Submitted exclusively to the London Mathematical Society
doi:10.1112/0000,/000000

Némethi’s division algorithm for zeta-functions of plumbed
3-manifolds

T. Laszl6 and Zs. Szilagyi

ABSTRACT

A polynomial counterpart of the Seiberg-Witten invariant associated with a negative definite
plumbing 3-manifold has been proposed by earlier work of the authors. It is provided by a
special decomposition of the zeta-function defined by the combinatorics of the manifold. In this
article we give an algorithm, based on multivariable Euclidean division of the zeta-function, for
the explicit calculation of the polynomial, in particular for the Seiberg—Witten invariant.

1. Introduction

The main motivation of the present article is to understand a multivariable division
algorithm, proposed by A. Némethi (cf. [24], [1]), for the calculation of the normalized Seiberg—
Witten invariant of a negative definite plumbed 3-manifold. The input is a multivariable
zeta-function associated with the manifold and the output is a (Laurent) polynomial which,
in particular, is a polynomial ‘categorification’ of the Seiberg-Witten invariant in the sense
that the sum of its coefficients equals with the normalized Seiberg—Witten invariant. This
polynomial was defined by the authors in [13| and called the polynomial part as a possible
solution for the multivariable ‘polynomial- and negative-degree part’ decomposition problem
for the zeta-function (cf. [1, [11} [13], see Section [2.4)).

The one-variable algorithm goes back to the work of Braun and Némethi [1]. In that case
the polynomial part is simply given by a division principle. However, in general, we show that
in order to recover the multivariable polynomial part of |[13| one constructs first a ‘quotient’
polynomial by division and then one has to modify the coefficients of its monomial terms
with suitable multiplicity according to the corresponding exponents and the structure of the
plumbing graph.

In the sequel, we give some details about the algorithm and state further results of the
present note.

1.1.

Let M be a closed oriented plumbed 3-manifold associated with a connected negative definite
plumbing graph I'. Or, equivalently, M is the link of a complex normal surface singularity, and
T is its dual resolution graph. Assume that M is a rational homology sphere, i.e. I is a tree and
all the plumbed surfaces have genus zero. Let V be the set of vertices of I', 4, be the valency of a
vertex v € V, and we distinguish the following subsets: the set of nodes N := {n € V : §,, > 3}
and the set of ends € ={veV:4§, =1}
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We consider the plumbed 4-manifold X associated with T'. Its second homology L :=
Hy(X,Z) is a lattice, freely generated by the classes of 2-spheres {E, },cy, endowed with the
nondegenerate negative definite intersection form (,). The second cohomology L' := H?(X,Z)
is the dual lattice, freely generated by the (anti)dual classes {E}},cy, where we set (E, E,,) =
—0,w, the negative of the Kronecker delta. The intersection form embeds L into L’ and
H:=L'"/L ~ H(M,Z). Denote the class of I’ € L' in H by [I']. We denote by sto}"" (M)
the normalized Seiberg—Witten invariants of M indexed by the group elements h € H, see
Section

The multivariable zeta-function associated with M (or I') was defined by Campillo, Delgado
and Gusein-Zade [6}, |7] and Némethi [21] via the following formula

0 = TLa- %)%, (L.1)

veV

where t! := [Tey thy for any I =3 .\, l,E, € L'. (Notice that in a general situation of 6]
7] the exponents of the brackets are defined by —X(Ev), the negative of the topological Euler
characteristic of the ‘smooth part’ E‘U of F,, i.e., F, minus intersection points with all other
components of the exceptional divisor. Hence, in our case when the link M is a rational
homology sphere, this equals J, — 2.) One has a natural decomposition into its h-equivariant
parts f(t) = >, cpy fn(t), see Subsection [2.3.1 For the purpose to decode the Seiberg-Witten
invariants of M from f (c.f. Section [2.2)), [11, Reduction theorem 5.4.2] has shown that the
variables of f; can be reduced to the variables of the nodes of the graph. Therefore, we restrict
our discussions to the reduced zeta-functions defined by fn(tax) = fa(t)|s,—1,0¢a- Here we

introduce notation th, := [, thr-

1.2.

The multivariable polynomial part P}, (tar) associated with fj,(tar) (defined by |13, Formula
(32)], see also Formula ) is mainly a combination of the one- and two-variable cases studied
by [1] and [11] corresponding to the structure of the orbifold graph I'°"®. The vertices of I'°"®
are the nodes of I' and two of them are connected by an edge if the corresponding nodes in I'
are connected by a path which consists only vertices with valency d,, = 2. The main property
of the polynomial part reads as P, (1) = sto}°"™ (M), see Section

1.3. Multivariable division algorithm

On L ® Q we consider the following partial order: for any Iy, Iy one writes I; > Iy if [y — s =
ZvGV L, E, with all ¢, > 0. We introduce a multivariable division algorithm in Section
which provides a unique decomposition (Lemma

Sn(tar) = B (ba) + f (tnr),

where P,jr(t N) =D P pgtﬁ/ is a Laurent polynomial such that g £ 0 for every monomial and
+9(ty) is a rational function with negative degree in t,, for all n € N.

This newly introduced quotient P,j' (ty) in general is different from the earlier defined
polynomial part Py, (tar), however they are related. In Theoremmwe show that the polynomial
part Pp(ta) can be recovered from the easier to compute quotient P;' (ta) by taking its
monomial terms with multiplicity s involving the structure of I'°"® (Definition |3.2)). More

precisely,

Pi(tyn) = s(B)psth.
B
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1.4. Comparing the polynomial part and the quotient polynomial

A consequence of the above algorithm (cf. Remark [3.5(i)]) is that in general P}, is ‘thicker’
than P,j, in the sense that s(8) > 1 for all the exponents g of P;r. This motivates the study
of their comparison on two different classes of graphs.

In the first case we assume that '™ is a bamboo, that is, there are no vertices with valency
greater or equal than 3. Notice that most of the examples considered in the aforementioned
articles were taken from this class. We prove in Theorem [4]] that for these graphs the two
polynomials agree. Thus, the Seiberg—Witten invariant calculation is provided only by the
division.

The second class is defined by a topological criterion: they are the graphs of the 3-manifolds

93 " (K) obtained by (—p/q)-surgery along the connected sum K of some algebraic knots. We
provide a concrete example of this class for which one has P # P,jr for some h, see Section
More precisely, Theorem proves that if we look at part of the polynomials consisting
of monomials for which the exponent of the variable associated with the ‘central’ vertex of the
graph (cf. Subsection is non-negative, then they agree. (See Subsection for precise
formulation.) In fact, by Proposition for the canonical class h = 0 these are the only
monomials, hence Py = PO+ .

2. Preliminaries

2.1. Links of normal surface singularities

For more details regarding plumbed 3-manifolds, plumbing graphs and their relations with
normal surface singularities see [9],[19] [20] |26].

2.1.1. Let T' be a connected negative definite plumbing graph with vertices V = V(T").
By plumbing disk bundles along I', we obtain a smooth 4-manifold X whose boundary is an
oriented plumbed 3-manifold M. I' can be realized as the dual graph of a good resolution
m: X — X of some complex normal surface singularity (X, o) and M is called the link of the
singularity. In our study, we assume that M is a rational homology sphere, or, equivalently, I'
is a tree and all the genus decorations are zero.

Recall that L := Ho(X,Z) ~Z{E,)ycy is a lattice, freely generated by the classes of the
irreducible exceptional divisors {E,},ey (i.e. classes of 2-spheres), with a nondegenerate
negative definite intersection form I := [(E,, Ey)|vwey. L' := H*(X,Z) ~ Hom(L,Z) is the
dual lattice, freely generated by the (anti)duals {E*},cy. L is embedded in L’ by the
intersection form (which extends to L ® Q D L’) and their finite quotient is H := L'/L ~
H%*(0X,7) ~ H,(M, 7).

2.1.2. The determinant of a subgraph IV C T is defined as the determinant of the negative
of the submatrix of I with rows and columns indexed with vertices of IV, and it will be denoted
by detrs. In particular, detr := det(—1) = |H|. We will also consider the following subgraphs:
since I is a tree, for any two vertices v, w € V there is a unique minimal connected subgraph
(path connecting v and w) [v,w] with vertices {v; }¥_, such that v = vy, w = vy and v;v;41 are
edges in the graph for ¢ =0, ...,k — 1. Similarly, we also introduce notations [v, w), (v, w] and
(v, w) for the complete subgraphs with vertices {v; }F=, {v;}F_; and {v;}*_] respectively.

