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In this Paper we study a Bloch-Torrey regularization of the
Rosensweig system for ferrofluids. The scope of this paper is
twofold. First of all, we investigate the existence and uniqueness
of Leray-Hopf solutions of this model in the whole space R2.

In the second part of this paper we investigate both the long-
time behavior of weak solutions and the propagation of Sobolev
regularities in dimension two
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The purpose of the present work is the mathematical study of a model describing the hydrodynamics
of ferrofluids, under the action of an applied magnetic field. Ferrofluids are complex liquids
presenting a strong magnetization under the action of a magnetic field. The motion of these fluids
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is complicated by the existence of mesoscale or sub-domain structures: a carrier fluids (water, oil
or other organic solvent) surround a composed of nanoscale particles, such as of magnetite and
hermatite, or some other compounds of iron.

Ferrofluids are purely artificial, and they were invented by the NASA program in 1963 [55]. The
drive to create such a magnetic liquid was to control and direct rocket fuel in outer space. Indeed,
the absence of gravity leaded the fuel to float in the holding tank and it was therefore a challenge
to pump the fuel efficiently into the rocket engine. The pioneristic work of Papell allowed to
convert the nonmagnetic rocket fuel into a fuel having magnetic properties so that it could be
controlled under zero gravity by powerful magnets.

Unlike solids and Newtonian liquids, the model equations for ferrofluids continue to evolve as
new experimental evidence become available. New mathematical descriptions and self-consistent
theories resolve the ensemble of micro-elements, their intermolecular and distortional elastic
interactions, the coupling between the hydrodynamics and the applied electric and magnetic
fields. Thus, there exist several models describing the hydrodynamics of homogeneous micropolar
fluids [39,/51], and we investigate a regularization of Bloch-Torrey type [56] for the Rosensweig
model [36,/45,/46]. For the sake of unified presentation, it is convenient to introduce some
terminology. The local magnetizing field (i.e. the dipole moment per unit volume) is described
through a time-dependent function M taking values from a domain of R? into the three dimensional
vector space R? . The description of the ferrohydrodynamic interaction is driven by the equation
governing the magnetic field B and the demagnetizing field H, the Gauss law and the Ampére’'s
law
divB(t,x) = F and curl H(t, x) = 0

with H and B vector functions of (¢, x) € Ry xQ and F = F(t, x) the external magnetic field
applied to the system. We consider here nonconduting ferrofluids for which the current density is
null. Furthermore the relation connecting B and H is

B=u(M+H)

where U is the permeability of vacuum. For monodispersion of spherical particles, the spin can
be expressed in terms of the inertia k > 0 per unit volume and the the average angular velocity
Q = Q(t, x) € R? of particles about their own center.

The velocity u = u(, x) of centres of masses of particles obeys a forced incompressible Navier-
Stokes system, with an additional stress tensor, a forcing term modelling the effect that the
magnetic field interacts on the dynamics of the centres of masses of the particles. The final
system is then a combination of the Navier-Stokes equation, the magnetization equation and the
magnetostatic equation. Explicitly the equations, in non-dimensional form, are [6,/43]:

po(a,u +u-Vu) -(M+&8)Au+ Vp =uM-VH +2§ curlQ,

Pk(9Q +u-vQ)-1n'AQ -A'vdivQ = uM x H + 2{(curlu - 2Q),

OM +u-VM-0AM = QxM-1(M-yH), (1)
div(M+H) = F,

divu = curl H = 0,

supported by the initial condition:
(U, Qa Mv H)|t:0 = (U(), QOa MO; H0)7

where ug is free-divergent, Hy has null curl and the couple (My, Hy) also satisfies the Ampére’s
law div ( Hp(x) + Mo(x)) = F(0, x). The equations are defined in the whole three-dimensional



space R? x R, and we assume that
F = F(Xl, X2, t),

which corresponds to the case of a magnetic field independent of the vertical variable. Under this
hypothesis we introduce the specific family of solutions of the form

u= (U(Xl, X2, t)v U2(.X1, X2, t)a 0)7
Q= (07 0, (O(Xh X2, t))?
M = (M (x1, x2, 1), Ma(x1, x2, 1), 0).
Under these hypotheses, we recast the system in the bidimensional form (cf. [45])
(92(1)
p(du+u-vu) - (M+¢)Au+Vp=uM-VH + 2 Jol
-0l
pk(dw +u-vo)-n'Aw = uMxH + 2{(curlu - 20),
M 1
atM+u-VM—0'AM:( Q)a)——(M—xH), (2)
-M; T

div(M+H) = F,
divu = curl H = 0.

Here, by an abuse of notation, we identify vector products and the curl operator by means of
MxH = M1H2 - H1M2 and curlu = 81U2 - 82u1,

respectively.

The mathematical analysis of ferromagnetic fluid systems is fairly recent, we refer the reader
to [1410,[46] for several well-posedness results in different domain configurations. In [49] the
second author proved that it is possible to construct infinite-energy solutions for the Shliomis
model (see [51]) uniformly in the entropic relaxation time 7 > 0, and studying hence the limit as
T — 0 recovering hence a singular perturbation problem (c.f. [14-18,21}22,24,33,137,138,45,/47,/48]
only to mention a handful of works on singular perturbation problems in fluid dynamics).

Our analysis relies basically on energy estimates, so that we will look for weak solutions, which are
defined in a rather standard manner:

Definition 1.1. We say that (u, @, M, H) is a weak solution of problem if the conditions
below are satisfied

(i) The quad (u, @, M, H) belongs to L*(0,T;L*(R?)) nL%(0,T; H'(R?));
(ii) The momentum equation of system holds in the distributional sense: for any compactly
supported @1, in C*°( [0, +o0) x R% R?) with div ¢; = 0,
t
prz u(t, x) - u(, X)dx + (n + g)fo fR Vu(s, x) : Vor (s, x)dxds =
t
- - 01(0,x)dx f / ,X) -0, ,x)dxd
p [, u()-@u0x)dr+ [Tp [ u(sx)-3pi(s,x)drds +
1
+p /0 /R2 u(s,x) ® u(s,x) : vy (r,x)dx+

+U /Ot [RQ(M(S,X)-VH(t,x))-(pl(s,x)dxds -2 fot ‘[]RQ (s, x) curl @; (s, x)dxds,

for almost any t € (0,T).



(iii) The angular momentum equation of system holds in the distributional sense: for any
compactly supported @3 € C*( [0, +00) x R?)

pkfR2 o(1,x)2(1,x)dx + (" + ) fR2 vo(t,x)  Vs(t,x)dx =
_ fotpkfRQ (s5,%) @2 (s, x)xds + pk[R2a)g(x)(p2(O,x)dx+
+48p fotfw @(s,x)@z2(s,x)dxds = pkp fot/ﬂv o(s,x)u(s,x) - Voo (r,x)dxds +

+up /(;’ /H;Q M(s,x) x H(t,x)@2(s,x)dxds + 2§ /RZ u(s,x) x V@o(s,x)dxds,

for almost any t € (0,T).

(iv) The magnetizing equation and the magnetostatic equations hold in the distributional
sense: for any compactly supported @3 € C*°( [0, +00) x R2,R?) and compactly supported
@4 in C*(R?,R?)

fR2M(I,x)-(P3(t, x)dx + (n+¢) /Ot /R2 VM(s, x) : V3 (s, x)dxds =
_ [ot [RQM(S, %) - @3 (s, x)dxds+[RQM0(x).(p3(0’x)dx+
+ fo[le’ u(s,x) ® M(s,x) : Vos(s,x)dxds +f0[fR2 w(s, X)M(s, x) x @3(s,x)dxds —

1 t
-— M -H . dxd
[ MG x) = Hs, %)) - @a(s,3)dads,
for almost any timet € (0,T).
The solution is said to be global if the previous properties are satisfied for all fixed time T > Q.

We state our first main result. It asserts the existence and uniqueness of weak solutions to our
system, for any initial datum and external force.

Theorem 1.2. For any initial datum (ug, @y, Mo, Hy) in L*(R?) and any external force
F e L (Ry; LA(R?)) n W, 2 (R, HH(R?)),

oc

there exists a unique global in time weak solution (u, @, M, H) to system in the sense of
Definition[I.1, Moreover for any T >0, such a solution satisfies the following energy inequality, for
all timet € [0,T]:

e+ [ o6as < (€0 + [ [IEG) By + 1(F6):AFG) B ]ds) ()
where the energy £(t) and its dissipation ©(t) are determined by
£@) = pluliz + Pkl o2 + k| HO) 12 + | M2,
() = [ Vul + [V L2 + |9MI2, + [divM B, + [MI%+ |82,
The existence part of weak solutions will be studied in Section [2} the methodology adopted

is a rather classical use of Faedo-Galerkin approximation scheme, with an interesting technical
challenge. The approximated system reads in fact as

al“/n = &n,

where V, e L2 _ (R+;H1) (we refer to the uniform energy bounds provided in [46]) while we can
1

say that g, € L . (R+;H1) only. Such low time-regularity does not allows us to use compactess
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theorems such as Aubin-Lions lemma [11] in order to deduce that the sequence (V,), is strongly
compact in some suitable topology. In this setting hence we use an approach similar to the one
adopted in [32, pp. 69-71] (we refer as well to [10]); such approach consists in providing a uniform

bound for the sequence
((1+101") Vi), . ye (o, %l)

which is indeed less restrictive than providing a uniform bound for the sequence (9,V,),. We
prove (and we refer to Section [2l and Appendix [A] for details) that, given any 0 < T < oo, if
the sequence ((1+1d;|) V,,)n is uniformly bounded in L?([0,T];H™™), N > 1 and (V,,), is
uniformly bounded in V,, ¢ L2([O, T] ;Hl) then the sequence (V,), is compact in the space
L? ([0, T] ;HISOC), s € (=N,1). Our approach is strictly based on suitable bounds of the time
fractional derivative of the flow u in certain Lebesgue spaces L?, with p > 1. This is mainly due
to our interest in using a classical Aubin-Lions lemma, whose result does not hold in the critical
case p = 1. We are aware nevertheless about some extension of such a Lemma (cf. [52]) where
the case p = 1 is considered. We claim that under suitable modifications to our approach, the
extension of the Lemma allows to prove existence of global-in-time weak solutions. For the sake of
a clear presentation, we do not pursue this approach and we proceed with the fractional derivative
technique which eventually will lead to the classical Aubin-Lions lemma.

