DISPERSIVE PROPERTIES FOR DISCRETE SCHRODINGER
EQUATIONS

LIVIU I. IGNAT, DIANA STAN

ABSTRACT. In this paper we prove dispersive estimates for the system formed by two
coupled discrete Schrédinger equations. We obtain estimates for the resolvent of the
discrete operator and prove that it satisfies the limiting absorption principle. The decay
of the solutions is proved by using classical and some new results on oscillatory integrals.

1. INTRODUCTION

Let us consider the linear Schrodinger equation (LSE):

(1.1) iy + Uz =0, 2 € R, £ #£0,
' u(0,2) = p(x), z € R.
Linear equation (1.1)) is solved by u(t,r) = S(t)p, where S(t) = e** is the free
Schrodinger operator. The linear semigroup has two important properties. First, the
conservation of the L?-norm:

(1.2) 15(®)ell2®) = llell2m
and a dispersive estimate of the form:
1
1.3 S(t < 1 R, t#£0.
(1.3) (S(t)p)(x)| < (mﬂ)l/Qle\L ®)) TER, t#

The space-time estimate

(1.4) 1SC)ellps@, Loy < Cllellzam),

due to Strichartz [13], is deeper. It guarantees that the solutions of system ((1.1)) decay
as t becomes large and that they gain some spatial integrability. Inequality (1.4]) was
generalized by Ginibre and Velo [3]. They proved the mixed space-time estimates, well
known as Strichartz estimates:

(1.5) 1SCOellLe@, Lrmy) < Clar)llll L2
for the so-called admissible pairs (q,r):
1 1,1 1
1. S=—(==2), 2<q,r< o0
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Similar results can be stated in any space dimension but it is beyond the scope of this
article. These estimates have been successfully applied to obtain well-posedness results for
the nonlinear Schrédinger equation (see [2], [14] and the reference therein).

Let us now consider the following system of difference equations

{iut+Adu:0, jEZL,t+#0,

u(0) = ¢,
where Ay is the discrete laplacian defined by

(1.7)

(Adu)(]) = Ujy1 — 2Uj + Uj—1, j € 7.

Concerning the long time behavior of the solutions of system ((1.7)) in [11] the authors have
proved that a decay property similar to the one obtained for the continuous Schrodinger
equation holds:

(1.8) lu(®)lli=@) < C(IH+ 1) llelne, Yt#0.

The proof of consists in writing the solution u of as the convolution between a
kernel K; and the initial data ¢ and then estimate K; by using Van der Corput’s lemma.
For the linear semigroup exp(itA,), Strichartz like estimates similar to those in have
been obtained in [I1] for a larger class of pairs (g, r):

1 1,1 1
(1.9) q§3(2 7“)’ 2<q,r <oo.

We also mention [5] and [6] where the authors consider a similar equation on hZ by
replacing Ay by Ayz/h? and analyze the same properties in the context of numerical ap-
proximations of the linear and nonlinear Schrédinger equation.

A more thorough analysis has been done in [9] and [I0] where the authors analyze the
decay properties of the solutions of equation iu; + Au = 0 where A = A; — V, with
V' a real-valued potential. In these papers ['(Z) — I°°(Z) and [%2_(Z) — [2(Z) estimates
for exp(itA)P,.(A) have been obtained where P,.(A) is the spectral projection to the
absolutely continuous spectrum of A and (2 (Z) are weighted [?(Z)-spaces.

In what concerns the Schodinger equation with variable coefficients we mention the
results of Banica [I]. Consider a partition of the real axis as follows: —oco = xy < 1 <
o+ < Xpy = 0o and a step function o(x) = b;* for € (z;,7;41), where b; are positive
numbers. The solution u of the Schrodinger equation

iug(t,x) + (o(x)ug).(t,z) =0, for x € Rt #0,
{ u(0,2) = up(x), x € R,
satisfies the dispersion inequality
lu()ll @) < ClHlluollay,  t#0,

where constant C' depends on n and on sequence {b;}I ,. We recall that in [4] the above
result was used in the analysis of the long time behavior of the solutions of the linear
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Schodinger equation on regular trees. In the case of discrete equations the corresponding
model is given by

(1.10) {z’UH—AU:O,t;«éO,

U(0) = ¢,

where the infinite matrix A is symmetric with a finite number of diagonals nonidentically
vanishing. Once a result similar to [I] will be obtained for discrete Schrodinger equations
with non-constant coefficients we can apply it to obtain dispersive estimates for discrete
Schrodinger equations on trees. But as far as we know the study of the decay properties
of solutions of system in terms of the properties of A is a difficult task and we try
to give here a partial answer to this problem. In the case when A is a diagonal matrix
these properties are easily obtained by using the Fourier transform and classical estimates
for oscillatory integrals.

The main goal of this article is to analyze a simplified model which consists in coupling
two DSE by Kirchhoft’s type condition:

(iu(t, ) + 0y (Aqu)(t, ) = 0 j< =1, t£0,
iv(t, ) + by 2 (Aqu)(t, j) = 0 j>1,t#0,
(1.11) u_(z, 0) =w(t,0), | t#£0,
b2 (u(t, —1) — u(t,0)) = b3 2(v(t,0) — v(t, 1)), t#0,
U(O,]) - 90(3)7 j S _17

In the above system u(t,0) and v(t,0) have been artificially introduced to couple the two
equations on positive and negative integers. The third condition in the above system
requires continuity along the interface j = 0 and the fourth one can be interpreted as the
continuity of the flux along the interface.

The main result of this paper is given in the following theorem.

Theorem 1.1. For any ¢ € [*(Z\ {0}) there exists a unique solution (u,v) € C(R,I*(Z\
{0})) of system (1.11)). Moreover, there exists a positive constant C'(by, bs) such that

(1.12) 1(, 0) ()l 2oy < C o1, b2) (] + 1)l ollnzop,  VEER,
holds for all p € I'(Z \ {0}).

Using the well-known results of Keel and Tao [7] we obtain the following Strichartz-like
estimates for the solutions of system (|1.11)).

Theorem 1.2. For any ¢ € (*(Z\ {0}) the solution (u,v) of system (1.11)) satisfies
1w, )| o, vy < Clas )l lliz@on
for all pairs (q,r) satisfying (1.9)).
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The paper is organized as follows: In section [2] we present some discrete models, in
particular system in the case by = by and show how it is related with problem (|1.7]).
In addition, a system with a dynamic coupling along the interface is presented. In section
we present some classical results on oscillatory integrals and make some improvements
that we will need in the proof of Theorem [I.1] In section[d we obtain an explicit formula for
the resolvent associated with system . We prove a limiting absorption principle and
we give the proof of the main result of this paper. Finally we present some open problems.

2. SOME DISCRETE MODELS

In this section in order to emphasize the main differences and difficulties with respect to
the continuous case when we deal with discrete systems we will consider two models. In
the first case we consider system with the two coefficients in the front of the discrete
laplacian equal. In the following we denote Z* = Z \ {0}.

