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Abstract

We prove global Lorentz estimates for variable power of the gradient of weak solution to linear
elliptic obstacle problems with small partially BMO coefficients over a bounded nonsmooth domain.
Here, we assume that the leading coefficients are measurable in one variable and have small BMO semi-
norms in the other variables, variable exponents p(x) satisfy log-Holder continuity, and the boundary of
domains are so-called Reifenberg flat. This is a natural outgrowth of the classical Calder6n-Zygmund
estimates to a variable power of the gradient of weak solutions in the scale of Lorentz spaces for such
variational inequalities beyond the Lipschitz domain.
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1 Introduction

The main purpose of this present article is to attain a possibility of global estimates of variable exponent
power of the gradient in the framework of the Lorentz spaces to weak solutions for the following variational
inequalities. Let Q be a bounded domain in R? for d > 2, with its rough boundary dQ beyond the Lipschitz
category specified later. For given i obstacle function with

yeW(Q) and ¥ <0 ae. on dQ,
we define the admissible set A by
A={pe WX Q) :¢2yae inQ).

Note that A is nonempty due to y* € A. Here we are interested in the elliptic obstacle problems by
minimizing the energy functional Ju] = fQ(A(x)Vu - Vu + f - Vu)dx in the Sobolev spaces u € Wé’z(Q)
satisfying the admissible condition u € A. This leads to the following variational inequalities in the weak
sense that for the functions u € Wé’z(Q) lying in A such that

fA(x) Du - D(¢ — u)dx > f f-D(¢p—u)dx forall ¢eA, (1.1)
o) o)
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where the coefficient A(x) is an d X d matrix satisfying uniform ellipticity, and the nonhomogeneous term
f € L2(Q,R%). Such function u € A is called a weak solution if it satisfies the variational inequalities (1.1).
In the context, we mainly focus on the Calderén-Zygmund type estimates of |Du|"® in the scale of Lorentz
spaces L9 to weak solutions of variational inequalities (1.1) by imposing optimal regular conditions on
the leading coeflicients A(x) and the boundary of domains d€2, which implies that

|D,70|l7(x), |f|P(X) c L(%tI)(Q) — |Du|p(x) c L(%q)(Q) (1.2)

for every real valued function p(x) with locally log-Hélder continuity in €, y € [1, 00) and g € (0, oo].

An optimal regularity is always important for mathematics and physics in the classical functional frame
with minimal regular given datum, for example, in the Lebesgue spaces L? and Sobolev spaces W' with p
as a fixed constant in (1, c0). In recent decades, many extensive researches have been made in the field of the
variable exponent Lebesgue and Sobolev spaces, LPO) and W5PO) with k > 1 (cf. [4, 10, 12, 16]), since the
pioneering work of Zhikov in [35]. Indeed, for some materials with inhomogeneities such as electrorheo-
logical fluids, this is not enough for energy with constant exponent, but rather the exponent p should be able
to vary. These variable exponent Lebesgue, Sobolev and Lorentz spaces rather than the classical Sobolev
spaces and Lorentz spaces are involved in the area of non-Newtonian fluids, as the underlying integral ener-
gy is naturally arising in the modelling of electrorheological fluids [28]. The other areas of the application
of variable exponent spaces include elastic mechanics [35], porous medium [5], and image restoration [14].
Generally speaking, various physical phenomena with strong anisotropy are well described by the variable
exponent spaces. This leads us to the study of partial differential equations in the setting of variable exponent
Lebesgue, Sobolev and Lorentz spaces.

Nowadays the classical Calder6n-Zygmund theory with constant exponent for elliptic obstacle problems
has been widely studied, for instance, we can refer to Byun et al’s papers [8, 9] and the references therein
for the global L? regularity to various irregular obstacle problems over a nonsmooth domain. Furthermore,
Lorentz spaces are a two-parameter scale of spaces which refine Lebesgue spaces (cf. [27]) and there is a
large of literature on the topic of Lorentz regularity, see [3, 6, 7, 25, 34, 32, 33]. Baroni [6, 7] obtained
Lorentz estimates for evolutionary p-Laplacian systems and obstacle parabolic p-Laplacian respectively,
by using the large-M-inequality principle introduced by Acerbi-Mingione [2]. Meanwhile, Mengesha-Phuc
[25] established the gradient estimates in weighted Lorentz spaces for quasilinear p-Laplacian based on a
rather different geometrical approach. Later, Zhang-Zhou [34] extended the result of [25] to the quasilinear
elliptic p(x)-Laplacian equations also using a geometrical argument, Adimurthil-Phuc [3] proved that global
Lorentz and Lorentz-Morrey estimates below the natural exponent for quasilinear equations, and Zhang-
Zheng [32, 33] studied with Lorentz estimates for fully nonlinear parabolic and elliptic equations with small
BMO nonlinearities, and weighted Lorentz estimates of the Hessian of strong solution for nondivergence
linear elliptic equations with partially BMO coefficients. Our aim of this paper is inspired by two aspects.
One is that recently more attention has been paid to a systematic study on the regularity estimates in the
variable exponent Sobolev spaces for divergence and non-divergence elliptic problems, see [10, 11]. Another
is that the new definition is available to our aim for Lorentz spaces with variable exponent powers proposed
by Kempka-Vybiral in [21].

Motivated by these recent papers above-mentioned, we are interested in minimizing regular requirements
to the variational inequalities (1.1) imposed on the coefficients and the boundary of domain, under which
the gradient of the weak solution is integrable as the nonhomogeneous term and the gradient of the obstacle
functions in the setting of the generalized Lorentz spaces with variable exponent powers p(x). Our investiga-
tion is to attain an optimal natural extension of such elliptic variational inequalities (1.1) from L”-regularity
or L'P9-regularity with constant exponents to the setting of variable exponents. It is an obvious observation
that a uniformly ellipticity on the coefficients is not enough to ensure the kind of regularity we mentioned
above. To this end, it is necessary to impose some suitable minimal regular assumptions on the coefficients



