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Abstract

The growing need for smaller electronic components has recently sparked the interest in the
breakdown of the classical conductivity theory near the atomic scale, at which quantum effects
should dominate. In 2012, experimental measurements of electric resistance of nanowires in Si
doped with phosphorus atoms demonstrate that quantum effects on charge transport almost disap-
pear for nanowires of lengths larger than a few nanometers, even at very low temperature (4.2 K).
We mathematically prove, for non-interacting lattice fermions with disorder, that quantum un-
certainty of microscopic electric current density around their (classical) macroscopic values is
suppressed, exponentially fast with respect to the volume of the region of the lattice where an
external electric field is applied. This is in accordance with the above experimental observation.
Disorder is modeled by a random external potential along with random, complex-valued, hopping
amplitudes. The celebrated tight-binding Anderson model is one particular example of the gen-
eral case considered here. Our mathematical analysis is based on Combes-Thomas estimates, the
Akcoglu-Krengel ergodic theorem, and the large deviation formalism, in particular the Gértner-
Ellis theorem.

Keywords: Fermionic Charge transport, disordered media, Combes-Thomas estimates, large devia-

tions.

MSC codes: 82C70, 32A70, 60F10

Contents

1 Introduction 2

2 Setup of the Problem 4
2.1 Random Tight-Binding Model . . . . . .. .. ... ... ... ... ... ... 5
2.2 Algebraic Setting . . . . . . . .. e e e e 7
2.3 CurrentDensities . . . . . . . . . ..o e 8

3 Main Results 9

4 Technical Proofs 11
4.1 Preliminary Estimates . . . . . . . . . . . . . . .. 11
4.2 Bilinear Elements of CAR Algebra . . . . . . ... .. ... ... ... ... 13
4.3 Bilinear Elements Associated with Currents . . . . . . ... ... ... ....... 15
4.4  Finite-volume Generating Functions . . . . . . .. .. ... ... ... ....... 18
4.5 Akcoglu-Krengel Ergodic Theorem and Existence of Generating Functions . . . . . 24



A Combes-Thomas Estimates 26

B Large Deviation Formalism 28
C Response of Quasi-Free Fermion Systems to Electric Fields 29
C.1 Linear Response Current . . . . . . . . . . .. . ... . ... 29
C.2 Discrete Continuity Equation in the CAR Algebra . . . . . . . ... ... ... ... 32
C.3 The One-particle Picture . . . . . . . .. . .. .. .. .. .. . . 33

1 Introduction

The classical conductivity theory of materials, based on the existence of a well-defined bulk resistivity,
was expected to break down as atomic scales and low temperatures are reached, because quantum
effects would dominate. In particular, the linear dependence of the resistance as a function of the
length of conducting nanowires should be violated at atomic lengths, as explained in [1].

The growing need for smaller electronic components has recently sparked the interest in such a
question. For instance, in 2006, the validity of the classical theory was experimentally verified, at
room temperature, for nanowires in InAs with lengths down to ~ 200 nm [2]. Indeed, the measured
resistivity for the nanowires is 23 €2/nm, which is very near to the resistivity deduced from bulk
properties of the material (24 €2/nm). See [2, discussions after Eq. (2)]. A few years later, in 2012,
the same property was observed [3], even at very low temperature (4.2 K) and lengths down to 20 nm
(atomic scale), in experiments on nanowires in Si doped with phosphorus atoms. The breakdown
of the classical description of these nanowires is expected [1] to be around ~ 10 nm (at similar
temperature) since other experimental studies [4, 5] on similar doped Si wires show strong deviations
from bulk values of the resistivity around this length scale.

These experimental results demonstrate that quantum effects on charge transport can very rapidly
disappear with respect to (w.r.t.) growing space-scales. We mathematically prove this fact by studying
the suppression rate of the probability of finding microscopic current densities that differ from the
macroscopic one. Observe that [6, 7] already proved the convergence of the expectation values of
microscopic current densities, but no information about the suppression of quantum uncertainty was
obtained in the macroscopic limit.

There is a large mathematical literature on charged transport properties of fermions in disordered
media, for instance by Bellissard and Schulz-Baldes in the nineties [8, 9] or, more recently, by Klein,
Miiller and coauthors [10-14]. See also [15, 16] and references therein, etc. However, it is not the
purpose of this introduction to go into the details of the history of this specific research field. For
a (non-exhaustive) historical perspective on linear conductivity (Ohm’s law), see, e.g., [17] or our
previous papers [6,7, 18-22].

In spite of that large mathematical literature on quantum charged transport, the study performed
in the current paper covers a completely new theoretical aspect of this problem, not exploited in the
available literature, yet. Observe that although we were able in [7] to deal with interacting fermions,
in the present paper we restrict ourselves to the non-interacting case, similar to [6]. Within the class of
non-interacting particles the considered Hamiltonians are however completely general, since disorder
is defined via random potentials and random, complex valued, hopping amplitudes, which are only
assumed to have ergodic distributions. The celebrated tight-binding Anderson model is one particular
example of the general case analyzed here and models with random vector potentials are also included
within the present study.