Theorem 2.1. Let us assume that by = by. For any ¢ € [*(Z*) there exists a unique
solution u € C(R,[*(Z*)) of system (1.11)). Moreover there exists a positive constant C(by)
such that

(2.1) lu(®) iz < CO)H+ 1) llelne), VieR,
holds for all p € I'(Z*).

In the particular case considered here we can reduce the proof of the dispersive estimate
to the analysis of two problems: one with Dirichlet’s boundary condition and another
one with a discrete Neumann’s boundary condition.

Before starting the proof of Theorem let us recall that in the case of system its
solution is given by u(t) = K; % ¢ where x is the standard convolution on Z and

Kt(j):/ e—4itsiﬂ2<%>eijfd§, teR, jeZ.

In [I1] a simple argument based on Van der Corput’s lemma has been used to show that
for any real number ¢ the following holds:

(2.2) K (j)] < C(It] + 1), Vj € Z.

Proof of Theorem |2.1]. The existence of the solutions is immediate since operator A defined
in is bounded in [*(Z*). We prove now the decay property . Let us restrict for
simplicity to the case by = by = 1.

For (u,v) solution of system let us set

Observe that v and v can be recovered from S and D as follows

(u,v) =((S = D)(—),S+ D).
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Writing the equations satisfied by v and v we obtain that D and S solve two discrete
Schrodinger equations on Z+t = {j € Z,j > 1} with Dirichlet, respectively Neumann
boundary conditions:
(2.3) D(t,0) =0, t#0,
D(0, j) = #22E, izl
and
(2.4) S(t,0) = S(t,1), t#0,
5(0,5) = () +e(=3) i>1
) 2 Y — N
Making an odd extension of the function D and using the representation formula for the

solutions of ([1.7)) we obtain that the solution of the Dirichlet problem ({2.3)) satisfies

(25) D(t,j) = Y (Ki(j — k) = Ki(j + k))D(0, k), t#0, j>1.

k>1
A similar even extension of function S permits us to obtain the explicit formula for the
solution of the Neumann problem ([2.4])

(26) S(t.4) = D (Kulk —j) + Ki(k +5 = 1)S(0.k), t#0, j=>1.

k>1
Using the decay of the kernel K, given by (2.2) we obtain that S(¢) and D(t) decay as
(|t| +1)~%/3 and then the same property holds for v and v. This finishes the proof of this
particular case. O

Observe that our proof has taken into account the particular structure of the equations.
When the coefficients b; and by are not equal we cannot write an equation verified by
functions D or S.

We now write system in matrix formulation. Using the coupling conditions at
7 =0 system (|1.11]) can be written in the following equivalent form

U(0) =,
where U = (u,v)", u = (u(j))j<-1, v = (v;);>1 and
0 0 0 0 0
0 b2 —2b7 b2 0 0 0 0
—2 —2 1 1
27) A 0 0 b° —b'— s 0 0 0
' 0 0 0 s —mm bt kT 00
0 0 0 0 by —2b,% b;% 0
0 0 0 0 0
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In the particular case by = by = 1 the operator A can be decomposed as follows

el 00 0 00 e . 00 0 0 0
01 -2 1 0 0 0 0 000 0 0 00 0

_ oo 1 -2 1 0 00 000 2 -2 00 0

A=BatB=119 9 0 1 21 00 || oo o0 1 0o 0o
00 0 0 1 =21 0 000 0 0 00 0
00 0 0 0 .. . 000 0 0

However, we do not know how to use the dispersive properties of exp(itAy) and the par-
ticular structure of B in order to obtain the decay of the new semigroup exp(it(A, + B)).
Another model of interest is the following one inspired in the numerical approximations

of LSE. Set
a(z) = bfz, x <0,
T by% x>0

Using the following discrete derivative operator

(Ou)(x) = u(x + 3) — u(z — )
we can introduce the second order discrete operator
0(a0u) () = alj + H)uli +1) — (alj + 3) +alj — )u(i) +alj — Huli~1).j € 2.
In this case we have to analyze the following system
iug(t, §) + b7 (Aqu)(t, 5) = 0, j<—1,t#0,
g | i)+ by *(Aqu)(t, j) =0, j21, t#0,
iy (t,0) 4+ b 2u(t, —1) — (by% 4+ by 2)u(t,0) 4+ by 'u(t,1) =0, ¢ #0,
u(0,5) = ¢(j), j €L

In matrix formulation it reads iU; + AU = 0 where U = (u(j));ez, and the operator A is
given by the following one

0 0 0 0
0 b2 —2b2 b2 0 0 0

(2.9) A= 0 0 b? =2 +b7% b2 0 0
0 0 0 by 2 —2b,% b;% 0
0 0 0 0

Observe that in the case by = by the results of [I1] give us the decay of the solutions.
Regarding the long time behavior of the solutions of system (2.8) we have the following
result.

Theorem 2.2. For any ¢ € [*(Z) there exists a unique solution u € C(R,I*(Z)) of system
(2.8). Moreover, there exists a positive constant C(by,by) such that

lu()li=(z) < b1, b)(t] + 1) ollngz), VEER,
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holds for all v € I(Z).

The proof of this result is similar to the one of Theorem [I.1] and we will only sketch it
at the end of Section [4l

3. OSCILLATORY INTEGRALS

In this section we present some classical tools for oscillatory integrals and we give an
improvement of Van der Corput’s Lemma that is in some sense similar to the one obtained
in [§]. First of all let us recall Van der Corput’s lemma(see for example [12], p. 332).

Lemma 3.1. (Van der Corput) Let k > 1 be an integer, and ¢ : [a,b] — R such that
|0 ()| > 1 for all x € [a,b], and ¢' monotone in the case k = 1.

Then ,
| e

A first improvement has been obtained in [8] where the authors analyze the smoothing
effect of some dispersive equations. We will present here a particular case of the results in
[8], that will be sufficient for our purposes. In the sequel 2 will be a bounded interval. We
consider class A; of real functions ¢ € C3(Q) satisfying the following conditions:

1) Set Sy = {£ € Q2 : ¢" =0} is finite,
2) If { € Sy then there exist constants €, ¢1, c2 and o > 2 such that for all [£ — | <€,

a1l = &l < [¢"(O)] < eals — &l

3) ¢” has a finite number of changes of monotonicity.

<l H(lmian + [ 19©1). V10

Lemma 3.2. Let 2 be a bounded interval, ¢ € Ay and

Iavt) = [ 0wl 2,
Q
Then for any x,t € R
(3.1) [I(w, )] < colt] 772,
where ¢, depends only on the constants involved in the definition of class As.

Remark 1. The results of [8] are more general that the one we presented here allowing
functions with vertical asymptotics, finite union of intervals or infinite domains.