A(x) and geometric restriction on the boundary of the domain under the assumption that the given variable
exponent p(x) has log-Holder continuity. A recent notable achievement is that Kim-Krylov [22] recently
got a unified approach to consider the L? solvability to linear elliptic and parabolic problems with partially
VMO coeflicients. Later, these results were generalized to divergence form linear elliptic and parabolic
equations/systems with (variably) partially BMO/VMO coeflicients by Dong and Kim [17, 18, 19]. Also,
Byun et al in [9] attained a global Calder6n-Zygmund estimate to linear elliptic obstacle problems with small
partially BMO coefficients over the nonsmooth domain by way of rather different geometrical approaches.
More precisely, in this article we consider the variational inequalities (1.1) over the Reifenberg flat domain
with the leading coefficients being only measurable in one variable, which allow this way quite arbitrary
discontinuities in that direction, while being small BMO with respect to the remaining (d — 1)-variables. In
fact, this is a typical situation closely related to the equation of linear elastic laminates [15] and composite
materials [24] which have been widely applied to various fields. In addition, we suppose that the boundary
of non-smooth domain is flat in the sense of Reifenberg introduced in [29], which is well approximated by
the two hyperplanes at each point at each scale. As we know, the class of Reifenberg flat domain contains
the domains with rough fractal boundaries. To the best knowledge of the authors of this paper, this is the first
time to consider the regularity in the category of the Lorentz spaces with variable exponents for the weak
solution of variational inequalities (1.1) under the minimal regular assumptions on the leading coefficients
and the boundary of domain. We would like to mention that if the leading coefficients A(x) are only mea-
surable, then there could not exist a unique solution to linear elliptic problems even in a very generalized
sense. In 1963, Meyers’ counterexample in [26] demonstrates, the gradient of weak solutions to elliptic
equations corresponding to highly oscillatory coefficients cannot be expected to have higher integrability
irrespective of the regularity of the data f(x). Therefore, requiring the coefficients to satisfy small partially
BMO condition not only is necessary to achieve higher integrability, but also is the weakest conditions so
far even in the Lebesgue spaces LP with constant exponents.

Note that the variational inequalities (1.1) are concerned with the Lorentz space with the variable expo-
nent powers p(x) of the gradient of weak solution, so that the techniques from harmonic analysis like the
Calderén-Zygmund operator, the maximal function operator and the sharp maximal function operator might
not be suitable for our estimates. Instead, we would like to point out that a key ingredient in our argument
due to the order p(-) being a variable function, which is highly influenced for the variable exponent Sobolev
spaces by Byun et al’s works [10, 11, 12]. This argument is motivated from so-called maximal function free
technique in [2]. To this end, an important point of our approach is to make use of the modified Vitali type
covering argument on the upper-level set

2p(x)
{x € Br(x0) N Q : | Du| TrOBxGoral > ,1}

with an increasing level for A sufficiently large, for each point xq € Q and for some size R sufficiently small,
to derive its proper power decay estimate, see Lemma 3.2 in [10]. This present paper focus on considering
the estimate of the variable exponent powers p(x) for the gradient of weak solution in the scale of Lorentz
spaces to the obstacle problems (1.1). Therefore, another key ingredient in the generalized Lorentz spaces
is to make use of the modified version of the classic Hardy’s inequality and the reverse Holder inequality,
see Lemma 3.5 and 3.6 in [6].

Finally, we would like to remark that the obstacle problems provide a basic analysis tool in the study
of variational inequalities and free boundary problems [23] for various PDEs, which are deeply involved in
various geometric and potential theory problems such as capacities of sets or minimal surfaces. In addition,
these also arise naturally in the classical elasticity theory, see [13, 30]. Therefore, our problem also provides
a natural extension of Byun et al’s works in [10, 12] which only studied elliptic equations without obstacles
in the framework of the classical Sobolev and variable Sobolev spaces, respectively.



The rest of this paper is organized as follows: In Section 2 we introduce some related notations and
basic facts. By imposing optimal assumptions on p(-), A(x) and the boundary of domain €, we finally state
our main results. Section 3 is devoted to establishing some technical tools and auxiliary results. Finally, the
main result is proved in Section 4.

2 Notations and main result

The section is devoted to introducing some basic notations, facts and stating our main result concerning the
variational inequalities (1.1). First of all, let us recall some well-known notations concerning the Lorentz
spaces and log-Holder continuity of p(x). Lorentz spaces were introduced as the refined generalization of
classical Lebesgue spaces.

Definition 2.1 Let D be an open subset in RY. The Lorentz space LD (D) with y € [1,+0) and g €
(0, +00), is the set of measurable functions g : D — R such that

1

q

0 2dA\¢
lgllLoa) = (y fo (ﬂ|{xe1):|g<x>|>ﬂ}|)y7) <+,

For q = oo the space L) (D) is set to be the usual Marcinkiewicz space with quasinorm

1

I8l o = sup (X1{x € D |g(x)] > )" < +oo.
A>0

We remark that if ¥ = ¢ then the Lorentz space LY (D) is nothing but classical Lebesgue space LY (D),
which is equivalently defined by

1
lglly o) = (ng(x)ly dx)7 < 400.

We would like to mention that Baroni in [6, 7] has studied a local Lorentz regularity of the gradient for weak
solutions of nonlinear elliptic and parabolic problems with small BMO coeflicients based on the approach
of the large-M-inequality principle [2].

Note that the main point in this paper is that the exponent p(x) is a variable function. The basic regularity
assumption on variable exponent p(-) is so-called log-Holder continuity, which ensure most basic operation
available. Indeed, Sharapudinov [31] was the first to consider the regularity of the exponent function p(x)
with a local log-Holder continuity, and from then it is usual hypothesis for harmonic analysis and theory of
PDEs. Let D be a measurable set of R? and px) : D — [1, 00) be a bounded measurable function.

Definition 2.2 We say that p(x) is locally log-Hdlder continuous, denote it by p(x) € LHy(D), if there exist

constants Cy and 6 > 0 such that for all x,y € D with |x — y| < 6, one has
Co

lp(x) = pO)I £ ———.

—log(lx — y)

The p(x) is said to be so-called log-Holder continuous at infinity, denote by p(x) € LH (D), if there exist
constants Cs and po, such that for all x € D,

Coo

|p(x) = pool < log(e—+|x|)'

If p(x) is log-Holder continuous locally and at infinity, we denote it by writing p(x) € LH(D).



It is also worth to mention that log-Holder continuity in the variable exponent is unavoidable, if we want to
treat the regularity results in the generalized lorentz spaces with variable exponent for elliptic and parabolic
problems, see [1, 10, 11, 12, 16] and the references therein. In what follows, we assume that p(x) : D —» R
is any log-Holder continuous function, which implies that there exist positive constants y; and y, such that

2<y1 <p(x) <y <o VxeD 2.1)
and

Ip(x) = p)| < w(lx = yl) ¥x,y € D, (2.2)

where w : [0, 0) — [0, 00) is a modulus of continuity of p(x). Without loss of generality, we suppose that

w 1s a nondecreasing continuous function with w(0) = 0, and lim sup w(r) log (}) < oo. With the above
r—0
assumptions in hand, it is clear that p(x) € LHy(D) and there exists a positive number A such that

1
w(r) log(;) <A<t VYre(,l). (2.3)

It is rather important and ubiquitous in the context for the log-Holder continuity condition (2.3) involved
regularity of the exponent function to study various variable exponent problems. Generally speaking, the
log-Hoélder condition plays a central role in harmonic analysis on variable Lebesgue and Sobolev spaces,
which ensures that the Hardy-Littlewood maximal operator is still bounded within the framework of the
generalized Lebesgue spaces, a mollification argument is working, variable Sobolev embedding theorem
and Poincaré inequalities are available. In addition, a key ingredient in the main proof concerning variable
exponent problems is usually so-called perturbation approach by various local comparisons with these prob-
lems of constant local maximal and minimal exponents p*™ and p~, which also leads to an indispensable
constant controlled by the log-Holder condition (2.3), for more details see main proof in §4.

