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Energy-Norm Based and Goal-Oriented Automatic
hp Adaptivity for Electromagnetics. Application to

Waveguide Discontinuities
Luis E. Garcia-Castillo, Member, IEEE, David Pardo and Leszek F. Demkowicz

Abstract—The Finite Element Method (FEM) enables the
use of “adapted” meshes. The simultaneous combination of h
(local variations in element size) and p (local variations in
the polynomial order of approximation) refinements, i.e., hp-
adaptivity, is the most powerful and flexible type of adaptivity.
In this paper, two versions of a fully automatic hp-adaptive
finite element method for electromagnetics are presented. The
first version is based on minimizing the energy-norm of the
error. The second, namely the goal oriented strategy, is based
on minimizing the error of a given (user-prescribed) quantity of
interest. The adaptive strategy delivers exponential convergence
rates for the error, even in the presence of singularities. The hp
adaptivity is presented in the context of two dimensional (2D)
analysis of H-plane rectangular waveguide discontinuities. Stabi-
lized variational formulations and H(curl) FEM discretizations
in terms of quadrilaterals of variable order of approximation
supporting anisotropy and hanging nodes are used. Comparison
of energy-norm and goal-oriented hp-adaptive strategies in the
context of waveguiding problems is provided. Specifically, the
scattering parameters of the discontinuity are used as goal.

Index Terms—Finite element methods, waveguide discontinu-
ities, rectangular waveguides

I. INTRODUCTION

The Finite Element Method (FEM) is a powerful, accurate
and flexible tool for the numerical solution of electromag-
netic problems. In contrast to methods based on integral
formulations, it can easily handle complex configurations of
material constants (inhomogeneous media, anisotropy, etc.).
It also enables the use of “adapted” meshes, not only to the
geometry of the problem domain, but to the solution of the
problem itself. Thus, very accurate solutions can be obtained,
or equivalently, solutions with a given degree of accuracy using
a minimum number of unknowns.

Specifically, when the adaption of the mesh to the so-
lution is made automatically, it is referred to as automatic
adaptivity or self-adaptive mesh refinements. That involves an
iterative procedure in which a sequence of meshes is generated
(typically by refining the previous mesh) using information
about the error on the previous mesh. Self-adaptive procedures
have additional advantages. They do not require any a priori
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knowledge of the solution of the problem under analysis, pro-
viding solutions with a user pre-specified degree of accuracy.
Also, they simplify the costly (in terms of engineer time) task
of generation of the mesh, since the mesh is automatically
generated from an initial simple and coarse mesh.

There exist several types of adaptive procedures. The most
common type is the h-adaptivity, in which the size of the finite
elements (abstractly referred to as h) is modified in such a
way that smaller elements are placed in the regions where the
error is larger (an illustration is shown in Fig. 1). Without
adaptivity, FEM provides rate of convergence for the solution
equal to O(hmin(p,k)) in terms of the energy norm, where
p denotes the polynomial order of approximation within the
finite elements, and k is a parameter that depends upon the
smoothness of the solution. That is, the error is limited by
the regularity of the solution. With h-adaptivity, the energy
error of the solution is of N−dp

el where Nel is the number of
elements and d = 2, 3 is the dimension of the problem. Hence,
h-adaptivity recovers the rate of convergence of the FEM for
smooth solutions (case when k > p). The h-adaptivity is
relatively common in the electrical engineering literature (e.g.,
references shown in [1]). A different type of adaptivity consists
of varying the polynomial order of approximation p within a
finite element, in such a way that higher p is chosen for the
elements containing higher errors; thus, being referred to as
p-adaptivity (an illustration is shown in Fig. 1).

For problems with singularities, the rate of convergence of
the p-method (in terms of the total number of degrees-of-
freedom (d.o.f.)) is twice the rate of h-adaptive methods. For
problems with solutions that are analytical up to the boundary,
the convergence is exponential. However, the above statement
about p-adaptivity is only true for very smooth solutions,
as the error is limited by the regularity of the solution k.
Thus, if singularities are present (as in metallic or dielectric
corners in the structure, certain interfaces between different
media, etc.) the p-adaptivity does not present any advantage
by itself. The p-adaptivity is much more uncommon than the
h-adaptivity. One reason is probably the fact that p-adaptivity
for electromagnetics requires the development of higher order
curl-conforming (even div-conforming in some cases) finite
element basis functions. In order to be practical for using
different finite elements with different p in the mesh, basis
functions need to be of hierarchical type. Such development
has been (still is) an open issue in electromagnetics. In this
context, an intensive research has been performed during the
last two decades. Different higher order basis functions, mainly
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of interpolatory type, were first developed; see [1] and the ref-
erences therein (up to 1998). Then, in the last decade, different
implementations of higher order hierarchical finite elements
were proposed. That opened the possibility of p-adaptivity.
Thus, basis functions (up to third order) of [2] were used in
[3]. A general framework for arbitrary order functions was
presented in [4] with separation of gradients and rotational-
like functions and special care in orthogonality properties. A
similar approach, but modifying rotational functions to satisfy
Nédélec conditions, is that of [5]. They were used in the
implementation of p-refinements in [6], and [7], respectively.
A family of hierarchical vector functions is also presented in
[8] for multilevel algorithms [9]. A study of convergence under
(uniform) p-refinements using basis of [10] (see also [11])
restriced to 2D is presented in [12].

