IU_ N(r)-ZT

T T

(4.6) v

190 (1,L70 (R%))

< C<p)|j|1_dp/4||u - UquO(I,L’"O(Rd))(Hquqo(] L7o(R4)) + HUquo ]Lro(Rd))>

Proof. Using the definition of the nonlinear operator N (1) we get

N(T7)——IU_N(T7)——I - (u—v) + -

exp(iT|ulP — 1)

exp(iT|ul”) — exp(iT|v]")
v v

< JufPlu = v + [|uf” = [vlJo] < e(p)|u = v[(lul® + [v]).
The second inequality is obtained by applying Lemma |4.1| U
Lemma 4.3. Let d <3 and 1 < p < 4/d. Then the function

N(r)—-Z
flu) ==L
satisfies
1
(4'7) ”8t(f(u)>HLq{)(I’Lr’D(Rd) |I|1 dp/4||u”€;—1 q0 (1,170 (R%))
and
(48) 10l Pt g g < VNI (3 Tl gy

Proof. The first inequality follows from Holder’s inequality in time variable and the follow-
ing inequality

[0 (f ()] < Clul’|dpul.
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For the second one, after an elementary calculus we get
0n ()] < Clugallal + sl ™+ s ] u07)

< Oz [ul? + fua PlulP~) 7|l g [ P

Thus
A0l iy < 1 O + 1 gl )
< PPl Vi g o ey (L + Tl )z gay)-
since H?(R?) — L>*(R?) for d < 3. O
Lemma 4.4. Let s >0 and r € (1,00). Then
(19) o — ol < 720 (D)2
and
(4.10) L0 pr ey < ||| £r ey

Proof. Using that

(Iw)(2) = (M (u(r/2)) (7~ 22)
the proof is reduced to the case 7 = 1. To prove it is sufficient to show that the
operator T' defined by ﬂ)({) = m,(§)v(&) with my(§) = |{]°1{g>13(§) is continuous

from L"(R?) to L"(R?). Since 1 < r < oo, inequality (4.9) follows from [5], Th. 5.2.2,
p. 356. In the case of inequality (4.10)) we apply the same argument to the multiplier

m(&) = Lge<ay ()- O
Lemma 4.5. For any admissible pairs (q,r) and (¢, 7) the operator A defined by

Af(nt) = Sy (nT — s)f(s)dt.
satisfies )
(4.11) [Af 10 ez, £rmay) < C(d, @, DI | o m, 17 (R -
Remark 4.1. Choosing in functions f supported in some interval I we get
(4.12) IAf(nT) ia(nrer, Lrmayy < Af oz, r@ay < C(d, @, DI f |l pa 1, 17 ay-
Proof. We consider the linear operator A defined by
Af(nt) = /00 Sy (nt — s)f(s)ds = S;(n1) /OO Sr(s)*f(s)ds.

We now use the argument of Christ and Kiselev (see [3], Theorem 1.1) which reduces
estimate (4.11]) on A to the one on the operator A:

(4.13) ||]\f||lq(TZ, ey < Cd, ¢, DI f 1o vz, 17 (may)-
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Using the discrete-time estimate (2.6) on the the operator S, we obtain
| s
Applying the continuous in time estimate (2.4) we get:

| [ s s0)],, ., < CODI 000

which proves (4.13)) and finishes the proof. O
Lemma 4.6. Let T be defined by

(4.14) IAf ()10 ez, Lr ey < C(d.q)

L2(R9)

L2(R4)

n—1

Tn(nr,-) = Sy(nt —s)n(s) — 7 Z Sy(nt — kT)n(kT).

s<nr oo
For any (q,7) and (4,7) admissible pairs the following holds
1Tz, r @) < 7C(d, 4, Q) (M2l L @, L ®a)y + 10l o @, 7 a))-
Remark 4.2. In particular, for any admissible pair (q,r) we obtain that
1T 0llia(nir<r, 27y < TC(d, ¢ DT (0l oo (nir<r, H2(RaY) + 17| Loo (i<, L2(R2))-

This is a consequence of the previous estimate with (q,7) = (00, 2).

Proof. We write Tn as follows:

n—1 (k+1)
Tonr) = / 1S (7 — $)n(s) — Su(nr — kr)n(kr)ds

k=—00

(k+1)7
/kT /kT o (nT —t)n (t))dtds

/,:H /kT —15,( ez (t) + Sy (nT — t)n,(t)|dtds

(k+1)r  p(k+1)7
/k / —iS;(nT — t)Nee(t) + Sr(nT — t)ne(t)]dsdt
kZ_OO [ 04 10 05,07 0 it < it
n—l (k+1)7
=X [ s 00 7)) + )

With A as in Lemma [4.5] we write
Tn = A(—im) + A(n2)
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where

m(t) = [(k+1)7) = e () Lipr, 1)) (1)

kez
and

() =D [k +1)7) = () Lrernym) (8).

