A CHARACTERIZATION OF TWO WEIGHT NORM INEQUALITY
FOR LITTLEWOOD-PALEY g;-FUNCTION
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ABSTRACT. Let n > 2 and g3 be the well-known high dimensional Littlewood-Paley
function which was defined and studied by E. M. Stein,

. dudi\ M2
3@ = ([[ G=) VR ) L A

where P, f(y,t) = p = f(z), pe(y) = t"p(y/t) and p(z) = (1 + [z[*)~ /2, ¥ =

E) 5 o . . . .
(ﬂ’ cey aynvﬁ)' In this paper, we give a characterization of two weight norm in-

equality for g3

*(fU)Hm(w) < HfHLz(g) if and only if the
two weight Muchenhoupt Ay condition holds, and a testing condition holds :
wdwdt

VP(1 ) 00,
chbesln RHU /n// t+|x7y| | t( QU)(y )| tn— 1

where Q is the Carleson box over @ and (w, o) is a pair of weights. We actually prove
this characterization for g} function associated with more general fractional Poisson
kernel p*(x) = (1 + |z[?)~ (/2. Moreover, the corresponding results for intrinsic
gx-function are also presented.

1. INTRODUCTION

The g}-function originated in the work of Littlewood and Paley [§] in the 1930s. It is
a basic tool to prove the LP-boundedness of various linear operators. Later, the classical
g5 function of higher dimension was first introduced and studied by Stein [I3] in 1961, a
certain sublinear operator arises in Littlewood-Paley theory [1l [14]. It plays important
roles in harmonic analysis and other fields. Let n > 2, we recall its definition as follows:

dydt\
— Pf 2 A>1
gl (//Rnﬂ t+\x y\> IVES(y, ) t”l) ’ ”

where P, f(y,t) = p. * f(z), p(y) = t7"p(¥) denotes the Poisson kernel and V =
(2 9 9) Tt is easy to show that gi is an isometry on L*(R"). With much

8_y1’ Ce %, ok
greater difficulty, it can be proved that for any 1 < p < oo, f )H Lr(&") and H f H Lo (")
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are equivalent norms [I3]. Moreover, in [13], Stein also proved that if A > 2, then g5 is
of weak type (1,1), and is of strong type (p,p) for 1 < p < co. In 1970, as a replacement
of weak (1,1) bounds for 1 < A < 2, Fefferman [I] considered the end-point weak (p, p)
estimates of gi-function when p > 1 and A = 2/p.

Recently, Lacey and the second named author [5] gave a characterization of two weight
norm inequalities for the classical g-function and the corresponding intrinsic square func-
tion. Recall that the classical g-function is defined by

o)) = ( [Tron f(x,t)|2tdt) "

It was shown that the following two weight norm inequality for the classical Littlewood-
Paley g-function for a pair of weights (w, o) on R™:

(1.1) l9(F ) 2y S ANl 2o

holds if and only if (w, o) satisfies

1.2 Af = sup@M < o0;
) >l Tal
and the testing condition holds, uniformly over all cubes @) C R",
(1.9 [ 19Pe0) @0 Puds 1t S 0@, Q=@ x b.4Q)
Q

The condition is called the Sawyer testing condition, which can be traced back
to [12]. It is known that Littlewood-Paley g-function is point wisely controlled by g¢}-
function. Thus it is quite natural to ask if one can establish a characterization for the
Littlewood-Paley gi-function. But the g}-function also involves additional difficulties
since more integrals appear in the definition. One also needs to find the new suitable
testing condition to replace condition (|1.3)).

In order to state our results, we first introduce the definition of the Littlewood-Paley
gx-function with fractional Poisson kernels.

Definition 1.1. Let A > 1, for any x € R", the Littlewood-Paley g¢i-function with
fractional Poisson kernels is defined by
1/2
) , 0<a <,

0w =[] () 9P s

where PP f(y,t) = pi * f(x), pi(y) = t7"p*(y/t) and p*(z) = (14 |z[*)" "= .

Remark 1.2. If o = 1, then g;’l coincides with the classical Littlewood-Paley g3-function
of higher dimension defined and studied by E. M. Stein [I3] in 1961.

dydt
tn—l

Motivated by the above work, in this paper, we will focus on the characterization of
the two weight inequality for the Littlewood-Paley gi-function.

(1.4) 193 (FM | poguy S A |20
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In addition, we introduce the corresponding testing condition:

(1.5)

da:dt
% = Pe(1 209 1y < 0.
Q: Cuilelspm rr 0(Q /n // t+|x—y| |V (1go)(y, 1) 1 WY <

Here we formulate the main result of this paper as follows.