The combination of h and p refinements, i.e., hp-adaptivity
(an illustration is shown in Fig. 1), is the most powerful and
flexible type of adaptivity. It provides exponential rates of
convergence, even in the presence of singularities, in contrast
to h and p schemes, in which algebraic rates of convergence
are, in general, obtained. Thus, very accurate solutions can be
obtained with an hp-adaptive strategy, even in the presence of
singularities. Equivalently, approximate solutions within engi-
neering accuracy can be obtained using a minimum number
of unknowns. This is achieved by using large high order p
elements in the regions where the solution is smooth and
h-refinements with lower p towards the singularities. While
some singularities can be determined a priori and special basis
functions can be introduced to properly approximate them,
[13], [14], [15], self-adaptive strategies, and specifically, of
hp-type, are completely automatic and singularity indepen-
dent. This is specially important for general electromagnetic
problems. It is remarkable that, even for smooth solutions, the
p-adaptivity alone is not enough. This is because the small
features of the geometry require the use of small elements,
i.e., h-adaptivity, to adapt the mesh to the geometry of the
problem. Thus, independently of the theoretical considerations
about the handling of singularities, the efficient analysis of
practical microwave devices requires, in any case, the use of
both, h and p, refinements.

By hp adaptivity we refer to adaptive schemes where h and
p refinements are performed simultaneously in one step of the
iterative process. Thus, we refer to rigorous hp schemes, in
contrast to other approaches where in one step of the adaptivity
only h or p refinements (but not both) are performed. The latter
approaches might be better referred to as h + p methods.

Adaptivity in hp is a technology that has been applied
almost exclusively within the applied mathematics and compu-
tational mechanics communities [16]–[25]. The complexity of
its implementation and mathematical analysis have precluded
a wider use. With respect to hp-adaptivity for electromagnetic
problems, extra technicalities come into play due to the
particular characteristics of Maxwell’s equations, in contrast to
those of mechanics where the hp-adaptivity was first applied.

As mentioned above, self-adaptive procedures have impor-
tant advantages. In this context, the authors have developed
a fully automatic hp-adaptivity for electromagnetic problems,
see [26] and the author references therein. A few other hp

implementations for electromagnetics have been reported e.g.,
[27]–[29]. However, they lack many of the features of the
implementation of the authors mentioned previously.

In this paper, we present a fully automatic hp-strategy
applied to the two dimensional (2D) problem consisting on
the analysis of H-plane rectangular waveguide discontinuities.
The scope of the paper has been deliberately restricted to
the H-plane case. Application of automatic hp-adaptivity to
E-plane discontinuities can be found in a preliminary paper,
[30]. The adaptive strategy is based on the projection of the
interpolation error obtained from the solution on a “fine”
grid. The strategy supports anisotropic refinements on irregular
meshes with hanging nodes, and isoparametric as well as
exact-geometry elements for one, two and three dimensional
problems.

The adaptivity is usually formulated in such a way that the
quantity to be optimized is the energy-norm of the error. The
energy-norm is obtained from the variational formulation of
the problem and, thus, it takes into account the error in the
entire structure under analysis. The meshes provided by the
adaptivity using this energy-norm approach are equilibrated
meshes, i.e., meshes in which the error is balanced along
the structure. This is useful to the microwave engineer as
it assures a given pre-defined high-accuracy of the solution
in the entire structure. Therefore, it is useful at aiming at
finding optimum location and size of tuning elements (e.g.,
screws, dielectric posts, etc.). However, a microwave engineer
is, typically, interested in the characterization of the structure
in terms of its scattering parameters (S-parameters) which
involves the solution of the problems only at the defined ports
of the structure. Thus, an adaptivity driven by the minimization
of given quantities, the S-parameters in this case, is desirable.
This type of approach is called weighted residual method or
goal-oriented method, [31]. Previous works on goal-oriented
apporaches for S-parameters computation, e.g., [32], [33],
have been mainly restricted to h-adaptivity.

In a previous work [30] results based on energy-norm adap-
tivity, but not with goal-oriented adaptivity, were presented.
In this paper, both types of adaptivity, energy-norm based
and goal-oriented, are presented. Comparison of energy-norm
versus goal-oriented hp-adaptive strategies in the context of
waveguiding problems is provided, showing their suitability
for microwave engineering. To the authors best knowledge,
this is the first paper containing an application of fully auto-
matic hp-adaptivity to the analysis of microwave components
and devices using both goal-oriented and energy-norm based
approaches.