Now, we are supposed the coefficients matrix A(x) = (aij(x)) : Q — R to be uniform boundedness
and ellipticity, which means that there exist 0 < v < A < oo such that

VIEP < AE-E<AEP? YxeQ £ eRY. (2.4)

We are in a position to introduce our principal assumptions on the coefficients A(x) and the geometric
structure of the boundary Q2 of domain. To this end, let us recall some notations useful later. For any fixed
point x = (x1,--- ,xg) = (x1,x") € R¢ with X’ = (x2,- - , x4), we set

Bx)={yeR':lx—yl<rl,  Bx)={/ eRT -y <r)
and
Q,(x) = (x1 = r,x1 + 1) X By(X').

For convenience, in the context we write B, = B,(0), B,. = B.(0). We denote the average of f on Q, with
r> 0 by

_ 1
fo, = f Fdx = f Foodx,
O, |Qr| (OB

where |Q,| is d-dimensional Lebesgue measure of Q,; and also denote the (d — 1)-dimensional average only
with respect to x” by

fa(x1) = JC flxr, x)dx' = fler, x')dx',
B,

1B} Jp;

where |B;| is (d — 1)-dimensional Lebesgue measure of B;.



Assumption 2.3 We say that (A, Q) with A(x) = (a;j(x)) for all i,j = 1,2,---,d; is (6, Ro)-vanishing of
codimension 1 if for any xo € Q and for every number r € (0, Ry] with

dist(xp, 0Q) = min dist(xo,7) > V2r,
72€0Q

there exists a coordinate system depending on xy and r, whose variables still denoted by x = (x1, x"), such
that in the new coordinate system xg is the origin and

J[ |A(x) — AB;(x;))(Xl)lz dx < 6% (2.5)
Qr(xO)
while, for any xo € Q and for every number r € (0, Ry] with
dist(xp, 0Q) = mgg dist(xp,z) = dist(xg, z9) < \2r
zZ€

for some zg € 0Q, there exists a coordinate system depending on xy and r, whose variables still denoted by
x = (x1, x"), such that in the new coordinate system z is the origin,

B3:(z0) N {x1 > 36r} C B3,(20) N Q C B3,(20) N {x1 > =367} (2.6)

and
JC JA(x) = Ap, (o)(x)I” dx < &7, (2.7)
03r(20) ’

where A(x) is a zero-extension from Qs, N Q to Qs,, the parameters § > 0 and Ry will be specified later.

Remark 2.4 We say that Q is (6, Ro)-Reifenberg flat if (2.6) holds in the new coordinate system. It is worth
noticing that if Q is (6, Ry)-Reifenberg flat, we obtain the following measure density condition:

|B(x0)| <( 2 )d
5)

sup sup 7

0<r<Ry xg€0Q IQ N Br(XO)I B

AlB(x0)l < B/ (x0) N Q| < (1 = A)Br(xo)l  Yxp € 0Q. (2.8)

This implies that the boundary 0Q satisfies the so-called A-type domain, namely, for the ball B,.(xo) of
radius r with centered at xg there exists a positive constant A € (0, 1) such that the Lebesgue measurable of
B, (x0)NQ is comparable to that of B,(xp). As a consequence, A-type domain guarantees a quantified higher
integrability of the gradient of weak solutions of the variable problems (1.1) near the boundary based on
Gehring-Giaquinta-Modica Lemma, see [6, 20, 23].

We would like to point out that at each point y and scale r, the coefficient A(x) is allowed to be merely
measurable in one variable, depending on the point and the scale, but it has a small oscillation in all the other
(d — 1) variables. Moreover, A(x) has a small mean oscillation in the flat direction of the boundary near the
boundary. Indeed, the 6-Reifenberg flat domain is so irregular that its boundary might be fractal and it goes
beyond the Lipschitz one, which is meaningful in the area of geometric measure theory only if ¢ is small
enough. We here point out that Ry > 0 can be selected in an arbitrary way due to the scaling invariant of
Lemma 3.6 below. Moreover, § can be selected later in our main proof in a universal way so that it depends
only on the basic structural constants like d, v, A, y1,v2 and w(-).

Finally, we are ready to present the main result in this paper.



Theorem 2.5 Let p(x) be a variable exponent with range 2 < y; = infq p(x) < y2 = supg p(x) < o0, g
be a constant exponent defined in (0, 0] and Ry > 0. Then there exists a positive constant ¢ such that if
for all (A(x), Q) is (6, Ry)-vanishing of codimension 1 shown as Assumption 2.3, for all p(x) satisfying log-
Holder continuity, |Dy|PY) and |[fiIP) belonging to LY(Q), then each weak solution u € A of variational
inequalities (1.1) satisfies |DulP™ € LYD(Q) with the estimate

Y2

DUl o0y < C(IAPD o) + DYooy + 1) (2.9)

where C = C(d,v, A, w(),¥,q,¥1,¥2,0, R, |Q]), ¥ € [1, ) and q € (0, co].

3 Preliminaries
Throughout the paper, we denote by C;(d, v, A,---) fori = 1,2,---, a universal constant depending only on
prescribed quantities and possibly varying from line to line. First, let us collect some preliminary results,

which is useful in our main proof, see [6, Section 3.2] and [25, Proposition 3.9].

Proposition 3.1 Let D be a bounded measurable subset of R%. Then the following holds:

1) If0<q,qy <coand 1 <y; < yy < oo, then L0 (D) ¢ LY9)(D) with the estimate
gl oranpy < COr15¥2, 415 42, IDD 118l L0202 (99 - (3.1)
2) If1 <y<ooand0 < gy < gy < oo, then LY9(D) c LY (D) ¢ LY*)(D) with the estimate
lell sy < CO g1 g)Igl e o, (3.2)
3) Iffor some 0 < o < oo, |g|” € LYD(D), then g € L'9V7D(D) with the estimate
gl N0y = I8N orrar - (3.3)
4) If f, g € LYD(D), then f + g € LYV(D) with the estimate
If + gllzvaioy < Con @) (Lflloa o) + llgloawm))- (3.4)

In what follows, we shall show some technical tools. The first inequality we need is a variant of the classical
Hardy’s inequality, whose proof can be found in [6].

Lemma 3.2 Let f : [0, +00) — [0, +00) be a measurable function such that

f fl@)da < oo,
0
then for any o > 1 and for any T > 0 there holds
0 0 oda 0 da
f o ( f f®Bdp) = < f " (af(@) =, (3.5)
0 @ a 0 a

where C = C(o, 7).