As a corollary we also have [§]:

Corrolary 3.1. If ¢ € Ay then

| [ el Eue)de] < Coltl 2 (Illmio + [ 1611,
holds for all x,t € R.
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In the proof of our main result we will need a result similar to Lemma but with
[p"|'/3 instead of [p”|'/? in the definition of I(x,t). We define class Az of real functions
¢ € C*(Q) satisfying the following conditions:

1) Set Sy = {£ € Q: ¢ = 0} is finite,
2) If § € Sy then there exist constants €, ¢1, c2 and o > 3 such that for all [§ — | <€,

(3.2) crf€ = &l*7 < 6" (§)] < cal€ — &ol*,

3) ¢" has a finite number of changes of monotonicity.

Lemma 3.3. Let Q be a bounded interval, ¢ € Az and
I(z,t) = / ei(w(é)fx&)|¢///(€)|1/3d€.
Q

Then for any x,t € R
(3.3) [I(, 1)] < eqlt| 712,
where ¢, depends only on the constants involved in the definition of class As.

In the following we will write a < b if there exists a positive constant C such that a < Cb.
Similar for a = b. Also we will write a ~ b if C1b < a < Cyb for some positive constants

Cl and 02.

Proof. We observe that since () is bounded we only need to consider the case when t is
large.

Case 1: 0 <m < |¢" (£)] < M.
We apply Van der Corput’s Lemma with & = 3 to the phase function ¢(§) — z£/t and to
¢ = |¢"|*/3. Then

(., 8)] < C(tm) s (Je Loy + 1] 1(e)-

Since ¢ has a finite number of changes of monotonicity we deduce that ¢* changes the
sign finitely many times and then

1 " 2 1 2
0o = 5 [ [ ©)F00©)]de < g3 [ 160(1de < Cm, )

Hence
[I(z,t)| < C(M,m)t5.

Case 2: 0 < [¢" ()] < M.
Using the assumptions on ¢ we can assume that there exists only one point & € Q such
that ¢ (&) = 0. Notice that if ¢ € Az, then any translation and any linear perturbation
of ¢ (i.e. ¢(&—&y) +a& +b) is still in A3 and the conditions in the definition of set A3 are
verified with the same constants as ¢. Therefore we can assume that {; = 0 and ¢'(§y) = 0.
Moreover let us assume that as &€ ~ 0, |¢'(€)] ~ |€|* and |¢”'(€)] ~ |£]° for some numbers
a>2and g > 0.

We distinguish now two cases depending on the behavior of ¢’ near £ = 0. If a > 4 then
| (&)| ~ [€]°7F as € ~ 0 for k = 2,3 and, in particular 3 = o — 3. The case a = 3 cannot
appear since then f = a — 3 and ¢ does not vanish at £ = 0. For o = 2, [¢/(€)| ~ |¢],
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16" ()] ~ 1 as & ~ 0 and the third derivative satisfies [¢”(&)| ~ |£|° as & ~ 0 for some
positive integer 8. This last case occurs for example when ¢/(§) = £ + £3. In all cases
g >a—3.

We split 2 as follows

K%ﬂz/ JW&%WWQWK+/ O | () S de = I, + .
[€]<e |&]>e

Since & = 0 is the only point where the third derivative vanishes we have that outside
an interval that contains the origin ¢” does not vanish. Thus I5 can be treated as in the
first case.

Let us now estimate the first term I;. We define 2;,1 < j < 3, as follows

Q) = {¢ € Qll¢] < min(e, [£]7/)},

, x 1z
¢(£>—;’ Si‘;)}7
Oy ={£€Q— (U UD)|[E] <€}

In the case of {2; we use that for some § > 1, the third derivative of ¢ satisfies ¢;|¢ |5 <
9" (&)] < e2l€]” for |€] < e. We get

QQ = {g € Q—QlHél < €, and

o (©he <cf [ lefide < Clule < Clela o < O,
Q1

951
where the last inequality holds since a < 5+ 3 and || > 1.

In the case of the integral on {25 we assume that x # 0 since otherwise (), has measure
zero. Observe that for £ € (), we have

@l |3 <|o© -3 <55

which implies that
liz 3|x
3l <wior< 3|
¢ <toton <
Since [¢/(€)] ~ [€[°~" we have that [¢] ~ |z/f|77. Then [¢"(€)| ~ ¢|" ~ |z/1]"T and
min |¢"'(£)| > 0.

€€l

Applying Van der Corput’s Lemma with k& = 3 and using that ¢*) changes the sign finitely
many times we obtain that

| / 0917 () 3de| < Cmin 6" (1) (110" ) e + 116" €)Y 20
Qo 2

1 1 1 ]_ 2
= C(auin 6" ()17 (max 6" ©FF + 5 [ 16O F0(e)1de)

£e £€Q2

< C(anin 6" (€))7 max [ (€) 3¢+,

ey
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Since on Qy, |¢" (&)| ~ |x/t|%, there exists a positive constant C' such that

" " 1
max[¢ )7 < Clminlo (€))7,
which gives us the desired estimates on the integral on €,.
Now, we estimate the integral on {23. Observe that we have to consider the case |t\_1/ > <
¢, otherwise 2y = Q3 = ). In particular, for £ € Qs3, we have [t|7/® < ¢ < e. Integrating
by parts the integral on (23 satisfies

(3.4)

‘/ i(9(6)~28) | 47 (£ 3 dg‘ 1
Q3
i(tp(€)—€) 9" (€ )|
< gl %00 s lon
((E)— -|<Z5”’( )75 (E)(#(€) — 2) — |¢"(€)|50" (€
— i(tp(§)—x€) 3 t
T ‘ /Q ‘ (¢(6) - 2)°

oieaery 19"}
L -2

dg‘

C 2 0@
[t] ee9s |¢/(€) —

|& =

s |¢'"<>—§|¢<4})<§>| L[ "©I ")

M Jo 0@ -2 1l o, (¢(6) = %)

In the following we obtain upper bounds for all terms in the right hand side of (3.4)).
Since on Q3, |¢'(§) — x/t| > |z /2t|, there exists a positive constant ¢ such that

#() — 7| > o ()] = elel*!, ve € 0.

In the case of the first term

1 1" C
(35) — sup |¢ ( >|3 < = sup |§C|y_ sup ’5‘ —a+1 S |t|71/3’
’t| £€Q3 ‘¢ | t| §€Q |£| |t| &€

since ‘€| <e<1and |€‘ﬂ/3 a+1 < ’£|(a 3)/3—a+1 _ ‘€| 2a/3 < ‘t|2/3
The second term satisfies

L (e)|} |¢ [T
_ 3 d
T G < 7 / Tt 10O e<

Integrating by parts, applymg the triangle inequality and using the definition of {23 we get

€)7o (6)]de < sup €] | (€)] + / €17 0" (€)]dg
Qs 23 o

B
3

€77 g () de.