In this paper the 2D version of the hp-adaptivity is devel-
oped and used in the context of waveguiding problems. The
reader interested on open region problems may refer to [34]
that deals with Radar Cross Section modeling and radiation
problems. A three dimensional (3D) version of the automatic
hp-adaptivity can be found in [35]. However, complexity of
3D implementation of hp-adaptivity is much higher than that
of 2D; not being yet at the same level of usability than the
2D implementation. The 3D implementation is under intensive
development. The reader is referred to [36] for the most current
work in 3D hp-adaptivity. In contrast to the present work,



3

(a) given initial mesh (b) h-refined mesh

(c) p-refined mesh (d) hp-refined mesh

Figure 1. Different types of refinements. Color indicate the polynomial order
p of the elements (blue being p = 1 and orange p = 6). Note: The meshes
are simply for illustration purposes and they have not been obtained with any
numerical code

3D deals exclusively with energy-norm adaptivity. Despite the
final goal in the long run is 3D adaptivity, results of this
paper are relevant for 3D computations too. This is due to
the possibility to extend the 2D code to 3D by simply adding
a one dimensional (1D) uniform grid, a Fourier transform, a
Fourier series or modal expansion, in the third direction (as
it is implicitly done in this paper to analyze H and E plane
rectangular structures). In all these cases, the dramatic 2D
savings in the number of unknowns (presented in the paper)
automatically become 3D savings.

The implementation of the 2D hp-adaptivity utilizes a stabi-
lized variational formulation (Section II) and hp-quadrangular
elements of variable order (Section III) satisfying the “de
Rham-diagram” commuting property [37]. The self-adaptive
hp-algorithm is described in Section IV; specifically, the
energy-norm version is presented in subsection IV-A, and
the goal-oriented version in subsection IV-B. The numerical
results presented in Section V confirm the exponentially fast
decay of the error (as a function of the number of unknowns),
as predicted by the theory. Also, advantages and disadvantages
of goal-oriented based adaptivity (with the S-parameters as
goal) are analyzed in comparison with energy-norm based
adaptivity.

II. VARIATIONAL FORMULATION

The analysis of a H-plane discontinuity can be two dimen-
sional (2D) with a problem domain Ω corresponding to the
cross-section obtained by intersecting the structure with the
H-plane. A general H-plane discontinuity is shown in Fig. 2
for illustration purposes.

From Maxwell’s equations, and considering the H-plane
setup of Fig. 2 with TE10 excitation, ∂/∂z = 0, we arrive
at the following variational formulation:
Find HΩ ∈ W, p ∈ V such that

c(FΩ,HΩ) = l(FΩ), ∀FΩ ∈ W (1)

where the functional space W is given by

W := {A ∈ H(curl; Ω), n̂×A = 0 on ΓD} (2)

and the sesquilinear and antilinear forms (c and l, respectively)
are defined in (3). The over-bar means the complex-conjugate.
H(curl) denotes the space of square integrable vector func-
tions with square integrable curl.

c(FΩ,HΩ) =
∫

Ω

(∇× F̄Ω) · ( 1
εr

∇×HΩ) dΩ

− k2
o

∫
Ω

F̄Ω · µrHΩ dΩ

+ j
k2

εrβ10

∫
∑

Γi
p

(n̂× F̄Ω) · (n̂×HΩ) dΓ

l(FΩ) = 2j
k2

εrβ10

∫
Γin

p

(n̂× F̄Ω) · (n̂×Hin) dΓ

(3)

In the above expressions, εr, µr are the electric permittiv-
ity and magnetic permeability, respectively, normalized with
respect to the corresponding quantities for vacuum medium.
Symbol k0 stands for the vacuum wavenumber and β10 is
the propagation constant of the TE10 mode. The unknown
HΩ is related only to the two components of the magnetic
field contained in the problem domain Ω, i.e., those parallel to
the H-plane of the discontinuity. Analogously, the differential
operator ∇ is referring only to the coordinates x, y of the H-
plane. Boundary conditions are of Perfect Electric Conductor
(PEC) on the walls of the waveguide, i.e., of Neumann type
on ΓN . A first order Absorbing Boundary Condition (ABC)
with the mode impedance of the TE10 is used at the ports. The
vector magnitude Hin stands for the incident magnetic field of
the TE10 mode at the port. Thus, is assumed that only the TE10

mode is present (with a non-negligible amplitude) at the ports
(monomode propagation). Hence, the FEM domain should be
truncated at a certain distance from the discontinuity. Note that
a multimode boundary condition could have also been used.
The monomode option has been chosen in this analysis for the
sake of simplicity. Perfect Magnetic Conductors, i.e., Dirichlet
type boundary condition on ΓD, may be used as symmetry
walls (not shown in Fig. 2).

