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1 Derivation of the function p used in MAIA and e-MAIA algo-
rithms

In order to derive integrators with optimal conservation properties, we adopt a strategy similar to
the one proposed in ref 1, namely to find the parameters of integrators that minimize the expected
value of the energy error. In the present study, the energy error resulting from numerical integration
is in terms of the modified Hamiltonian and the expected value is taken with respect to the modified
density

#(a,p) o< exp (~#AM(q, p)).

As in the case when considering the error in the true Hamiltonian,” one may prove that the
expected error in the modified Hamiltonian E[AH [4]] is also positive. Our objective is, therefore, to
find a function p(h,b) that upperbounds E[AHM)], i.e.,

1

0 < E[AAM] < ;p(h, b),

where b is the parameter of the two-stage integrators family

YAt = Ghac © DRez © D—anyar © PAr/a © Poar- (S1)
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Such family is defined in terms of solution flows of the equations of motion®

¢i'(a,p) = (a,p — tVU(q)) (S2)

and
¢7(a,p) = (q+tM 'p,p). (S3)

We consider the one-dimensional harmonic oscillator with potential U(q) = (k/2)¢> (k > 0 a
constant) and mass M, whose equations of motion are
dg _p

dp

Using a linear change of variables ¢ = Vkq,p = p/vM and denoting the non-dimensional time step
as h = wAt, where w = \/k/M, lead to the dynamics

dg _ o b _

dt = wp, dt = —wqg, (85)

with Hamiltonian ) )
H(G.5) = —52 + —¢2
(@.p) = 5P + 54

and the fourth order modified Hamiltonian for integrators of the family eq S1

1., 1. ) )
a(q,p) = 5292 + §q2 + h2Np? + h2ug’. (S6)

The numerical integration of the system eq S5 in the new variables g, p is equivalent to the application
of the above change of variables to the numerical solution ¢, p obtained by integration of the system
eq S4.

In order to find the error in the modified Hamiltonian after L integration steps of the dynamics
eq S5 with a time step h, i.e.,

AFY = F9W, (3, 5)) — A9 (G ). (57)

we first find the numerical solution to the dynamics eq S5 for a single time step (Gn+1,DPnt1) =
Ui (Gn, Pr). In matrix form this is given by

Gn+1 v dn v Ah Bh
- =My |Z My, =
|}%+1] " L?n] ’ " [Ch Ah] ’
where the coefficients Ay, By, C}, depend on the integrator. After L integration steps the state of the
system (qr,pr) = ¥p,1(q, p) is given by

| _ v, |4 L |4
{]-sspnf]-f)

For the two-stage family of integrators the matrix M), can be calculated as

Mh:B(b)-A(D-B(1—2b)-A<;)-B(b),

o[y %) s[4
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correspond to the flows (ﬁ,‘_? and gbf, respectively (eqs S2 and S3). The resulting entries of M, are

h* h?
A, = —b(1 — - —
h 4b(l 2b) 2+1
h3
h5
Cn = —Zb2(1—2b)+h36(1—b)—h.

It is well known that if time step h is such that |A;| < 1 the integration is stable.?3 In that case
one may define variables
(y, := arccos Ay, Xh := Bp/sin(p,

for which the one-step and L-steps integration matrices M), and M. ,’L:, respectively, are

M, = cos(Cr) Xn sin(Cp)
" tsin(Gh)  cos(Cn)
and
oL _ | cos(L¢n)  xasin(LGp)
M= [—xhl sin(L¢p)  cos(L(p) ] - (S10)

In order to calculate the expected value of the error eq S7 we follow ideas from the proof of
Proposition 3 in ref 1 and denote

¢ = cos(Lep),
s = sin(L¢p),
S, = 1+42h%u,
So = 1+2h3\.

Substituting eqs S6, S10 and S8 into eq S7 leads to
Fr[d 2 1 2
2AHM = Sy (cq+ xnsD)* + Sa (—qu + cp) — S1G% — Sop”
h
2 [ 1 2 2(.2 ) Ly
= 5| 58-S |q¢ +s (XhSI - 52) P~ + 2sc | Sixn — S2— ) ap-
Xh Xh

Since the expectations are taken with respect to the modified density 7,

L1 1

]:E = — E D> - 54 ]:E qp) =
[¢°] 55, (7] 55, [gp] = 0,
it follows that 1 19 S
E[AHY] = Z52 (522 4+ 32 -
[ ] BS ( ]21 | Xh SQ )

The last expression can be simplified by defining

- S1
X%L = X%;,S* = X%&
2

to obtain .
E[AE[M]] = BSQIO(ha b)7
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where

s (SBa+Ch)

1 1
hb)==(vp——) =~ — 11
p( ) ) Q(Xh >~Ch> 25(1—14}21) (S )
and
S_1+2h2u
14 2R2N

We note that the conditions for stable integration and positivity of p(h,b) are that |Ap| < 1 and
S > 0. For the two-stage integrators and the fourth order modified Hamiltonian this is equivalent to
the following conditions

1
h < 4/12/(1 — 6b) forb<6,
1
h > 4/12/(1 — 6b) forb>6,

0< h < min{\/2>/b, \/M},

which are always satisfied for b € (0, 3).
Finally, by substituting eq S9 into eq S11 we obtain the expression

B (b(12 +4b(6b — 5) + b(1 + 4b(3b — 2))h?) — 2)2
2 —bh?) (4 + (20 — 1)A2) (2 + b(2b — 1)h2) (12 + (6b — 1)h2) (6 + (1L + 6(b — 1)b)h2)’

p(h,b) = 1 (512)

which bounds the expected error in the modified Hamiltonian. This function is then used within
an optimization routine to find the value b that provides the optimal conservation of the modified
Hamiltonian for a specific system.
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2 Flowchart of MAIA and e-MAIA algorithms
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Figure S1: Flowchart of the Modified Adaptive Integration Approach (MAIA) and the extended
MATIA (e-MAIA) as implemented in MultiHMC-GROMACS. The references (15)-(16) and (23)-(25)
correspond to the equations in the paper.
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3 Validation of the chosen simulation length for the villin bench-

mark
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Figure S2: Evolution with time of the relative radii of gyration (RG) observed for each simulation
method with respect to the RG found in MD simulations. The dashed lines represent the RG at half
of the simulation time (2.5 ns) whereas the solid lines are used for the full simulations of 5 ns. The
efficiency of GSHMC with e-MAIA, relative to MD, expressend in terms of radii of gyration, increases
with simulation time. This suggests that simulations longer than those presented in this study are at
least as favorable to the proposed algorithms as we claim; they may be even more favorable as the
simulations become longer.
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