[t Jas

B_g, B_4,
SsuplésTt 4 [ fgfaTdg
QS Q3

< sup [¢]57H < 123,
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where the last inequality follows as in ((3.5]).
The last term in (3.4) can be estimated as follows

m Ly B/3+a—2
’¢ (5)’3|¢ (g)ldf S ’5‘ — |€|ﬁ/3—o¢ 5 sup |€|§—a+1 < |t|2/3.
o (¢(6)—%)° o, € 2
3 t 3 3 3
Putting together the estimates for the terms in the right hand side of (3.4) we obtain that

the integral on 3 also decays as [t| /2.
The proof is now finished. O

4. PROOF OF THE MAIN RESULT

In this section we prove the main result of this paper. In order to do this, we will follow
the ideas of [I] in the case of a discrete operator. Let us consider the system

iU, + AU = 0,
(4.1) { U(0) = ¢,

where U(t) = (u(t,j));z0 and operator A is given by (2.7). We compute explicitly the
resolvent (A — AI)~!, we obtain a limiting absorption principle and finally we prove the
main result of this paper Theorem [I.1]

4.1. The resolvent. We start by localizing the spectrum of operator A and computing
the resolvent R(\) = (A — AI)~!. We use some classical results on difference equations.

Theorem 4.1. For any by and by positive the spectrum of operator A satisfies
(4.2) o(A) = [~4max{b;? b;%},0].
Proof. Since A is self-adjoint we have that

o(A) c| inf (Au,u), sup (Au,u)].

llulliz ze) <1 lulli2 2y <1

Explicit computations show that

_ 1 _
(Au,u) = =b% > (u; —uj1)* = m(ﬂq —w)? =07 (i — )’

Jj<-1 Jj=1
It is easy to see that (Au,u) < 0 and
(Au,u) > —2max{b;? by} Z(u? +uj, ) = —4max{b;* b} Z .
jez jEL*
In order to prove that the spectrum is continuous we need to prove that for any \ €
[—4 max{b;* b5}, 0] we can find u,, € [*(Z*) with ||uy|;2(z+) < 1 such that [|[(A=A)w, |2z

tends to zero. To fix the ideas let us assume that by < b; and A € [—4b;%,0]. We construct
uy, such that all its components u,, ;, j < —1, vanish. Thus for such u,’s we have that

(Aun)] = b2_2(Adun)j, j Z 1.
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Using the fact that any A € [—4b;2,0] belongs to o (b, A4) we can construct sequences
(Un,;);j>1 such that |[uy |2z < 1 and |[(A — Al )uyj2@z-) — 0. This implies that A € o(A)
and the proof is finished. O

Before computing the resolvent (A —AI)~! we need some results for difference equations.
Lemma 4.1. For any A € C\ [—4,0] and g € [*(Z*), any solution f € I*(Z*) of
Aaf(3) = Af(G) =9(), J#0
with f(0) prescribed is given by
) 1 )
N=arbl 4 — — i~k
(4.3) fG) = artl s o> r Mg (k)

keZ*

where « is determined by f(0) and r is the unique solution with |r| <1 of
2 —2r+1=Mr

Moreover

£(3) = FO)rl 4

SO ) g(R), £ 0.

k

r—r-1

Proof. Let us consider the case when j > 1, the other case j < —1 can be treated similarly.
Writing the equation satisfied by f we obtain that

fO+D) =+ +/0-1D=90G), j=1L

This is an inhomogeneous difference equation whose solutions are written as the sum
between a particular solution and the general solution for the homogeneous difference
equation

FG+D) =C+NfO+fG-1) =0, j=1
Let us denote by r; and 79, |r1| < |r2|, the two solutions of the second order equation
= (24 ANr+1=0.

Since 24+ A € C\ [-2,2] we have that 7, and 75 belong to C \ R and more than that
|r1] < 1 < |rg|. Thus we obtain that

. . 1 -
(4.4) f(G) =ar+ Bry+ T Sy > i Mg(k).

kezZ*

Since f is an [*(Z") function we should have 8 = 0. Then formula (4.3 holds. The last
identity is obtained by putting j = 0 in (4.4) and using that 2r —2 — X =r —r~L. U

As an application of the previous Lemma we have the following result.

Lemma 4.2. Set Z, = ZN(—o0, —1] and Z, = ZN[1,0). For any A € C\[—4 max{b; 2, b5}, 0]
and g € I*(Z*), any solution f € I*(Z) of

b2 Naf(5) — AfF(G) = 9(4), J € Zs,
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with f(0) prescribed is given by

. b2 .
N=qubl 4 — 75 |7kl ;
(4.5) () =asrd' + 2y — 2 — b2 Z rdMg(k), J€Zs,s€{l,2}
kEZs
where for s € {1,2}, constant ay is determined by f(0) and ry is the unique solution with
Irs| <1 of
r2 —2rs+ 1= \rbZ.

Moreover

(46) F0) = FO) b Sk i gy, € 2,

Fs = Ts keZs

The proof of this lemma consists in just applying Lemma to the difference equations
in Z; and Zs.
Lemma 4.3. Let A\ € C\ [~4max{b;? b;%},0]. For any g € I>(Z*) there exists a unique
solution f € I*(Z*) of the equation (A — NI)f = g. Moreover, it is given by the following
formula

g . ‘
(47 1) S g+ > rllg(r)|

N 62_2(1 —7r2) + 61_2(1 — 1) keZ; kEZo

b2 0 |
B S e i), e 2,
s S keZs

_|_

where for s € {1,2}, rs = 15(\) is the unique solution with |rs| < 1 of the equation
12— 21, + 1= \b’r,.
Proof. Any solution of (A — \I)f = g satisfies
{ Aaf(§) = BAF(G) = b2g9(h), J € Zi,

b (f(=1) = £(0)) = by*(£(0) — £(1)),
where f(0) is artificially introduced in order to write the system in a convenient form that
permits us to apply Lemma 4.2]

Using (4.6) we obtain
F(=1) = FO)r =52 > riflg(k)

k€Zs
and
(1) = FO)r2 =83 > rilg(k).
keZ>
The coupling condition gives us that
_ -1 K
f(o) b1_2(]_ o 7,1) + b2—2(1 o 7,2) SZI&ZICEZS 7"8 g(k)

Introducing this formula in (4.6)) we obtain the explicit formula of the resolvent. O
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4.2. Limiting absorption principle. In this subsection we write a limiting absorption
principle. From Lemma we know that for any A € C\ [~4max{b;? b5°},0] and
o € I*(Z*) there exists R(\)p = (A — )71y € [*(Z*) and it is given by

(4.8)
i

(R(A)w)(j)zb22(1_r2)+b12(1_m[ (k) + 3 ok }

kel kels

b2 o |
g Y B ), e 2,

s—T
S kel
where 7 = r5(\), s € {1,2}, is the unique solution with |rs| < 1 of the equation
r2— 21y + 1= \b’r,.