The inverse of I has entries (I71),, = (EZ, EZ), all entries are negative. Moreover, they can
be computed using determinants of subgraphs as (cf. [9, page 83])

detr\[v7w]

( v w) detl"

(2.1)
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2.1.3. We can consider the following partial order on L ® Q: for any l1,l> one writes
lh>lpif Iy —l2 =) ¢y o B, with all £, > 0. The Lipman (anti-nef) cone S’ is defined by
{l'eLl : (I'E,) <0 for all v} and it is generated over Z>o by the elements E}. We use
notation S := S’ ® R for the real Lipman cone.

2.1.4. Let 0cun be the canonical spin®-structure on X. Its first Chern class ¢1(Cean) =
—K € L', where K is the canonical class in L' defined by the adjunction formulas (K +
E,,E,)+2=0 for all v € V. The set of spin°-structures Spin°(X) of X is an L’-torsor, i.e.
if we denote the L'-action by I’ x g, then ¢1(I' * 7) = c1(0) + 2{’. Furthermore, all the spin®-
structures of M are obtained by restrictions from X. Spin®(M) is an H-torsor, compatible
with the restriction and the projection L’ — H. The canonical spin®-structure oeqn of M is
the restriction of the canonical spin®-structure .., of X. Hence, for any o € Spin°(M) one
has o = h * 0¢an for some h € H. For more details regarding spin®-structures we refer to |10,
page 415].

2.2. Seiberg—Witten invariants of normal surface singularities

For any closed, oriented and connected 3-manifold M we consider the Seiberg—Witten
invariant sto : Spin®(M) — Q, o +— sw,(M). In the case of rational homology spheres, it is
the signed count of the solutions of the ‘3-dimensional’ Seiberg-Witten equations, modified by
the Kreck—Stolez invariant (cf. |15}, [28]).

Since its calculation is difficult using the original definition, several topological /combinatorial
interpretations have been invented in the last decades. E.g., |28|] has shown that for rational
homology spheres sto(M) is equal with the Reidemeister—Turaev torsion normalized by the
Casson—Walker invariant which, in some plumbed cases, can be expressed in terms of the graph
and Dedekind—Fourier sums (|16} 26]). Furthermore, there exist surgery formulas coming from
homology exact sequences (e.g. Heegaard—Floer homology, monopole Floer homology, lattice
cohomology, etc.), where the involved homology theories appear as categorifications of the
(normalized) Seiberg-Witten invariant.

In the case when M is a rational homology sphere link of a normal surface singularity
(X, 0), different type of surgery (|1, 12]) and combinatorial formulas (|11, [13]) have been
proved expressing the strong connection of the Seiberg—Witten invariant and the zeta-
function/Poincaré series associated with M (|22]). This connection will be explained in the
next section. Moreover, we emphasize that the Seiberg—Witten invariant plays a crucial role in
the intimate relationship between the topology and geometry of normal surface singularities
since it can be viewed as the topological ‘analogue’ of the geometric genus of (X, 0), cf. [26].

For different purposes we may use different normalizations of the Seiberg—Witten invariant.
If we are looking its relation with the geometric genus of the singularity (c.f. |23, Remark
3.2.8]), or, with the zeta-function f (c.f. [11, Corollary 5.2.1]) it is natural to consider the
following: for any class h € H = L' /L we define the unique element r;, € L’ characterized by
rn € .,10,1)E, with [ry,] = h, then

(K + 27"h)2 + |V|

ﬁm;lwrm(M) e 8 — 5m*h*0can (M) (22)

is called the normalized Seiberg—Witten invariant of M associated with h € H.

2.3. Zeta-functions and Poincaré series

2.3.1. Definitions and motivation We have already defined in Section the multivariable
zeta-function f(t) associated with the manifold M. Its multivariable Taylor expansion at the
origin Z(t) = Y., prt" € Z[[L']] is called the topological Poincaré series, where Z[[L']] is the
Z[L')-submodule of Z[| EVIHL ) € V]] consisting of series ), apt! with a; € Z for all
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I" € L'. It decomposes naturally into Z(t) =),y Zn(t), where Z,(t) = Z[l,]:hpl/tl/. By
Subsection 2.1.3] Z(t) is supported in &', hence Z,(t) is supported in (I’ + L) NS’, where
I' € L' with [I'] = h. This decomposition induces a decomposition f(t) = >,y fu(t) on the
zeta-function level as well, where explicit formula for the rational function f,(t) is provided by
[14] Theorem 5.0.1].

The zeta-function and its series were introduced by the work of Némethi [21], motivated
by singularity theory. For a normal surface singularity (X, o) with fixed resolution graph T
we may consider the divisorial Hilbert series H(t) (for more details see e.g. 8], [6] and |23,
Section 2 and 3]) which can be connected with the topology of the link M by introducing
the series P(t) = —H(t) - [[,cy, (1 —t;*) € Z[[L']]. The point is that, for h = 0, Zy(t) serves as
the ‘topological candidate’ for P(t): they agree for several class of singularities, e.g. for splice
quotients (see [23]), which contain all the rational, minimally elliptic or weighted homogeneous
singularities.

For more details regarding to this theory we refer to [6, |7, [21} [23].

2.3.2. Counting functions, Seiberg—Witten invariants and reduction For any h € H we
define the counting function @y, of the coefficients of Zj(t) = > -, prt! by = Qu(z) :=
>t ¢, )=n Pv- This sum is finite since {I' € &’ : I % z} is finite by Subsection

Its relation with the Seiberg—Witten invariant is given by a powerful result of Némethi [22]
saying that if x € (=K + int(S")) N L then

Qn(r) = XK t2r, (¥) + 5057 (M), (2.3)

where Xk yor, (2) := —(K + 2rp, + z,x)/2. Thus, Qp,(z) is a multivariable quadratic polynomial
on L with constant term sto}°™™(M). Although Formula only shows that @ is a
polynomial on the shifted cone, the new approach of |[11] is to construct Qj as an Ehrhart
type (quasi)polynomial on certain chambers associated with Zj,. More precisely, there exists a
conical chamber decomposition of the real cone S, = U,C,, asublattice L C L and I, € 8§’ such
that Qp(I’) is a polynomial on L N (I, + C,), say Q%" (I'). This allows to define the multivariable
periodic constant (|11}, Definition 4.4.1]) by pct(Zy,) = Qi’ (0) associated with h € H and C;.
Moreover, Zp,(t) is rather special in the sense that all Qi* are equal for any C,. In particular,
we say that there exists the periodic constant pcSt(Zy,) := pcCr(Zy,) associated with S}, and
in fact, it is equal to sw}°"(M).

We also notice that Formula has a geometric analogue which expresses the geometric
genus of the complex normal surface singularity (X, o) from the series P(t) (cf. [23]).

|11} Reduction Theorem 5.4.2] has shown that from the point of view of Formula the
number of variables of the zeta-function (or Poincaré series) can be reduced to the number of
nodes |N|. Thus, if we define the reduced zeta-function and reduced Poincaré series by

Jn(tar) = fr(t) [e,=1,0en and Zn(tar) == Zn(t) [t,=1,0¢N

then there exists the periodic constant of Zj (tar) associated with the projected real Lipman
cone mar(Sg), where mar : R(E,),ey — R(E,)ven is the natural projection along the linear
subspace R(E,),¢nr, and

pCT"N(S]/R)(Zh(tN)) = pcsl/i(Zh (t)) = stop"™(M).

We set notation t%, := t™ (@) for any x € L.

The above identity allows us to consider only the reduced versions in our study, which has
several advantages: the number of reduced variables is drastically smaller, hence reduces the
complexity of the calculations; reflects to the complexity of the manifold M (e.g. in case of
Seifert 3-manifolds, it is enough to consider one variable); also, for special classes of singularities
the reduced series can be compared with certain geometric series (or invariants), cf. [21].