The following reverse-Holder inequality is also classical consequence originated from the famous Gehring-
Giaquinta-Modica Lemma, also see [6]. More precisely, we have



Lemma 3.3 Let h : [0, +00) — [0, +00) be a non-increasing measurable function, oy < 0y < oo and T > 0.
If o < oo, then

00 dB\L 00 dB\ L
( f (ﬁ’h(ﬁ))‘”f)”z < sa"h(@) + C( f (B h(B))"! Fﬁ)"l (3.6)
for every € € (0, 1) and for any a > 0, where C = C(1,¢&,071,07). If 0y = co then
00 d 1
zup,BTh(ﬂ) < Ca"h(a) + C( f (ﬁfh(ﬁ))"lf)”l, (3.7)

where C = C(t,07).

In the process of main proof, we also make use of the following iterating lemma, which can be found in
[20].

Lemma 3.4 Let ¢ be a bounded nonnegative function on [ry, r2]. Suppose that for any sy, s, with 0 < r; <
51 <852 <1y,

P(s1) < O19(s52) + P, (3.8)

(52— s *
where the constants P1, P, > 0,0 < 0y < 1 and 0, > 0. Then there holds
Py
(52— s1)%

¢(s1) < C(

+ P2)

for some positive constant C = C(61, 0>).

According to the classical L? solvability to the variational inequalities (1.1) in line with the Lax-Milgram
theory, there exists a unique weak solution u € A of (1.1) such that the following lemma holds, for details
also see [9].

Lemma 3.5 There is a unique weak solution u € A to the variational inequalities (1.1) such that we have
the estimate

IDull20) < Iz + 1DVl ), (3.9)
where C = C(d, v, \).
Now, let us employ the fact that the obstacle problem here considered is invariant under scaling and

normalization. Then, the following property is an immediate consequence by straightforward computations,
see Lemma 2.4 in [9].

Lemma 3.6 Fixed M > 1 and 0 < p < 1, we define

A() = Apr),  i(x) = ”(Aj;), ) = %, Foo) =

Sipx)
M

and the set Q = {x/p : x € Q}. Then we have
(1) If u € A is the weak solution to the variational inequalities (1.1) in Q, then

ieA={peW, Q) :¢>, ae in}

is the weak solution to the variational inequalities
fA(x)Dn -D(¢p — i) dx > ff D(¢p —it)dx, ¥ ¢ € A. (3.10)
a a

(2) A(x) satisfies the basic condition (2.4) with the same constants v and A. Moreover, the regularity as-
sumption 1 is invariant with the dilated scale Ry/p.



Finally, we end this section by presenting a necessary auxiliary result concerning a higher integrability
result for (1.1) in the interior and the boundary version, see [20]. This relies on the generalized reverse
Holder inequality first originating from Gehring-Giaquinta-Modica Lemma, and the boundary setting by
using the (A)-condition of (9, Ry)-Reifenberg flat domain, see Remark 2.4. For the setting of any boundary
point, we set

Q, =B, N and 0,,Q, := B, N 0Q forany r> 0.

Lemma 3.7 (1) Let u € A be a weak solution of (1.1) in Qa4 C Q for any r > 0. Suppose |fl, |Dy| € LY(Q4,)
for some y > 2, then there exists a small positive constant oy such that for all o < oy,

1 1
DU gy < c(( JC |Du|2dx)( N f (IFP + |Dw|2)( ) dx) (.11)
Qr Q2r Q2r

for some positive constant C = C(d, v, \, 7).
(2) Suppose Q is a (8, Ry)-Reifenberg flat domain. Let u € A be a weak solution of (1.1) in Q4 and u = 0
on 0,,Q4, with

0. C Q4 C Q4r N {x) > —867}

forany 0 < r < Ry. If|fl, IDY| € LY(Q4,) for some y > 2, then there exists a small positive constant o such
that for all o < o,

1+o 1+0
f DU+ g < c(( f Duldx) " + f (1712 +10u) " )dx) (3.12)
Q, Qo Qor

for some positive constant C = C(d, v, A, 7, 9, Rp).

4 Proof of main result

In this section, we focus on the proof of main Theorem 2.5. First, let us begin this section with the a priori
assumption that the unique weak solution u € A of the variational inequalities (1.1) satisfies

Dl vy < 0. 4.1)

We also assume that (A(x), Q) is (9, Ro)-vanishing of codimensign 1, where Ry < 1 is a given number while
0 is to be determined later. Let R € (0, Ro/(1Q] + 1)) and xp € Q to be fixed, we localize our interest in the
region (g(xp), and write

2<y <p = inf px)<p'= sup p(x)<yy <o (4.2)
Qor(x0) Qor(x0)
and
2) 1 20 20 1
Ao = JC \Dul 7~ dx + —( JC (f7 +1Dy| 7 +1)dx)" > 1, 4.3)
Qor(xo) 0 Qor(x0)

where 7 > 1 and small § > 0 will be specified later. We would like to remark that the 5-flatness Reifenberg
condition (2.6) for the boundary of domain is meaningful in the area of geometric measure theory, only if ¢
is small enough, see [29]. For any 7,7, with 1 < 71 < 75 < 2, we denote an upper-level set by

2p(x)

E() = {x € Qe g(x0) : 1Dul 7 > A,

9



where A large enough such that

16\d, 248 \d
A> (= Ao. 44
> (F) (55 % (4.4
We observe from the upper-level set that
Q,(y) € Qr(xg), Yye E() and 0 <r < (1o —T1)R.
Fix any point y € E(A), we consider a continuous function ®@(r) defined by
2 1 2 20 NG
Oy (r) = JC |Du| »~ dx + (_S(JC (fl =~ +|Dyl P ) dx) , O0<r<(m—1)R. 4.5)
Q,(y) Q(y)

The Lebesgue differentiation theorem implies that

lir% Dy(r) > A for almost every y € E(A).
r—>

On the other hand, if (o — 71)R/124 < r < (1 — 71)R, then by using the fact that 7 > 1 and the Reifenberg
flat boundary satisfies measure density condition see Remark 2.4, we have

Q 20 0 1
QR (x0) Dl dx+(| 2R(x0)|)q_
12 Jzria) QI 7 6

Q 2p(x) 1 2p(x) 2p(x) 1
M(JC \Du| " dx + _(JC (7 + Dyl )'ldx)")
|Qr()’)| Qor(x0) 0 Qor(x0)

IB-(y)|  |Bar(x0)l 2 \d, 248 \d 16\d, 248 \d
T QN B 1BO) 0‘(1—6) (Tz—Tl) 03(7)( ) .