The main difficulties associated with treating the uniqueness of weak solutions for system are
related in first place to the presence of the Navier-Stokes part, in particular to the conservative
contribution of the Lorentz force. We should essentially think of the system as an highly
non-trivial perturbation of a Navier-Stokes system. It is known that for Navier—Stokes alone the
uniqueness of weak solutions in 2D can be achieved through rather standard arguments, while in
3D it is a major problem.

The extended system that we deal with has an intermediary position. Indeed, the non-linear
perturbation produced by the presence of the Lorentz force generates a significant technical
challenge, which should first be attributed to the low regularities available both for the magnetizing
and demagnetizing field, M and H. To deal with this issue and estimate the difference between
two solutions with same initial data, a rather common way is to introduce a weak norm being
below the natural spaces in which the weak solutions are defined. This approach is not new in
literature, and it was used before in the context of the hydrodynamics of liquid cyrstals [29] as well
as for the usual Navier-Stokes system in [20] and [34]. We mention that evaluating the difference
of two solutions at the same regularity level of the standard energy is not enough for our purpose.
Indeed it would only allow to prove a weak-strong uniqueness result, along the same lines of [46].
In our case, for technical convenience we use a homogeneous Sobolev space, namely H~/?(R?).
In particular, we are allowed to proceed with a negative regularity since the difference between two
weak solution (with same initial data) is null at initial time 7 = 0, [43]. One of the main reasons
for choosing the homogeneous setting is a specific product law, reflecting the continuity of the
product within the functional spaces

74 (]Rd) w EI' (Rd) R ng (]Rd)

under suitable conditions for s and ¢.
Our main work is then to determine a standard Gronwall inequality of the form

D'(1r) < f(1) (1),

f(t) being a locally integrable function and ®(¢) being a norm between the difference of two
solutions. To this end, we need to overcome certain difficulties that are specific to this system.
These are mainly of two different types, being related to:



e Controlling the “extraneous” maximal derivatives, such as the highest derivatives of M
and H in the u-equation.

e Control any nonlinear terms that easily cancel at an L?(R?) energy level, but persist in
H~'/2(R?), because of the negative regularity.

The first issue is dealt with a specific cancellation property of the coupling system, that allows
to simplify the worst terms, when considering certain physically meaningful combinations. The
second one is dealt with by the mentioned product law in Sobolev space: introducing suitable
indexes of regularity, we gather a standard Gronwall inequality, being careful to make use only of
the norms provided by weak solutions.

Section [4] is instead dedicated to the qualitative analysis of the long-time dynamic of the global
weak solutions constructed in Theorem [I.2] The system being dissipative, we address the rate of
convergence of solutions towards equilibrium. In particular we prove the following result:

Theorem 1.3. Let (ug, @y, Moy, Hy) be in L>(R?) and F in W’Q(R+,H’1(R2)). Denote by
(u, o, M, H) the unique weak solution to (2)) given by Theorem . Suppose that there exists a
positive constants K and an exponent 1 €]0, 1] such that, for almost every t > 0 one has

K
2 2 2
) oy + 1P ooy + 1P O ey < s (4)

Then, for any a. < M there exists a constant Cy, such that the following decay property is satisfied

| (u(®), (1), M(2), H(2)) [ 12(r2) < (5)

C
(1+1)*"

Remark 1.4. Theorem requires different regularities of the forcing term F to decay with the
same time rate, as in . This condition can be seen as a reminder of the L?>-energy bound of
system which is stated in (3). As we will see in Section Q and Section E, the three distinct
regularities of F in L?> and H™' with &,F in L? allow to bound from above the L?-norm of the
considered state variables, as in ({]).

We would like to point out that, under the integrability hypothesis , Theorem asserts that
the weak solutions constructed in Theorem belong to the space L? (RJr;L2 (RQ)). The approach
we use in order to prove Theorem is reminiscent to the one developed by M. Schonbek in [44]
in order to deduce decay bounds for Leray-Hopf solutions of the incompressible Navier-Stokes
equations. The main strategy is the one of the Fourier splitting method, which express how the
low frequencies of solutions determine the entire behavior, when considering a sufficient large time.
The energy of solutions decays at the rate expected from the linear part: this fact is achieved by
means of a Fourier localization within certain neighborhoods of the origin, whose sizes are time
dependent, being first related to the decays of the forcing term F.

At last we study the propagation of higher order Sobolev regularity for the system . As already
mentioned system can be thought as a highly-nontrivial perturbation of the incompressible
Navier-Stokes equations, in such setting we expect hence that the Leray-Hopf solutions constructed
in Theorem are solutions with minimal regularity for the parabolic system , in the sense
that the regularity required in order to construct weak solutions is the same required in order to
construct solutions for the 2D incompressible Navier-Stokes equations, below such threshold we
cannot in fact expect to construct solutions to . The main point is to establish a priori estimates,
since both existence and uniqueness of solutions at this level of regularity are a straightforward
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adaptation of the analysis previously carried out. We first introduce the the following quantities
E1) = () [Bgaey + PRI O [y + M) e
E(0) = pl w0 By + PRT @0 sy + | Mo sy

together with the dissipation
D4(1) = | V0(0) [Bugey + [ 900 [Zugay + | TME) 12 gy

We then aim at proving the following statement:

Theorem 1.5. Let us assume the initial data Uy = (ug, @y, My, Hy) is in the non-homogeneous
space H*(R?), for a positive real s > 0. Assuming the source term F in L} (R, H*(R?)) n

loc

W2 (Ry, H ™ (R?)). Let (u, @, M, H) be the unique solution of system (2) given by Theorem
[L2 Then
(u, ®, M, H) € L2 (R,, H*(R?*)) n LA (R, HH(R?))

loc
and the following dissipation formula holds true:

t
%Es(t) + fo D, (') dt’ < ¥,(Uo, F, 1),

where
W,(Uo, F, 1) = 1 ! " (2 "N o2 aF (1) 12 /
(Vo Fot) = (580 + € [[IF () 12+ 1F () s + 10F () 1 Jar )

with C, a suitable positive constant which depends on.

Compared to the main result proved in [46] we can immediately remark that Theorem (1.5
improves the hi-regularity bounds in two ways;

o At first Theorem [L.5] provides uniform bounds for any fractional Sobolev regularity H*, s >
0. On the contrary in [46] the propagation of hi-order regularity is proved for any
H*, keN, k>1 only. Such generalization of the result is possible thanks to the tools of
paradifferential calculus which will be used in the proof of Theorem [I.5]

e Secondly we remark that, reading in detail the proof provided in [46], that the bound
provided in [46] are of the form

U () e + ch’ |90 ()], df' 52 (1)
where ¢ is defined inductively as
e(t)=C¢,
{?m (t)=Cexp{C& ()},
while Theorem asserts that we can bound uniformly any Sobolev norm with a uniform
bound, improving the bounds provided in [46].

The present paper is hence so structured

e In Section [2] we prove by compactness methods that there exist Leray-Hopf solutions for
the system[2] As already mentioned above such result is attained proving that the sequence
(Vi), of approximated solutions (in the sense of a Galerkin scheme, see system ([10))
of system are bounded in the space L? ([O,T] ;Hl), and proving that the sequence
(1a."Va), . 0<y<1/4is uniformly bounded in L* ([0,T];H™"), N > 1, whence V,, ~ V
in HY([0,T];H*,H™) (see (7)) and thanks to Theorem Vn - Vin L (R*xR,).



e Section [3]is dedicated to prove that the solutions constructed in Section [2] are unique in
H™/2, concluding the proof of Theorem [L.2]initiated in Section 2 The proof consists in a
careful and rather technical energy estimate performed in the lower regularity norm H /2,

e Section [4] is devoted to the proof of Theorem [1.3] under suitable assumption of decay
on the external magnetic fields (see ) we prove that the (unique) weak solution
constructed in Theorem decay as (r)"" for some o > 0. This entails a decay result for
the solutions constructed in Theorem [1.2], improving the integrability results of Theorem
1.2

e Finally in Section [5 we prove that the solutions constructed in Theorem [1.2 are critical
and allow the propagation of any (nonhomogeneous) Sobolev regularity H*, s > 0. Such
result is attained via some energy estimated performed using some paradifferential calculus
techniques, such as the Littlewood-Paley dyadic decomposition and Bony paraproduct
rules (see Appendix [Cland [12, Chapter 2]).

2. Existence of weak solutions

This section is devoted to prove Theorem [I.2) we begin with mentioning that the energy
estimate provided in the statement of Theorem [L.2] has already been proven in [46, Lemma 3.2].
For this reason this section deals directly with a sequence of regularized solutions for the main

system (12) (see as well Lemma [2.3).

We construct global Leray-Hopf solutions for the system in a rather classical fashion using
an approximation scheme. A similar result was proved in [46], we stress out though that in [46]
the solutions constructed belonged to the space

(u,0,M,H) <C (R+;H% (]RQ)) NL. (R+;H% (R2)) ,
(Vu,Vo,VM,VH) e L2 (R+;H% (R2)) :

whence [46] dealt with construction of global weak solutions with hi-regularity.

Let us fix some notation. Let us consider a generic Banach space X and let us consider three
function f e L? (R;X), g e L? (Rd) and heL? (Rd+1). Let us define respectively

Ffeo= [ rne
Fe@)= [ e@e™™ e =g(8).

+00 )
Feih(E,7) = / fRd h(x,t) e 2FET) gy dr.
Indeed F; Fih = Fh.