Theorem 1.1. Let A > 2, 0 < o < min{l,n(\ —2)/2} and o, w be two weights. Then
the two weight inequality (1.4) holds if and only if the two weight condition (1.2)) and
testing condition (1.5) hold. Moreover, N ~ oty + A, where N is the best constant in

the inequality ((1.4)).

Remark 1.3. The characterization of the two weight inequality for the classical Littlewood-
Paley g;-function is contained in Theorem (=1, A >2(1+1/n)). Actually, when

A >2(1+1/n), we have 0 < o < 1. It not only includes the classical case, but also
extends to the case for 0 < a < 1. Another notable fact is that we are able to improve
the result of [5] with the fractional Poisson kernel p*, 0 < o < 1.

To state another main result, we begin with one more definition.

Definition 1.4. For 0 < a <1, let C, be the family of functions ¢ satisfying supp ¢ C
{r € R™|z| < 1}, [z, e(z)dz = 0, and such that |p(z) — ¢(2)| < |z — /|, for all
z, 2 € R If f € LZOC(R") and (y,t) € R}, we define A, f(y,t) = sup,ee, |f *
©0i(y)|, where @i(z) =t "p(z/t). Then the intrinsic gi-function is defined by setting,
for all z € R,

Ralllz) = (//Ri-&-l (ﬁ)m [Aaf(y, t)]ffff) 2

For the intrinsic g3 , function, we have the following result.

Theorem 1.2. Let A > 2, 0 < o < min{l,n(\ —2)/2} and o, w be two weights. Then
the two weight inequality

||9;,a(f‘7)”m(w) S ‘/VaHfHB(g)
holds if and only if
(i) (w, o) satisfies the Ay condition (1.2);
(ii) the testing condition holds :

o nf\ wdasdt
B = sup /n // = |x — y| (A (1g0)(y, 1)]? —dy < 0.

Q: cubes in R™ U

Moreover, the best constants satisfy Ny ~ oty + B,

Note that gy“f(x) < g5 ,f(z), for all # € R™. Since the main steps in the proof of
Theorem [[.2] are the same as the Theorem [I.1} we omit the proof of Theorem [I.2]

The rest of this article is organized as follows. The necessary condition is shown in
the Section [2] In Section [3 applying the random dyadic grids and martingale difference
decomposition, we give the final reduction of the main theorem. In order to prove the
sufficiency, some lemmas and elementary estimates are established in Section [dl Finally,
in Section [ by splitting into four parts, we prove the sufficiency in Theorem [1.1}
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Notation We write A < B, if there is a constant C' > 0 so that A < C'B. We may
also write A =~ Bif B < A < B.
We then set some dyadic notation. For cubes ) and R, we denote
e /(@) is the side length of Q;
e d(Q, R) denotes the distance between the cubes @ and R;
e D(Q,R) :=0(Q)+{(R)+d(Q, R) is the long distance;
e Q:=Q x (0,0(Q)] is the Carleson box over Q;
o Wy :=Q x (@, 0(Q)] is the Whitney region associated with Q;
e Q" denotes the unique dyadic cube for which £(Q®* = 2%¢(Q) and Q c Q"
and Q C QW;
e ch(Q) denotes the dyadic children of Q.

2. THE NECESSITY AND CONSTANT ESTIMATES

2.1. Proposition. The inequality ([1.4) implies the inequality (1.2]).

Proof. For some fixed cube @), we have
ta+1 ta71|y - Z|2

(24 ly = o) 5

VP (100) (. 0)] 2 [P * (100)(y)] = ] /

If x,y,2 € Q and 20(Q) <t < 3((Q), then

a+1l _ a—1 —
nt at* Hy — 2| o 1

(& +ly— )5 S e

Thus,

VB (1go)(y, 1) 2 (;S?l)

Furthermore, for = € Q,

35@) ni
g 1 O' // )
v e 2 t—|—|x—y|

2 /3“@ sy > 7D
o0 {3n+1 ~ ‘Q’Q

Therefore, the boundedness of gy* gives that

c(Qu(@Q) _ 1
[E(6)

That is, oty S A g

ta+1 _ tafl A 2 dt
[y
Q (+y—z)= e

V1 (10) |12y < A

Moreover, it is trivial that (1.4]) implies (L.5)). Thus, we have proved the necessity of
Theorem [L11
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2.2. Random Dyadic Grids. Let us recall random dyadic grids defined in [2]. Denote
by D = D() the random dyadic grid, where 3 = {;}32__, € ({0,1}")”. That is

D={Q+ Y 27B;:Q¢€Dy},
3277 <(Q)
where Dy is the standard dyadic grid in R"™.