Page 6 of T. LASZLO AND ZS. SZILAGYI

2.4. ‘Polynomial-negative degree part’ decomposition

2.4.1. One-variable case Let s(t) be a one-variable rational function of the form B(t)/A(t)
with A(t) = ngl(l —t%) and a; > 0. Then by [1, Lemma 7.0.2] one has a unique decomposi-
tion s(t) = P(t) + s™°9(t), where P(t) is a polynomial and s"9(t) = R(t)/A(t) has negative
degree, i.e. deg(R) < deg(A), with vanishing periodic constant (the one-variable case was
defined in |27, [29]). Hence, the periodic constant pc(s) (associated with the Taylor expansion
of s and the cone Rx>g) equals P(1). P(t) is called the polynomial part while the rational
function s™¢9(t) is called the negative degree part of the decomposition. The decomposition
can be deduced easily by the following division on the individual rational fractions:

_ _ v .tb*Zi Tia; negative degree
Hi(l — tai) Hi?ﬁio (1 —te) + Hz(l — t%) llzz:l P(a:) * rational function’

Zi ziaigb

tb tbiai(] tbia’i()

(2.4)
for some coefficients p(,,) € Z.

2.4.2. Multivariable case The idea towards the multivariable generalization goes back to
the theory developed in [11], saying that the counting functions associated with zeta-functions
are Ehrhart-type quasipolynomials inside the chambers of an induced chamber-decomposition
of L ® R. Moreover, the previous one-variable division can be generalized to two-variable
functions of the form s(t) = B(t)/(1 — t% )% (1 — t2)% with a; > 0. In particular, for f,(t)
viewed as a function in variables t,, and t,/, where n,n’ € N and there is an edge nn’ connecting
them in I'°"?, where I'°"? is the orbifold graph defined in Section (For more details regarding
two-variable division see [11| Section 4.5] and [13] Lemma 23]).

For more variables, the direct generalization using a division principle for the individual
rational terms seems to be hopeless because the (Ehrhart) quasipolynomials associated with
the counting functions can not be controlled inside the difficult chamber decomposition of Sg.

Nevertheless, the authors in [13] have proposed a decomposition

fro(ta) = Pa(ta) + £, (tn) (2.5)
which defines the polynomial part as
Py(ty) = S PP (tw) = D (Gnn — VP (tN), (2.6)
nn’ edge of Torb neN

where §,, ar is the number of neighbours of n in I'°"®, Pi*(t ) for any n € N are the polynomial
parts given by the decompositions of fj,(tx-) as a one-variable function in ¢,,, while P}’ ’",(t )
are the polynomial parts viewed fj,(txr) as a two-variable function in ¢, and ¢, for any n,n’ €
N so that they are connected by an edge in I'°"®. Then [13, Theorem 24] states the main
property of the decomposition

Py (1) = swol™™ (M). (2.7)

3. Decomposition by multivariable division and proof of the algorithm

In this section we prove the main algorithm which expresses the multivariable polynomial
part P of [13] in terms of the quotient polynomial P which will be constructed in the sequel
by the multivariable Euclidean division, and a certain multiplicity function.

3.1. Multivariable Euclidean division

We consider two Laurent polynomials A(tx) and B(tas) supported on the lattice mar(L').
The partial order I; > I5 if [; — I3 = ZUEV by E, with £, > 0 for all v € V on L ® Q induces a
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partial order on monomial terms and we assume that A(tx) has a unique maximal monomial
term with respect to this partial order denoted by A,t%, such that a > 0.

We introduce the following multivariable Euclidean division algorithm. We start with
quotient C' = 0 and remainder R = 0. For a monomial term Byt of B(ty) if b £ a then we
subtract (Bptl,/Aqt%,) - A(ty) from B(ty) and we add Byt /A.t% to the quotient C(ty),
otherwise we pass Byt}, from B(ty) to the remainder R(ty). By the assumption on A(ty)
the algorithm terminates in finite steps and gives a unique decomposition

B(ty) = Clta) - A(tn) + R(tx) (3.1)

such that C(ty) is a supported on {I' € mar(L') : I’ £ 0} and R(ty) is supported on {I' €
(L) U < a}.
The following decomposition generalizes the one- and two-variable cases.

LEMMA 3.1. For any h € H there exists a unique decomposition
fu(ta) = B (b)) + fr 0 (tw), (3.2)

where P\ (ty) = > peB, pgtfi/ is a Laurent polynomial such that for each € B, we have
B £ 0 and f;"“(ty) is a rational function with negative degree in t,, for alln € N.

Proof. First of all, we use [14, Theorem 5.0.1] that for any h € H one can represent fp,(tar)
as a rational function in the following form

frlta) =t - Zbgt/\/’/ IT -t
neN
where £, a,, € Z(Ey,)nen so that a, = Ay (E)) for some A\, > 0, £ € R>o(an)nen and by € Z.
(Since the shape of the formula is sufficient for our purpose, for its precise significance we refer

to |14]). Note that A(ta) =[], cn (1 — t§7) has a unique maximal term (—1)W‘t%"EN “* with
> nen @n > 0. Thus, by the above multivariable Euclidean division we can write

the > bethe = B (ta) - [T (1—t37) + Ru(ta) (3.3)
J4 neN
and we set f}?cg(t./\[) = l—l::;(%.

The uniqueness is followed by the assumptions on P,jr and f;"Y. Indeed, if we assume P,j +
»9 =0 then f;"/ is a polynomial and it has monomial terms with negative exponents in
every variable, which contradicts to the assumption on P;' . Hence, they must be zero. |

3.2. Multiplicity and relation to the polynomial part

We will show that the multivariable polynomial part P, can be computed from the
multivariable quotient P}f by taking its monomial terms with a suitable multiplicity. We start
by defining on the set of nodes the following type of partial orders {N,>}. Choose a node
no € N and orient edges of T'°"® (cf. Section towards the direction of ng. This induces a
partial order on the set of nodes: n = n/ if there is an edge in I'°"® connecting them, oriented
from n to n/. Note that ng is the unique minimal node with respect to this partial order.

DEFINITION 3.2. We fix a node ng € NV, thus a partial order {N, =} corresponding to it.
Associated with a monomial tﬁ/ = [T,en i we define first the following ‘node’ and ‘edge’
sign-functions. Set s,(3) := 1 if 8, > 0 and 0 otherwise. For any n,n’ € N' with n = n’ we
define s,y (8) :=1if 8, > 0 and 5,/ < 0, and 0 otherwise. Finally, these two sign-functions



Page 8 of T. LASZLO AND ZS. SZILAGYI

define the multiplicity function by the formula

5(ﬁ - 5n0 Z 5n>n
n>n'
REMARK 3.3.

(i) In fact, the multiplicity function s does not depend on the chosen partial order {N, =}.
This can be checked easily for two partial orders with unique minimal nodes connected
by an edge in T'°"°.

(ii) There is another interpretation of the multiplicity s(5): if we consider the maximal
connected subgraphs I'¢"®(3) of T'°™® such that for any vertex n of T'9"%(3) one has
Brn > 0, then s(3) is the number of these subgraphs. Indeed, fix a partial order {N, =}
with unique minimal node ng. Then s,,(5) contributes 1 to s(3) exactly when there
is a subgraph T'¢"*(B) having ng as vertex. Moreover, s, () contributes 1 to s(3)
precisely when n is the unique minimal node of a subgraph I'¢"®(3).

THEOREM 3.4. Consider the multivariable quotient P;f(ty) = > ey, pﬁtN of fr. Then
the polynomial part defined in Formula @ has the fo]lowmg form

Py(ty) = > s(B)psti-

BEB

Proof. Recall that the polynomial part Pj(ta) is defined in Formula using the
polynomials P;}/ (ta) and P}’ o (tnr) for any n,n’ € N for which there exists an edge connecting
them in T°"%. Moreover, P} and P}’ " are results of one- and two-variable divisions in variables
t, and t,,t, , while considering other variables as coefficients. These divisions can be deduced
by the multivariable Euclidean division algorithm of Section [3.1]if we replace the partial order
on L ®Q (defined in Subsection [2.1.3] “ by the correspondmg projections ‘<,/" and ‘<, /.
That is, a <, b and a <; » b if ayy < by and a,, < by, a,r < by, respectively. Since a £,/ b
and a £, b both imply a # b, the monomial terms of P/ and P;LL’"/ can be found among
monomial terms of P,j . More precisely, by choosing an arbitrary partial order on the nodes of
type {N, =} with unique minimal node ny one can write

Ph (tnv) = Z pﬂtN— Z 5n’<ﬁ)p6tﬁ/’

BEB, BEBR
B, >0
P,;L’n/ (ty) = Z pﬁtjﬂ\/ = Z (5n’ (B) + Snpns (ﬂ))pﬁt/ﬂ\/’ if no-n'.
BEB BEBL
Bn or B,/ >0
Thus,
Pu(ta) = Y P (6n) — . (B — DY (twr)
n>n' n’'eN
= Z Z (5n’ (ﬂ) +5n>n’(ﬁ))pﬁt£/ - Z (6n’,./\/' - 1) Z Sp/ (6)p[3t§i/
n=n’ BEBy, n’'eN BEB
= Z [ Z (5n’ (B) + Snsns (ﬁ)) - Z (5n’,./\/' = Dsy (ﬁ)}pﬂtﬁ/
BeEBL n=n’ n’eN
=D [sne(B) + D sumw (B)]pstar = Y s(B)psts
BEBL n>n’ BEB

since #{n|n > n'} = §, p — 1 for n’ # ng and #{n|n > no} = dpy.». On the other hand, we
emphasize that the final result does not depend on the chosen partial order {N, >} as the
multiplicity function s is already independent of it. ]
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REMARK 3.5.