We prove that quantum uncertainty of microscopic electric current densities (around their classi-
cal, macroscopic values) is suppressed, exponentially fast w.r.t. the volume |Az| = O(L?) (in lattice
units (l.u.), d € N being the space dimension) of the region of the lattice where an external electric



field is applied. In order to achieve this, we use the large deviation formalism [23,24], which has
been adopted in quantum statistical mechanics since the eighties [25, Section 7]. Other mathematical
results which are pivotal in our analysis are the Combes-Thomas estimates [26, 27], the Akcoglu-
Krengel ergodic theorem [28] and the (Arzela-) Ascoli theorem [29, Theorem AS]. Indeed, combined
with the celebrated Girtner-Ellis theorem (Theorem B.1), they allow us to prove a large deviation
principle (LDP) for the current density distributions, which quantify the probability of deviations,
due to quantum uncertainty, from the expected value.

The interacting case, as studied in [7, 21], is technically much more involved. The mathemat-
ical techniques allowing to tackle such questions for interacting fermions are partially developed
in [25,30], and use Grassmann integrals and Brydges-Kennedy tree expansions to construct Girtner-
Ellis generating functions. For the non-interacting case, in order to study properties of Gértner-Ellis
generating functions, one can use the Bogoliubov-type inequality

|ln tr (Ce™™) — Intr (C’eHO)’ < sup  sup He“(aH”(l_”‘)HO) (Hy — Hy) e~ eHi+(1-)Ho

)
a€l0,1] ue[~1/2,1/2] HB(C") ’

where Hy, H; are arbitrary self-adjoint matrices, C' is any positive matrix and tr denotes the normal-
ized trace. See [31, Lemma 3.6] or Lemma 4.2 below. The above bound turns out to be useful for
fermionic systems that are quasi-free (i.e. Hy, H; are polynomials of degree two in the fermionic
creation and annihilation operators). In this special case, the right-hand side of the inequality can be
efficiently bounded by || H1 — Hol|5cn), using Combes-Thomas estimates. In contrast, for interacting
fermions, explicit examples for which the right-hand side is arbitrarily bigger than || H; — Ho|| B(C)
at large volumes are known [32].

Our main results are Theorems 3.1, 3.4 and Corollaries 3.2, 3.5. From the technical point of view,
Theorem 3.1 is the pivotal statement of the paper, the other assertions, basically the LDP for currents
with a good rate function (Theorem 3.4 and Corollaries 3.2, 3.5), being all deduced from Theorem 3.1
by relatively standard methods of large deviations. Theorem 3.1 refers to the existence, continuity and
differentiability of the (infinite volume) deterministic generating function for currents, which appears
in the Gértner-Ellis theorem (Theorem B.1). Besides the Bogoliubov-type inequality, as discussed
above, its proof requires the Akcoglu-Krengel ergodic theorem [28] as an important argument, for
one has to control the thermodynamical limit of (finite volume) generating functions that are random.
To make possible the use of this important result from ergodic theory, various technical preliminaries
are needed and the proof of Theorem B.1 is highly non-trivial, as a whole: We perform a rather
complicated box decomposition of these random functions, which can be justified with the help of the
Bogoliubov-type inequality and the “locality” (or space decay) of both the quasi-free dynamics and
space correlations of KMS states, as a consequence of Combes-Thomas estimates (Appendix A).

To conclude, this paper is organized as follows:

e In Section 2, the mathematical setting is described in detail. It refers to quasi-free fermions on
the lattice in disordered media. We also discuss the physical motivations of the model, which
are supplemented by Appendix C to reduce the length of this section.

e In Section 3, the main results are stated and the large deviation (LD) formalism is shortly
defined, being supplemented by Appendix B. More precisely, we present the mathematical
statements related to the existence of generating functions of the LD formalism, an LD principle
(LDP) for currents, as well as the behavior of the corresponding rate function. We finally
combine them to state and discuss the exponentially fast suppression of quantum uncertainty of
currents around the classical value of the current.

e Section 4 gathers all technical proofs. In particular, Bogoliubov-type inequalities discussed
above are stated and proven in Section 4.1. Section 4.2 collects some useful, albeit elementary,



properties of bilinear elements, which are basically quadratic elements in the CAR algebra
resulting from the second-quantization of one-particle operators. Then, in Section 4.3, we show
that current observable are bilinear elements associated with explicit one-particle operators that
satisfy several explicit estimates. These upper bounds are pivotal for the proof of our main
theorem, i.e., Theorem 3.1, which, effectively, only starts in Section 4.4 and is finished in
Section 4.5 with the use of the Akcoglu-Krengel ergodic theorem [28] and the (Arzela-) Ascoli
theorem [29, Theorem AS5].