2p) 2p) 1
D\(r) < ( (f7 + Dyl » Y'dx)"
’ Qor(xo)

T
Putting the above formula into assumption (4.4), it yields
®y(r) <A, Vye€E()and Vr e [(t2 —11)R/124, (12 — T1)R].

Consequently, we conclude that for almost every y € E(A), there exists an ry, = r(y) € (0, (72 — 71)R/124)
such that

Dy(ry) =4 and Oy(r) <A Vr € (ry,(t2 — T1)R]. 4.6)
Then we infer the following lemma from the well-known Vitali covering lemma due to the property of ry.

Lemma 4.1 Let A satisfy (4.4). Then there exists a disjoint family {Q, V2, with y; € E(A) and 1y, €
(0, (T2 — 71)R/124) such that

®y.(ry) =4 and @ (r)<a, forall r € (ry, (2 — T1)R]

and

EW c | ] s, o).
i=1

Lemma 4.2 Under the same hypothesis as in Lemma 4.1, we have

0 2p(x) du
1, 00l < (19, ) N EQA/4)] + f 1lx € Q (vi) < [fi 7 o

(g/l)’l A

0 2p(x) d,
f Wilix € Q, (i) : 1Dyl 7 >u}|7“),

[

+

(c)"
where ¢ = 8/6 and C = C(d, v, \).
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Proof. With Lemma 4.1 in hand, we then have that one of the following results must hold,

2 Pl 2 61 2w 61
f \Dul 7~ dx > 2, f 07 "dx > ()" and f Dyl 7 dx 2 ().
Q1) 3 Ja, o 3 Quy, () 3

For the first setting, let take any

X :
0<e<min{0ULET0) g Y2 _y)

Y1 + w(2R) 2 .7)

where 09 = min{o1, 0>} is the same as Lemma 3.7 which is concerned with the higher integrability of Du,
and y € [1, o0). It yields the following inequality:

I+ =(1+

J1+e)<1+00<y.

p(x) ( p(x) p)
P~

PO o W(2R)
P Y1

Then, by an additivity of the integral with respect to the domain and Holder inequality we get

A 2p() 20
=1, )l < f |Du| »~ dx+f |Du| »~ dx
3 Qpy, GINE/4) Qi G\E(1/4)
- E1LE) ﬁ A
<19, () N EQ/4) 7 ( |Du| 7 X))+ 210, ),
Oy, GONE4) 4
which yields
1-1& -1 20 (11e) | \The
A, 37T < C1lQ, () N E@/4)] 7 |Dul 7 dx) (4.8)
Qr\ (})

Furthermore, on the basis of a higher integrability of the gradient to weak solutions for the variational
inequalities (1.1) in lines with Lemma 3.7, we obtain

2p() 1 2p(x)
(JC |Du| »~ (1+e) dx)nf < CZ(JC |Du| »~ dx + (J[ (|f| p + |D¢| )(1+€)dx)l+e).
eri o) eryi i) eryi i)

Now we take n = 1 + ¢, using Lemma 4.1 yields

2p(x) L
(JE Dul 7 19 dx) ™ < 3.
Q. (i)

Putting the above formula into (4.8), we have

192, (i)l < CalQr, (yi) N E(A/4)]. (4.9)

2p(x)
f Ifl > "dx
Qy, ()

0 2p() d
n f Wlix e Q) I 7 >/1}I7#
0

For the second setting, we have

IA

(%), 00l

IA

b 2p(x) d
()1, ()] + 7 f W€ 0, 00 ST > il
A

11



Taking ¢ = 6/6, we get

00 2p(x) d/l
n i
Q.00 < f e 9,000 > wl % (4.10)
We now estimate the third setting in a similar way just as doing it in the second setting, and conclude that
o0 2p(x) du
0,000 3 [l e @, o000 > i E (@.11)
(S " T

Finally, putting the three cases (4.9),(4.10) and (4.11) together, this completes the proof of Lemma 4.2. O

For any fixed point y; and the scale ry,, there are now two possible cases. One is the interior case that
Bgom (yi) € Q. The other is the boundary case that Bz()ryi (v;) € Q. We first look at the interior case. Since
A(x) is (0, Rp)-vanishing of codimension one, we assume that in a new coordinate system (xi,--- , xXg4), the
origin is y; and

f A(x) = Apy, ) (x)PPdx < 6. (4.12)
Q20rv (y:) i
For convenience, we write
T = inf (x) and pf= su (x).
Pi ™ secn o0 P oo’
From Lemma 4.1 and the definition of ®y,(ry,), we have
2p(x) 2p(x) '1
f IDu| 7 dx<A  and  ( f (7 + |D¢| e )”dx)’ <A (4.13)
Q20ry, (vi Qo0ry. i
By the re-scaling transformation and perturbation approach based on a local comparison we obtain
- Py
f |Du>dx < CyA”  and f (2 + 1Dy ) dx < Coa?: 672 (4.14)
Q20ry, (¥ Q20ry, (Vi
for some constant Co > 1 independent of i, and y;,y» shown as (4.2). In fact, let Ag = ||[f|P® lLoo@) +

|||Dl//|”(x)|| a1 = 1. A direct computation yields that

2457 = ;pfhpif 2 NPT P
(Jimﬁw(yf) ufs) - (|Q20ry,- (yi)|) ( 201y, () IDuf

1 \dw(0ry,) F—p;
C (40ryi)w " (L|Du|2dx)p P

IA

IA

e ( fg |Dufdx)” i (4.15)

where we used (2.3) based on the log-Holder condition in the last inequality. On the other hand, by making
use of the standard L? estimates from Lemma 3.5 and Proposition 3.1 due to w' > 1 for y € [1,o0) and
q € (0, 0], we obtain

f |Dul*dx < Cj ( f fdx + f |D¢/|2dx)
Q

A

< ( |f| 71 dx+ |Dlp| " dx+|£2|)
< Cs (|||f| RN |||D»,b| n || FETCTIN |Q|)
= G (|||f|P<x>||M(Q) + |||D¢|P(X>||m ooy +190):

12



which leads to
f |DulPdx < C6A0(1 + |Q|).
Q

Then we conclude

+ _

( Jg @)|Du|2dx)p"+ e, (C6 Ao(1+|Q|))pl _pl.
20ry,; (Vi

Recalling (IQI + 1) and (2.3), it yields

1
R = 40er

r-p; topm 1 (40ry,) +_p-
( f Dudx)" " < cr Ap T ()" < cs AL T
QZOrV 0’[ 40ryi

which follows from Ay > 1 that

o
pi-ry Pi 7P

( f IDufdx) 7T < Cy A" < Cy A
QZOr} o)

Using (4.16) and Jensen inequality yields

JC |Du|2dx
Q20ry, i)

pi-p; P
DuPdx) 7F J[ DuPdx)"
(J(szoryi (yi)| " X) ( Q20ry, i) 1D X)

;i

< CoAg ( ]C |Du|2dx)f
Q20ry, (i)
2p_ pj
< GCoAy ( f \Du| 7 ) 7
Q20ry, i)
-
< T

2p(x)
CoAy (f \Du| 7 dx + 1)
Q20ry. (Vi)

Since 4 > 1, by (4.13) we get the first desired inequality in (4.14) by taking Cy = 2CoAg.
Likewise, we derive that

p_
JE (It + IDy*)dx < co( f (|f|p 1Dy )dx+1)’
O20ry, 3) OQ20ry, 0)
-
20 2@\p 1L n
< Co((f (0 + 1Dyl ) dx)" +1)
QZ()ryi(Yi)
P _
; e n
< Co(5/l+5/10) < CoAti 672,

where we also employ (4.13) in the third inequality.
Define

u(Sry,x) 7 B :,l/(Sryx) F) < f(Sr),x)

P P 17
5ry, \ Cod” Sry, \| Cod” \ Cod’

13

ii(x) =

Ai(x) = A(Sry,x).