Given two topological spaces A, B we say that A c B if A is topologically included in B, and if
the inclusion is compact we denote it as A @ B. Let us consider now three Banach spaces Xy, X;
and X so that

XoeXcXi, X, i=0,1Iis reflexive. (6)
Given any T,y > 0 let us define the spaces
HY (R;Xo, X1) = {ve L2 (R; Xo) | [e]" Fve L2 (RiX1) |,

(7)
H"([0,T];X0,X1) = restriction of H” (R; Xo,X1) onto [0,T].
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In the proof of the existence result we will use the following result, for a proof of which we refer
the reader to Appendix [A]

Theorem 2.1. Let us suppose Xy, X1,X are Hilbert spaces which satisfy the condition @ then
the space HY ([O, T] ;Xo,Xl) is compactly embedded in L? ([0, T] ;X).

We have now all the ingredients required in order to construct global weak solutions for the
system ([2)), the procedure is rather similar to [46] Section 4]. Let us define the following truncation
operator

Tnv = .7:_1 (1{%<|§\<”}‘; (5)) )

which localize a tempered distribution v away from low and high frequencies. With such we can
define the following sequence of approximating systems of

P (B + Ty (n - V) = (11 + £) A+ Vpy = 1 7, <M"'VH")*25( b )

pk (0@, + Ty (up- V) - n'Aw, = uJ, (M, x H,) +2¢ (curl u, - 2@,),

oM, + T, (u, - VM,) - 6 AM,, = T, (( _A]/ZQ’" ) a),,) - % (M,, - xH,), (8)

div(H, + M) = J,F,
div u, = curl H, =0,
(ul’la a)naMl’lan)|t:0 = (\Zlu()) \7/10)07 \-7}1M07 \ZIHO) .

Using the approximate magnetostatic equation div(H, + M,) = J,F we can define H, as a
function of M, and the external magnetic field as

Hn :_QMn+gn> (9)

where @ = A~'vdiv and G, = VA1 J,F. Whence, denoting as P the Leray projector onto
divergence-free vector fields, explicitly defined as

Pv=(1-Q)v,
=(1-A""vdiv)v,

we can write the approximated system in an evolutionary form:
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p (dhun + PF, (Pu,- TPu,)) = (1 +§) Au,
N (M,,-V(—QMn+gn))+2CP( —8321(2'; )

pk (8,a)n +TIn (Puy, - Va),,)) -n'Aw,
= :ujn (Mn X (_QMn + gn)) + QC (Curl Pun - 2(1),,) ,

oM, + J, (Pu, - VM,) - cAM,

(Um wnaMn)|[:Q = (jnU(L Tn 0y, xjnMO) .

Let us define the space

Ly ={veL*(R?) | Supp f c B, (0)\ By, (0)},

_ _M2,n 1
=T (( Ml,n ) wn) - ; (Mn -X (_QMn + gn)) 5

which endowed with the L? (RQ) scalar product is an Hilbert space. Denoting V,, = (u,, ®,, M)

we can say that ((10)) can be written in the generic form

d
EVH =8&n (Vn) )
Vn‘;:ﬂ = VOa

where (g,), is a sequence of nonlinear applications continuous onto L2, i.e.

2
lan Vil < Cn (IVal 72 + 1Vl 2) -

(11)

(12)

The value N in has to understood as "large” and uniform in n. In such setting we can apply
the following version of the Cauchy-Lipschitz theorem on the system ([L1]), for a proof of which we

refer the reader to [12, Theorem 3.2, p. 124];

Lemma 2.2. Let us consider the ordinary differential equation
a=F(u,t)
{u|,=0=uoea)7
where @ is an open subset of a Banach space X. Let
F: oxR, - X
(u,1) —  F(u,t)’

1

be such that, for each u,uz € ® there exists a function L € L;__

Let us suppose moreover that

|F (u,0)[x <B(@)M ([uly),

(R4) such that
|F (ui,2) = F (ug, 1) [x <L(2) [ur =2k

(ODE)
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where M € L°_ (R.), B € LL_(R,). Then there exists a unique maximal solution u in the space
C! ([0,¢%); X) of (ODE)), such that, if t* < oo,

lim sup
t/t*

u(®)lx = oo (13)

Lemma implies that for each n there exists a unique maximal 7;, > 0 such that V,, is solution
of (11 and belongs to the space

V,eC ([0,T,) ;L nH™).

Indeed in such setting it could happen that T, 2%, 0. In order to avoid such situation we state
the following result, whose proof can be found in [46, Lemma 3.5 and 4.2]

Lemma 2.3. Let Vo e L?, F ¢ Lﬁ)c (R+;L2), Gr € Wli’c“’ (R+;H%) and let V, = (u,, ®,,M,) be
the unique smooth solution of identified by Lemma . Fixed any T > 0 there exists a
positive, finite, constant ¢=¢(T,p,n,{,u,k,n’,0,7) independent of n and t € [0, T], such

Vil (f0.22) <

1Ml 2002 <€

S

[Vl r2([0,:22) €

)

!
C:mm{mé,n_,“,z,ll},
2 2 1T 2T

We can combine the uniform bounds stated in Lemma with the blow-up criterion in
order to deduce that 7, = co for any n, hence

VyeCl (R+;Lg) ,
moreover the uniform bounds provided in Lemma [2.3] allow us to deduce that, for each T' >0
(Vu), is uniformly bounded in L* ([0,7]; H' (R?)).

Let us now consider g, = g, (V,) appearing in and explicitly defined as the right hand side
of . Let us consider in particular the term

jn (Mn : VQMn) )

some simple computations using the uniform bounds provided by Lemma [2.3| show us that, for
any T >0 and neN;

where c is defined as

”\7}1 (Mn . VQM”)HLl([O,T];[-.Iflﬂ) < C< oo,

In particular this consideration implies that the sequence (g,), has only L|1oc uniform regularity
in-time, hence (g,), can be uniformly bounded only in some space with very low regularity such
as L! (R;H’N) for N Iargeﬂ

loc

Let us now denote?]
Vn (57 T) = ]:xJ (1[0,T] (t) Vi (xvt)) (év T) )

L et us remark that for the incompressible Navier-Stokes equations it is possible to prove that (du,), is uniformly
bounded in LY, (R+;H_N), making hence possible to apply Aubin-Lions lemma [11].

2Here we must cutoff the functions V;, g, in the interval [0,T] in order to assure their L*-in-time integrability,
and hence the fact that their space-time Fourier transform is well defined.
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8n (éa T) = Frs (1[0,T] (1) &n (xvt)) (‘S’ 1),

with such notation equation ((11)) becomes

2it V, (§,7) =8 (€,7). (14)
Let us denote as §n (€, 7) the complex conjugate of V, (€,7), and let us multiply for
1 =
——— Va(S,7)
2 N n b )
(1+1€[%)

N > 0 large, integrate in & and take the imaginary part of the resulting equation and using
Plancherel theorem in the space variables, we deduce

27 |2 | Vo () |- < 180 (D) gon [V (9] 2

whence multiplying the above equation for (1 + |7:|)_ﬁ, B e [%, 1) and integrating in T we deduce

that
1
2

oo |T| — 2 0 dt ~ 4
W QTS (Lo (L[ ) LA L .

Indeed if B € [%, 1) we have that

1
0o 2
f d—f2 <C< oo,
o (L e
moreover thanks to standard considerations on the Fourier transform we can argue that
122l i) < [Tr0.77 8l 3 ooy = I@allii o9y < € < 00,

moreover the bounds provided in Lemma [2.3] allow us to deduce that

=~ 1/2

[Vl 2 miazy = IValiz oy < T2 1Valim o2y < € < o0,
which in turn implies that

© 1] ~ 2
2 f — Vi ydt<C .
" e (1+]7])P ¥ @l drsCeee

As already explained (V},) 'is uniformly bounded in L7 (R;L?), whence since L* — H2 N>0
continuously we deduce that

o 7| ~ 2
1+ — N7 (o)) y dt < C < oo,
[°°( +(1+|T|)B)H (gdrecee

1+ L
(1+]7)”
Considering hence the definition provided in we deduce that

moreover 1
>|t*,  V1eR, ye(O,%ﬁ).

1
(1[077] V”)n is uniformly bounded in H” (]R; H' (]RQ) ,Hfg (RQ)) for ye (0, Z)
Using now the result stated in Theorem [2.1) we can state that
_N N
: (Rz)) € Lt2 ([07 T] ;Héée (Rz)) , Vee (O, 1+ 5)

’ " Tloc

H([0.7): Hi (B2) 1
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from which we deduce that there existsﬂ aV=(u0,M)eL([0,T] L (R?)) such that
—>00 N
Vo, ==V in L2([0,T]; Hpt (R?)), ¥ se(0,1+§). (15)

Considering the uniform bounds provided by Lemma for the sequence (V;,), we can say that
VeL™([0,7];L*(R*))nL*([0,T];H" (R?)),
MeL?([0,T];L*(R?)).

At last we must hence to prove that each limit point V = (u, @, M) solves the system

p(a,u+P(77u-VPu))—(n+C)Au

- P(M-v(—QM+QF))+2C7’( _(9821(1()0 )

pk (8,(0 +(Pu- Vw)) -n'Aw
=U (M x (-OM + QF)) +2¢ (curl Pu-2w), (16)

OM + (Pu-VM) - 6 AM

(o ton-x-oman.