The above variational formulation is not uniformly stable
with respect to (angular) frequency ω. As ω → 0, i.e., k0 → 0,
the term k2

o

∫
Ω

F̄Ω · µrHΩ dΩ becomes negligible compared

with the curl-product term
∫
Ω
(∇×F̄Ω)·( 1

εr
∇×HΩ) dΩ. Thus,

the problem becomes ill-posed, since the term with the product
of the curls does not “see” the gradients, and the gradients
remain undetermined in the zero frequency limit. Moreover,
this low frequency breakdown problem is not only related to
the situation of ω → 0, but, in general, to the relative size
of the finite elements compared with the wavelength λ. It can
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Figure 2. A rectangular H-plane discontinuity and its 2D FEM modeling.
No Perfect Magnetic Conductor (ΓD) boundary is used in this case.

be easily seen (by considering uniform h-refinements over a
given mesh) that the ratio of the term k2

o

∫
Ω

F̄Ω · µrHΩ dΩ to

the curl-product term
∫
Ω
(∇×F̄Ω) ·( 1

εr
∇×HΩ) dΩ is (k0h)2,

i.e., proportional to (h/λ)2. Therefore, even far from the low
frequency region, when very small elements are used (as it is
the case for h or hp adaptivity) the low frequency breakdown
situation may be present.

As a remedy to this problem, a Lagrange multiplier p is
introduced to enforce the weak form of the continuity equation
(obtained by employing gradients as test functions in (1)).
Thus, the stabilized variational formulation with the Lagrange
multiplier is given by:

Find HΩ ∈ W, p ∈ V such that

c(FΩ,HΩ) + b(FΩ,∇p) = l(FΩ) ∀FΩ ∈ W

b(∇q,HΩ) = g(∇q) ∀q ∈ V
(4)

where the space V is defined as

V := {p ∈ H1(Ω), p = 0 on ΓD} (5)

and the new sesquilinear and antilinear forms, b, and g,
respectively, are defined in (6). H1 denotes the space of square
integrable functions with square integrable first derivative.

b(FΩ,∇p) =− k2
o

∫
Ω

F̄Ω · µr∇p dΩ

+ j
k2

εrβ10

∫
∑

iΓ
i
p

(n̂× F̄Ω) · (n̂×∇p) dΓ

g(∇q) = 2j
k2

εrβ10

∫
Γin

p

(n̂×∇q̄) · (n̂×Hin) dΓ

(6)

By substituting FΩ = ∇q, q ∈ V in the above formulation
(4), we infer that the Lagrange multiplier p satisfies the weak
form of a Laplace-like equation. Thus, if (homogeneous)
Dirichlet boundary conditions are present (ΓD 6= 0), i.e.,
when symmetry walls are used in the analysis, the Lagrange
multiplier p identically vanishes. Note that the multiplier p
is undefined when ΓD = 0 (it is a constant but undefined
function over Ω). In that case, after the FEM discretization, one
degree of freedom of p is set to a given value (typically zero).
Thus, the multiplier p identically vanishes for ΓD = 0. The
stabilized formulation works because the gradients of scalar-
valued potentials from V form precisely the null space of
the curl on vector functions in H. This condition shall be
preserved at the discrete level by a careful construction of the
finite element basis. Notice that b(FΩ,∇p) and g(∇q) should
both be divided by ko.

The scattering parameters of the structure (monomode,
TE10) are obtained as

Sii =

∫
Γpi

HΩ(ξ) · sin πξ

api
dΓpi

H in
0

api

2

− 1 (7)

and,

Sji =

√
Z

pj

TE10

∫
Γpj

HΩ(ξ) · sin πξ

apj
dΓpj

H in
0

api

2

√
Zpi

TE10

(8)

where api refers to the broad dimension of the waveguide at
port i, and H in

0 is the amplitude of Hin. Symbol ξ refers to
a coordinate axis local to the port and Zpi

TE10
stands for the

impedance of the mode. Note that Sii of (7) corresponds to a
definition with respect to admittance. A minus sign should be
added to (7) for a Sii definition with respect to impedance.

III. hp DISCRETIZATION

To discretize the above variational formulations, we intro-
duce finite dimensional spaces Whp ⊂ W, and Vhp ⊂ V ,
where h denotes the element size, and p the polynomial
order of approximation. These spaces have been constructed
to verify the following condition at the discrete level: ∇×F =
0,F ∈ Whp if and only if ∃ q ∈ Vhp : F = ∇q. This condi-
tion is essential in order to satisfy the commutativity property
of the so-called “de Rham” diagram [37]. This commutativity
property, which is essential to guarantee a proper stability and
convergence properties of the resulting method, implies that
Vh is of order p + 1, where p is the order of approximation
of Wh. Thus, from a set of basis functions associated to
space Vh,p+1 we construct the corresponding basis for Whp.
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A detailed construction of a proper set of basis functions can
be found in [26] for triangles and quadrilaterals. In this paper,
we have employed quadrilaterals because they are appropriate
to model structures in rectangular waveguide technology.