Let us now consider I = [—4max{b;?, b;%},0]. As we proved in Theorem W.1] . we have
that 0(A) = I. For any w € I and € > 0 let us denote by 7’ . the unique solution with
modulus less than one of

r? —2r +1 = (w£ie)blr.

Denoting rf = exp(z],) with 2z = af +ia., af. < 0 and @ € [~7, 7] we obtain by

s,€7

taking the i 1mag1nary part in the equatlon satisfied by 7"+ that
(exp(a),) — exp(—a;,)) Sin(die) = b}

Thus af, € [~ 7r ,0]. A snmlar result holds for v, a; € [0, 7].
Let us set r¥ = lim o rE,. Using the sign of the i imaginary part of 7" . we obtain that rF
are the solutions with Im (rj) <0 < Im(ry) of the equation

r? —2r +1 = wh?r.
Also, using that r, = E we obtain r; = r}.
For any w € J = I \ {—4b;?, —4b;%,0} and ¢ € [*(Z*) let us set
(RH@)P) =g [ S Hiplh) + 3 Mool
by*(1—ry) + b (1 =)

kel kels

#%ni)l D ()T = () o (k), € Z

$ kel

+

We will prove that R*(w) are well defined as bounded operators from I*(Z*) to I°°(Z*).
We point out that we cannot define R*(w) for w € {—4b;?, —4b, 2,0} since for w = 0 we
have r; = ry = 1 and for w = 4b;2, s € {1,2}, we have r, = —1. We also emphasize that
R~ (w)¢ = R*(w)®. This is a consequence of the fact that for any w € I, 7 (w) = r(w).
Formally, the above operator equals R(w =+ i€) with e = 0. We point out that as operators
on [2(Z*), R(w = i¢) are defined for any w € I but only if € # 0.
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Lemma 4.4. For any p € I'(Z*) operator exp(itA) satisfies
. 1 .
(4.9) o =— [ ™[R (w) — R~ (w)]ypdw.
2w J;
Proof. To clarify the ideas behind the proof we divide it in several steps.
Step 1. Let I; be a bounded interval such that I C I;. There exists a constant

1 1
TR A e A
such that for all w € I, \ {—4b;2, —4b5 2,0} the following inequality
1 2
[(R(w £ ie)p)(n)] < C(w)||¢llnze), for all ¢ € I'(Z*) and n € Z*,

holds uniformly on small enough e.
Step 2. For any w € J, R*(w) are bounded operators from ['(Z*) to 1°°(Z*) and

IR (@)l @)1 (ze) S C(w)-
Step 3. For any w € J, ¢ € [1(Z*) and n € Z* the following holds
lim(R(w + i€)p)(n) = (RH(w)p)(n).

Step 4. For any ¢ € ['(Z*) and n € Z* we have

(4.10) C(w) c L'(I)

leigl i "™ (R(w £ i€)p)(n)dw = /]eit‘”(Ri(w)gp)(n)dw.

Step 5. For any ¢ € [Y(Z*)
. 1 .
itA, itw + -
= o i "R (w) — R (w)]pdw.
Proof of Step 1. Observe that for any w € R and € > 0 we have
|(R(wie)p)(n)]

1
< . < + t )
S llellnze 10,21 — 13 + b2 (1 — ri )| rfe— (ri) ™Y e — (ry0) ™Y

Solution 7, of equation r? — 2r + 1 = (w + i€)b2r satisfies

1
= by|w =+ i€|'/2.

— i) < frie—

|l
Then for all w € I} and € small enough we have

2

s,€

1> >C >0
el 2 bs|w £ i€|'/2 + (b2|w =+ ie| + 4)1/2 —
and )
\rsi] < = + r;fe—? < () < 0.

S,€
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Thus for any w € I; we have
+ : + :5 i:l + | : + + : + |
’rs,e - (T5,5>71| ’1 - T575H1 + rs,e’ |1 - Ts,e |1 + Ts,s

Using the equation satisfied by 3", we find that
11— T;%€| = bs|w + ie|l/2\7“;t,6] 2w+ i6|1/2 > \w\lm
and
11+ 7| = |(wxie)b? + 4'2lrE| 2 |(w £ ie)b? + 4|2 > |wb? + 4|/,
+ we find that for all w € I; and €

s,€

Putting together the above estimates for the roots r
small enough the following holds

1 . 1 D S S
e = (i) o = (rg) 71 Y w[V2 0 wbd 42 wbd + 412

We now prove that

1 1
< :
[027(1 =150 + 0% (1 = ri )] ™ w2

We recall that the sign of the imaginary parts of rfe and 7‘2jf6 is the same. Also, since
|T;'fg\ < 1, the real parts of 1 — rfe and 1 — ri are positive. These properties of the roots
imply that
152 (1 = 150) + 012 (1= ri)| 2 0521 — 7o | + by %1 — 7 | 2 fw] V2.
Putting together the above results we obtain that Step 1 is satisfied with C'(w) given by
(4.10)) uniformly on all € > 0 sufficiently small.
Step 2 follows as Step 1 by putting € = 0 and replacing r;‘fe with 7.

Proof of Step 3. We write
R(w £ie)p(n) = Z R(w £ ie,n, k)p(k),
keZ*
where R(w =+ i€,n, k) collects all the coefficients in front of ¢(k) in formula (4.7]).
Using that, for any w € J, ri(w) — 7 (w) we obtain that R(w =+ ie,n, k)p(k) —
R*(w,n, k)p(k). Since for any w € J and € small enough we have the uniform bound
|R(w i€, n, k)p(k)| < C(w)e(k)], VE € Z7,
we can apply Lebesgue’s dominated convergence theorem to conclude that
> R(wtie,n k)p(k) = > R*(w,n, k)p(k),
keZ* keZ*

which proves Step 3.
Step 4 follows by Lebesgue’s dominated convergence theorem since we have the pointwise
convergence in Step 3 and the uniform bound in Step 1.
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Proof of Step 5. Applying Cauchy’s formula we obtain that
) 1 )
6ztA i eztwR(w)dw
A% r

for any curve I' that rounds the spectrum of operator A. For small parameter ¢ we choose
in the above formula path I'. to be the following rectangle

I ={w +ie,w € [~4max{b;? b2} — ¢, €|}
U {_4 max{bl_Za b2_2} —€+ '”7’ ne [_67 E]} U {E + Zna ne [_67 6]}

Using the estimates for R()\), A € I'c obtained in Step 1 and the convergence in Step 4 we
obtain that for any ¢ € I}(Z*) the following holds:

itA o~ itw + _ p—
= o Ie (RT(w) — R™ (w))pdw.