(i) For 8 < 0 we have s(8) = 0, while for 8 £ 0 we have s(8) > 1. Hence, the multiplicity
s(B) is non-zero for every 8 € By, thus every monomial of P}j' appears in Pj,.

(ii) Recall that the reduced Poincaré series Zp(tar) is the Taylor expansion at the origin of
fn(tar), c.f. Subsection On the other hand, the ‘endless’ multivariable Euclidean
division (Section[3.I)) can be thought as the expansion of fj,(txr) at infinity. The ‘endless’
division (with stopping conditions) results P,j from which we can recover P, by the
above theorem. Or, if we take each term of the expansion at infinity with multiplicity s
then we recover Py, since terms with negative degree in each t,, have zero multiplicity.

4. Comparison and examples for P and P+

The aim of this section is to compare the two polynomials P, (tx) and P;r (tnr), given by
the two different decompositions, through crucial classes of negative definite plumbing graphs.

In case of the first class, when the orbifold graph is a bamboo, we will prove that the two
polynomials agree. The second class is also motivated by singularity theory and contains the
graphs of the manifolds S‘Ep /q(K ) where K C S3 is the connected sum of algebraic knots.
Although this class gives examples when the two polynomials do not agree, their structure can
be understood using some specialty of these manifolds.

4.1. The orbifold graph is a bamboo

Let T be a negative definite plumbing graph with set of nodes N'= {nq,...,nx}. In this
section we will assume that its orbifold graph I'°"? is a bamboo, i.e. I'°"® has no nodes.

—e— o

ni n2 Ng—1 Nk

Then we have the following result:

THEOREM 4.1. If the orbifold graph T'°" is a bamboo then Py (ty) = Pl (ty) for any
h € H, i.e. every monomial term of P;’ (t,r) appears in Py (ty) with multiplicity 1.

Denote by bv; := mar(Ey,) the projected vectors for all i = 1,..., k. Similarly as in the proof
of Lemma we use the result of |14}, Theorem 5.0.1] concluding that in the case gzghen rorb is
N
(=)0 - )
for some a € Rx>0(v:),_77 N Z(mn (E}))vev and A1, Ax > 0. (In fact, a consequence of [14] is
that the h-equivariant parts fj as rational functions have the same ‘shape’ as f, c.f. Formula
, in their denominators consisting factors corresponding to nodes which are ends in I'*".)

By the uniqueness of the decomposition and Theorem it is enough to prove the
following proposition.

a bamboo we can write fy,(tar) as linear combination of fractions of form

PROPOSITION 4.2.  Let o € R>0(0;),_17 N Z{mn (E}))vev and consider the following frac-
t

(1= ") (1 — tpE™)

¢ given by the decomposition ¢ = ¢+ + "9 of Lemma 3.1) one has s(8) = 1.

tion p(tyr) = , A1, A\x > 0. Then for any monomial tjﬂ\/ of the quotient

The main tool in the proof of the proposition will be the following lemma.
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LEMMA 4.3. Under the assumption of the above proposition, for any f = 25:1 BeEy, €
a — Rx>o(v1, v) with not all 5, negative we have

Bryes Bic1 <0< Biy.o oy B 20> Biay ., Bk
for some i,j € {1,...,k}.

We denote by & = &(a) the intersection {y =S 5_ veEn, |7 = 0} N (@ — R0 (01, 01)).
Then for any fixed § satisfying the conditions of the lemma, we consider the parametric line
Bt)=t8+ (1 —t)a, t € R connecting a to 8, and denote by f;(t) the coordinates of S(t).
Whenever B(t) crosses & as t goes from 0 to 1 the sign of §;(t) changes from positive to
negative. Thus, the order in which 5(¢) crosses &; determines the order in which f;(t)’s change
sign, consequently determines the sign configuration of 3; = ;(1),i=1,...,k.

LEMMA 4.4. Let 0, = 04(a) and 7, = 7;(«v) be such that o — o;01 = (@ —Rx>g01) N E; and
a—T10p = (a—Rsovg) NE; for any i=1,.... k. If o = agvy, ag >0 for some £ € {1,...,k}
then we have

O0<oi(a)<...<op(a)=...=0p(a) and 7(a)=...=7(a)>...> () >0.

Moreover, for general o € R>(v;),_773 one has o1(a) < ... < op(a) and 1 (a) > ... > 7(a).

Proof. Note that we have additivity 7;(a¢’ + ") =7(/) + () and o;(a/ + ') =
oi(a’) + 0;(’"), hence we may assume that o = apvy. Moreover, we will only prove the lemma
for 0;’s. The intersection point oo — ;0 is characterized by («a — 0,01, E;“L) = 0, whence

(aeor, Ey) (B3, Ey)

. = O0; v = = e’ > 0.
A A T 2 M T o
Therefore, it is enough to show that
EX B Er EY EX E £ EY
( - T) ( ) Vi<t and o ;) ! - ) Vi>eo (41)
(B Er) (BB (B By (EGESL)
detry 1y w
Recall that by 1} (EX,E!) = —% for any vertices v, w, hence 1) is equivalent to
e
the following deferminantal relations :

detp\[nhni] detF\[ni+1,nz] — detF\[nl,nHl] 'detF\[ni,nz] >0, Vi</{, (4.2)

and equality for ¢ > /.

We use the technique of N. Duchon (cf. |9, Section 21]) to reduce to the case when
I" is a bamboo. To do so, we can remove peripheral edges of a graph in order to simplify
graph determinant computations. Removal of such an edge is compensated by adjusting the
decorations of the graph. Let v be a vertex with decoration b, and which is connected by an
edge only to a vertex w with decoration b,,. If we remove this edge and replace the decoration of
the vertex w by b,, — b, ! then the resulting non-connected graph will be also negative definite
and its determinant does not change. Using this technique we remove consecutively every edge
on the legs of T, and denote the resulting decorated graph by I'” which consists of a bamboo
— connecting the nodes ny and ng — and isolated vertices. Note that detpy(n, n;) = detrn (n; n;)
for all i,j =1,...,k. Moreover, is equivalent with

detpl\[nl,ni] detp/\[niﬂ,m] — detp/\[m,niﬂl . detpl\[n“m_]] >0, Vi</{, (43)

and equality for ¢ > ¢, respectively. From point of view of (4.3]) we can forget about the isolated
vertices of I, i.e. we may assume that I'" is a bamboo. If we denote by detfnwj] the determinant
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of the graph [n;,n;] as subgraph of (the bamboo) I'" then for ¢ < ¢ we have

detri\ny n,) debrn\ [,y ne) = A€t ny miga] - debrn [, ng) =

/ / I / / /
det[nl,ni+1) 'det(ni’nk] 'det(nz’nk] - det[nhni) 'det(ni+1,nk] 'det(ne,nk]
/ / li
= det[m’nk] 'det("ivnz‘ﬂ) .det(neynk]’
where the second equality uses the identity
/ / / / / /
det[nl,ni+1) 'det(ni,nk] = det[nl,nk] 'det(ni’niﬂ) +det[n1,ni) 'det(ni+1,nk]

from (14, Lemma 2.1.2]. Moreover, det{nl’nk} -det’(niyniﬂ) ~det’(n27nk] > 0 since any subgraph
of the nondegenerate negative definite graph I is nondegenerate negative definite, i.e. with
strictly positive determinant. Therefore, all three factors of the product are positive themselves
(note that det'(nkynk] =1). If ¢ > ¢ then it is easy to see

detF’\[nl,ni] detF/\[nHl,ne] — detF’\[nl,ni-{.l] . detF’\[m,ne] =
! A ! ! ! /
det(n“nk] . det[nhw) . det(”iJrlﬂlk] — det(ni+17nk] . det[nhw) . det(n“nk] = 0
O
We also introduce additional notations & = &y(a) = a — R>ovy and Epy1 = Epr1(a) = a —

R>gby. Moreover, denote by ¢; ; = &; j(o) = & (a) N E;j(e) the intersection points of segments
& and &;.