We employ hierarchical basis functions, which facilitates
the use of conforming approximations among finite elements
of different order p. In addition, we support irregular meshes,
i.e., meshes with hanging nodes, which appear naturally during
h-refinements. A 2D mesh is irregular if the edge of a given
(larger) element is shared by more than one (smaller) neigh-
bour. Examples of irregular meshes are those of Figures 1(b)
and 1(d). As a consequence, the nodes associated to the
edges of the small neighbours are constrained by the common
edge of the larger element. These nodes are the so-called
constrained nodes or hanging nodes (see [26] for details).
Basis functions are defined over a master element. A change of
coordinates is used to express these functions over the physical
element.

IV. AUTOMATIC hp ADAPTIVITY

A. Energy-Norm based Adaptivity

Given an initial regular (without hanging nodes) hp-grid,
the self-adaptive strategy automatically generates a sequence
of optimal hp-grids providing exponential convergence rates
in terms of the energy-norm error (or the given quantity of
interest as shown next in subsection IV-B) vs. the number of
unknowns (and CPU time). The refined grids are 1-irregular
meshes, i.e., the parent of a h-refined element is not allowed to
have hanging nodes. Thus, the algorithm enforces uniform re-
finements in the parent element to satisfy this condition. Thus,
h-refinements are kept local (see examples of Figures 1(b) and
1(d), and the meshes shown in Section V).

The details of the self-adaptive strategy are quite involved
and can be found in [26]. A “competition” between p-
refinement with all competitive h-refinements takes place at
each iteration step. Competitive h-refinements are those that
result in the same increase in the number of d.o.f. as the p-
refinement. Thus, the use of error indicators is not enough.
The error function needs to be known (or estimated) in order
to decide how to refine the mesh at each iteration step. In this
context, a key ingredient is the projection based interpolation
operator for H1-spaces and H(curl)-spaces, [26]. This local
operator preserves conformity in the sense of the working
space, i.e., continuity of the (scalar) function for H1-spaces
and continuity of the tangential components for H(curl)-
spaces. Furthermore, it has been proven that, given a solution
on the continuous space, it produces an approximation of the
solution in a discrete space that is asymptotically optimal
with respect both h and p. Thus, given the exact solution, it
allows for comparison of optimal h- and p-refinements without
the need of solving thousands of global discrete problems.
The exact solution is approximated by employing a fine grid
solution. Thus, in order to find optimal refinements for a given
hp-grid, we first solve the problem over the globally refined
h/2, p+1 grid (fine grid), which is obtained from the hp-grid
by a global h- and p-refinement. Hence, we use the h/2, p+1-
grid solution as the reference solution to produce our next

optimal ĥp-grid, which is an intermediate grid between the
hp and h/2, p + 1-grids. The “competition” is driven by the
error decrease rate of each edge of the mesh; being equal to

‖Hh/2,p+1 −Πcurl
hp H‖ − ‖Hh/2,p+1 −Πcurl

ĥp
H‖

(p1 + p2 − p)
, (9)

where ΠcurlH stands for the projection based interpolation
of H and ĥp = (ĥ, p̂) is such that ĥ ∈ {h, h/2}. If ĥ = h, then
p̂ = p+1. If ĥ = h/2, then p̂ = (p1, p2), where p1+p2−p > 0,
max{p1, p2} ≤ p + 1.

The error (to be minimized) is measured with the energy-
norm of the problem (denoted as ‖ · ‖) that is obtained from
an “energy” type inner product defined over W. For instance,
the energy-norm of H ≡ ‖H‖ =

√
〈H,H〉, where the inner

product is given by:

〈F,H〉 =
∫

Ω

(∇× F̄) · ( 1
εr

∇×H) dΩ

+ k2
o

∫
Ω

F̄ · µrH dΩ

+
∣∣∣∣j k2

εrβ10

∣∣∣∣ ∫
∑

Γi
p

(n̂× F̄) · (n̂×H) dΓ

(10)

The contribution to the energy-norm of the Lagrange mul-
tiplier p (in the case of the stabilized formulation) is not
considered as the multiplier p is identically null. The energy
norm inferred by (10) takes into account the phsysics of the
problem. However, the differences in the results when using
the mathematical norm of the space of the solution, i.e., Hcurl
norm, have shown to be very small, at least for the particular
structures analyzed in Section V.

Note that the subindex Ω has been omitted for the sake of
clarity of the expressions (as will be done in the remainder of
the paper).