The proof is now complete. O

4.3. Proof of the main result. We now prove the main result of this paper.

Proof of Theorem[I.1. For any ¢ € ['(Z*) Lemma [4.4] gives us that
(€e)n) = o [ (R @)~ B @)pln)ds, n e 2",

21 J;
where I = [—4max{b; % b;2},0]. Using the fact that R~ (w)yp = R*(w)® we obtain
i 1 itw *
(o)) =+ [ ((lm RO w)e)n)de, n € 2,

I
where Im R* is given by

(1 B () =~ E200) = B ()0
_ — ()M
= 2 AP e
r )l ()
+ Z (k) Im =0 —(7»5))+(bl—2)<1 —

keZo
b2 . A .
+ ) o(k) Im—r+_(r+)_1((r§)'3 H— (rHIFEY, ez,
keZs § $

and for s € {1,2}, rf is the root of r? —2r +1 = wb?r with the imaginary part nonpositive.

In order to prove ([1.12)) it is sufficient to show the existence of a constant C' = C(by, by)
such that
(4.11)

zth (74+)|J|( )Ik' d <C 1 —-1/3 N2 T*
3 lel| [ e tm sy T —cdu| < €+ ) gl Vi € 2
keZy 2
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and
it ‘] * 1/3 . *
412) Y le®] [ e m T < e+ ) el Vi € 2

keZs

The estimates for the other two terms occurring in the representation of Im R™(w) are
similar.

Step I. Proof of (4.12)). We prove that

il
(4.13) sup’/ Zlf’wlmwr (ry) cdw| < C(by, bo)(Jt] 4+ 1) 3 VteR.

jez —(rH)™
We split I as I = I; U I, where I} = [—~4max{b; % b;%},4b;%] and I, = [4b72,0]. If w € I,
the following equation

1
T+ — =2+ wb?
r

, +\l4l
/e”‘” Im de = 0.
I

TR

has real roots and then

When w € I, root 7, of equation r, + % = 2 + wb? has the form r, = e~ 0 € [0, 7.
Using the change of variables w = b;%(2 cos§ — 2) we get

, +)11 T e—tlilo
/ ™ Im de = 2b; > / gitbs*(2eos0-2 5 sinfdf
I ré =)t 0 e

—i|3]0

= —2b, > / et 2eos0=2 1y © " iy g
0 2isinf

™

3 . _o _ Y

2652/ eztbs (2cos6—2) Ree Z\]\@d&
0

—2 ™
2657/ eitb;2(2c050—2)<ei|j|6+€—i|j|9)dQ‘
0

Van der Corput’s Lemma applied to the phase function ¢(6) = (2 cos 6§ —2)b; 2+ 560/t shows
that

(4.14) ‘ / eit(QCOSG_Q)b;2eijad0‘ <OMb)(t+1)73, VteR V) € Z
0

The proof of (4.12)) is now finished.
Step II. Proof of (4.11). It is sufficient to prove that

sup /eitw (T;—)](T;)k dw’ <C bl bQ)(|t|+1) 1/3 Vt € R.
gken L r b2 (L —=ry) + by (1 =) 7

To fix the ideas let us assume that by < b;. We split interval I as follows I = I; U I, where
I} = [—4by%, —4b;?] and I, = [—4b;?,0]. We remark that on I;, 77 € R and rj € C\ R.
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On I, both 7 and rj belong to C\ R. We prove that

(4.15) sup / e (i ) (r)" dw‘ < C(by, by)(Jt] +1)71/3
J:keEN b2 (1 —7r3) + 077 (1 —17) 7
and
7,+> (,r.+>l€
416 su ‘/ 1)\ dw’<0b,b 4 1)3,
w16 s [emn T b1+ 1)
Let us set h(w) = by (1 — 1} ( )) + b7 %(1 — rf (w)) Using the same arguments as in the

proof of Lemma [4.4] we get that |h(w )\ > C(by, by)|w|?. Then, on I, |h(w)| > ¢ > 0.
Moreover |h'(w)| < ¢2 < co. Using integration by parts we obtain that

‘/11 1)>be | 21— rf)d"”’

< sup / Y o (I Bl + 11/ 1)
aely ' J—4b3?
< COubasup| [ eyl

zely | J—4b;?

A similar argument shows that

[, oo | [ el (107 Plaan + 10 lsan)

y<z ' J—4b;

Observe that for w € I, r{ (w) given by
W) = 2+ blw — /(2 + bw)? — 4

2
is a decreasing function. Thus

IO Nery < N oy <1, Vi €N,
The proof of (4.15)) is now reduced to the following estimate:

sup
yeli

y B
/ ezt“(@(w))"’dw‘ < C(by,by)(Jt| +1)7Y3 Vk e Nt € R.

—4b3 2

Making the change of variables w = b, (2 cos f —2) and applying Van der Corput’s Lemma
as in the final step of Step I we obtain that

‘/ (1 (w)) duo| = 205 ‘/ 13200802 =0 iy, | < C(by) ([t + 1) 772,
4by 2 2arcsin(b3 /y

We now prove ([4.16). We first make the change of variables w = b;?(2cos @ — 2). Thus

/ eitw (Ti‘r) (r;)k dw = 2b72 /ﬂ- eitbf2(2 005972)671]9 —2ik arcsin(bab] Lsin & )Sln Qde
= 2b] ’
L by (1—7“2) (1—7“1) 0 h(6)

where h(0) = by 2(1 —r5 (0)) +b72(1 —r (), ri (0) = e and 5 () = o—2iarcsin(baby ' sin §)
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Using that far from 6 = 0 function h satisfies |h(#)| > 0 we choose a small parameter e
and split our integral as follows:

/7r pithy > (2c0s0—2) ,—ij0 ,—2ik arcsin(baby " sin §) sin edﬁ T+ T
0 h(0)

= /6 ez‘tb;2(2c056—2)€—w9 —2ik arcsin(b2by * sin & )sm 9d9
’ ho)
" ity ij j ' ~1_ 6ySin@
+ / eztbl (2 C05072)671J96721k arcsin(bzb; ~ sin 5) do.
‘ h(0)
Observe that on interval [0, €]

sin 6 d sin6

h(0) ’LOO (0,€) Hd& h(g)) <M<

L1(0,e)

and on interval [e, 7]

< M < o0.

‘ h(lﬁ) ) L°°(e,) * H@(@)‘ L(e,m)

Then we have the following estimates for 77 and T,

T
/ o ithy 2(2cosf— 2) 6 ZZkarcsm(bgb1 sin 5 d@‘
0

|Th| < M sup
z€[0,€]

and

[ T5| < M sup

x€e,n]

s
s oy i ik aresin(boh—1 ain 0 .
/ githy " (2cos6-2) o —ij6 ,—2ik arcsin(bzb; sm2)sm€d6’.

T

We now apply the following lemma that we prove later.