A cube I € D is said to be bad if there exists a J € D with ¢(J) > 27¢(I)such
that dist(Z,0J) < £(I)7¢(J)*™7, where r € Z; and v € (0,3) are given parameters.
Otherwise, [ is called good.

Throughout this article, we take v =

2(no—é‘ro¢)
ing. Moreover, roughly speaking, a dyadic cube I will be bad if it is relatively close

to the boundary of a much bigger dyadic cube. Denote mgooa = Ps(Q + Sis good) =
Es??(1g00a(@ + 8))77. Then Tieptupgood is independent of @) € Dy. And we choose r large
enough so that mgo0q > 0.

and r will be determined in the follow-

2.3. Definition. Given a dyadic cube I, we set W; to be the maximal dyadic cubes
K C I such that 27¢(K) < ¢(I) and dist(K,0I) > ((K)V((I)'
2.4. Proposition. The following statements hold.

(1) For any good J € I, there is a cube K € W; which contains J;
(2) For any C > 0, provided r is sufficiently large, depending upon ~, there holds

Z lex S 1r

Kewy
Here, J € I means that J C [ and 27¢(J) < ¢(I); in words, J is strongly contained in I.
2.5. The Pivotal Condition. The pivotal constant &2 is the smallest constant in

the following inequality. For any cube I°, and any partition of I° into dyadic cubes
{I;;j € N}, there holds

(2.1) > PalK 1p00)*w(K) < P20(1°),

JEN KEW[j

_ ()"
Pall, f) = / T + dist(z, Ty @)

To estimate the best constants, we give the following Proposition.

2.6. Proposition. The A condition ([1.2)) and testing condition (1.5 imply the finite-
ness of the pivotal constant &2. In particular, there holds & < % + £.

where Poisson term

Proof We follow the strategy used in [5]. Taking the large enough constant C in Propo-
sition such that § > n( ) The As condition and Proposition [2.4] give that

YN PulK Lexo)w(E) S a2y > o(CK) < do(1°).

jEN Kewy, JEN Kewy,

Thus, it is enough to treat the Poisson terms Py (K, 1j0\cx0).
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It is easy to verify

7) (K 1IO\CKJ) < t at (1[O\CKU)(y,t), for any y S K, t~ g(K)

Therefore,

wdxdt
K, 1 —_— P10 t)[? dy.
Pk tmene ()5 [ f] () IV R Gmene) . 0

Since we have

>y //W ) Ve DRy

JEN Kew
t nA wdxdt
= Y VP (1 oo)(y,t)|2 dy
%KEZW /n//‘;VK <t+|l‘—y|> t I tn_l
dxdt
Pe(1 2 W
/n/jo t—|—|x—y| |V ( IDU)(% )| 1
< %2

and

2 2 ///W t+|f—y|) AWP?(lCKU)(y?f)lzﬁigffltdy

jEN Kewy,

S S I O I 2

jeN KGW
<A Y oCK
JjEN KGW[j
S #o(lV),

the desired estimate follows immediately.

3. THE PROBABILISTIC REDUCTION

Our next task is to simplify the proof of sufficiency. The probabilistic techniques we
will use are taken from [2]. We here need some fundamental tools, including the random
dyadic grids, the probabilistic good/bad decompositions, and the martingale difference
expansions, which can be found in [2] 5] 6], and essentially goes back to [I1].

3.1. The Generalized Result. In order to prove the main theorem, it is enough to
show the following generalized result.

(3.1) inlf O oy S (S + B 120

i@ = ([[ (=) e 155 ) )

Uy(z) = 7 (F) and ¥ satisfies the following conditions:

where
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(1) [(@)] S (1+ [af)
(2) (o)~ o(w)] < o — ylo(1 + faf)

A particular case of the above function class was introduced by Wilson [I5, p. 114].
However, we do not need the cancelation property of ¢ in this paper.