B. Goal-Oriented Adaptivity

It will be assumed that there is a quantity of interest that
can be expressed as a continuous and linear functional L. By
recalling the linearity of L,

Error of interest = L(H)− L(Hhp) = L(H−Hhp) = L(e)
(11)

where Hhp ∈ Whp and, e denotes the error function.
By defining the residual rhp(F) = l(F) − c(F,Hhp) =

c(F,H − Hhp) = c(F, e), we look for the solution of the
dual problem:{

Find H̄d ∈ W

c(Hd,F) = L(F) ∀F ∈ W
(12)

Problem (12) has a unique solution in W, Hd, which is
usually referred to as the influence function. The hp-discretized
version of (12) is solved obtaining Hd

hp ∈ Whp.
Definition of the dual problem plus the Galerkin orthog-

onality condition for the original problem imply the final
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representation formula for the error in the quantity of interest,
namely,

L(e) = c(e,Hd) = c(e,Hd −Hd
hp︸ ︷︷ ︸

ε

) = c̃(e, ε) (13)

where c̃(e, ε) = c(e, ε̄) denotes the bilinear form correspond-
ing to the original sesquilinear form.

Once the error in the quantity of interest has been de-
termined in terms of bilinear form c̃, we wish to obtain a
sharp upper bound for |L(e)| that depends upon the mesh
parameters (element size h and order of approximation p) only
locally. Then, a self-adaptive algorithm (similar to the one with
the energy-norm) may be constructed. As in the energy-norm
based approach, a fine grid is used. The solutions, H, Hd, are
approximated by the fine grid solutions, Hh

2 , p+1, Hd
h
2 , p+1

.
Thus, in the remainder of this article, H and Hd will be used to
denote the fine grid solutions of the direct and dual problems.

Next, the error in the quantity of interest is bounded by a
sum of element contributions. Let bK denote a contribution
from element K to sesquilinear form c. It then follows that

|L(e)| = |c(e, ε)| ≤
∑
K

|cK(e, ε)| (14)

where summation over K indicates summation over elements.
Now, the projection based interpolation comes into play

as it does in the energy-norm approach. Then, following an
approach similar to the one of [38], an upper bound for |L(e)|
is obtained:

|L(e)| ≤ C
∑
K

‖ẽ‖K‖ε̃‖K (15)

where C is a positive constant (typically, close to one), and ‖·
‖K denotes the energy-norm restricted to element K. Symbols
ẽ, ε̃ correspond to the projection based interpolation errors on
H and Hd, respectively.

Thus, the goal-oriented adaptivity is an extension of the
energy-norm based adaptivity in which the refinements are
guided by the errors, not only on the primal variable H, but
also on the influence function Hd. Notice that, in practice,
the computational cost of solving the dual problem is small.
The linear system of equations is factorized only once, and
the extra cost of solving the dual problem reduces to only one
backward and one forward substitution (if a direct solver is
used).

1) Goal-Oriented Adaptivity with S-Parameters: A quan-
tity of interest must be decided first (in this case, a particular
S-parameter). Typically, there are certain relations that are
satisfied by the S-parameters when considering waveguide
discontinuities. For instance, due to the reciprocity of the
electromagnetic field, Sji = Sij . This equality is also satisfied
at the discrete level, since the reciprocity is satisfied by the
variational formulation of the problem. Thus, the use of the
goal-oriented adaptivity with Sji or Sij as our quantity of
interest will provide identical grids and results. Also, it is
usual to have certain symmetries in the structure, reducing
the number of independent S-parameters. For instance, it may
happen that S11 = S22. However, S11 = S22 only holds at the
discrete level if the initial grid is also symmetric. Thus, in this

case, the use of the goal-oriented adaptivity with S11 or S22 as
our quantity of interest, will provide identical grids and results
provided that the initial grid is symmetric. Specifically, for
lossless structures (which is a common idealization in many
waveguiding problems) we know that the S-matrix is unitary,
which implies a considerable number of relations between the
S-parameters. Note, however, that at the discrete level the S-
matrix is not longer unitary. Actually, the higher number of
degrees of freedom (lower error of the solution) the better
approximation of unitariness of the computed S-matrix.

In the case of a two port symmetric structure, we need
to choose between S11 and S21 as our quantity of interest.
Notice that S11(H) is not a linear functional. However,
L1(H) = S11(H) + 1 is a linear and continuous functional,
and therefore, we may use it as our quantity of interest for the
goal-oriented optimization algorithm. It is important to note
that L1(H) is equal (up to a multiplicative constant) to the
functional l representing the right hand side of the original
problem. Thus, solution of the dual problem Hd is also equal
(up to a multiplicative constant) to the solution of the original
problem H. For this particular case, the goal-oriented adaptiv-
ity coincides exactly with the energy driven adaptivity, and the
corresponding numerical results are identical (also observed by
[33]). In other words, for the waveguide discontinuity problem,
energy-norm adaptivity is optimal for computing S11.