Lemma 4.5. Let a € (0,1] and 0 < § < 7. There exists C(a,d) such that for all real
numbers y, z and t

(417) ‘ / 6it(2€059+22arcsin(asing))eiye sin 0d0’ S O(CL, 5)(|t| + 1)—1/3
5

and if 6 >0

(418) ‘/ 2cos€+2zarcsm(asm zy@de‘ < C a 5)(|t’ +1) 1/3

We obtain that
Ty| < MC(a,e)(Jt| + 1)1/

and
T5] < MC(a,e)(Jt] + 1)7/3.
The proof of Theorem [1.1] is now finished. O
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Proof of Lemmal[].J. Since the integrals in and are on bounded intervals it is
sufficient to prove that, for ¢ large enough, each of the integrals is bounded by [t|=}/3. In
the case of we will consider the case § = 0 since the proof for § > 0 is similar.

Let us denote by ¢ either the function x (-5 or sinf. We set

0
p(0) = 2cos 0 + 2z arcsin(a sin 5), 6 € [0, 7.

Using the Maple software we obtain that

22a%(a® — 1)° a? 4y/1 — a2, 2
{4+ - ) }

min (" (6))? + (¢ (6))?] > min TRl

0e[0,n]

If z is such that |z — 4—V1a’a2| > ¢ > 0 then Van der Corput’s lemma applied to the phase
function p(#) + y#/t guarantees that

| / O y(0)do| < Cla, (1] + 1)
0

Assume now that |z — 4—”{;‘12\ < € with e small enough that we will specify later. Let us
write
44/1 — a?
P +0
a
with b a small parameter such that |b| < e. With this notation p(0) = p,(0) = ¢(0) + br(0)
where
8v1—a? 0
q(0) = 2cos(f) + S arcsin(a sin 5)
a
and

() = 2 arcsin(a sin 5)

Solving system (¢”(0),¢"(0)) = (0,0) with Maple software we obtain that it has a unique
solution § = 7. Thus for any § < 7 there exists a positive constant ¢(a,d) such that

" (0)] + 14" (0)] = c(a,0), V0 €[0,m—0]

It implies the existence of an € = €(a, d) such that for all |b| < e

’ , c(a,d
) + )] > cla.6) = B sup (7] b = 52,
xe|0,m

V6 el0,m—9l.

Hence, Van der Corput’s Lemma applied to the phase function p,(0) + yf/t guarantees
that

T—4
’ / eitpb(e)eiy9¢(0)d0 S C’(a,5)(|t| + 1)—1/3’ V|b| < G,V t,y e R.
0

The proof of (4.18]) is finished.
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To prove estimate (4.17)) it remains to show that we can choose d(a) small enough such
that for all |b] < e

(4.19) |1y(t)| == ’/ @0 in(0)dh| < Cla)(|t| +1)7Y3, Wyt eR.
m—d(a)

The Taylor expansions of ¢ and r near § = 7 are as follows

_ —2a+8V/1—a%arcsin(a) 1 (2a*—-1)(0— ot 1 (4a2-1)0—-n)° 8
Q(H) = a _1_6 —1+ a2 _@ (_1 +a2)2 +O((0—7T> )7
and
r(f) = 2 arcsin (a) L a (0 —7m)° + L aRa+l) O—m)"+0 ((6— 7T)6) .

41— 192 (1 — q2)*?

Also the second derivatives of ¢ and r satisfy

po o 3(2a*=1)(0—7) ’
¢O0)=—7——5 a2 told—al) asf~m
and
P(0) = -2~ + 00 =) asO~m
2\1—a? ‘

Observe that for a # 1/v/2, the second derivative of ¢ behaves as (§ — 7)? near § = 7.
Otherwise it behaves as (6 — m)* near the same point. Since the proof of is quite
different in the two cases we will treat then separately.

In the sequel é(a) is chosen such that we can compare ¢ and r with their Taylor expres-
sions near 6 = 7.

Case 1. a # 1/+/2. The main idea is to split the interval [ — d(a), 7] in three intervals
where we can compare | — 7| with |b/'/? and decide which of them dominates the other:

[ — d(a), 7] = [r — 6(a), 7 — anlb]/*] U [r — ax|b]"/*, 7 — an|b]*] U [ — au |b]'/2, 7],

where a; << 1 << @y are independent of b but depend on the parameter a. More precisely
the parameters a; and as are chosen in terms of the first two coefficients of the Taylor
expansion of functions ¢ and r near 6 = 7.

Let us consider the interval [r — 6(a), 7 — az|b|'/?] with s large enough. In this interval
|0 — 7| dominates |b|'/? and we apply Lemma We check the hypotheses of this lemma.
In this interval the first derivative of pj is of the same order as |6 — 7|? :

p5(0)] = |¢' ()] — [bl|' ()] > C1]0 — (|0 — 7[* — Cs[b]) > 5[0 — [?
and
[py(0)] < 14 (0)] + [b][7'(0)] = Cul6 — 7|(|0 — 7|* + C5[b]) = Cil6 — |-
Also, the second derivative satisfies:
5 ()] > 1g"(0)] = [bllr"(0)] = C(10 — 7* — Cslb]) > Col0 — 7f?

and
Py (0)] < 1q"(0)] + [0]|r" ()| = Cro(]0 — w|* + Cha[b]) > C1a|6 — 7|
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We emphasize that all the above constants are independent of . Observe that on the
considered interval |p| 2 [b]. If we try to apply Van der Corput’s Lemma with k& = 2 we
obtain

T—aalb
‘ /7r§(a)
an estimate that is not uniform in the parameter b.

However, using Lemma we obtain the existence of a constant C' depending on all the
constants C;,7 = 1, ..., 12 but independent of the parameter b, such that

(4.20)

T—as|b|l/2 m—az|b|!/? . sin(6
‘/ ztpb(Q) 'LyG SlIl d&‘ — ‘/ ztpb(0)61y9|p//(0)|1/2 d@‘

|1/2

eitre(0) givb sin(@)d@’ < (|tb])~1/? max = |sin ] < C(6(a))|th] "2,
[r—6(a),m—az[b]!/?]

5(a) ’ Py ()]
m—azb[*/? sin(f) \’
SC’t’l/2< max M+/ ‘(—) 0 ‘d@)
N s e @ e \ere) @
<O max Ol o SOy

[r—8(a),m—az|b|1/2] |p”( >|1/2 ~ [r—8(a),m—az|b|1/2] |0 |

On the interval [ — ap|b|'/2, ™ — a;|b|/?] the third derivative of p, satisfies:
[p"(0)] = 10 = [|C(a) + b] = [b]"/2,

since C'(a) # 0 in the case a # 1/v/2. Applying Van der Corput’s Lemma with k = 3 we
get

w—ar |b|H/2
(4.21) ‘/ O e sin(9)dh| < (|tb|/*) =13 max |sing] < [t]7V/3.