3.2. Averaging over Good Whitney Regions. Let f € L*(s). For R € D, let
Wr =R x ({(R)/2,((R)] be the associated Whitney region. Note that the position and
goodness of R+ are independent (see [2]). Therefore, one can write

93 )2
dydt

/R" //RWH t+ |y |¢t «(f-o)(z - wﬁmwd:ﬂ
= [ [ y>|2<tf|y|>mf_3wdx%
=Es ) //W Nex(f o)~ y)|2<t +t|y|>m%wdx%

ReDo R1p
o 2 EolLomi RHO)E; //W [ )= () e T
W;odZEﬁ(goode //W o P() Rty )
- ¥ [ [ oo - P () e

ReDgoo

With the monotone convergence theorem, it suffices to show that there exists a con-
stant C > 0 such that for any s € N, we have

(L Py
L[ toe - () Bt < cteh+ 2P

REquod
28 25]71
2 s <Z(R)<2g

3.3. The Final Reduction. In order to get the further reduction, we introduce the
martingale difference decomposition. Define

= ﬁ/@fda,

assuming that o(Q) > 0, otherwise set it to be zero. For the martingale differences,

AQf = > (B f—-Eyf)1g.
Q'€ch(Q)
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For fixed s € N, by Lebesgue differentiation theorem, we can write

SN+ D (BYLg

QeD QeD
(Q)=<2® {(Q)=2°

Since {Af f }gep is a family of orthogonal, we have

HfH;(a) - Z HA fHLQ(a + Z EUQf)lQH;(U)

QeD QeD
2(Q)<2* 0(Q)=2°

Now we claim that we can assume that f is compactly supported, say supp f C Q.
Let .Z denote the subspace of L?(¢) which has compact support. We shall show that

(3.2) H = ]scup ||g§(fa)||Lz(w) < 00.

HfHL2<g)

Indeed, if (3.2)) is proved, then for any f € L?*(0) and € > 0, there exists some cube Q
such that

If — fxollz2e) < el fllzz@),

For simplicity, set g := f — fxg. Then we have

t Mdy dt
2
d _
//WR/ [ ) <1ﬁ+|y!> o

REDQOOd
[—23 28]
5<£(R)<25
t nA dy dt
JI [ s e o =P (5) was
Repgood Wgr JR? Y
RC[—2% 25]"
275 <I(R)<2°
t nA dy dt
I st e =P ()" Swds
Repgood Wr JR? Y

928 23]n
2 S<£(R)<23

Substitute with

(Q)”

0= @)+ aist(, Qe o vie

in (3.2)) and using similar arguments as that in [5], we get

Q> o
// (0(Q) + dist(z, Q) )2(n+a) do(2)w(Q) S A~ + oy .
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Then by letting @)’ increase to R™, we know that (3.2]) and the A, condition imply the
Poisson type A, condition. Therefore,

t nA dy dt

~wdr =

//WR/R”'% il G By
t /\dy dt
7 r—y—)|3 wdr—
Il ) /Rnngnmuwx v =M (777) orode

(R :
< G [ raa e @l

< Cu( A7 + )| fll o)

Then by taking sufficiently large cube @ such that 22s+2"C, (J#2 + o/?)e? < #2. We
finally get

Z //W |1 * )(x—y)|2<t+t’y‘>”>\;lg d:vﬂ < 4R ||f||L20')7

REDgood
RC[—2% 25]"
2—“<£(R)<29

IN

which means that we reduce the problem to prove (3.2)). Then by repeating the previous
arguments, we further reduce the problem to estimate

S e oot ) et

RGDgood
RC[—25,25]"
27S<U(R )<25

where f has compact support. Assume that supp f C [—23',251]". Without loss of
generality, we can assume that s > s’ + 1. Then it suffices to estimate

t nA dy dt
1_ S— S— n * - 2 —_— d —_—
E //W - e % (fLgs-1 ps-1)n - o) (2 — y)| <t+|y]> WAL

ReDgood
—92s zs]n
2—9<Z(R)<29

Denote .Z, the subspace of .# which supported in [—2571 25717,

Hi= sup Y // | Wx (o) y)|2<t+t‘y|>")\;i_gwd$%

RED good
||f||L2(o') 1 RC[ 25 23]71
2-5<O(R)<2°

Similar arguments as the previous show that

//W R 'wt*(f'“)(”“‘y>'2(t+t|y|>mff wis

f(R)Qa
Co /mwzw (0(R) T dist(z, R)yzesa 20 GBS Iz20)

< 22"Cody || 1220,
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which means that 7, < 24s+2nC 72 < co. Using the martingale decomposition, we

can write
> Nof
QeD
HQ)<2®
when £(Q) = 2°, AZ should be understood as Eg. Denote

fgood = Z Aon

QEDgood
{(Q)<2°

Again, we can set g := f — fgooa. For any € > 0, choosing r sufficiently large such that
1]l 22(0) < €, see [3]. Then we have

t ”/\dy dt
A< sup I s G 01 = P () s
fez RGD . Wg JR? + [yl
”f”Lp(a) 1 RC[ 25;0;8”
2-s<U(R )<2S