LEMMA 4.5. Foranyi=0,...,k+1anda € R>q(v),_1%, on & () the intersection points
are in the following order: ¢; (), ..., €;i—1(), €ii+1(@), . .., €ikt1(0).

Proof. For i =0 and ¢ = k + 1 the statement is immediate from Lemma, Notice that
we have defined 0; = 0;(a) and 7; = 7;(«) such that €;0 = o — 705 and €; 41 = o — oy7. If
t;j =tij(a) €[0,1] such that g, ; = (1 —¢; j)e;0 + ti j€ik+1, then we have to prove that (t)
ti,j(a) S ti,j-l—l(a) for all j

The case a = apvy, ag > 0 for some ¢ € {1,...,k} follows directly from the first part of
Lemma resulting (1) t; ;(aeve) < t; j11(agve) for all j. For general o = Z§:1 agby one has
the additivity €; j(o/ + ') = ¢; ;(a’) +¢; () (as vectors), hence by definition we get
tij(a)oi(e) + ti;(a”)oi(a”)

oi(a’) +oi(a”)
which implies the inequalities (1) using the special cases (1) for any ¢. O

/

tij(o/ +a”) = , (4.4)

LEMMA 4.6. The bounded region (o — R>(v1, %)) \ Reo(Ep)nen Is the union of quad-
rangles between segments &;,E;11,E;,Ej41 or triangles (degenerated cases). These polygons
may intersect each other only at the boundary.

Proof. The segments &; divide (o — R>(01,05)) \ Reo(En)nen into convex polygons. By
Lemma we can assume that [e; j,€;j41] and [g,41 5, € 4] are two faces at vertex e;; of
such a polygon. Moreover, €;11,; and €; j41 must be also vertices of the polygon and another
two faces must lie on segments &1 and &;41. Hence, the segments &;, &;, 41, €41 form a
convex polygon with vertices €; j, €;41,5, €i,j+1 and €;41 j+1. The polygon can degenerate into
triangles with vertices €; ;, €; ;41 and ;41 11, see e.g. Figure ]
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€o

k41

FIGURE 1. The intersection points ¢, ; and parametric line [(t)

Proof of Lemma Let 8 € (a—Rxo(v1,0%)) \ Reo(Epn)nen be fixed. Consider the
parametric line 8(t) = t8 + (1 — t)« connecting § to the vertex « of the affine cone, c.f. Figure
The order in which 5(t) intersects the segments &; as ¢ goes from 0 to 1 tells us the order in
which the coordinates f3;(t) of 5(¢) are changing signs.

In the beginning, every §;(t) > 0 and §(¢) sits in the polygon with vertices a = ¢ x+1, €0k,
€1k, €k+1,1, With sides lying on &y, Ex+1, &1, Ex. We also say that we have already intersected &
and Exy1. Then B(t) either intersects &1, hence B;(t) changes to 51(t) < 0 and B(t) arrives into
the polygon €1 k1, €1,%,€2,k, €2,k+1 With sides on &1, &, &, Exy1, or, it intersects & implying
that B (t) becomes negative and 3(t) arrives into the polygon with sides on &y, &1, Ek—1, Ek.
Therefore, we have crossed &y, &1, E;+1 in the first, while &y, &, Ex41 in the second case.

By induction, we assume that §(¢) lies in the polygon with sides &;, £i+1,&;, Ej41 for some ¢
and it has already crossed &, ..., &, Ejq1, .-+, Exg1, that is B1(2), ..., Bi(t), Bi+1(t), ..., Be(t) <
0 and Biy1(¢),...,5;(t) > 0. Thus, 5(¢t) must intersect &1 or &;. Therefore, either f5;1:(t)
changes sign to 3;41(t) < 0 and §(t) arrives into the polygon with sides &1, &i42,E;,Ej41, or
B;(t) changes to 3;(t) < 0 and S(t) arrives into the polygon with &;, &i4+1,&;,Ej—1. Hence, the
induction stops after arriving to 8 and proves the desired configuration of signs. |

Proof ofProposition If pgtjﬁ\/ is a monomial term of T (tar) then S € a — R>o(vy, by),
moreover not all B, are negative and so we have sign configuration as in Lemma To
compute the multiplicity s(8) we choose the ordering of nodes ny > ngyq forallé =1,... .k — 1.
If B >0 then s, (6) =1 and 8,,5p,,,(8) =0 for all £=1,...,k—1, thus s(8) = s,,(3) +

?;11 Sngsnep, (B) = 1. If B, < 0 then s, (8) = 0 and 8,5 p,., (B) = 0 for all £ except for £ = j,
for which 8; > 0 and ;41 < 0, thus s(8) = 1 in this case too. |

4.2. An example with higher multiplicities

Consider the following negative definite plumbing graph I' given by the left hand side
of Figure [2l The associated plumbed 3-manifold is obtained by (—7/2)-surgery along the
connected sum of three right handed trefoil knots in S3. Its group H ~ Z is cyclic of order
7, generated by the class [E7;], where E};, E} and E}; are the dual base elements in L’
associated with the corresponding vertices shown by Figure For simplicity, we set [ := mar(1)
for I € L ® Q and use short notation (I,1y,ls,13) for | =1, F, + Z?:l LE;.

By applying the Euclidean division algorithm from Section to the full f(t) as defined
in , it turns out that every exponent B = (84,1, 2, /33) appearing in PT(ty) can be
written in the form 8 = ¢ B} + E?Zl B — Z?Zl 2521 zi;Bf; — 211 E%, for some 0 < ¢y <
2,0<¢ <1and x;j,z41 > 1. E.g, for the choice ¢y =2, ¢; =1, 241 =z;; =1 for i € {1,2}
and x3; = 2 we get fo = (—1/7,1/7,1/7,—34/7). Moreover, one can check that this is the only
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FIGURE 2. The graph I' and the chosen partial ordering on the nodes

way to write Sy in the above form. Therefore, the orientation (or partial order) given by the
right hand side of Figure [2| implies that s(83) = 2. In fact, 8y belongs to P (tx), where we
use h € Z7 = {0,1,...,6} as a number to index P;r. Hence, by Theorem

Ps(tar) # Py (twr).

We also emphasize that the exponents
(=1/7,1/7,1/7,=34/7), (—=1/7,1/7,-34/7,1/7), (—=1/7,—34/7,1/7,1/7) with coefficient

pg =1 and
(=1/7,1/7,1/7,=27/7), (-1/7,1/7,=27/7,1/7), (=1/7,—27/7,1/7,1/7) with coefficient
pg=—1

(all of them present in Pg" (t,r)) are the only exponents with 5(3) = 2 > 1. Hence, although the
two polynomials may be different, it still holds that P, (1) = P, (1) = sto°™ for any h € Zs.

4.3. On the 3-manifold Sip/q(K)

4.3.1. Algebraic knots Assume K C S% is an algebraic knot, i.e. it is the link of an
irreducible plane curve singularity defined by the function germ § : (C2,0) — (C,0).

The Newton pairs of K are the pairs of integers {(p;,¢;)}i_,, where p; > 2, ¢; > 1, q1 >
p1 and ged(p;,q;) = 1. They are the exponents appearing naturally in the normal form of f.
From topological point of view, it is more convenient to use the linking pairs (p;, a;)7_, (the
decorations of the splice diagram, cf. [9]), which can be calculated recursively by

a; = q1 and Ai4+1 = i41 + aiPiPi+1 for ¢ > 1. (45)

The set of intersection multiplicities of § with all possible analytic germs is a numerical
semigroup denoted by Mj. Although its definition is analytic, Mj is described combinatorially
by its Hilbert basis: pip2 - - pr, aipiy1---pr for 1 <i <r—1, and a,. In fact, |Z>¢ \ Mj| =
ps/2 (cf. [17]), where p; is the Milnor number of f. The Frobenius number of Mj is ps — 1,
and for £ < uy — 1 one has the symmetry:

e M; ifand only if puy—1—0¢ M;. (4.6)

We emphasize that the integer & := /2 is called the delta-invariant of §, which equals the
minimal Seifert genus of the knot K.