(U, w>M)|[:O = (UOa (007M0) 5

in D’ (R? x [0,T]). Let us remark that system is equivalent to ([2)). Such procedure is rather
standard and was carried out in [45], nonetheless we sketch a proof for the sake of self completeness
of the work. Among all the nonlinear interactions the convergence which is less immediate to
prove is the one arising from the less regular term, i.e.

n—oo

M,-VOM, — M -VOM, .
Considering hence a test function y € D (R? x [0,T])

an-vQMn I/Idxdt—/M-VQMl[/dxdt
=[(M,,—M)-VQM,, y/dxdt+fM-VQ(Mn—M) v dxdr,

=h,+1l,.
Applying Holder inequality we deduce the bound
Lo S 1My =M 2 (g0 ) VMl 12 (g2 ) W] e g, o1t -
Standard Sobolev embeddings and imply that
|My =M 2 (g, .3 ) < |Ma=M] ( %) —~0asn— oo,

loc T oc

3Here indeed we implicitly use the continuous embedding

(R 1Y (R) ¥ (R?)) L»HY([O,T]; HY (RY) H2 (]RQ))
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moreover since VQ is a pseudo-differential operator of order one we argue that

<
IVOMli osaz) S Ml sy ) < € < oo

thanks to the results of Lemma , proving that I , =0.
Similarly it can be proved that Iy, - 0 as n — oo.

3. Uniqueness of weak solutions

In this section we provide the proof of the uniqueness result for the weak solutions of system
. The main idea is to evaluate the difference between two weak solutions in a functional space
which is less regular than L?(R?) such as H~'/2(R?). For convenience, we introduce the following
notation:

(8u, Sw, SM,8H) := (u-0, w-@, M-M,H-H),

where (u, @, M, H) and (&, @, M, H) stand for the first and second solutions, respectively. Under
the assumption that the initial data of both solutions coincide, we remark that

(6u, @, 6M, 6H ) = 0.
We then consider the H™'/?-energy 0E_1)2(t) of (6u, 6w, M, 5H )

2 2
86.4(1) = pIBu) 2y L, + PKISOW 2y o+ ISMOI

together with its corresponding dissipation
2 2 - 2 2
55‘37%0) = 1| Vdu HH% +1|véw ”H*% + A divéw ”H*% + o| VoM HH*%

We then aim at proving a standard Gronwall type inequality, which can be formulated as follows:
d
S8E.4(1) + f 591 ()i’ < f(1)8E1(1),  SE.1(0) =0,

for a suitable function f(¢) which is IocaIIy integrable in time.
We begin with considering the difference between the momentum equations of the two solutions,
driving the evolution of du:

p0(8,5u +u-Vou + 5u-VG) - (n+&8)Adu + Vép =
_ ~ 823(1)
=pu(M-vSH + M -VH) +2€(—818a))’

We then take the H™'/2-inner product of the above equation with du, to get:

d
P2 su ul? y+ M+ O Veul® ) =p(u-Véu,du),

2 dt +p(Su-Vvi,du). 1+

1
2

+/,L(M-V5H,5u)H /.L(5M-VH,5U)H7% +2C<(—815a))’6u>1ﬁ1%'
We here remark that the above identity holds true in particular taking into account the regularity
of g,6u. Indeed, since we are dealing with L? -energy solution, we gather that d;du belongs
to L2 (R,,H '(R?)), while Su belongs to L2 (R,,H'(R?)). We hence take into account the

loc

following affinity

1
2

loc

(9,6u, du >I-'1*1><H1 ~ (9,6u, Su >H'%xH'% = 2 ds | Su ”H'%'
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We then proceed to estimate each term on the right-hand side. To this end, we will repeatedly
make use of the following product law between Sobolev spaces (cf. Appendix, Theorem |C.5)):

. 1 . 1

H2(R?) x L*(R?) - H 2 (R?).
Furthermore, in order to implement the estimates of the main convective terms, we need to
. . . o1
introduce the following inequality at the level of homogeneous Sobolev space H™ 2 (R?):

Lemma 3.1. For any divergence-free vector field v in H2 (R?) and any vector field B in H (R?)
(v-B.BY, g o) < CIY Liay| B, 4 1B,y
for a suitable positive constant C.

For the sake of clearness, we postpone the proof of the above Lemma to the Appendix (cf. Lemma
B.1)). Coming back to our problem, we remark that divu = 0. Thus, in accordance with Lemma

.1 we gather that
(u-vdu,du )H

2 2 2
y Slvulezfoul, -yl véul, 3 s [vulzzloul 4 +elvoul
for a suitable small constant € to be fixed later.Here the first intrinsic cancellation holds, thanks
to the free-divergence condition on u. Next, the second term is estimated as follows:
p(8u-vi,5u). ) < |su-val ,|8ul
~ ~ 12 2 2
Sloulglvelezléul, y s Ivalzldul_y +elvéul .

2

Now, we consider the contribution of the Lorentz force §F = u(M-VSH + 8M - VH). It is worth
to emphasize that the level of regularity H Y2 s a-priori in accordance with the regularity provided
by the standard L?-energy, Fi, Fo € L} (R, H '/?(R?)).

loc
We handle the first term of 8F as follows:
w{M- V6H,5u)H7% = —u( (divM)SH,Su)H% -u(M®S6H,Vdu >H*%

S I divM iz 6H |y 8ul, g + 1M 13| 8H 1, 41980l

1 3
SIVM 2| VEH [y [ 8ul g + M) VM 2
3
1

1
NSH|: ([ VéH | [ Véul, 4
H 2

H 2
2 2 3 2 2 2 2
SIVMIZISH |2, + [MI LI VM % 8H 2y + €| V8H 2, + e|véul? .
where we have used an integration by parts and the following product law between Sobolev spaces
(cf. Appendix, Theorem |C.5)):

H1(R?) x H i (R?) - H™2(R?).
Next, the second term of 6F is handled through

W(SM -, 8u), 5| 6M | VA 2] Sull,

SIvAILISul? y + el véul? .

It remains to control the last term of the kinetic energy , which can be treated by a standard
Cauchy-Schwarz inequality:

how
2c<(_aj5w),6u>f.,_% S 181, 418ul, 4 selvool? , + [oul? .

2
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Integrating all the previous estimates into the identity ((17]), we obtain

pd 2 2
Blul2  + () vul? s

(18)
2 ~
S (L IMIL) I, 6, M, B) 2] (8, 3H) |2, +e] 9(5u, 60, 5H) [ .

We now take into account the difference between the angular velocity equations for the two
solutions of system . We hence gather the evolutionary equation for d w:

pk(9,60 +8u-Vo + i-Véw)-n'Aw - A'Vdiviw =

- (19)
= u(MxSH + SMxH) + 2{(curldu - 28).

We then proceed similarly as for proving : we take the H_%(]R2)—inner product of the above
identity with 6 and we integrate by parts, to get:

+

d :
apk||5a)||2 y + Vel 4 + Vdivéo|’ , = pk(Su-Va,d),

1
2

y + WM xH,80). 1 +p(SMx8H,s0) 4+  (20)

+2§( curl du, 60))H‘% -4f|dw HH_%

+pk(E|-V6a),6a))H

We then proceed by estimating each term on the right-hand side. First we have

PK(8u-V0,60), , 5 |8u-Vol, |30,

A2
< 18ul,y Vol sol,
2 2
SlIveli:ldel, , +el[voul, 1.
Next, the free divergence condition on & and Lemma [3.1] lead to

pk(i-Viw, Sa))H

N

) 5 1Vile 6011801,

A

|vilzl8el?_, +e|véal? ;.
H H2
Now, we bound the terms related to u as follows:

SIvoM|, 4 H 2] d0], 4

1
2

2 2
SIHIEI8QI , + el dol’ ;.
together with

B(8M x 8H,60) 4 5 |8 2] SH |,y 601,y

S [oMl|voH |, 4 80]. .

2

SloMiplsol? y +e|voH |7 .
Finally, the last term in (20) can be handled through

2f(curl §u,80), ) < | V8ul, 4|8, ) s [80)? , +e|voul? ;.

.1
2
Thus, summarizing all previous estimates and integrating them in (20)) we get

d 2 / 2 " s 2 2

Bl <

dtpk” 0w “H*% + 1| Voo HH*% + A divéw “H*% S (1 +| (H, M) |72 +

+ | v(u, o) IIiz)II ol 4 +&|v(Su, dw, 8MSH) |, .



17

We now take into account the difference between the magnetization equations of the two solutions,
namely

o My SMy\ . 1
8t6M+u-V6M+6u-V6M—0'A5M—(_M1)6co+(_5Ml)a)—;(6M—x5H).

. S . . .
We then take into account the H™ 2-inner product between the above identity and 6M, to obtain

(Su-VOM, M) . +

d
E” SM Hi% + o|| VM ||§3 = —(u-véM,5M) -3

" )
22
M. [ oM 1 x

+(5w(_Mf),5M)H_%+<a)(_5M?),6M)H_%—;\\5M!2_1+;(5H,5M)H_ .

=

2

We hence proceed to estimate each term on the right-hand side. First, the divergence-free condition
on u together with Lemma [3.1] imply

(u-voM. M), 1 5 |Vull M2, +e| VoM ;.

-1
2 2

2

The second convective term on the right-hand side of is handled by
(8u-VEM.6M), ) 5 |8ul ;| VoM 12| 8M |,y 5 | V8M [ 6M[, + | V8ul?,.

-1
2

Furthermore, we observe that

2

Mo 2 2 2
(60 2 ) 0011,y 5 180 1,50 Mlialov], g 5 M0 2y +elvsol,.

and that

~[ 6M; . 12 2 2
(0 S0 ) 001y 5 180 1l lialom ],y 5 10ROy velvom IS .

Finally, the last term of is controlled as follows:
(6H.8M) .y s |8H|? , +[8M|? ;.
H 2 H 2 H 2

Integrating all previous estimates together with the identity (22]), we finally obtain

d -
IOz, + | VM7 5 (1+] (M, &) | +
! | (23)

+ | v(u, 6M) H?;)II (8M,8H) | 4 +&| v (8u, 82, M) |7, .