+ 26191172 (o)

By taking ¢ = 1/2, (which means that r is independent of s) we reduce the problem to
prove

t nA d dt
Z // / 2, U(Bgfo)(e- y)‘ (rM) t—,szdeS(%ﬁ@)szH;(U).
ReDgoo " QeDgood
R)<2s Q)<2°®

4. SOME LEMMAS AND ELEMENTARY ESTIMATES

To prove the boundedness of g5(-0) from L*(c) to L?*(w), we here present some crucial
estimates and lemmas.

4.1. Elementary Estimate 1. Let 0 < a < n(A—2)/2. For given cubes @, R € D and
(x,t) € Wg, we have the following estimate

(1)
. 2t P\ U@,
([ wor@enae-nf (550" %) S g e 180 e

Proof. By the size condition, we obtain
tOé
ALSf) - —y)| < AL f(2)|d :
[+ (A0 )a =) S | AR (o ()

Since z € Q and z € R, |z — z| > d(Q, R).
If ly| < 1d(Q, R), then |z —y — 2| > |z — 2| — |y| > 3d(Q, R). Thus,

((R)~
604 (800)(e = DI S oo 188 e
((R)°

Q)2
= @+ g my @18 o
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and

(A7 oY — (L) o _dRe@
(s @m0 () )% i a1 o

If ly| > 1d(Q, R), then
( t_)ml <t
t+lyl/ n ™ (((R) +d(Q, R))™
Hence, by Young’s inequality, it yields that

£ \mhdy 1/2
ok (A7 — 2 -
(/y|>éd(Q,R) 9> (80 S)o)z ~u)l <t+ \y!> t")

((R)% % A P
: (U(R) +d(Q, R))% ”wt ((Agf)a)( )HL2(Rn)
((R)% 5 )
0+ aq )= Pl 1865
< UR)5 5% @A o
(U(R) + d( ,R))T
< (R)z~ 1/2||A fH 2
(¢(R) +4d(Q, R))* L2
U(R)> o
= (E(R)er(Q,R))ma 18271120

where we have used the condition 0 < o < n(\ —2)/2 in the last step.
This completes the proof of (4.1)). O

4.2. Elementary Estimate 2. Let 0 < a < n(A — 2)/2. Assume that @), R € D are
given cubes with ¢(Q) < ¢(R), £(Q) < 2° and (z,t) € Wg. Then we have the following
estimate

(4.2)

, t n\ dy 1/2 g(@)a/2€(R>a/2 O’(Q)l/2 U
( - |1y * (AQf o)(r — y)|2<r|y‘> t_") S (U(R) + d(Q, R))"+a ||AQfHL2(a)

Proof. Let zg be the center of (). By the cancellation condition fQ A% fodz = 0,we have
bex (AQf -o)(z —y) = /Q(iﬂt(x —y—z) = th(x —y — 20)) A% f (2)do(2).

Since |z — zg| < ‘/TEE(Q) < ‘/TEK(R) < ‘/TEt < \/TEE(R), we have

|2 — zql U(Q)2e(R)~?
[e(x —y —2) =z —y — 2¢)| £ (t+ |z —y — z|)*e < (t+ |z —y — 2t

Making use the similar arguments as in the preceding subsection, we will obtain the

inequality (4.2)).




12 MINGMING CAO, KANGWEI LI, AND QINGYING XUE

4.3. Some Lemmas. For the sake of talking convenience, we here present two key
lemmas, which will be used later.

Lemma 4.1 ([5]). Let
U(Q)2U(R)*
D(Q)R)n+a

where the long distance D(Q, R) = ((Q) + ((R) + d(Q,R), Q,R € D and o > 0. Then
for any xq,yr > 0, we have the following estimate

2
2 2 2
(> Agnroyn) o8> ahx 3 vk
Q,ReD QeD ReD

Lemma 4.2. Let 0 < a<n(\—2)/2. Given three cubes R C K C S, and function f
satisfies supp(f) NS = 0. If dist(R,0K) > ({(R)"(K)'™, then there holds

an [ [ /WR (oo Puds () " < ((00) Pl o ()