e We finally include Appendices A, B and C, stating general results used throughout the current
paper, in a way well-adapted to our proofs. Appendix A is about the Combes-Thomas esti-
mates while Appendix B explains the large deviation formalism, in particular the Gértner-Ellis
theorem. Appendix C contains supplementary information on the mathematical framework and
relevant physical concepts, in order to make unnecessary the use of further references for a clear
understanding of the subject of the current paper. More precisely, Appendix C summaries some
important results on linear response current of our papers [6,7, 18-22]. Appendix C.2 explains
the origin of current observables in relation with the discrete continuity equation within the
CAR algebra. Finally, Appendix C.3 makes explicit the link between the algebraic formulation
we use here and the (more popular) one-particle Hilbert space formulation of non-interacting
fermion systems.

Notation 1.1

A norm on a generic vector space X is denoted by || - || x. The space of all bounded linear operators
on (X,|| - ||x) is denoted by B(X). The scalar product of any Hilbert space X is denoted by (-, ) x.
Note that RT = {z € R : 2 > 0} while R =R U {0}.

2 Setup of the Problem

We use the mathematical framework of [7,22] to study fermions on the lattice. For simplicity we
take a cubic lattice Z?, even if other types of lattices can certainly be considered with the same, albeit
adapted, methods. Disorder within the conductive material, due to impurities, crystal lattice defects,
etc., is modeled by (a) a random external potential, like in the celebrated Anderson model, and (b) a
random Laplacian, i.e., a self-adjoint operator defined by a next-nearest neighbor hopping term with
random complex-valued amplitudes. In particular, random vector potentials can also be implemented.

Altogether, this yields the random tight-binding model mathematically described in Section 2.1:
The underlying probability space is defined in Part (ii) of that subsection, while the one-particle
Hamiltonian driven the non-interacting (or quasi-free) lattice-fermion system is explained in Part
(iii), see in particular Equation (4). Then, we apply on the quasi-free fermion system in disordered
media some time-dependent electromagnetic fields and look at the linear response current density in
the thermodynamic limit of macroscopic electromagnetic fields. This study is already done in great
generality in [7,21,22] and we shortly explain it in Section 2.3, with complementary explanations
postponed to Appendix C. Then, we will be in a position to state the main results of the paper about
the exponential rate of convergence of current densities in the limit of macroscopic electromagnetic
fields.

Observe that no interaction between fermions are considered in the sequel and one can do all our
study on the one-particle Hilbert space, as illustrated in Appendix C.3. Despite this, our approach is
based on the algebraic formulation of fermion systems on lattices explained in Section 2.2 because
it makes the role played by many-fermion correlations due to the Pauli exclusion principle, i.e., the
antisymmetry of the many-body wave function, more transparent. For instance, the conductivity
is naturally defined from current-current correlations, that is, four-point correlation functions, in this



framework. The algebraic formulation also allows a clear link between transport properties of fermion
systems and the CCR algebra of current fluctuations [20]. The latter is related to non-commutative
central limit theorems (see, e.g., [33]). On top of this, the approach ensures a continuity with our
previous results while making much clearer its extension to a study of interacting fermions for which
the algebraic formulation is very advantageous. This paper can thus be seen as a preparation to do a
similar study for interacting fermions. Such an analysis has already started with [25, 30] via (highly
technical) constructive methods used in quantum field theory, which will allow us to obtain convergent
expansion schemes around the quasi-free case for generic generating functions.

2.1 Random Tight-Binding Model

(1): The host material for conducting fermions is assumed to be a cubic crystal represented by the

d-dimensional cubic lattice Z¢ (d € N). Below, P¢(Z%) C 22" is the set of all non-empty finite subsets
of Z%. Further,

D={z€C: [z|]<1} and b= {{z,2'} CZ% |z—2|=1}

is the set of (non-oriented) edges of the cubic lattice Z¢.
(i1): Disorder in the crystal is modeled by a random variable taking values in the measurable space

(2, 2g), with distribution ag:
Q2: Elements of (2 are pairs w = (wq,w2) € 2, where w is a function on lattice sites with values
in the interval [—1, 1] and w, is a function on edges with values in the complex closed unit disc

D. Le., )
Q=[-1,11% x D",

2An: Let O,z € 79 be an arbitrary element of the Borel o-algebra ALY of the interval —1,1]
w.r.t. the usual metric topology. Define

. 1
Q’l[fl,l]zd — ® Ql:(z ),

rEeZd

Le., Q([_l e is the o-algebra generated by the cylinder sets [] O, where QY = [—1, 1] for
’ x€Z4
all but finitely many = € Z%. In the same way, let