V. NUMERICAL RESULTS

Numerical results for three H-plane structures are given:
one structure with a severe field singularity, one with a small
feature, and other with a smooth field solution. The third
serves to illustrate the features of goal-oriented adaptivity in
comparison with the energy-norm based approach. Results for
E-plane discontinuities with the energy-norm can be found in
[30].

First, we describe numerical results showing the exponential
type of convergence for the error (in the energy norm), even in
the presence of field singularities. By exponential convergence
it is meant that error = C exp(−Nα

dof) in the asymptotic
regime, Ndof being the number of unknowns. Specifically, the
theory according to [39] predicts that α = 1/3 for 2D. Thus,
the exponential convergence behavior is shown as a straight
line when plotting the error in logarithmic scale versus N

1/3
dof .

This is precisely how the scales of the plots shown in the paper
have been set up. Note that the abscissa scale corresponds to
N

1/3
dof while abscissa axis tics should be read as Ndof in the

plots.
A zero length septum (i.e., transverse to the wave propaga-

tion) is considered. The dimension of the septum is 0.1 and is
centered with respect to the waveguide (of dimensions 1x0.5).
Note that the length units are normalized. The initial mesh is
shown in Fig. 3, in which the colors indicates, according to
the scale on the right, the order p of the elements (the dark
blue being p = 1 and the pink p = 9) It is important to note
that the order corresponds to the H1 Lagrange multiplier, and
the field of H(curl) is of order p−1. In this case, all elements
are of order 3 for the Lagrange multiplier and order 2 for the
magnetic field. The analysis is made by exciting the port on
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Figure 3. Initial mesh for the H-plane zero length septum. For illustration
purposes, the septum is added to the plot with finite length
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Figure 4. Convergence history for the H-plane zero length septum

the left with a TE10 wave of frequency equal to 1.5 times its
cut-off frequency. The convergence history is shown in Fig. 4,
where it is observed that, after a few iterations (due to a delib-
erate coarseness of the initial mesh), exponential convergence
of the error is obtained. Figure 5 shows an example of hp-
mesh provided by the automatic energy-norm adaptivity. As
predicted by the theory, h-refinements are observed towards
the corners where there is a singular behavior of the field,
and p-refinements in the regions where the field variation is
smooth.

A plot of |Hy| is shown in Fig. 6, in which a stationary wave
pattern at the input waveguide and singular behavior of the
field at the septum corners is observed. The results for S11 and
S21 corresponding to four non-consecutive iterations of the hp
adaptivity are shown in Tab. I together with those obtained
with Mode Matching. For iterations higher than the 11th,
the error obtained with the hp-adaptivity is presumed to be
lower than the one delivered by the Mode Matching technique;
thus, results for higher iteration numbers are omitted. This is
concluded after selecting a higher number of modes in the
modal expansions and observing fluctuations at the fifth digit
level of the values of the S-parameters.

A H-plane T-junction with metallic post, specifically the
one of [40, Fig. 2], is considered next. The initial mesh is
shown in Fig. 7. The convergence history is shown in Fig. 8.
Exponential convergence of the error is observed. Figure 9


x


y


z


Figure 5. 7th mesh for the H-plane zero length septum

Figure 6. Magnitude of Hy corresponding to the H-plane zero length septum

shows an example of hp-mesh provided by the automatic
adaptivity. Refinements on p are observed in the waveguide
sections. Note than, although there is no field singularity,
the strong variation of the fields around the post and the
small feature that it represents inside the junction, force h
refinements around the post. Results shown above correspond
to the excitation of the port on the top (port 1) with a TE10

wave of frequency equal to 11.5 GHz (1.75 times its cut-off
frequency). The reflection coefficient S11 frequency response
is shown in Fig. 10 for two different error thresholds of the
automatic adaptivity.

The next example is a H-plane structure consisting of a mul-
tisection impedance-matched dielectric-slab filled-waveguide
phase-shifter, published in [41] (the dimensions on the H-
plane are shown in Fig. 11; the waveguide is 7.112x3.556).
The field solution of the structure is smooth, since there is
no field singularity in this case. Thus, hp-adaptive strategy
is expected to deliver an increase in the polynomial order of
approximation p. Note that that h refinements appear due to the
limitation on the maximum p of the implementation (p = 9).
Thus, the order p is increased until the maximum p is reached
in the fine grid; from this moment, h-refinements are selected
until the specified error criterion is satisfied. Therefore, the
exponential convergence is not achieved in this case (it would
require very high p). However, hp-adaptivity shows a much
higher rate of convergence than h-adaptivity, as illustrated in
Fig. 12, where rates of convergences for h-adaptivity with
fixed p = 1 and fixed p = 2 are shown. The abscissa axis
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Table I
SCATTERING PARAMETERS FOR THE H-PLANE ZERO LENGTH SEPTUM