Proof. First, we shall prove, for any z € S,
U(R)~ < [K(R)}Q/Z K(‘K)a ‘
(¢(R) + dist(z, R))»te — LU(K) (U(K) + dist(z, K))te
In fact, since dist(z, R) > dist(z, K) + dist(R, 0K ), we have
((R)" _ <£(R) >a ((K)"
(((R) + dist(z, R))"+ UK)) (L(R)+ dist(z, R))"
_ ( ) (n+a) 0K~
~ \U(K) (U(K) + dist(z, K)o’
Secondly, we turn to the estimate of . Decompose

(oo ( )

t+yl/

2 t n)\dy
= /” (Z:yﬁédist(z,R) W}t(x T Z)||f(2)|d0-(2)) <t + |y|> t_n

2 t nA dy

o —y— d a

* /" (/z:|y|>;dist(z,R) |¢ (x Y Z)||f(2)| U(Z>) <t + |y’> tr
= 51 + (92.

For (z,t) € Wg, and z ¢ S, we have

t U(R)~
— oy — < < .
ey S ey S R ey
If |y| < idist(z,R), |t —y — 2| > |v — 2| — |y| > Ldist(z, R). Then by (4.4)
2 2

{(R)" (aR) )“/2 ((K)"
(L(R) + dist(z, R))"te ~ \U(K) (U(K) + dist(z, K)o’

Agr = o(Q)*w(R)"2,

(4.4)

((R)

[Yi(r —y —2)| S
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Hence,
55 (i) L (L a9 (55) "
< () Pt 1107

If |y| > Ldist(z, R), the inequality (4.4) and Young’s inequality imply that

52<tn/ (/|y> ist(o,R) Welz —y == )|(€(R) i(];);j(zn}z))%' (Z)|d0(z)>2dy
<o [ ([ Wty g @) dy
<o) L. ( e~ ey a0 @
< (g1i5) I [, (g(KHg?(Z,K)WIf SE)

< (i) ot

Consequently, the inequality (4.3)) is concluded from the above estimates. O

5. THE SUFFICIENCY IN THE MAIN THEOREM

In this section, we undertake to prove the sufficiency. We shall divide the collection
{Q;Q € Dyooa, £(Q) < 2°} into the following four parts. The last one is the core and
quite complicated.

5.1. The Case ((Q) < ¢(R). In this case, we must have £(Q) < 2°. It follows from (|4.2)
and Lemma [£.]] that

Z///n

> w855 o)) () s

RGDQOO QEquod t + ‘y’ tn t
R)<2° ©Q)<(R)
ni 1/272
Z Wt (ALf o) (z —y)|? ! &y wdxﬁ
¢ t+yl) t
ReDgoed Wr QGDgood y
R)<2$ Q <f R)
' HQUPURS T o ] i
AL f wdx—
RGZ)ZgOod //W erzgogd (U(R) + d(Q, R))n+a ” HL2 ;
tR)<2® ¢Q)<A(R)

S (X Al S,

ReDgood QEDgood
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5.2. The Case ¢(Q) > ((R) and d(Q, R) > ¢{(R)"((Q)'~7. We claim that there holds

in this case

UR)" = UQ)MU(R)~
(((R) +d(Q, R))+ ™ D(Q, Ry

Indeed, if ¢(Q) < d(Q, R), it is obvious that

(5.1)

((R)" o URT QPR
(U(R) 4+ d(Q, R))"+e ~ D(Q, R)»~ = D(Q, R)n+e

If £(Q) > d(Q, R), then D(Q, R) ~ £(Q). Using d(Q, R) > ¢{(R)"¢(Q)*" and v =

_a
2(n+a)’
we obtain

1 - (42 urre@- < (f2) ae.m,

(1)
and
(RS HRE_HQPRURYE Q)RR
(U(R) + d(Q, R))™t> = d(Q, R)~t> = {(Q)"+ D(Q, R)te

Then Lemma and the inequalities (4.1]), (5.1) give that

2 // L brx (Aof o)z - y)’2<t+t|y|>m%wdx%

ReDgoo Qquoodz >e()
R)<2° d(Q,R)>L(R) Q)

<ML S R e

REDgood B QGDgood:Z(Q)Zi(R)
{(R)<2° d(Q,R)>L(R)V£(Q)1~7

[ ((R)" 172 2 dt
N Z //WR Z (g(R)+d(Q7R))n+a 2||ag f”Lz( ] wdfb’7

REDgood B QGDgood:Z(Q)Zi(R)
UR)<2° d(Q,R)>((R)7((Q)*

<Y (X Aot )Zs@w;@

REDgood ergoad

and d(Q,R) < ({(R)"/(Q)'~7. In this case, it is

5.3. The Case ((R) < /(Q) < 2"((R)
¢(R). Thus

trivial that D(Q, R) ~ £(Q) ~

E(CQ)Q/ZE(]%)Q/Q
T D@R)e
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Then proceeding as we did in the previous subsection, we obtain that