The Alexander polynomial A(t) of K (normalized by A(1) = 1) can be calculated in terms
of the linking pairs via the formula

B (1 _ ta1p1p2"'17r)(1 _ ta2P2-~~Pr) A (1 _ tarpy,)(l _ t)
A(t) B (1 - ta1p2~-.Pr)(1 — ta2p3"'Pr) e (1 — taT)(l _ tpl“‘Pr) . (47)
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It has degree 5. On the other hand, A(t)/(1 —t) = ZEEMf t is the monodromy zeta-function
of  (cf. [5]), whose polynomial part can be given in terms of gaps of the semigroup: Pj(t) =
- Zeer t¢ (cf. |14} Subsection 7.1.2]). Hence, the degree of P;(t) equals y; — 1.

The embedded minimal good resolution graph of f (or the minimal negative-definite plumbing
graph of K) has the shape of

vy v
Ffl *~— - - - ¢ - - - -———— K
! 1 =1
I I
|

‘ ‘
where the arrowhead, attached to the unique (—1)-vertex, represents the knot K. Its
decorations can be calculated from the Newton pairs {(p;,q;)}; using e.g. [9], see also |18,
Section 4.I]. The graph has an additional multiplicity decoration: the multiplicity of a vertex
is the coeflicient of the pullback-divisor of f along the corresponding exceptional divisor, while
the arrowhead has the multiplicity decoration 1. E.g., we set m; := a,.p, to be the multiplicity
of the (—1)—vertex.

Notice that the isotopy type of K C S® is completely characterized by any of the invariants
highlighted above. For general references see [2], [9] and also the presentation of [18] and [25].

4.3.2. The plumbing of Sip/q(K) Let p/g>0 (p>0, ged(p,q) =1) be a positive
rational number and {K;}¥_; be a collection of algebraic knots. Then we consider the
oriented 3-manifold M = S%p /q(K ), obtained by (—p/q)-surgery along the connected sum
K =K#---#K, C S? of the knots K;. All the invariants associated with K, listed in
the previous section, will be indexed by j. E.g., the linking pairs of K; will be denoted by
(pgj )7 agj ))zzl, the Alexander polynomial by A (¢) and m(9) stands for the multiplicity of the
(—1)-vertex in the minimal plumbing graph of K; as above. Set also m := Y "_, m9),

The schematic picture of the plumbing graph I of the oriented 3-manifold M = S3 v/a (K) has

the form as shown in Figure [3| (see |4]), where the dash-lines represent strings of vertices. The

I: -1
r(1)
)
| ,Ugj) () :D(z)
R S ero-
| [
: : p£[f>::
|
| ¢ 6|
:FEJ) |
B e ] @)
F(V)

FI1GURE 3. Plumbing graph of Sip/q(K)

integers kg > 1 and k; > 2 (1 <i < s), in the decorations of the vertices v;;, are determined
by the Hirzebruch/negative continued fraction expansion

pla= ko, ks] = ko = 1/(ky = 1/(-+- = 1/ks)--+).
We write £y, E,; and Ei(j ) for the base elements corresponding to the vertices vy, vy; and

vgj ) , respectively.
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It is also known that the homology group H = L'/L ~ Z, is the cyclic group of order p,
generated by [E7 ] (for a complete proof see [4, Lemma 6]).

In Figure We have put at the node v( 7 its splice diagram decorations a( ) ij and D /
defined in [9], i.e. the determinants of the respective connected subgraphs we get by deletmg
v( 7 and its adJacent edges from I'. For simplicity, we use notation I'; @) for the subgraph spanned
by the nodes {’U/J }&,_, and their corresponding end-vertices (1n51de the dashed rectangle in
Figure|3 Ij Hence, by definition one can write DY) = det(I'\ T'")). Also, set T'0) := F(] ) and its
self-intersection decorations are the same as of the embedded minimal good resolutlon graph
of K;, we omit the decorations from the picture for simplicity.

In the next lemma we prove some useful formulas.

LEMMA 4.7. )
(i) DY =p+a?p? (p7), - --p%)) q, for1 <i<ry;

K3 1+

(i) al?, DY) = ¢ p+aPpPpD DI for 1 <i<r; 1.

Proof. Let K be the knot with Newton pairs (pﬁ,ﬂ),qzm)z,,lﬂ The graph T'\ I‘(j) is the
plumbing graph of the manifold S3 , .y q(K # #,2,K;) for some p’ which can be computed

as follows. The new linking pairs (pE,J ), aE,J )):Ll 41 can be calculated recursively using and

Nz(i_)l = ql(i_)l Hence, we find the identity

_ 2
a) = al) — aVpl) (p§])1 pii)_l) p,

which implies that the multiplicity m7) of the (—1)-vertex in the embedded graph of K ]/ equals

5%)])7(%) =mU) — (ll(-j )pl(-] ) (pl(-i)l - ~p%)) . Since the decoration on vy remains unchanged we

must have for the Hirzebruch/negative continued fraction
N . N 2 ,
Pla= ko + 0@ (50 -p9) krr. k] = pfat P (209

Finally, note that p’ = Dz(j) is the determinant of the graph F\FZ(-j ) [4, Lemma 6]. This
concludes the formula of [(i)] . The recursive identity of can be easily verified using [(i)]
|

4.3.3. Seiberg—Witten invariant via Alexander polynomials We consider the product of
the Alexander polynomials A(t) := ], AU (1) with degree p:= 3" ; p9). By the known facts
A(1) =1 and A’(1) = u/2, we get a unique decomposition

Alt) =1+ (u/2)(t = 1)+ (t = 1)*- Q(1)

for some polynomial with integral coefficients Q(t) = Y 4 qltl of degree p — 2.

We remark that the coefficients of Q has many interesting arithmetical properties. E.g.,
notice that qo = p1/2, qu—2 =1 and qu_2-; =¢q; +i+1—p/2 for 0 <i < p— 2, given by the
symmetry of A. The explicit calculation of a general coefficient is rather hard, one can expect it
to be connected with some counting function in a semigroup/affine monoid structure associated
with the manifold M (cf. [14]). In particular, if ¥ = 1 one can check that q; = #{n ¢ M : n >
i}, where M is the semigroup of the unique algebraic knot K. More details and discussions
about these coefficients can be found e.g. in [3].

We look at the decomposition Q(t) =3 ;7 Qn(t) where Qp(t) :=3 ;5 Al(ipth)/alt!
and consider the following normalization (different from Formula ) of the Seiberg-Witten

7p+h]
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invariants:
stoy,” " (M) = —$0_ (52 Jiou,, (M) = (K +2hET)?+V)/8  for 0<h<p.  (48)
Then the following identity is known by |1} 20, |25]:
Qu (1) = st " (M). (4.9)
4.3.4. On the structure of the polynomial part For any h € Z, consider the decomposition

futar) = Py (b)) + £ (),

given by Lernrna ie. f;“/(tnx) has negative degree in each variable and write P;f(ty) =
ZﬁeBh p/gtN Where B = (Bu)ven and B £ 0. Let B4 be the E -coefficient of 8 and set B :=
U}, Br too. For any polynomial P(txr) we consider the decomposition Pg, >0(tar) + Ps,<o(tar)
so that the first part consists of those monomial terms for which 8+ > 0, and similarly, all the
terms of the second part have 5+ < 0

By definitions we have h 5, >o(t W (tar), where P,* is the result of a single variable
division, see Subsection [2.4.2] Moreover recall that Theorern [3:4] concludes that the monomial
terms of Pp,(txr) are exactly of P\ (tar) with multiplicities. Therefore, in general, the difference
polynomial Dy, (txr) := Pn(ta) — P;:+ (tar) consists of Py g, <o(tar) and the higher multiplicity
terms (s(3) > 2) from Py, g, >0(tn).

However, in the next theorem we show that there are no monomial terms in Pj, g, >0(tar)
with 5(5) > 2, ie. Dh<t./\/) = Ph,5+<0(t/\/).

THEOREM 4.8.
Phgy>0(ta) = P g 5o(ta) = Pyt (t).