(MM STANDS FOR MODE MATCHING)

|S11| |S21| arg(S11) arg(S21)
Iter. 2 0.7200 0.6939 50.520◦ -37.987◦
Iter. 5 0.7817 0.6236 56.432◦ -33.550◦
Iter. 8 0.7883 0.6153 57.042◦ -32.962◦
Iter. 11 0.7896 0.6136 57.165◦ -32.840◦
MM 0.7897 0.6135 57.171◦ -32.829◦

Figure 7. Initial mesh for the H-plane T-junction with metallic post. WR90
waveguides (22.86mm x 10.16mm). Post shifted 0.1mm right and 2.63mm
down with respect to junction center
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Figure 9. 5th mesh for the H-plane T-junction with metallic post
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Figure 10. Frequency response of H-plane T-junction with metallic post
(|S11| in dB). 3th and 6th- iterations correspond to error around 5% and 1%,
respectively

is in log-type scale. Notice that hp-adaptivity requires only
7,000 unknowns to accurately solve the problem, in contrast
with around 150,000 unknowns needed by h-adaptivity with
p = 2. The h-adaptivity with p = 1 is simply not able
to reach, in practice, a reasonable accuracy (with 100,000
unknowns the error is still over 25%). Thus, a dramatic saving
is achieved by using hp-adaptivity. These savings are even
larger when compared with the case of no adaptivity. As it was
mentioned in the Introduction, this savings in unknowns for 2D
domains automatically become savings for some 3D structures
suitable to be analyzed by simply adding a 1D uniform grid,
a 1D Fourier transform, a 1D Fourier series, or a 1D modal
expansion in the third direction.

This structure serves to illustrate the features of the goal-
oriented adaptivity. The convergence comparison between
energy-norm based adaptivity and goal-oriented with S21

as the quantity of interest is shown in Fig 13. Note that
goal-oriented adaptivity with S11 provides identical results
to the energy-norm based adaptivity, as explained in sub-
section IV-B1. It is observed how both types of adaptive
strategies provide very similar results. This is due to the
strong relation between S21 and S11 for this case (lossless
case). However, in other cases where S21 is not so strongly
related to S11, the goal-oriented with S21 is expected to
provide much better results than energy-norm based approach.
Possible scenarios of this situation are structures with many
ports, or the presence of significant losses within the structure.
As an example of the latter, losses in the dielectric-slab of
the structure have been added (serving as an illustration of
an attenuator type of structure). Several values of the loss
tangent of the dielectric (tan δ) material of the waveguide
have been considered. As the dielectric losses are higher, the
differences between goal-oriented adaptivity and energy-norm
based adaptivity increase. Results for tan δ = 1 are shown in
Fig. 14, in which we observe that the 1% error level requires
less than 3000 unknowns with goal-oriented, while the energy-
norm with 24000 unknowns still provides an error larger than
3%.

It is very instructive to see the hp-grids delivered by both
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Figure 11. Dielectric-slab filled waveguide structure (Data from [41]:
l=24.50, w=2, l1=3.414, w1=0.194, l2=3.163, w2=0.646, l3=2.852, w3=1.2,
l4=2.6, w4=1.742)
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Figure 12. Convergence histories for hp and h adaptive strategies for the
dielectric-slab filled waveguide

types of adaptivity for the lossy case with tan δ = 1. Figure 15
shows the hp-grids for energy-norm based and goal-oriented
adaptive strategies. Energy norm adaptivity concentrates the
unknowns near the incident port (on the left) as most of the
energy is in that region. However, the goal-oriented adaptivity
is driven also by the error of the dual problem, i.e., by
considering L2(H) = S21 as the excitation. From (8), we
observe that the excitation of the dual problem is at the
transmitted port (at the right). Thus, the goal-oriented grid
shows a symmetric pattern.

VI. CONCLUSIONS

Energy-norm based and goal-oriented hp-adaptive strategies
have been presented in the context of the 2D analysis of
H-plane rectangular waveguiding discontinuities. Exponential
rates of convergence, even in the presence of singularities,
have been achieved. Thus, very accurate solutions are obtained
with a minimum number of unknowns. The hp-adaptivity has
demonstrated to perform much better than h-adaptivity. The
main features of the goal oriented adaptivity with the S-
parameters as the quantity of interest have been illustrated.
Specifically, it is shown that the energy-norm is optimal when
optimizing with respect to a reflection coefficient Sii. When
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Figure 13. Convergence histories for the dielectric-slab filled waveguide
with the energy-norm and with the goal-oriented adaptivity with S21 as the
quantity of interest (lossless case)
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Figure 14. Convergence histories for the dielectric-slab filled waveguide
with the energy-norm and with the goal-oriented adaptivity with S21 as the
quantity of interest (lossy case; tan δ = 1)

the quantity of interest is a transmission parameter Sji (i 6= j)
the goal-oriented is optimal. The goal-oriented adaptivity has
been shown to clearly outperform the energy norm when the
ports are not strongly coupled, as it happens in the presence
of strong losses in the structure.
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