2( t >Mdy ddt

Z AT f - — I T ) at
n // / vex (o] o)l —y) t+ )
EDgoo ﬂ(R)<E<Q)<w<R)
R)<2 d(Q,R)<L(R)£(Q)'—
§ (R)" 1/2 ? dt
n aa HA f||L2¢7 wda:—
Repgood //‘/V |: <Z <27‘g(R) Ce(R) + d<Q7 R)) + )
R)<2 d(Q R <z (R)70(Q)—

S %zllfllm(a)

5.4. The Case /(Q) > 2"/(R) and d(Q, R) < {(R)"¢(Q)'7. Recall R% is the k gen-
erations older dyadic ancestor of R. In this case, since R is good, it must actually have
R C @. That is, @) is the ancestor of R. Then we can write

2( t )M@ ddt

E * (AL f - — -
R // / vexBof -o)e =) (1) vty
EDgood >2Tf (R)

R)<os QR)<@(RW( )i

s—logy 4(R)

//WR/ 2 e B o)l y)’2<t+t|y|>mi_gwdx%

ReDgood k=r+1
<23 r—1
s—log, ¢( 2
// / Z wt 1R(k)\R(k*1)AR(k)f)a>($_y) (t+| |> t—nwdx
Revgood Wr IR e y
<25 r—1
5— 10g2 2
o t \"dy dt
> /] S (e S ) =) (7)) Grwee
REDgo0d Wr JR™ © gy Y
R)<2$ r—1
=J+ K.

Fix the summing variable £ > r + 1. Then, the inequality @ implies that
Yy * 1R K\R(k— 1)AR<k>f) )(
REquod

// /n )‘< t )nA@ ddt
L(R)<2s— 1 h

t+ 1yl t
S27ke Z Pa( , |AR(k)f|0) w(R)

waxr
tn t
ReDgood

L(R)<25— 1
e o I) —ka
2 k Z”A f”Lz (o) ’I‘ |I‘ N2 ’ %QHinQ(U)’

where we reindexed the sum over R above. By the geometric decay in k, we deduce

J S %QHinQ(U)
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It remains only to analyze the contribution made to K by the term(A% ) f)1zw-1).
Our goal is to prove

(5.2) K S (4 B 20y

To finish this, we here need an extra concept : Stopping cubes. For more applications
and consequences associated with stopping cubes, we refer readers to the works [3] ,[4],
[9]. The following argument is essentially taken from [5].

Stopping Cubes. We make the following construction of stopping cubes S. Set Sy to
be all the maximal dyadic children of ()y, which are in Dy. Then set 7(S) = EZf, for
S € 8. In the recursive step, assuming that Sy, is constructed, for S € Sk, set chg(S) to
be the maximal subcubes I C S, I € Dy, such that either

(a) E7f > 27(5);
(b) The first condition fails, and - .y, Pa(K, 150)*w(K) > Co %0 (I).

Then, define Sy := USeSk chs(5), and for any S e chs(95)

7(S) otherwise .

) = { EZIfl  EZlf| > 2n(S),

Finally, S := [, Sk. Note that £(S) < 277"14(S) for all S € chg(S). In particular, it
follows that

(5.3) SW ¢ K, for some K € Wg.

This holds since SO is good, and strongly contained in 9, so that Proposition gives

the implication above.

Some Notations . For any dyadic cube I, S(I) will denote its father in S, the minimal

cube in S that contains it. Note that there maybe the case S(I) = I. For any stopping

cube S, .7 (S) will denote its father in the stopping tree, inductively, F*+1S = .7 (F#*8S).
The construction enjoys the following properties.

Lemma 5.1 ([9]). The following statements hold.
(i) For all cubes I, |E7f| < 7(S(1)).
(ii) The quasi-orthogonality bound holds :
2
(5.4) S (920(8) S ]

Ses

Applying the tool of stopping cubes, we can make the following decomposition.
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s—logy {(R)
Y (B A% Nlge-n
k=r+1
oo s—logy £(
(55> o Z Z S(R(M)CS(R(F~ 1))(E;(kfl)A;(k)f)1E9‘77LS(R(7‘))\Eg‘m—IS(R(r))
m=1 k=r+1
s—log, 4(R) s—log, £(R)
+ Z (EUR<k71)A7{(k)f)1s(R(r)) — Z <E(Ig<k*1)A%(k)f)lS(R(k—l))\R(k—l).
k=r+1 k—rt1