2

-1/2

We are now in the position to get a final bound for the H~'/?-energy and its dissipation:

55_%0) :
5@_%(1) :

P 2 pk 2 1 2
S Iou Ly + S8R [y + S1eME) [y,

M+ OIveul_, +n'Ivéo|’ ) + Adivée|® , + o veM |,

2 2

we can integrate all the previous estimates into the following inequality:

d

TOE1(0) + 8D_1(1) sf(t)(&‘}_%(t) + | 8H(1) Hﬁr%) +e8D_1(1) + | VSH() |2 4. (24)
for a suitable function f(¢) in L}, (R.). To finally conclude making use of a standard Gronwall
inequality, we need to reformulate the terms depending on the effective magnetizing field 6H
in terms of the energy 6&_;/5(¢) and its dissipation §®_;5(¢). This is achieved through the
following Lemma:
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Lemma 3.2. The H Y/?(R?)-norms of 8H and VSH are bounded by
|0H| . 1 S ||oM| . 1 |VoH | . 1 = |diveM | . 1. (25)
H H 2 H 2 H 2

1
2
Proof. The result is a straightforward consequence of the the free-curl condition on 6 H: introducing
the potential function ¢ satisfying V8¢ = O0H, the magnetostatic equation div6H + divSM = 0
reduces to A8¢ = divSM. Hence, taking the H~'/%-inner product together with 8¢ leads to

|8H |,y = ~(diveH, 8¢) 4 = (diveM, 59)

H‘% 1—'1‘%
= (8M,8H) .\ s |6M|° , +&|8H> _,,
H H™ 2

2

.1
H 2
for a suitable small positive constant €. The first inequality is then achieved by absorbing the last
term on the right-hand side by the left-hand side.

In order to get the second inequality, it is sufficient to multiply the magnetostatic equation
div 8H = —div8M by A8¢ in H /2. Hence, thanks to an integration by parts, we gather

| VoH |,y = ~(8H, ASH) 4 = —(divéM, Ad¢), 4
= —(divoM, divoH,). 1 = |divoM | . 1,
H 2 H 2
which concludes the proof of the lemma. O

Thanks to Lemma [3.2] inequality consequently reduces to
d
555_%(1) + 5@_%0) Sf(t)ﬁg_%(t) +85©_%(t).

Hence, assuming the positive parameter € small enough, we can absorb the last term in the above
inequality by the left-hand side. We thus finally deduce that

%557%0) S f(t)657%(t)

Then, thanks to the initial condition §£(0) = 0, the Gronwall inequality yields 6&(¢) to be
constantly null, especially

Su=u-0=0 w=0-®=0 M=M-M=0 SH=H-H =0,

and this concludes the proof of Theorem [1.2

4. Long-time dynamics

The purpose of this section is to establish dispersion properties for solutions (u, @, M, H) to the
non-linear system and to prove Theorem . For the sake of a unified presentation we recall
here the statement of Theorem [1.3}

Theorem 4.1. Let (ug, g, Moy, Hy) be in L>(R?) and F in W’Q(R+,H‘1(R2)). Denote by
(u, o, M, H) the unique weak solution to given by Theorem . Suppose that there exists a
positive constants K and an exponent 1 €]0, 1] such that, for almost every t > 0 one has

K

) By + 1O oy + 10F O sy < oy

t)1+ﬂ (26)

Then, for any oc < M there exists a constant Cy such that the following decay property is satisfied

| (u(r), o(t), M(1), H(1)) | 12(r2) < ﬁ

The first preliminary result which is needed in our study is the following pointwise estimate for the
effective magnetizing fields.
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Lemma 4.2. Assume M in L2 _(R.,L*(R?)) and the source term F in L*(R.,H '(R?)). Then

the solution H = H(t,x) of magnetostatic equation
div(H + M) = F, with curl H = 0,

satisfies ) ) A
|H(&, 1) P <2[M(&, 1) P+ EPF (&, 1) [, (27)

for any time t >0 and & € R?.

Proof. The curl of H being null, we can reformulate the equation on H in terms of the potential
¢ as follows:

H=V¢ = -A¢p=divM-F = -AH =vVdivM - VF.

Then, passing in Fourier variables, we recast the latter equation in the following form:

~ ®
AE )= -S250E 0 e e R e
[4 [
the desired inequality then follows multiplying both sides by I:I(é, t) and applying a Cauchy-
Schwarz inequality. O

The second preliminary result which is needed in our study is the following one:

Proposition 4.3. Under the hypotheses of Theorem the solution (u, w, M, H) satisfies the
following pointwise estimate:

0 NP+ 10@E NP+ IME D +HE D <
<@ + an(@) [ + (M@ + €+ [IEHF (8, 1) Par,

for almost every t >0 and & € R?, and for a suitable positive constant C depending on the initial
data (ug, @y, Hy, My) as well as on the parameter p, k,t', n, ', x, U.

Proof. Passing in Fourier variables, we recast the momentum equation in the following form:

Podil, +(n + &) &[0 + i&p = ~F(u-Vu) + pF(M-VH) + 20 (_§§f$)
Multiplying by @, integrating in time and applying a Cauchy-Schwarz inequality, we get

Polﬂ(i,t)|2+ —+C E? flu |df<—IUO(§)|
+ Efo | F(u-vu) (€, ) 2de + %[0 |F(M-VH) (&, ) T+

t
20[E] [Tl (E, ¢)la(E, ) P
(28)
The standard energy space for weak solutions allows to estimate the non-linear terms on the
right-hand:

2 t t !
o 1F@ e (6 ) P s [Tlu() vul) sy < lulie [ 170l <C

together with

4p®
f | F(M-VH) (&, ') [Pd’ <f | M (' () |7 < HMHLszf | VH (¢') [7.dt" < C.
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Plugging the last inequalities in (28)) eventually yields to the bound
t
ﬁwawﬁ+(ﬂ+9ﬁﬁf|aafﬁwx
2 2p (29)
<c(Blao(@) P + Bla@)P) + 2¢8] [T10(E ) la (e, ) jar'+c.
Similarly, we multiply the equation for the angular velocity

pk(do +u-vo)-n'Aw = uMxH + 2{(curlu - 20)

by @, we integrate in time and we apply a standard Cauchy-Schwartz inequality, to get
pk, . n' ap*
SloE 0l (162 v2t) [Mlo( o) pars S5 [T 70 (& ¢) Par s
(30)
+f0|u-m(§ () P+ 2L 8] [0 (8 1) llu(E, o) Jar

We then handle the non-linear terms on the right-hand side through the relations

—f | Fuevu) (& ) Par s [ u(e

suw;pgnvw;sa
4u?

. fotlf(MxH) (&, 1) | < [t||M(t’) xH (1) |7:dt’

< VH g [ 1M(0) [ < .

Hence, plugging the above estimates into leads to

() 171 re)

%km(f, t)|2+(|§|2'7_+2§ [|a) ) |Pde’ < o
Im@H”MH%QﬂfIw !) (&, ) jar
We now take the sum between and
Mol +1a nl)+ 16k ["(Ta r®|2+-fﬂ|@(é,rv|2)dc <
<

(1o + Kan(&)?) + €

where we have also used the positive sign of the non-linear term depending on {:

2 (1o +lePlu (&, o) - 20 (&, ) llu(g, ) [)dr > 0,

To conclude, we recast the equation of the magnetization M in Fourier space

OM + F(u-VM) + G|EP’M = f((_%f)w) - },(M—xﬁ),
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we then multiply by M and integrate in time (0,7) to obtain

SE NP+ (G187 2) [T (E /) Par s Sl

2 rt M
= f-MQ,t'dt'—/]: 20),1"
+G[O|<uv>|(5) - M) 1)
w2 [N ) 19 E 0 Jar
Now, we pass to estimate the last terms in the previous inequality, first by
_f |F(u- VM) [P (€, 1) di’ < [ [u(r") - M (&) |21 ey ds”

< u(t') e f |vM (1) I3 < C.

2
dr’ + (33)

and then by

2 t M,
EA F((_Ml) ) / ” ( )”Ll(RQ)dt
S HM ||L°°L2f ”CO ”L2 <C.

Now, we resort Lemma in order to bound the last term which depends on the effective
magnetization field H:

X/ (A (E, ) |M(E, 1) | < (“V)"f (&, o) P + lrfot|§|‘2|F(§, ¢ [2dr.
Putting these relations together with , we deduce the final estimate on M
S 0P+ (Zigp - VY e, o) par <
< SlMo(E)f + € + W[O &P (&, 1) Par'

The proof of the proposition is then accomplished combining inequalities ([29)), and (34). O

(34)

We are now in the position of proving Theorem [4.1]

Proof of Theorem[4.1. We begin with recalling the a-priori energy bound of system :

S £+ e0(0) < C(IF0) Baquay + 1FO sy + 10F @) g
for a suitable positive constant ¢ > 0, where the energy £(¢) and the dissipation D(¢) are determined
by

E(t) = plulez + prle|fs + wlH@) [z2 + [ MZ,

D) = [ Vulez + [Veolfz + |VMIF + | divM |7 + [ M7 + | H |7
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Making use of the Fourier-Plancherel theorem, we recast the L?-energy estimate for system in
Fourier variables:

S L[ 0P B o 0 f S 0 P +IaE, 0 Plag -
(&, 1)
ce [ER[I6E D+ [0(& 0P+ [M(E, 1) 2] <

R(E, 1)
< L (IF@E 0P+ 1EPIFE 0P+ 1EPIAF(E ) P)aE s

Next, for > 0 we define the ball B;(0) ¢ R? as the ball centered in 0 and of radius v(t), for a
function v(¢) to be determined later. Then we can write

[ JEPR(E, 1 dg > 67 R (& dgz v ( [RE ndz- [ (EPR(E 1dE):

R2\B,(0)

We summarize the previous inequalities in the foIIowing estimate

%fn@r(&’ I)d§+v(t)2fRzr(§’ V4SS )1+n v(r)? f r(E, 1) dE.  (35)

where we have also used the relation r (&, 1) SR(E, t) Sr(&, t). At this point, we notice that,
after setting V(t) := /0t v (t')*dt, we can write

Vi d [ vmf r (&, r)dé] fR r(&, 1) d§ + v(1) /R r(&, 1) d

Putting this relation in ([35]) we gather

d 1
o V() L V() 2 2
G0 L@ nag] e [ E 0 Pags s o v [ de.
(36)
Now, we pass to estimate the last term in the previous inequality: Proposition implies

v [ rE 0z v? [ [Bla 0P e 0 R« 31 0 Pl
(f0’|<§ 2E (&, ) |2dt')d§) 20

Hence we can insert this bound into (36) and integrate the resulting expression in time:

1 ! A t ! 1 4 !
ev(t) -[]1%21"(%, l‘)dé +f0 AQev(t)lH(g, t) |2d§ < A ev(t)mdt,‘i‘A ev(t)V(I)th,

To conclude the proof we choose the function v2(¢) = o/(1+1) for a positive constant & < 1.