T—oig|b|1/2 0c[m—az|b|1/2,m—a1 |b]1/2]
On interval |7 — allb\l/Q 7| with oy small enough, the term |br”(0)| dominates |¢”(0)].
The the behavior of pj/(f) is given by |br”(6)]:

[y (0)] = [or"(0)] = 1¢" ()] = Ci(b] — C2l0 — 7|*) = C50],
for some positive constants C; and C5 independent of the parameter b. Applying Van der

Corput’s Lemma with £ = 2 we get

(4.22) ] / e“m@ew%in(@)de‘5(|tb|)—1/2 max  |sind| < [¢]7V2.
m—a [b]1/2 O€[r—an[b]'/2,7]

Using (4.20)), (4.21)) and (4.22]) we obtain that (4.19)) holds uniformly for all [b] < €,y

and ¢ real numbers.

Case 2. a = 1/4/2. In this case the Taylor expansion of function ¢ at = 7 is given by

_ —2a+ 8 V1 — a? arcsin (a) 1 (4a®2—1)(0—n)° .
q(0) = a T3 (L1t +0(0 — 7).




24 LIVIU I. IGNAT, DIANA STAN

We split the interval [ — d(a), 7] as follows:
[ — d(a), 7] =[r — d(a), m — as[b] /] U [1 — as|b|'/, 7 — as|b] "]
Ulr — a7 — aa[p]'2] U [ — 041|b|1/2 m,

where ay << 1 << a3 and all aq, as, ag are independent of b.
On the first interval [ — &(a), 7 — as|b|/*] we apply Lemma . We have to check that
the first third derivatives behave as powers of |# — 7| in this interval. Observe that

p(0)] = C110 — 7|(10 — 7|* — Calb]) = Cs0 — 7
and

[py(0)] < Cul0 — 7|(|0 — 7|* + C5[b]) > Col6 — 7|
In a similar manner

Crlf —7* < Ipy ()] < Cs0 — ],

Also the third derivative satisfies

' (0)] = Col0 — 7|(10 — 7|* — Cofb]) = Cualf — 7
and

[y (0)] < C12]0 — 7|(|0 — 7 + Cuslb]) = Cual — ],

We now apply Lemma[3.3|taking into account that all the above constants are independent
of b and we obtain

moalbl!/! it (9) 0 moalpf!/! itpy (6) iyl |, 1 1/3 sin ¢
et D % e’ P zy
(4.23) ‘/ () iy sm@d@‘ — )/ ’ Py (6)] Wd@)

0 m—ag|b|!/4 in 6@ /
S ’t|_1/3< max L,SLJ/?) + / ‘ ( /jln 1/3>
[r—3(a),m—aslb /4] [Py (0)] m—8(a) Ipy' (0)]

@)

~1/3 | sin 6|
Sl X o TV
[r—6(a),m—aslp1/4] [Py’ (0)]
< max SO e,

[m—8(a),m—asle|1/4] |6 — 7|

In the case of the interval [r — as|b|*/*, 7 — ay|b|'/*] we apply Van der Corput’s Lemma
with £ = 3 and use that

p(0)] = C110 = 7|(|0 = 7[* = Cafb]) > C1l0 — w|(3[b]/2 = Calb]) > Cylp]'/+172.
Then

w—aa|b|t/4
(4.24) ‘/ @l sin o < (|t]|b[>/*) 713 max |sinf] < C|t|7V/3.

az|b|1/4 [m—as|b|!/4,m—az|b|!/4]
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Let us now consider the integral on the interval [r — ay|b|'/4, 7 — a1|b|*/?]. Observe that
in this case

m—ay|b|1/2 m—aq bl
(4.25) ‘ / it (6 ’yesmé’dﬁ‘ /

az[b|1/4 T—az|b|1/4

1/2 a2|b|1/4

| sin 0] < / | 5in 0]d8
a1|b|1/2

1/4

az|b
< / 0do < C|b|'/? < C|t|7Y3,

- 1‘[)‘1/2
as long as |b] < [t|72/3.
We now consider the case [b| > |¢| and prove that a similar estimate can be obtained.
Observe that on the considered interval the second derivative of p, satisfies

—-2/3

5 (0)] > [l[7"(0)] = |¢"(8)] = Ci(|b] = Cal0 — 7[*) > Cr(|b] — Ca(aalb]'*)*) > Cp].
Thus, Van der Corput’s Lemma with k£ = 2 gives us
(4.26)
m—aq|b|t/?
‘ / ¢t i sin 0| < (|tb]) =12 max sing] < (|¢b])~1/2[p|V/*

an|b|1/4 0€[m—az|b|t/4 m—aq |b|1/2]

< ’t| 1/2|b| 1/4< ’t| 1/2|t|1/6 ‘t| 1/3

On the last interval [r—a |[b|'/2, 7] the term |br”(6)| dominates |¢”(6)|. Then the behavior
of pj(0) in the considered interval is given by [br”(6)|:

ph (0)] = [br" ()] — 1¢"(0)] = C1(|b] — Cal0 — | *) > Cs]b].
Thus

@or) | / @ e sinoVdo| < ()2 max  |sind] < [f|"V2.
m—an |b|1/2

9€[m—a |b|1/2,7]

Using the previous estimates (4.23), (4.24), (4.25), (4.26)) and (4.27) we obtain that
estimate ({.19) also holds in the case a = 1//2.
The proof of Lemma [4.5] is now finished. O

In the case of system (2.8)) the proof of Theorem follows the lines of the proof of
Theorem by taking into account the representation formula for the resolvent of the

operator A given by (2.9).

Lemma 4.6. Let A € C\ [—4max{b;?, b;°},0] and A given by 2.9). For any g € I>(Z*)
there exists a unique solution f € I*(Z*) of the equation (A — XI)f = g. Moreover, it is
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giwen by the following formula

(4.28)

. 7A‘ISJI

B 612(Tf1 - 7’1) + 522(T;1 - 7’2 [ + Z T“lk‘g Z T|2k|g ]

k€Z1 keZs

b2 . .
+ g > (T =g (k), e Z,

where for s € {1,2}, rs = 15(\) is the unique solution with |rs| < 1 of the equation
r2— 21, + 1= \b’r,.
We leave the complete details of the proof of Theorem to the reader.

5. OPEN PROBLEMS

In this article we have analyzed the dispersive properties of the solutions of a system
consisting in coupling two discrete Schrodinger equations. However we do not cover the case
when more discrete equations are coupled. The main difficulty is to write in an accurate
and clean way the resolvent of the linear operator occurring in the system. Once this case
will be understood then we can treat discrete Schodinger equations on trees similar to
those considered in [4] in the continuous case.

There is another question which arises from this paper. Suppose that we have a system
1U; + AU = 0 with an initial datum at ¢ = 0, where A is an symmetric operator with
a finite number of diagonals not identically vanishing. Under which assumptions on the
operator A does solution U decay and how we can characterize the decay property in terms
of the properties of A7 When A is a diagonal operator we can use Fourier’s analysis tools
but in the case of a non-diagonal operator this is not useful.
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