Now, we are in the position to consider the contribution of K, which is defined in the
beginning of Section 5.4. Recall that

s—logy £(

2 t nA dy dt
1 A%, — _ —= —.
K= //W/ Z e (Lo A2 o)z 0| ()" o

REquod k=r+1
<25 r—1

Thus, K is bounded by corresponding three parts, which are written as Kqio, Kpar, and
Klroc, respectively. We next shall estimate each one successively.

e The Global Part. First, we analyze the first term on the right of (5.5)), It is worth
noting that reindexing the corresponding sum is crucial to our estimates. To do this, we
here borrow an idea from [5].

Fix a stopping cube S and integer m. Note that for a choice of constant |c| < 1, there
holds

s—log, 4(R)

(5.6) > Lemscsne-)Efu-nA%w llenggnis = ¢ T(F"S)1zng gn-s.
k=r+1

Note that the restriction is on S(R*~1) above. We are going to reindex the sum above.
Consider S € S, and split integer m = p + ¢, where p = [m/2]. Consider the sub-
partition of S given by P(m, S) = {S €S FrsS = S} Now, for stopping cube S with
F41S = S, and good R € S, we have R C K for some K € W , where S € P(m, S).

Note that we have R ¢ K C 5. Tt follows from the goodness of R that he assumption of
of Lemma holds for these three intervals. The above argument is saying that

J rc U U U=r

R:good7R§S SGP (m S) KEW R:RCK
Fa5=9
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For each S € S, using 1' to bound the sum over martingale differences, 1} and
pivotal condition, we obtain
k=r+1

//VVVR /n
ScS(R(E=1))

< t )W wdxdt
ity Y

S IR D Dl B e R O =

SeP(m,S) KEWg R:REK

2% Y PuK, 01y Y [%rw(}z)

SeP(m,5) KeWg R:ReK

S8 Y ) Pa(K, 1) w(K)

SeP(m,S) KeWyg
<272 (o + B)27(5)%0(9).

s—logy £(

Z ]ER(k nA%w [ * (Ulé\ymfls)(f—y)

’2

R:FmS( <T>) g

In the last step, we used Lemma . The sum over S € S is controlled by the quasi-
orthogonality bound ([5.4)).

Let us next explain how to obtain the geometric factor. We can assume that g > 2.
Now, S(R) = S and .#1S = S. Write the stopping cubes between S and S as

RCS=85C8C---CS,:=5, S,€8, 1<t<q

Observing {} we have S,_; C K, for K € Wg as above. Then, we have ((R) <
279T1Y(K). Since q ~ m/2, we obtain the geometric decay in m above.

e The Paraproduct Estimate. Next, we bound the second term on the right of
(5.5). It is worth noting that the sum over the martingale differences is controlled by
the stopping value 7(.S). That is,

s—logy ¢(R)

Z ]Eiz(k—nAE(k)f‘ = |E%o f| S 7(S

k=r+1

Therefore, for fixed S € S, an application of testing condition (|1.5)) gives that

s—logq £(
RK(R)<2S r—1

2 t n/\dy dt
1 wdr—
//WR/“ Z ¢t yAfw [ ols)(z y)’ (t—|—|y|> AT
S(R(M)=

5y / [0 o196 =P () et < (o),

t+lyl

And the quasi-orthogonality bound controls the sum over S .
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e The Local Bound. Finally, let us estimate the third term on the right in (5.5). We
will see that he stopping rule on the pivotal condition is now essential. Fix an S € S,
and fix a k > r. In addition, fix a (good) cube R which intersects S, and child R of R.

Recall the construction of the stopping cubes. Since S(R) = S, this means that the

cube R must fail the conditions of the stopping cube construction, in particular it must
fail the pivotal stopping condition. Thus, by (4.3)), for any K € W;,

t n)\dy dt e
Z //W /n |¢t*(1S(R)\R)(x_y>‘2<t+ \y]> t_nwdm? < 97k2p (K. o16)2w(K).
R:S(R)=S R

RE-D=R RCK

Furthermore, since R is not a stopping cube,

o Ao t \"dy dt
N S B e R e
RiS(2)=s " 7 Wr /R

Rkk*U:R
S 2702 (ofy + B EGLAL f[Po(R).

It is clear that we can sum over the various fixed quantities to complete the proof in this
case.

So far, we have proved . Consequently, we complete the proof of sufficiency in
Theorem [1.1]

g
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