After observing that
t V(t) 1 t ,
. P . and f eV )v(t)th' =1- _*
0 (L+¢)t*n (1+1)n-« 0 (1+1)l-@

we finally discover that

L[5l or+ o ofsgmE nra= [ rEnagse0 -

$ v(t)2(1 + || (uo, @, Mo, Ho) |7z + fB(O)

2
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The proof of the Proposition is then accomplished with the further remark that

[R2|FI(§, 1) g < /R2\M(§a 1) P& + [ F(1) | g1 ey S ﬁ

5. Propagation of Sobolev regularities

In the previous sections we have established the theory of weak solutions for system , under
minimum smoothness assumption on the initial data and the the external magnetic force F. The
purpose of this section is to investigate solutions with higher regularities. Our goal is to prove
propagation of the initial smoothness, i.e. to prove Theorem [I.5

For the sake of a unified presentation we recall here the main statement;

Theorem 5.1. Let us assume the initial data Uy := (ug, @y, My, Hy) is in the non-homogeneous
space H*(R?), for a positive real s > 0. Assuming the source term F in L} (R, H*(R?)) n

V[/I})’L?(R+,HS_I(R2)). Let (u, @, M, H) be the unique solution of system given by Theorem
(1.2 Then
(u, @, M, H) € L2 (R, H*(R?*)) n LA (R, HH(R?))

loc

and the following dissipation formula holds true:

t
%55(1‘) + /0 D, (') dt’ < ¥,(Uo, F, 1),

where
1 ! l4 4 A A
(U, ) = (36000 + € [ 1 () B+ 18 () B + 107 () B o).

with C, a suitable positive constant which depends on.

Proof of Theorem[5.1]: For the sake of unified presentation, it is convenient to first introduce some
terminology. We recall that the definition of the homogeneous paraproduct operator T,b and the
homogeneous reminder R(a, b) correspond to

j;lb = ZS"J-_laAjb and R(a, b) = Z AjaAjH,b, where S'ja = Z Aqa.
J€Z Jj€Z, |v|<1 g<j-1
respectively. Introducing the notation T'b = T,b + R(a,b) = Y jez AjaSj+1b, we recall that the

identity ab = T,b + Tb’a holds true for all homogeneous tempered distributions a and b for which
the product is well-defined. By an abuse of notation we also introduce the terminology

TA-VB = ZSj_1A~VAjB and TéBA = ZA]'A'VS]'+1B,
JEL JEZ

for any vector field A and B returning value in R2.

To begin with, we make a paralinearization of system ([2)). We first fix an index j € Z and next we
apply the homogeneous dyadic block Aj to the u-equation of system . We hence remark that
the function u; := Aju is a classical solution of the following PDE:

pg(&uj + Sj_1U'VUj ) - (T[ +C)Au]~ + Vpj = —p(Tu-Vuj - Sj_1U'VUj)+

< . Do
~pA;(Th,u) +uA(M-VH) + 2§ (_igj).
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Next, we perform an energy estimate multiplying both sides by u; and integrating over R2. We
then achieve

(e}

ujlE = 1+ OV = p [ (T Tuy=Sjau-vuy) ;4

d
dr

Z{ (u(1), u(®)
+p'[l;2Aj(Téuu) “uj +HA2Aj(TM'VH) -uj—2CfR2a)jcurluj,

T (u(1),u(1))

where the last identity holds true also thanks to the free divergence condition on u, leading to

‘[R2(Sj_1U'VUj)'LIj =0.

(37)

We also introduce the operators
I{(V, w) = AQ(TV VW= S;1v-Vw;)-wj,

I?i(v’ W) = ‘/]1%2 AJ( TV,WV) "W,

for two suitable vector field v(x) € R? and w(x) € R%. Furthermore, the above definitions easily
extend to the case of a real value function w(x) € R.

The nonlinear terms I{(u(t), u(z)) and Ig(u(t), u(t)) of are then bounded making use of
the following lemma, :

Lemma 5.2. Let v(x) € R? be a vector field in H*(R?) n H'(R?) and let w(x) be a vector field
(or a function) in H*(R?) n H*"1(R?) There exists a suitable constant C which does not depend
onv and w, such that

L . C
> 2 (v w) + T w)) < (19 Il wif + 19wzl vI) + el 9w i,
JEZ

for any small positive parameter €.

Hence, we multiply both sides of by 2275 and we perform a sum over j € Z; we finally deduce
that

%%H a2, + (n + ) vul?, < _22221‘“(1{@(0, u(0)) + Z3(u(o), u(0)))+

+u((M-VH),U)Hs+2C(( 82(1)),“). .

—81(1)

(38)

We use now the estimate
(M-VH, u)g <e(|VulZ, +|VM|%)
+ g [ (1+ IM172) VM7 + [VGr 7 | (JulF + 1M15.) + 19GF [, (39)
whose proof is provided in Appendix [B.2] let us now define the function
Oupprar = (14 1M 172+ [H 2+ [ulZ) (1 VM + | VH 2 + [ VulZ2) + [9GF[72 . (40)

Lemma 5.3. Under the assumptions of Theorem the function ®y g, r defined in is well
defined and belongs to the space L' (R, ).
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Proof. It suffice to consider the uniform L? energy bound provided in (13))- O

Combining the identity and Lemma together with the above inequality , we gather
that there exists a suitable positive constant C for which the following inequality holds true:

PNl + (v Ol vul?,

2 2 do®
<COunar (1M1 Lul5) velvmlh, v 1vgrlf, 22 ((_20) 0] . @)
H.Y
We now apply the dyadic block Aj to the equation of the angular momentum @ in system .
We first observe that @; := A;® is a smooth solution of the following PDE

pk(&twj —Sj_1U'V(D]')—T"A(Dj = MA](MXH) + QC(CUI‘IU]' - 260]')—
- pk(Tu'V(Dj - .j_1U'V(D]‘) —pkAj( Tvlwu).

Multiplying both sides by 227“'(1)]-, integrating over R? and performing a sum over j € Z we get

pk d s
ol +nlvold +4Cl o}, =-pk 322" [ (Ajf-Va; - $ju-70;) - 0;-
JeZ

Z{(u (t) (1))
—kaQQJS/ A; H(Topu) @) + ZZQJS/.L/ Aj(MxH) o + 2{222”[ curlu; ;.

JEZ JEL JEZ

T3 (u(t), (1))
Let us state the following inequality, whose proof is postpones in Appendix [B.3}

%fﬁfRQAj(MxH)-wj
JE
= (MXH> (J))HS

IA

2 2 € 2
lol, +elvMIE + £ 19G:13, )
c 2 2 2 2 2 C 0 2 2
te (1M 72 VM52 + |H 72 [VH]z2) 1M1 + = Mz VM2 [Gr [ -
for any € > 0. We then proceed similarly as for proving (41]): we combine the above identity with
Lemma[5.2] to get

pkd

ol Vo3, + 2L o], - vm3,

< Coypur(loF + 102 + [MIZ) + 25 {curly, o)
C 2 2 2 2
1M1 [9MIE: |G|+ C VG I (43)

We now apply the dyadic block Aj to the equation of the magnetic induction M in system .
We first observe that M; := AjM is a smooth solution of the following PDE

. . . . M 1
ath + 8 qu-VM; - cAM; = —(TU'VCOJ' - SJ;1U'V(OJ') + A]((_Mf)a)) - ;(Mj_xHj)
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Multiplying both sides by 22jsa)j, integrating over R? and performing a sum over j € Z we get
pk d

1
O IM . + ol WM 3, + M3, = 2% [ (At 9M; - §; 10 9M;) - M -
j€Z,

J

4 (u(1), M(1))

_222]sf A (TvM“) "M, +u(( )a) M)HS + %(H, M) s

JeZ

Zh(u(r), M(1))

With a procedure very similar to the one adopted in order to prove the inequality we deduce
the following bound;

(o)),

1/2 1/2 1/2 1 2 1/2 1/2 1/2 1/2
< (lol 2 Ivol 2 1M (oMl + M) 22 |vm 2 ol 2 1w el /2) 1M1 4

and hence applying a Young convexity inequality

(o)),

< 217 M2, + e (VM5 + |[Vol3,) + g Ougrar (1015 + [ulf + IMI13),
Moreover
Kia, « (M) < PP,
Proceeding as for proving , we combine the above identity with Lemma to get

pk d 2 2 1 2 X2

M +0|VM |5, + —||M|%, + =||H|%
Pk M+l VM I + oI M1, + Z [,

C
2 2 2 2
<ClIGr I + - Owmar (05 + ulf + M) +e|voly (44)
Let us now define the following auxiliary function
C 2 2 2 2
v =2 Mz VM2 |G [ + CIVGr[ 4

indeed w € L' (R,) thanks to the L? energy bound for M and the regularity hypothesis assumed
on F. Combining the inequalities (41)), (43)), (44]), considering the cancellation

0o
25((—83@)’ u)HJ+2§(curlu, )y =0,

integrating in time, we immediately obtain the bound

t t t
EW) + [0 (1) < &(0) + € [ @uarar () & () + [Tw(r) o
for all time ¢t > 0. Therefore, this relation together with the Gronwall’s inequality conclude the
proof of Theorem [5.1] provided we show the bounds of Lemma ]
In order to complete the proof of Theorem it remains us to get the estimates of Lemma[5.2]