(4.16)



By using Lemma 3.6, we get that it;(x) € A; := {¢,~ e Wh2(Q4) : ¢i > ¥, ace. in Q4} is a weak solution of

f Ai(x)Dii; D(¢; — it;) dx > f f; D(¢; — ii;)dx  forall ¢; € A;.
04 Q4
Moreover, using (4.12) and (4.14), by a straightforward computation we have

_ ~ ~ 7
A) - A )P <% 1 IDiPdx<1  and (B +|DIP) dx < 5%,
O4 O4 O4

Thus, by Lemma 4.3 and Lemma 4.4 in [8], we find that for any £ > 0, there exist a constant 6 > 0 and a
function ¥; € W'2(Q») to be a weak solution of

diV(AiB'z(xl)Df/i) =0 in QO
such that

ID@ii; — 7)Pdx<e  and  ||DV;
(0

2
Iz, < No

with a constant Ny being independent of i. Scaling back and denoting v; by the translated function of

vi(5ry,x)

r_

5ry, \ Co?
P
+

p_
JC |D(u — Vl')|2dx < Cod?i g and ||Dv,-||%w(Q5rv.U,l_)) < Ny A?
Qiory, i) .

vi(x) =

we conclude that

(4.17)

for some constant N = NoCp > 1, being independent of i.

We next consider the boundary case that dist{y;, 0Q} = |y; — yo| < 20ry, for yo € dQ. Let us recall that
ry, < (12 = 11)R/124 < R(/124 and the geometry (2.6) of the boundary of Reifenberg flat domain, we have
the following property: for any point yg on the boundary of Q, there exists a coordinate system {xy,- - - , x4}
with the origin lining somewhere in Q60r,,6(y0), such that in this new coordinate system one has

ngrh‘ - Q60ryi = Qﬁor)‘f N {x; > —120ry,6}
and

f A(x) - A, (x1 )Wodx < 82
Osory, Vi

Let us now select § so small such that 0 < ¢ < 6—10, which yields [y;| < (20 + Dry, = 21ry, and

Qs (vi) © Qoer,, C Qo0r,  Qogr, (i)- (4.18)
We write
T = inf (x) and pf= su (x).
P x€Qoery; (Vi) P Pi XEQ%E i) P

14



By Lemma 4.1, we derive that
2 1Q0967, (vl 2
JE |[Du| 7~ dx < —’JC [Du| »~ dx < CipA
Quon, 1Q60r, | Jag,, o)
and

[Q96r, (i)l 1 200 200 L
—— ) f (f7 +IDyl > Yldx)" < Cio62,
|Q60r.v,~ | Qosry, (i)

where the constant C1g depends only on d. Once we have the above uniform bounds, one can find in the
same sprit as in the interior case that

2p(x) 2p(x) 1
(f 0% 1™ ) <
Qéory,

‘ =

£ L
f |Duf*dx < C; A" and JC (f? + |DY?) dx < Cp A7 67
Qéory, Qéory,
for some constant C;; = 2C1pAp > 1, being independent of i. In a similar way that we have used for the
interior case, also see Lemma 4.7 in [8], for any £ € (0, 1) there exist a small positive number ¢ and a
function v; € Wl’z(ngry') such that

r
5

P
|D(u — 17,-)|2 dx < C”/ll’f & and ||D\7,'||2w < NoA%i 4.19)
Qs L= (Qa67y,)

for some constant N, = N>C;; > 1, being independent of i. Here we have extended v; by zero from Q;“er_

to Qseri and also denote it by 7;. Let us write N = max{/N;, N} being large enough, which is independent
of the index i. For convenience, we also write

E)d( 248 )d. (4.20)

7
Lemma 4.3 Let Ry > 0. For any fixed 0 < € < 1, we can find a small constant 6 > 0 such that if (A(x), Q)

is (0, Ro)-vanishing codimension 1 and u € A is a weak solution of (1.1), then for any 1 < 11 < 7o < 2 we
have

po)
A=UAUN)" > 1, B:(
T2 — T

|E(AD| < Cs(IQTZR(xo)ﬂE(/l/4)I

0 2p(x) d
+ f 1H{x € Qryr(x0) 1 |fl "> ,U}l—'u
(V" Jea u
o0 2p0) d
+ f U{x € Qqr,r(x0) : [DY "> u}l—#)
(D" Jea u

forall A > By, ¢ =6/6 and C = C(d, v, A\, w(-),v1, V2, Ro).

Proof. By Lemma 4.1 and the fact that £(A1) c E(1) for A > 1 as the above-mentioned in (4.20), we
obtain that { Q5’,v,- (v;)} cover almost all E(AA). Thus,

200
|IE(AD| = [{x € Qrr(xo) : [Dul » > A}
< D lx € Qs () ¢ 1Dul > (A7 )|
i=1
e
< Z {x € QSry[(yi) : |Du|2 > (AP}

i: interior case

> Hxe Qs 0 : Dl > DT 4.21)

i: boundary case

15



For the interior estimate, using the fact that |Du> < 2|D(u — v;)|* + 2|Dvi|*, Q5’>',- o) = Q5ryl_ (i) and Eq.
(4.17), we find that

[ € Oss, () : IDUP > (A7 ]

p_

lx € Qs (00) : ID(u = v)* > N1} + |{x € Oy, ()

< LDV > NpAP |
1 2
< pe [D(u — v)|* dx
Nl/l? Qiory, i)
i
Co"i €lQior,, (i)l
< -
L
NoCoA?i
<

Ci&lQior, 0o,
which implies
P
l{x € Qs;, (33) = 1Dul* > (AP Y)| < Cag|Qy, (7). (4.22)
For the boundary case, we carry out the same procedure in (4.21) with Eq. (4.19) to discover that

2
€ Qagr, < 1DUf > (ADIDY] < Cae Q.