keZ
Using Lemma we obtain

1T 00z, 2rmay) < C(d,q,q )<||771||Lq (R, L7 (RY) T 72l (R, L7 (Rd))
<C(d,q, 5)7'(”77mHL6’(R, L7 (Rd) T H77tHLq'/(R,Lf'(Rd))a
which finishes the proof. U
Lemma 4.7. Let s >0, 0<p <4/d and (q,7) an admissible pair. Then

Ro(n7) = /0 " S (nr— ) (an(s) - wv(s)) ds

satisfies

s 1
(4.15) 1R svllincrr gy < O, g )T =P lT e -

Proof. We use estimate (4.12) and Lemma {4.2 to obtain

N(t)—-1 N(t)—-1

NO =Ty, - Lv) |
T

ol < Cldaon)| )

L9 (1,170 (RY))
<C(d,q, p)lf\l dp/4 <HH UHqu 1,L70 (RY)) + HU”qu([,Lro(Rd))> [Tl — U“LqO(I,LTO(Rd))-

Estimates and (| - ) give us
[ vHLq(m way) < 720, 4, D) 01 g 1 o ety | (=) 20l o (1,70 )
< °2C(d,q, P dp/ﬂ‘v’%olzws 70 (R4))?

which finishes the proof. U

5. ERROR ESTIMATES

In this section we prove the main result of this paper, namely Theorem [1.2] Using
Theorem it is sufficient to estimate the difference between Z, and v in the L?*(R9)-
norm. This is done in the following Theorem.

Theorem 5.1. Let p € [1,4/d) and ¢ € H*(RY). Then for any T > 0 the following holds
(5.1) 1Z — U||Lo<>(o,T,L2(Rd)) <7C(T,d,p,|||v|[|r)-
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Proof of Theorem[5.1]. Using that
v = Il 0,1, 22Ray) < v — L0l Lo z2@ay) < TlV]l| oo o7, m2®ayy < Tll0]ll7

it is sufficient to estimate the difference between Z and Il,v in the L?(R¢)-norm.
We write Z and ILv as follows:

n—1

Z.(1m) = S (n7)p + 73 5 (n7 - m)wa(m), n>1
and
fatt) = -0 + [ 526 — 9L ugsyas
— S, (t)p + /Ot S.(t—s) N(Ti “ 1 o(s)ds + Roo(t)
where

N(r)—1

(5.2) Ru(t) = /O S-(t—s)) <7H7v(s) _ N -1

T

v(s)) ds.

In order to proceed we need the following estimate on Il.v which we will prove later.

Lemma 5.1. Let (q,7) be an admissible pair. There exist Ty = Ti(d, q,p, [|¢||L2re)) and a
constant C(q,p) such that

||HTUHZ‘I(I,LT(R’1)) < C(q,p)HSOHL?(Rd)
holds for all intervals |I| < Ty.

To simplify the presentation we get rid of all the constants which depend by p, ¢ and d.
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Step I. Local error estimate. Let 7> 0 and (¢q,7) € {(qo,70), (00,2)}. We make use
of the Strichartz estimate ([2.8]), Lemma and Lemma to obtain

|| Z-—1Lwv ||l‘1(0,T;LT(]Rd))
n—1

<3 5o tnr = kny (ML 7y - MOy )

- T T
k=0

19(0,T5L7 (RY))

S st = ¥ 1) - [ st 9™ muggas

T

19(0,T5L" (R4))

+ | B0l 1a 0,152 ()

< HN(T) _IZT— N(7) _IHTU
T 190 (0,770 (RY))
N -1 N — 1
+ 7 —(T) I v + 7 —(T) Il v
T L4 (0,T,W270 (R%)) T W40 (0,T,L70 (R%))

+ Ol

La0(0,T;W?2ro(R4))
We now estimate the first two terms in the last inequality. Lemma gives us that
N(t)—1 N(t)—1
H () -1, N@-Iy
T T

< T dp/4||Z II U||zqo 0,7;L70 (R<) (”Z quo (0,T;L70 (R%)) + HHTU”NO OTL’O(Rd)))

19 (0,T;L70 (R4))

The estimates on Z, and I, v obtained in Theorem [I.T]and Lemma give us the existence
of a time Ty = To(||¢l| z2(ray) such that for all intervals I with |I| < Tj the following hold

(5:3) 12 liso zszro ey < M @llzeay, 1T llap gt mayy < NellL2@ay-
Thus
N(r)—1 N(r)—1
(5.4) H (r)=-1, NO ol
T T 1%(0,T;L"0 (R4))

< Tl_dp/4||Zr - HT“HMO(O,T;LTo(Rd))||%0||I£2(Rd)'

Applying Lemma and estimate (4.10) of Lemma we obtain
N(t)—1 N(t)—1
(5.5) H N(r) -1 N —1I,

T L0 (0,T,W270 (R4)) H T T HWl 120 (0,T, L0 (]Rd))
Using estimates ) and . we get

(5.6) [|Z- -1 Uqu(OTU Rd)) < ™ dp/4||Z HTUHHO 0,T;L70 (R% )HSOH 2(R) +7C(T, |[|[v]]|7)-

HTU‘

C(T, [[[vlllz)-
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We now choose Ty < Ty with T} € 7Z such that T1 dp/4

that T} depends only on the size of the L?(IR?)-norm of ¢ and is independent of the size of
T.