Proof of Lemmal[5.2 We begin with proving inequality (i), which follows from the following
commutator estimate (cf. [12], Lemma 10.25)



27

Lemma 5.4. There exists a positive constant C such that, for any suitable functions v and w,
the following inequality holds true

H AJ(TVW) - Sj_lvAjW

< CIVvlizmey Y W lrz(re)

L2(R?) lg—jl<5

By taking advantage of the mentioned lemma, we get the following bound:

Z{(1) < Cl V() |2 ) 4] Vo) 112277 (0),
where the sequence (a;(t) ) ez belongs to £2(7Z), being defined by means of

29 ug(t) | 122
at)y = ¥ LR
lg—jl<5 “u(t)H}F(RQ)

It remains to control Iéj), the non-linear term associated to the reminder AT u. Since divu = 0,
by a repeated use of Bernstein inequalities, one has

12(1) = fAij’u,UUj = Z fAj(Aqu 'Vsq+2U)Uj

q>j-5
<C > 27| Aj(AquSq+2Vu) Izt lujllzz
q=j-5
<C Y |Agu2[Sg2Vu iz [Vujl 2
q=j-5
<CIvVulpz [ Vujlz 3 [Aqulg.
q>j-5

At this point, we remark that
> IAqulz < Jullge D 27%bg,
q=j-5 q>j-5

where the sequence (by(t)) | is defined, for all time 7 > 0, by the formula

4>~
2 | Agu(t) s
lu(®) [z

Notice that (b”’(t))rp—l belongs to ¢ and it has unitary norm. In the end, we gather

by(t) =

7 < CVule ful | Vusle Y2 27%b,.
q2j-5
This estimate concludes the proof of inequality (iii), and so of the whole Lemma.

Appendix A. A compactness result

In this small section we provide a self-contained proof of Theorem [2.1] the proof we present
here is a slight modification of [32, Theorem 5.2, p. 61].

Let us consider a sequence (v,), in a bounded subset of H? ([0,T]; Xo,X1), up to a (non
relabeled) subsequence v, — v in HY ([0,T]; Xo,X1), whence w.l.o.g. we can assume v =0. If we
prove that v, — 0 in L2 ([0,T];X;) we can argue by interpolation that v, - 0 in L ([0,T];X).

Let us suppose that v, is the restriction on [0,7] of a w, € H' (R; Xy, X;) supported (in time)
in [-1,7 +1]. Indeed w, — 0 in H” (R,; Xo,X1), we must hence prove that
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+00 —00
L= [ 1Fw (@)}, dr =0, (45)
Selecting a M > 0 we can say that
Jn =y + I,

where

JM:[ 2 d

V= [ 1 F (), d
2

Jom = dr.

= [N F (O, o

Since, by hypothesis, the sequences ( Fiwy), (|‘E|Y}'twn)n are bounded in the space L? (R; X;)
we can control the high frequency part J¥ as

1
2
! f (1+12P7) 1Fown (), -

by
(L)

w|m

< ———
1+M27’
if M > (2 - 1),

We must now control the low-frequency part J,, ps. In order to do so let us consider a function
y e C® (R), such that y () =1 for each € [-1,T + 1]. In such setting w,, = w, ¥, whence

Fown (1) = [ :° W (1) [72% 1y (1) ] . (46)

We want to prove that
foreach te R Fw, (1) = 0in Xp.

In order to do so let us consider a ¢ € X and a generic 7 € R, indeed
(Fon ()] Oy = [ Fown (5,7) 0 () d
- [ ([ [y 0] dr) 6 (x)ax
[ [T w9 @]d (),

=B (x,)

= (wnl (I)T>L2([07T];X0)><L2([0,T];X(’)) )

n—>oo
- 0

since w, — 0 in L2([0,T];Xo). Moreover since Xy € X; we deduce that

foreach te R Fw, (1) = 0in X;.
Using the identity we can deduce now that

—2mi Tt

| Fown (), € ol gy o™ gy <€ < o0,

whence using Lebesgue dominated convergence theorem we deduce that

Fiwn — 0 in LE (R; X1).
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This does not suffice still in order to prove the convergence (45]), it is hence here that we use the
localization of J, s onto the low frequencies |t] < M, using a Bernstein inequality in fact we can
argue that

n—oo

Just < CMY2 | Fwall 3 g,y = 0,
concluding the proof of Theorem [2.1]

Appendix B. Technical estimates

In the present technical section we will use continuously the following technical estimate
|Aif] 2 <Ce; 27 1 fl4 (47)
. 2 2
for any je€Z and a (cj)jeZ =(c; (f))jGZ €(*(Z) so that ;¢ = 1.
B.1. Proof of Lemma 3.1 This section is devoted to the proof of Lemma [3.I] which played a
major role in the uniqueness result of weak solutions for system , in Section [3| We recall that

the uniqueness result holds thanks to suitable energy estimates at a level of Sobolev regularity
H'2(R?), in particular the one of Lemma [3.1, which can be summarized into

(v-VB, BYy g ) < CITV iz VB 1B, 4.

We then aim to prove a generalization of the above inequality, more precisely we perform a suitable
estimate at a level of Sobolev regularity H? (R?), for any real index © € R, with ¥ > -1. This
range specifically includes the case of H~'/2(R?), with © = —1/2. We aim at proving the following
general statement.

Lemma B:1. Let ® > —1, then for any divergence-free vector field v in H'(R?) and any vector
field B in H® (R?), the following bound holds

(v-VB, B)gorzy < C|VVr2me)| VB | go w2yl B 70 (re2),
for a suitable positive constant C.
Proof. We recast the nonlinear term v - VB making use of the Bony decomposition
v-VB = T,VB + TV'BV,

where we recall that the homogeneous paraproduct , 7, VB and the homogeneous reminder TVIBV
are defined as
Tv -VB = Z S'j_lv . VA.,'B and TéBV = Z AjV . VS.,'+1B,
JeZ JeZ
For the sake of an unified presentation, we now denote by B; := AJ-B and by v; := Ajv. Thus,
thanks to the isomorphism between Hilbert spaces 3572(R2) ~ H?(R?), we can reformulate the
H?-inner product of the statement as follows:

9is . 99 . .

%2 / fR2 Aj(v-VB)-Bj = %2 / {/R2(TV-VB]~ - 8j-1vVB;)-Bj+

2 a (48)
+ ‘[R2(Sj_lv. VB]‘) 'Bj + ‘/R? Aj(TvBV) -Bj}.

Now, the free divergence condition on v is automatically transferred in its localization Sj,lv, which

means divS;_;v = 0. This property leads to the standard cancellation

fR2(Sj_1V-VBj)-Bj:O, forany jeZ. (49)
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We then proceed to estimate the remaining term, the first making use of Lemma while the
second one by a standard Bernstein-type inequality. More precisely, Lemma [5.4] yields

22" [RQ(T'v -VBj - Sj-1v-VB;)-B; S 3 2*"| T, - VB; - §;1v- VB, 12| Bj |2

JeZ JeZ
9i
S22 3 Vv lizl Byl | B e
JjeZ lg-jl<5
i . (50)
2 2
2 2 2j 2
sl ||L2( > 2% Bqlle) ( 2.2 jS”BjL2)
qeZ JEL

S Vv 22y | VB | s 2y | B [ (r2)
It then remains to bound the last term in (48]), related to the low frequencies of B, that is
0id o 99 : :
S22 [ Aj(Topv) B 5 Y20 5 | Aj(vy VSgieB) L By e
€z R ez 7>j-5

Now, we separately analyze any j-term on the right hand sides of the above inequality: a standard
Bernstein type inequality first leads to the following bound

| Aj(vqVS84+2VB) 1211 Bj 12 $ 27| Aj(vg-Sgs2VB) |11 Bj 2 S Vg 221 Sqr2VB 2] VB | 12
S 277U Vvy 2] Sg+2VB 2| B |12 S 1| Vg 22| Sg+2VB 12| Bj [ 12,
from which we deduce

2/ A :
2277 3 1 Aj(vgVS42VB) |12 B 12 S
JeZ q>j-5

STVl Blaol VBlge > >0 200D (1),
JEZ q>j-5

(51)

Here the sequence (z,(7))4ez is a priori in I'(Z), being defined by means of

5240 | Ba (1) 12| VBy (1) |2
[ B(2) [0 VB() | 5o

Secondly we apply a Young-type inequality between convolution of sequences as follows:

2(1) = = | () ez Iz < 1.

Z Z 2(1—&1)(19+1)Zq(t)

J€Z q>j—5

< (ZZk(M))II (z4(1))gez I1n(zy < C,
(z) k<b
where C is a positive constant C which depends only on 9. Hence, we couple this estimate together

with (51)), to eventually gather

i . .
2220 % | Aj(vgVSer2VB) 2l B2 S |V 2] Bl | VB 0- (52)
JeZ q>j-5

In order to conclude the proof of the Lemma, we summarize inequalities , and identity

into , to finally achieve

220 [ Ai(v-VB) By |V 2| Blgs| VB o,
JEZ

which corresponds to the desired inequality. O
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B.2. Proof of (39) In order to prove the estimate we will require the following auxiliary
estimate

Lemma B.2. The following estimate holds true

HAJ(MVH)HLAL/Q,NCJ 2~ JS(HMHI/Q 1/2

1/2 1/2

[oMI 2 |V H g + Ml 2 oM L2 9]z ),

for some sequence (c]) (c;j(M, H)) e > (7).