Then, using the measure density condition (2.8) and the geometry of Reifenberg flatness (4.18), we conclude
that

7
lx € Qs 0) : 1DUl® > (ADI )| < Cae1Q,, (). (4.23)
Inserting (4.22) and (4.23) into (4.21) to get
IE(AD] < Cse ) 19 (yi)l,
i=1
where C5 = max{C,, C4}. Furthermore, by using Lemma 4.2 we obtain
E(AD] < Cse )| (mr,,. () N E/4)
i=1
0 2p(x) du
+ Tx e Q, (vi) : 17~ > pjl—
(s »[g“/l K O y”
[ witre 0, 001001 7 }|d“)
+ x€Q, (y): o> ul|—
(gﬁ)’? [ a P K M
forall 1 > BAp and ¢ = 6/6. Note that {Q,yi (yi)} are non-overlapping in Q.,g(xp), then it follows the required
result. O

Proof of Theorem 2.5. We part it two
we prove the assumption (4.1).

steps: we first attain the estimate under the assumption of (4.1); then
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Step 1. Let us first establish a global estimate to the variational inequalities (1.1) under the a priori assump-
tion (4.1). In the case 0 < g < oo, thanks to (3.3) in Proposition 3.1 in hand we have

p(x) = "zq
T L §

)<QT.R<xo)>

yp~ 0 2p(x)

9 da
= 5 (az|{xesan(xo> DU > > o)’ =
0 o

By using change of variables, a direct calculation shows that

Yoo a7 e 2p0) 7dA
|||Du|p(x>||L(7‘1)(Q o) = TA 5 A7 |{x € Qp r(x0) : |Dul » >A/l}|77

vyp~ a” Blo qp

adA yp < adA
= —A7T EAD)|” AT A TN|EAD|)y —
> ) SIEAD) S 5 |ECAD)|Y 1

Bl
= L+ (4.24)

To estimate /1, inserting A and B into (4.20) it yields

q “ [k (x0)|? %
I < ColﬂzR(XO)V(AB’lO) T Odm (/l ) "
(2 —711)7 >

For the estimate of I, using Lemma 4.3, then for any 0 < &£ < 1 we have

L o< G f ﬂ(|QT2R<xo)nEw4>|
BAy

1 00 2p(x) dﬂ

1 Q, fl7r -

t o £ € Qeurlro) 7 > wll—
q

I w0 du\7dA
+ MNxeQ 2 |Dy| — —.
5y fgﬂ H{x € Qpr(x0) : [DY| = > ul| M)

A
Note that

(A1 + Az + A3)" < max{3"!, 1) (A7 + A + A),

for any A; > 0,i =1,2,3 and m > 0, therefore we obtain
q g adA
L < 6383( f AT 1Q0r(x0) N EQ/A =
0 g 1 0 2p(») du\ida
v [ A% ([ i et 0 F S i)
fB/lg ((s‘/l)" ol K i K M )

g 1 f o0 2p(x) d,u 4da
+ A7 "{x € Qryr(x0) 1 DY 7™ > p}|— 7—)
L " ( o J. M LR(X0 W M u )

= C38%(121 + 1 + 123).

(4.25)
To estimate /1, a simple computation yields

da
B [0 1000 0 EQAF S < CHDI N
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To estimate I, we examine it in two cases.
Case 1. If g > vy, by using the Hardy inequality showed in Lemma 3.2 and the change of variable we get

g 1 2p(x) 4dA
I < C A7 )7 Q : N AN) —
2 s G [ (et e Q) ST > i)
0 - 2p(x) adA
= Cs f AT l{x € Qrp(xo) : Il 7 >gA}|37
0
< Ce PO

LOD(Qeyp(x0))°

Case 2. 0 < g < v, we use the reverse Holder inequality in Lemma 3.3, and get

0 2p(x) dun
( f Wi € Qopr(xo) 7 > )| 2)
[ M

20 1 0 2p(x) Ldu
< (()MHx € Qer(x0) : If1 7 > cAM)” +C f (H71Hx € Quyr(xo) : Il 7 > pl) o
[

which yields
oo qp~ 1 2p(x) ﬂd/l
I < AT D)'{x € Q T > ¢A)|) —
22 fo (g VM & Qo) 15 > 1) 5
TSR BN A A 2 4 du da
+C A2 7 x e Q T > ) ——
[ () fg (e e 0 > )
o0 - 2p(x) adAl
< Csf A%I{XGQTZR(Xo):IfI ” >§/l}|37
0
< CoIfP™)?

LOD(Qqrr(x0))’

where we also employ the Hardy inequality of Lemma 3.2 in the second inequality. For the estimate of I»3,
using the same way as the estimate I, above, then it follows that

D3 < ColIDV N 06y
T2

Putting 151, 2, I»3 into (4.25) it implies

q
¥ P04 p(x)14 P04
b < Cre (D1 o6y I e e P 0oy

Putting the estimates /; and I, into (4.24), we deduce that

q _
¥ qp
poyd g P4 Q2 (x0)]” 5
|||DM| ||L(7'q)(erR(X0)) < (:12“";7 |”DM| ||L<7’q)(QrzR(xO)) + C12 (T . )dqzyz (/l )
2 — 1]

p(xX)14 p(X)14
+C1 (7100, e+ P i, )

Setting d(1;) = |||Du|l’(x)||zw) o) for i = 1,2. Let § be sufficiently small in Lemma 4.3, and we now

select a sufficiently small & > O such that

0<Cret < L
< Y < =
12€ 29

18



which yields

q _

1 Q AN =

O(r)) < ~0(ry) + Cpp 2ROl ZR(xO)dIY (20) 7
2 aqyy
(2 —71)7 2

+Cia (P

+ 1Dy

LOD(Qr,r(x0)) LOD(Qr, R(x())))

for any 71,7, with 1 < 71 < 7, < 2. We then apply the iterating Lemma 3.4, and derive

qr_
2

q
DN iy < Cr3lQrGo)7(A0) = + Cus(IIEPI + Dy

LO9(Qap(x0)) L(”)(QZR(XO)))
Now, we recall the definition of A in (4.3) and obtain

2p(x) 1 ‘IP

q plit3) 1 2
DUl ey < CralQrCo)l?( f IDul 7™ dax + ~( sz . )(m P Dl T+ dx)T)
2R\X0

Qog(x0)
FC(II o+ P 6 o) (4.26)
To estimate the first item on the right-hand side of (4.26), noticing that
2p* pt - 2R
P =2(1 + 2 ) <21+ o )) <20 +oco)<yy1<yp, (4.27)
P p- Y1