Proof. First of all we may assume that v > 2 otherwise we have the situation of Section
We fix the orientation of I'°"® towards to the node v, and consider its induced partial order
(N, =) (see Section. For any 3 € B for which $; > 0 one has s, () = 1, thus by Theorem
we have to prove that for such a 8 we have 51)1@)}”51)1 (8) =0 for any j € {1,...,v} and

ie{l,...,r;}. We set v( 7) +1 = vy. In order to see this, we prove that the sign configuration

on the subgraphs ) behaves similarly as in Lemma Thus, assuming B4+ > 0, for any j
we show that

B(j),...,,é’-@ <0§6-(j),...,ﬁ(j),6+ for some i€ {1,...,7;}. (4.10)

It is enough to show that Proposition can be applied to the zeta-function f(tx;;) reduced

to the subset of nodes N consisting of v j) and vy of T

For a fixed j we construct a new plumblng graph T'jz; by deleting all the subgraphs INER
and its adjacent edges in T for any j’ # j and modifying the decoration of v into —ko — m7).
Then the new graph I'y, is the plumbing graph of the manifold M; := =53 p/q( K;). Or, if we
look at I' as the minimal good resolution graph of a normal Surface Slngularlty then one can
obtain a new resolution graph by blowing down all the subgraphs '/ ). In this resolution, the
new exceptional divisor corresponding to the vertex vy is a rational curve with singular points
and self-intersection —ko — m(). If we disregard the singularities of this divisor then we obtain
a normal surface singularity whose link is M; and its minimal good resolution is I'yy; .

We distinguish the invariants of the new graphs in the following way: L; denotes the lattice
associated with I'js; with base elements F, ;, the dual lattice will be denoted by L Wlth base
elements E7 ;. We 1dent1fy Nj of T with the same set of vertices of I'py, (notice that vy has
degree two so it is no longer a node in I'y7; ). Then one can also identify the base elements of
7N, (L) and o, (Lj). In particular, one can show that my; (E7) = my; (B ).
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Using the above identifications, one can check the following identity

F(ta;) = fileas) TT A9 (830,
J'#J
by calculating explicitely the zeta-function f(ts;,) and the zeta-function f;(ta;) associated
with T'p, restrlcted to NV, using the Formula (1.1 and ( ., and comparing the result with
the Formula ) for Alexander polynomials.

The only problem is that N contains vy which is no longer a node in T u; - Nevertheless,
we can blow up the vertex vy and denote the new graph by I, . Then the newly created
(—1)-vertex is connected to vy (if ¢ =1 then we can create two such (—1)-vertices), hence
vy becomes a node of I'), . Using the natural identifications we have mx;, (EZ ;) = mn;, (Ey ;)
where E}f R denotes the newly created dual base element. Moreover, one has f;(ty;) = f;(tw;),
where f} is associated with T

Finally, the rational functlon fj’ (ta;) [T, AU’ )t * ) is the sum of rational fractions as in
Proposition which implies the sign configuration (4.10) by Lemma 4. 3 |

We notice that for the difference polynomial Dy, (tzr) := Py (ty) — P;* (tar) one has
Dy (1) = swp” ™ (M) — swv,” " (M) = x(rpg= 1) — x(REL),
where x(I') := —(K +1',1')/2 for any I’ € L'. This follows from (2.7), (4.9) and the fact that
Pt (t) = Qu(t), which is proven in [1} 8.1]. Thus, Theorem |4.8|implies that Pj, g, <o counts only
the difference between the normalizations and the Seiberg—Witten information is contained in

+
Pyls, >0

4.3.5. Canonical case h =0 From geometric point of view we are mainly interested in the
case when h = 0, since fo(tar) is related with analytic Poincaré series associated with a normal
surface singularity whose link is M (c.f. Section e.g. in the case when ¢ = 1 the manifold
M = Sip(K ) may appear as the link of a superisolated singularity).

In this case one has Dy(1) = Py g, <o(1) = 0, although it is not clear whether there are some
monomial terms appearing in Py g, <o. This can indeed occur for h # 0 as shown by the example
from Section However, in the sequel we prove that for h = 0 this is not the case, i.e.

PJﬁ+<0(tN) =Py s, <o(ty) =0.
Thus, we have Py(ty) = Py (ty), in particular Py (1) = stopem™(M).

LEMMA 4.9. Let f(j ) be the irreducible plane curve singularity with Newton pairs
(pg,]), qf,]))l, 1 forany 1 < j<wvand1l<i<r; and its associated semigroup will be denoted
by M - Then for any exponent = (S, {Bi(])}j:ﬁ;izﬁ) € B of the monomial terms in
PT(t N) we have the following relations

(i)
agi) B(]) _ a pzj)ﬁerl Z+1€,3(7)’

where (° 0 € Z\Mfm depending on f3. In particular, for i =1r; we set a(7) =1

qr(?)Jrl = 1 and ﬂ(]) 1 := B4, hence the identity becomes Bg) =m@B, + 08

(i)

5@

ﬁ(J) < a(])pgj) pg)(ﬂ+ +1).
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Proof. |(i)| By Formula (1.1 the zeta-function for our special plumblng graph T' (c.f. Figure

v— )* (3)*
3) has the form Flta) = (1 —tN )T (1 477 /(1 - 65 T e (-t ),
where we use notation £¢) for the set of end-vertices of T') and Ef,j ) are the dual base
elements associated with them. Hence, applying the division algorithm of Sectionfor fta)
we can write the exponents of the quotient polynomial PT(txr) in the following form

B=kyEl + Z(Z KPEDT — N 2D EG) - 2, B, (4.11)
J

ve&l)

for some integers 0 < k; <v —1, k(j) € {0,1}, mv ) > 1 and xqy > 1

For any subgraph IV of T" let us denote by BF the partial sum considering only those terms
from the right hand side of (4.11)) which are associated with the nodes and end-vertices of T".
Recall that in Subsection e have defined F(j ) as the subgraph spanned by the nodes
{v(] ) t,_, and their correspondmg end-vertices. Then, we claim that

(4 ) ‘
) sk al D F(_J)
z+1/8 (3 _ a(+)1 (8, _Ei(j) )=a J)pgj 67,+1 ( (]ng 5 a(J)pEJ)) 'ﬁiil’ (4.12)
z+1 z+1

where ﬁlﬂ : (BF(]) El(i)l*) is the E(J) 1-component of BF (c.f. Section . Indeed, the
first equality uses the fact that 3, ) is the E(] ) -component of 3, hence it can be calculated by
the intersection (3, — ( ) ). For the second equality we have applied to the following
identities coming from Formula 2.1} for any node or an end-vertex v of F one has that

: oS 4
Ei)l (E*, EY*) equals to (f)l (]) (E:, EZ(+)1 ) in the case when v belongs to T'?, and equals to
Py Dy

a(])pgj)( El(i)l*) otherwise. (Notlce that for the case ¢ = r; we have to set pgi)l =1 too.) On

the other hand, one can check from (4.11) that
)

r0 DR N 0 0@ 6 ) ) ) ©) )0 )
. %(Z (k- apP . pP —a@) - aP ) p) — 2 p Y )
i'=1
(4.13)
where u; = u(,] ) is the end-vertex connecting to v(j ) with the leg of determinant p(j ) and

Uy = ué 7 is the end-vertex connecting v;

Now, the idea is that by (4.13) and 1) the quantity Ef(].) = pBZ_H /(pgi_)lDl(i_)l) can be
' f(])

viewed as an exponent coming from the division of the monodromy zeta-function of f;”’. Hence,
it is either negative or it is an exponent of the polynomial part of the monodromy zeta-function

which implies ff(j) ¢ Mfgj) by (14}, Section 7.1.2]. Therefore (4.12)) transforms into

(3) (4)

with the leg of determinant a , see Figure

()D(7) ()@ 5 p) _
ﬁ(a) = a! ©) J)ﬁ(] Git1 appz Pit1titr E,f“) _ a(])pg )Bi(i)l z(i)lgf(n’

where the second equality uses Lemma [4.7(ii)|
According to the proof of part m and symmetry of M ) {i we can write
Efm) uf<]> 1-— 85 for some 85 S Mf(]) Thereforelmphes ﬁ(j) < (a pzj)/ag_)l) z(i)l +

(qfi)l /a; +1)('“f(” 1). Then applying this inequality recursively for all ﬁi Vi g ) one finds

the following 1nequahty

(') Tj @, G . ,0) ()

a;”"pP; Plf q;
<> o =1+ D Ty =D (414)
a; 3 i'=i+1 ai/ ;i q ‘

B9 < aPp .. pld
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Then we use relations lb for all q(,j) i" € {i,...,r; — 1} (recall that qijzﬂ :=1) to get