Proof. Using Bony paraproduct decomposition as in (58]) we can say that
Z&j (A43 ‘7[{) = Z&j]%4‘7]1 +-Zﬁjjéqiﬁl,
where thanks to the almost-orthogonality properties of the dyadic blocks (cf. [12, Chapter 2]) we
can say that
ATyVH = Y. Aj(Sq1M AyVH),
li-ql<4
AjTéHM= Z Aj (AqM Sq+2VH) .
q>j-4
We can use Holder inequality, Gagliardo-Nirenberg inequality and in order to deduce that

|27V H | s 5 [S-1M] 1 [ Ag9H] 2

1/2 1/2

SciMl 2 [vM] 2" [VH] g -

In the above estimate we used repeatedly the fact that for the term AjTMVH the summation
indexes j and ¢ differ at most for a uniform and constant value, hence we can interchange them
at the prize of a multiplication for a constant.

Similar computations allows us to deduce the bound

|AT5uM| s 5 277 |MI 2 [9M) 2 [OH] 2 > 2%,
q>j—

14/3 ~

but we remark that
( > 2Uma)sg ) = (2" 1pea) * 517)152 (CJ) ez © e(2),
q>j—4 jeZ
concluding the proof. O
With the result of Lemma B.2] Ethe proof of (39)) is immediate. Let us write
(M-VH, u)g, NZQQJS (A;(M-VH), A u)

127
$ Z_ 22| Ay (M- VH) | s [Au] (53)
(||M||”2 [oM| 52 [VH o + M1 2 VM2 |VH] ) Jul 22 [9ul 2

We rely now on the following technical result, for a proof of which we refer to [46, Lemma 3.3];

Lemma B.3. Let usfixaseR and let M, Gg be such that M, Gr € H?, then there exists a positive
constant C such that

[H s <C(IM] s + 1GF ] 55) 5
where Gr = VATF.
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Inserting the result of Lemma in the estimate (53)) and using repeatedly a Young convexity
inequality of the form

ab< — + —, —+-=1,
we deduce the following inequality for any € > 0
(M-VH, u)y <e([Vulf + VM]5)
+ g [ (1 IM172) VM7 + VG 7 | (Jul + 1M15,) + 1V Ge 7
concluding the proof of estimate ([39).

B.3. Proof of In a fashion analogous of what was done above we need first the following
technical result;

Lemma B.4. The following estimate hold true

|A; (M xH)| 1/2 1/2

1/2 2 1/2

c12JS(HMH VM| 5 HHH Hv]—[” +|H] HVH||1/2||M||1/2||VM||1/2)

2"
Proof. As in the proof of Lemma [B.2] we can use Bony paraproduct decomposition in order so that
AJ' (MXH) = AJTMH-FATI_IIM

Whence using the interpolation inequality || f] ;4 $ Hle/z HVle/2 and ([47));
[ATuH] 2 < 35 [[SoM]) . [ A
li-ql<4
S 277 |M|

L4

1/2

1/2 1/2
2 =2 |vH] )2

1/2
M| 2|

Similar computations lead to the bound

1/2 1/2 1/2 1/2

|ATaM] s e 277 [H] L7 IVH] 2 M0 VM

O

We can now use the result of Lemma in order to conclude the proof of . Using the
result of Lemma and we can in fact argue that

[Aj(MxH)-Ajw dx

s A < m)] . [Aj0] .

54)
27 1/2 1/2 1/2 1 2 1/2 1/2 1/2 1/2 (
S by 272 (M) 2 oM 22 | H 2 (o2 L o H ] M2 oM 2) el
We can hence use a Young convexity inequality and Lemma [B.3|in order to deduce the estimate
1/2 1/2 1/2 1/2

i 2 T

S5 \\0)\\2' v |VH| . + ¢ |M( 7 |vM| 7 |H]

~ 2 HS 9 HS € 12 12 Hs >

E 2 E 2 E 2
S 5 lolg + 5 1VMig + 5 [VGr 4 (55)

C 2 2 2 C 2 2 2
+ 5 MUz VML (M + Z 1M1z 1VMIZ 1Gr [ -
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Similarly we can deduce that

1/2
L2

1/2
L2

1/2
Hs

|vm| 2

€ 2 € 2 C 2 2 2
s |01z s 5 o], + 5 VM |5, + . |H |72 [VH 2 M| -

|72 [VH] 2" [M]
(56)

Plugging hence estimate and in and summing in j € Z we deduce the bound

ZQZijAj(MXH)~Ajw dx
JjeZ
2 2 £ 2
Seloly +e| VM|, + 3 IVGrl 5
C 2 2 2 2 2 C 2 2 2
te (1M} IVM72 + |H| 2 IVH| ) M + . M| 72 [VM||z2 [GF g

concluding the proof of ([42).

Appendix C. Overview of the Littlewood Paley theory

This section is devoted to an overview of the Littlewood-Paley theory. We present here some
technical tools that have been crucial to our proofs. For more specifics, we refer the interested
reader to [12].

We begin with introducing the so called “Littlewood-Paley decomposition”, which is characterized
by an homogeneous partition of unity within the Fourier space Rg.

We first take into account a radial function ) which belongs to D(B(0,2)), being identically 1 in
B(0,1/2). We also assume that the function

reR, — x(re)

is non increasing, for any vector e in R, We then introduce the sequence (@) jez as
N £
(Pj(é) '_X(2j+1 _% E )
which satisfies

|j—¢|l >5 = Supp ¢;nSupp ¢, = &, and Z(pj(é) =1 V& eRd\{O}.
JeZ

For any integer j € Z, the homogeneous dyadic block Aj and the low frequency cut-off operator
§; are then defined by means of

Aj = (p](D), S] = Z Aq.

g<j-1
where throughout we agree that f(D) stands for the pseudo-differential operator
u—FH(fFu)),

for any smooth function f. Both AJ- and S"J- maps the Lebesgue space LP(Rd) into itself, for any
J€Z and p€[1,+00]. The norm of these maps are independent of the indexes j and p.
The following classical property holds true: for any homogeneous tempered distribution u € .7/,
we can decompose U as
u = ZA]'M,
J
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in the sense of .. Formally, for two appropriately tempered distributions a and b we have the so
called Bony's paraproduct decomposition [13]:

ab = T,b + Tya + R(a,b) (57)
being T,b the homogeneous paraproduct and R(a,b) the homogeneous reminder, i.e.

Tab = z ijlaAjb, R(a, b) = z AjaAjH'b.
jez jez,
ie{0,£1}

It is common in literature to regroup the second homogeneous paraproduct of (57)) into the
reminder as follows:

ab = T,b + T)a, where  Tja:= > AjaSj2b (58)
JeZ

Let us present the so-called Bernstein’s inequalities, which explain the way derivatives act on
spectrally localized functions.

Lemma C.1. Let 0 < r < R. A constant C exists so that, for any nonnegative integer k, any couple
(p,q) in [1, +oo]2, with p < g, and any function u € L?, we have, for all A >0,

1

1
suppzc B(0,AR) — | Vku||Lq < ckt 7Lk+d(l’7) (e
suppiic {E eRY|rA < €| <RA}Y = C*" " AMulw < |V < CH A ulL .

We are now in the position to define the class of homogeneous Besov spaces.

Definition C.2. Let s€ R and 1 < p,r < +oo. The homogeneous Besov space B;’r = B;,_’,(Rd)
is defined as the subset of homogeneous tempered distributions u in .5/ for which the following
norm is bounded

< +00.

lulg, = | (271 Al ), ),

Homogeneous Besov spaces can be understood as interpolation spaces between the Sobolev ones.
Furthermore for all s € R we have the isomorphism of Banach spaces B; , ~ H*, with

1/2
I g~ (2 22| A f IIfa) : (59)

JEZ
Indeed, the previous isomorphism is an isomorphism between Hilbert spaces: the B, ,-inner product

(f 8, = %22'is(Ajf, Ajg),
2 £

is equivalent to the classical one over H.
A consequence of the Bernstein's inequality is the following embedding result.

Proposition C.3. The space B} ,, is continuously embedded in the space B}, ,, for all indexes
p1 < p2, r1 < ro and

1 1
592 =Sl—d(———) .
2 )

We finally recall a classical commutator estimate (see e.g. Lemma 2.97 of [12]).
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Lemma C.4. Let ® € C*(R?) such that (1+|-|)® € L'. There exists a constant C such that,
for any function h for which Vh e LP(R?), for any f € LY(R?) and for all A >0, one has
[[@(7"D), 1], < €A |VAlL [l

where r € [1,+00] satisfies the relation 1/r = 1/p + 1/q.

Lr

Theorem C.5. Let s and t be two real numbers such that |s| and [t| belong to [0,N/2). Let us
assume that s+t is positive, then for every a € H*(RN) and for every b e H'(R"), the product ab
belongs to H**'"NI2(RN) and there exists a positive constant (not dependent on a and b) such
that

Jabl oot < Clalz 151,

Proof. At first we identify the Sobolev spaces H* and H' with the Besov spaces 3372 and Btm,

respectively. We hence claim that ab belongs to B‘;;Np and

labl g < Clal s, 161,

for a suitable positive constant. ' .
We decompose the product ab through the Bony decomposition, namely ab = T,b + Tya + R(a,b),
where
T,b := Z Aanq_lb, Tya = Z.S‘q_la Aqb, R(a,b) := Z Aqa Aqwb.
qeZ qel qel
[v|<1

For any g € Z, we have
200D | (AyTub, AgTha) 12

S Y 27 Aua]p2 RSkl + Y 277D S, 1a]1= 2 [ Agh] 2,
lg—q’|<5 lg—q'|<5
so that we gather

ICFub, o)y < 1T, Ty el 100 + oy 0, 5 Ll 01,

oo

where we have used the embedding Bg’z = BZ;;V/Q.

In order to conclude the proof, we have to handle the homogeneous reminder R(a,b). By a direct
computation, for any g € Z,
201 AyR(a,b) | < Y 297D Aya] 1229 | Ayryal 2,
q'>q-5
[vi<1

so that, thanks to the Young inequality, we deduce

IR(@)] ooy S 1R B) L 5 lal gy 101,
2,2 ’ ' ’

where we have used the embedding Bj'{ - B;;N/Q and moreover that ¥,.5270*") is finite, since

s +1 is positive. U
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