A

where o9 = min{o|, 0} is the same as Lemma 3.7 for y € [1, c0). Then, it yields

2p(x) ‘11" PT
(JC \Du| 7 dx) < (JC |Du|P dx+1)
Qr(x0) Qor(x0)
qp

rt i e
015(( JC Duldx)" + J[ (Ifr* + 1Dy l?)" dx + 1) , (4.28)
Qur(x0) Qur(x0)

where we have employed reverse Holder inequality in the last inequality. By using the standard L? estimate
as Lemma 3.5, and the embedding inequality due to m > 1 fory € [1, o) and g € (0, co],we have

IA

qp__
PT 2
(( JC |Du|2dx) )
Qur(x0)

+
" a»

_— Duld
() (fg' “ x)
2 2
(|Q4R<xo)| (f " d“f atd dx)

Crr (— )W;(fmwd f|Dw|Wd |Q|)qg
P nodx + " odx+
T Qur(x0) 0 a

apt

1% :
A (o) (1005513030, o + DU 2 2, +1)

qp+

8 (|Q4R<xo)|)

IA

IA

IA

ar pt
2 7

(|||f|p<">||m o * |||Dw|”<x)||m(m +1
qp Y2

1
- p(x) p(x) 1
C19(|Q4R(XO)|) (|||f| IIW)(Q) + 1Dyl ||L(W)(Q) + 1) ) (4.29)
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In a similar way as above, we also get the following estimate. In fact, again use (4.27) for the embedding
theory and employ the fact that 0 < R < 1 to obtain

ar—

( sz (1w )4 ) 2

+
2p(x) pT

2p(x)
Col £ (07 4 ipuF)
Qqr(x0)

Cor (o) (10 IDul i)
— | +
1 (i) . el e

Ly (Q) Ly (Q)

qar~
2

IA

dx+1)

IA

L (g 1Dyl 7 | 1K
22( ) - - gp~ + - ~ g, F
Qar(x0)| o o TIPAT o e

qp* 72

)* (|||f|"<x>||m(9) + D + 1)“ : (4.30)

IA

1
< Cypl—/———
» (|Q4R(xo>|
Putting (4.29) and (4.30) into (4.28), it deduces

72

qp' 4p

= 1 P p(x) "
( D dx) 7 < Cu (m) PN ) + DGO ) + 1)+ 43D)
2R (X0

Now we are in a position to estimate the second item on the right-hand side of (4.26). Since n = 1 + € for
sufficiently small € > 0 as the limit of (4.7), we have 25 < yp~. Then, for any y € [1, o) by the embedding
inequality it follows that

qp_

(f 0™ eiou™ 1)
Qor(x0)

N q
Cos(io——) " (lllfl"(")ll P Y I 1)
1€22r(x0)] LP™ (Qar(x0)) L7 (Qur(x0))

at q
)’ (|||f|f’<x>|| P 2 L P 1)
(%) Lr(Q)

1
C -
25(|92R<xo>|

1 LIP
—_— PO P
C26(|QZR (Xo)l) (|||f| IILWQ) + 1Dy PO Lo T 1) (4.32)

Putting (4.31) and (4.32) into (4.26), we have

p(x)
I”Dul ||L(yq)(QR(xO))

7

71

l_}/
< cm(mR(xo)w )(|||ﬂf’(x>||m(g)+|||D¢/|"<x>||m(m+1) . (4.33)

The rest of Step 1 is to use the standard finite covering argument to obtain the global estimate. In fact,
since Q is compactness in RY, there exist finitely many points xo €Q,k=1,2,---,N and the corresponding
Ry such that Q = Uk:1 QRk(xk). Therefore,

N
p(x) p(x)
DUl ) < O DU o Ly
k=1
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Now, thanks to the estimate (4.33) it yields

N q 2
1_7 1
mmwmmms<mz@m%wﬂ@wwmmﬂwwwm@+ﬁ
k=1
72

71
p(x) q p(x) q
Q%m gy + DY Mwm+0’

IA

where Cjg is a constant depending only on d, v, A, w(-), v, g, 6, Ry and |Q]|. The proof of g = oo is even simple.
Here for briefness we omit it, which may also refer to Section 5.4 in [6] for the case of g = co.

Step 2. The remainder of our proof for Theorem 2.5 is to remove this assumption |[DulP™ e L»9(Q)
via an approximation procedure. To do this, let {|£|P™ b and {IDL//klp(") b be two sequences in C(Q)
converging to [f’™ and [Dy|PY in L9 (Q). It is clear that |f;] and [Dy| € LO7292(Q). According to the
earlier work [9] and the facts that the constant Lorentz space is a interpolation space of Lebesgue spaces,
and the obstacle problems under the considering is linear, then the unique weak solution

up € A = (¢ € Wy A(Q) : ¢ > Yy ae. in Q)

of the following variational inequalities
f A(x) Duk D(¢k - uk)dx > f fk D(¢k - uk)dx for all ¢k eA
Q Q

satisfies a global gradient estimate in L?72972(Q) under the assumption that (A(x), Q) is (6, Ro)-vanishing
of codimension one. Thus, we have

|Duy| € L(Wzm’z)(Q) N |Duk|p(x) c L(M)(Q)’

due to (3.3). As a consequence of the interpolation space, we have

Y2
CIE o0y + DY Pl ) + 1)
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CI oy + DYl 0y + 1)

IA

1Dul” Nl o2y

IA

where C is independent of k. From this estimate we observe that there exists it with D™ e LYD(Q)
which is the weak limit of {uk},‘j’:1 in A such that
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|||Dﬁ|p(x)||L<m)(Q) < C(Illflp(x)llmm(g) + |||D¢|p(x)||L<m)(Q) + 1)ﬂ-

Then it is easy to check that this i is the weak solution of the original problem (1.1). So by the uniqueness,
we conclude that u = i almost everywhere in Q. This completes the approximation procedure. O

5 Conclusions

This paper extends the classical Calderon-Zygmund theory to the refined estimates in the Lorentz spaces for
variable exponent power of the gradient of weak solutions for elliptic obstacle problems. We would like to
remark that the usual harmonic analysis like the Calderén-Zygmund operator, the maximal function operator
and the sharp maximal function operator are not suitable for our estimates due to p(x) being a variable func-
tion. Instead, our argument is motivated from the so-called maximal function free technique. Two things
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are deserved to be mentioned. One is our minimal regular assumptions which is concerned with elliptic
obstacle problems (1.1) with partially BMO coefficients over the bounded non-smooth domain. Another is
our refined conclusion that we show a regularity in Lorentz spaces for the variable exponent powers of the
gradients of its weak solution. To the best knowledge of the authors of this paper, this is the first time in
the category of the Lorentz spaces to consider the regularity of variable exponent powers of the gradient
of weak solution for variational inequalities under the weakest conditions on coefficients and boundaries.
We would also like to point out that there are a few of difficulties to deal with regularity of the gradient in
Lorentz spaces with variable exponents to weak solutions of variational inequalities (1.1). We believe that
our work here have independent interests.
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