/41
T (4),,(d) . (4)
a;" " P; Py
5(]) < a(]) (-7) (3)6+ + (Mf(i) _ 1) ( (]) 1 (Mf(j) _ 1)
a; i

i'=i+1
(4),,() (4)
a4 Py P o
_ a(.,j) (ufifll 1)) (4.15)

We use a well-known recursive formula P = (ag,j) — 1)(p1(-,j) 1) +p§j)ufm (see e.g. |18l
il il —1
(4.13)]) for the Milnor numbers of f(,J ). which can be rewritten for our purpose in the form

al(j)pz(j) pfjll a(J)pEJ) pEJ)

- @i Pi TPy o (4),,(4) | (7) (4),,(d) | (4)
a(,]) (:u'fgf) 1) a(,j) (Mf(.Jl )

_a pz ' a pz p?,—l

Finally, this recursion can be applied repeatedly to (4.15)) in order to deduce

89 < aPp ... o5, + Z (@PpD . pP — qp). ..pg,ﬂ‘jl)+uf§j>—1
i/ =i+1

<aPp? - pP (81 +1),
where the second (strict) inequality uses [18| Theorem 4.12(a)], saying that Mo Ty =
2 V() -1 0. D

PROPOSITION 4.10. For h = 0 one has Py(tx) = Py (ty) = Py (tn).

Proof. By Theorems (3 4 and {4. 8 we have to show that POJFB <o(ta) = 0. Moreover, using
the conﬁguratlon of 51gns rom t proof of Theorem 8} it needs to be proved that g4 <0
implies Bij <0 for any 1 <j<wvand1<1i<r;. Thisis implied by part of Lemma
since [, @m € Z in the case h = 0. O

4.4. Question about Pt

We have shown an example in Sectionin which P, (tx) # P;f (tar) for some h € H. Hence,
by Theoremthe polynomial part P, in general can be ‘thicker’ than P,j . Nevertheless, they
have the same set of exponents for the monomials which object presumably plays an important
role in geometrical applications.

On the other hand, the calculation of P,j is much more effective, therefore, it is natural to
pose the question whether it can replace P, as a polynomial part. More precisely, we ask the
following:

Is it true in general that P;f (1) = stwporm?

References

1. G. BRAUN AND A. NEMETHI, ‘Surgery formula for Seiberg—Witten invariants of negative definite plumbed
3-manifolds’, J. fiir die reine und ang. Math. 638 (2010) 189-208.

2. E. BRIESKORN AND H. KNORRER, Plane Algebraic Curves (Birkhauser, Boston, 1986).

3. J. BODNAR AND A. NEMETHI, ‘Lattice cohomology and rational cuspidal curves’, Math. Research Letters
23 (2016), no. 2, 339-375.

4. J. BODNAR AND A. NEMETHI, ‘Seiberg-Witten invariant of the universal abelian cover of Sip/q(K)’,
Singularities and Computer Algebra: Festschrift for Gert-Martin Greuel on the Occasion of his 70th
Birthday, Springer 2017, 173-197.



Page 20 of 20] DIVISION ALGORITHM

5

6.

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

28.

29.

. A. CAMPILLO, F. DELGADO AND S. M. GUSEIN-ZADE, ‘On the monodromy of a plane curve singularity and
Poincaré series of the ring of functions on the curve’, Func. Anal. and its Appl. 33 (1999), no. 1, 56-57.
A. CAMPILLO, F. DELGADO AND S. M. GUSEIN-ZADE, ‘Poincaré series of a rational surface singularity’,
Invent. Math. 155 (2004), no. 1, 41-53.

A. CampPILLO, F. DELGADO AND S. M. GUSEIN-ZADE, ‘Universal abelian covers of rational surface
singularities and multi-index filtrations’, Funk. Anal. i Prilozhen. 42 (2008), no. 2, 3-10.

S.D. CuTkosKy, J. HERZOG AND A. REGUERA, ‘Poincaré series of resolutions of surface singularities’,
Trans. Amer. Math. Soc. 356 (2004), 1833-1874.

D. E1sENBUD AND W. NEUMANN, Three—dimensional link theory and invariants of plane curve singularities,
(Princeton Univ. Press, 1985).

R.E. GOMPF AND A. STIPSICZ, 4-manifolds and Kirby calculus, Graduate Studies in Mathematics 20,
American Mathematical Society (1999).

T. LAszL6 AND A. NEMETHI, ‘Ehrhart theory of polytopes and Seiberg-Witten invariants of plumbed
3-manifolds’, Geometry and Topology 18 (2014), no. 2, 7T17-778.

T. LAszLd, J. NAGY AND A. NEMETHI, ‘Surgery formulae for the Seiberg—Witten invariant of plumbed
3-manifold’, arXiv:1702.06692 [math.GT] (2017).

T. LAszLO AND Zs. SzILAGYI, ‘On Poincaré series associated with links of normal surface singularities’,
arXiv:1503.09012v2 [math.GT] (2015).

T. LASzZLO AND Zs. SZILAGYI, ‘Non-normal affine monoids, modules and Poincaré series of plumbed 3-
manifolds’, Acta Math. Hungar. 152 (2017), no. 2, 421-452.

Y. LM, ‘Seiberg—Witten invariants for 3—manifolds in the case by = 0 or 1, Pacific J. of Math. 195 (2000),
no. 1, 179-204.

C. LEscop, Global surgery formula for the Casson—Walker invariant, ( Ann. of Math. Studies 140, Princeton
Univ. Press, 1996).

J. MILNOR, Singular points of complex hypersurfaces, (Ann. of Math. Studies, 61, Princeton Univ. Press,
1968).

A. NEMETHI, ‘Dedekind sums and the signature of f(z,y) + 2N, I, Selecta Mathematica, New Series, 5
(1999), 161-179.

A. NEMETHI, ‘Five lectures on normal surface singularities’, lectures at the Summer School in Low
dimensional topology Budapest, Hungary, 1998; Bolyai Society Math. Studies 8 (1999), 269-351.

A. NEMETHI, ‘Graded roots and singularities’, Proceedings of ‘Advanced School and Workshop on
Singularities in Geometry and Topology’; ICTP (Trieste, Italy), World Sci. Publ., Hackensack, NJ, 2007,
394-463.

A. NEMETHI, ‘Poincaré series associated with surface singularities’, Singularities I, Contemp. Math. 474,
Amer. Math. Soc., Providence RI (2008), 271-297.

A. NEMETHI, ‘The Seiberg—Witten invariants of negative definite plumbed 3-manifolds’, J. Eur. Math. Soc.
13 (2011), 959-974.

A. NEMETHI, ‘The cohomology of line bundles of splice—quotient singularities’, Advances in Math. 229
(2012), no. 4, 2503-2524.

A. NEMETHI, ‘Personal communications’.

. A. NEMETHI AND F. ROMAN, ‘The lattice cohomology of Sid(K)’, Proceedings of Zeta Functions in Algebra
and Geometry, Contemporary Mathematics, 566 (2012), 261-292.

A. NEMETHI AND L. I. NICOLAESCU, ‘Seiberg-Witten invariants and surface singularities’, Geometry and
Topology 6 (2002), 269-328.

A. NEMETHI AND T. OKUMA, ‘On the Casson invariant conjecture of Neumann—Wahl’, Journal of Algebraic
Geometry 18 (2009), 135-149.

L. I. NIcOLAESCU, ‘Seiberg—Witten invariants of rational homology 3—spheres’, Comm. in Cont. Math. 6
(2004), no. 6, 833-866.

T. OKUMA, ‘The geometric genus of splice-quotient singularities’, Trans. Amer. Math. Soc. 360 (2008), no.
12, 6643-6659.

T. Lészl6 Zs. Szilagyi

BCAM — Basque Center for Applied Babeg-Bolyai University, Faculty of
Mathematics Mathematics and Computer Science,

Mazarredo, 14 E48009 Bilbao Kogalniceanu Street 1

Basque Country 400084 Cluj-Napoca

Spain Romania

tlaszlo@bcamath.org szilagyi.zsolt@math.ubbcluj.ro



	Introduction
	Preliminaries
	Decomposition by multivariable division and proof of the algorithm
	Comparison and examples for P and P+
	References