Using inequality (5.6) with (¢, ) € {(00,2), (qo,70)} we obtain that
1Z7 — Trvllioe 0,172y + 127 — e |00 0,77:070 ey < TC(T0, [ [0][|2)-

Step II. Global error estimate. Using that v satisfies ((1.15) we have for any positive
T and t that v verifies the following integral equation

12 gay < 1/4. We emphasize

exp(iT|vP) — 1

I o(T +t) = S (t)v(T) + /t S-(t — s) ILo(T + s)ds + R (T + ).

-
Also, for any positive integers N and n, Z, satisfies

Z-((N +n)7) = (S;(r)N(7))"*" Z(NT)
and consequently

n—1

Z(NT4+nt1)=S;(nT)Z.(NT) + TZ Sr(nt — kT)WZT(NT +kr), n>1

We apply the same argument as in Step I on any interval on Iy = [kT, (k + 1)T}] with
the same admissible pairs (¢, ) € {(00,2), (qo,70)}:

||ZT_HTU||lq(Ik;LT(Rd))

N(r I N(t)—-1
U8 (ZKT) = T T lhorun + | W2 2= MO
T T 19 (13170 (RY))
N -1 N I
+ 7 —(T) HTU + 7| - ( ) H’rv :
T LI(I,, W27 (R%)) 7 Wha (I, L (R?))
Let us denote

erry = || Z; — L0012y + | 27 — 170|100 (1, £70 (o) -

Using estimates ([2.6) and ({5.6) we obtain
127 = evlliaqprray < (|1 Z(KTh) — TLo(KTY) | 2rey + 7C(Th, |[[v]]1,)

1—dp/4
+ 1 v/ HZ - HTU|’lq0(1k;LT0(Rd))(HZquo(Ik :L70 (R4)) + HH Uquo([k Lro(Rd)))
< ety + TP )7 00 1 Z = T liso (1,00 @ty + TC (T, [[[0]]]1,)
1Z - HTU||l‘10(Ik;LTO(Rd))

4
err
<errp_1 + Tk +7C (11, H‘Umlk)

Summing the above inequality for the two pairs (¢,7) € {(00,2), (q0,70)} We obtain that
erty < ey + 7C(Ty, lolll5), k= 1.

<erry_; + +7C(T, [||v]] 1)
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Moreover, by Step I, errg < 7. These imply that
erry, < 7c(KTy, |||v|||kry), for allk > 1.
This means that for any interval (0,7") the following holds
1Z = 1wl o7, p2(rey) < TC(T [||v]]|7).-
The proof is now finished. U

Proof of Lemma[5.1. By Theorem 3.2 we know the existence of a Ty = To(d, p, q, ||©|| r2(ra))
such that

vl Lacr,rmay < C(q,P)|@ll L2 may
holds for all intervals I with || < T.
We use that for any 7" and ¢ positive I1.v satisfies

t N(t)—1
ILo(T +t) =S (t)o(T) + / Syt — S)L’U<T + s)ds.
0 T
We apply Theorem [2.1] and Lemma [£.5] to obtain
N(t)—1
I,y < s @)[0(T) Loy + (s e ) HL | o
T L% (T, T+T,L70 (R4))

Lemma [4.1] and Lemma [£.2] give now

p+1

1—dp/4
||HTU||lq(T,T+T1,LT(]Rd)) < c(d, Q)||80||L2(Rd) +c(d,p,q)Ty v/ ||U||Lq6(T7T+T17Lr6(Rd)) .

Thus, for any interval I = (T, T + Ty) with T} < T we get

ITL-v] a7, r ey < e(d, @)l p2ray + c(d, p, )T, " (C(d, D)ol L2way)P
< 2¢(d, 9l L2 mey
provided that

o(d, p, )T} " (C(d, @)l|l] o) < eld, q)l|l|ouer:

The lemma is now proved. O
We now prove Theorem

Proof of Theorem[1.2. Using the previous results of Theorem and Theorem we
obtain

oax || Z-(n7) — v(n7)ll2ge < TO(T [[[v]]lr)

and

Ogllg%(T [u(nT) —v(n7)||2@ey < TC(T, ||[ulllr).

This implies that
max || Z-(n7) — u(n7)|| g2y < 7C(T [||0]l|r, [||ulllr) < 7C(T, el m2re))-

0<nr<T

The proof is now finished. [l
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