Ape = (XA,

x€eb

where 52[;2), X € b, is the Borel o-algebra of the complex closed unit disc D w.r.t. the usual
metric topology. Then
Ao = Q[[_L”Zd & Apo .

ag: The distribution ag, is an arbitrary ergodic probability measure on the measurable space (€2, 20q).
I.e., it is invariant under the action

(w1, w2) — Xg(gm (wi,ws) = (X;Zd) (w1) 7X§cb) (W2)> ’ rel, ey
of the group (Z<, +) of translations on € and aq(X) € {0,1} whenever X € g satisfies
W (X) = X forall z € Z%. Here, for any w = (wy,ws) € Q, z € Z4and y,y' € Z¢ with
ly—y'l=1,

d . .

X () () = wr(y+a), X (wo) (g9} =we ({y + 2,9 +2}) )

As is usual, E [-] denotes the expectation value associated with agq.



(iii): The one-particle Hilbert space is b = ¢*(Z¢; C) with scalar product (-,-),. Its canonical or-
thonormal basis is denoted by {es},czq, which is defined by e, (y) = 0, forall z,y € Z%. (4, is the
Kronecker delta.) To any w € (2 and strength ¢ € R of hopping disorder, we associate a self-adjoint
operator A, y € B((*>(Z%)) describing the hoppings of a single particle in the lattice:

M=

Aua@(@) = 2dv() = > (1 +va{e,e - 1) vlx - ¢;)

<.
Il
-

(@ + ) (1+ Von({z,z + ;) 3

for any z € Z% and ) € (?(Z?), with {e;,}¢_, being the canonical orthonormal basis of the Euclidian
space RY. In the case of vanishing hopping disorder ¥ = 0, (up to a minus sign) A, is the usual
d-dimensional discrete Laplacian. Since the hopping amplitudes are complex-valued (w- takes values
in D), note additionally that random vector potentials can be implemented in our model. Then, the
random tight-binding model is the one-particle Hamiltonian defined by

W = Ayy+ Ao, w=(wi,ws) €Q, N0 € RS, @

where the function w;: Z¢ — [—1,1] is identified with the corresponding (self-adjoint) multipli-
cation operator. We use this operator to define a (infinite volume) dynamics, by the unitary group
{e“h(w) }ier, in the one-particle Hilbert space . Note that the tight-binding Anderson model corre-
sponds to the special case ¥ = 0.

(iv): Let
3 = {ZCQZdi <\V/Zl7ZQGZ> Z17£Z2:>Z1022:®},
3 = {Z2€3:|Z]<ocand (VZ € 2) 0<|Z] < x}.

One can restrict the dynamics to collections Z € 3 of disjoint subsets of the lattice by using the
orthogonal projections Py, A C Z¢, defined on h by

p(x) , ifxeA

Pl ={ 5@ B ®
Then, the one-particle Hamiltonian within Z € 3 is
WY =" PPy, 6)

ZeZ
. . h ) - . : L
leading to the unitary group {e®"z"},cg. This kind of decomposition over collections of disjoint
subsets of the lattice is important in the technical proofs.

(v): By the Combes-Thomas estimate (Appendix A),

. (w)
< o ey>b’ < 3G0ltnl-2ylo-1l €

forany n,u € R, 2,y € Z4, Z € 3,w € Q, and \,9 € RS, where

N n
’u”_’umm{2’8d(1+z9)eﬂ}' ®)

See Corollary A.3, by observing that the parameter S defined by (60) is bounded in this case by
S(RY) | 1) < 2d(1 + 9)er.



2.2 Algebraic Setting

Although all the problem can be formulated, in a mathematically equivalent way, in the one-particle
(or Hilbert space) setting (Appendix C.3), since the underlying physical system is a many-body one,
it is conceptually more appropriate to state the large deviation principle (LDP) related to microscopic
current densities within the algebraic formulation for lattice fermion systems:

(i): We denote by U/ = Uy the CAR C*-algebra generated by the identity 1 and elements {a(v)) }yep
satisfying the canonical anticommutation relations (CAR): For all v, ¢ € b,

a(P)a(p) = —a(p)a(v), a(¥)alp)” +alp) a(y) = (¥, )y 1. )
Note that CAR imply that, for all ¢/ € b,

la(@)lly < 11y » (10)

and the map ¢ — a(v))* from b to U is linear. As is usual, a(7) and a(¢)* are called, respectively,
annihilation and creation operators.
(ii): For all w € ©Q and A\, 9 € R{, the dynamics on the CAR C*-algebra U{ is defined by a strongly

continuous group 7 = {ﬁ“’}teR of (Bogoliubov) x-automorphisms of I/ satisfying

Na(y)) = a@y),  teR, Y eb. (11)

See (4) as well as [34, Theorem 5.2.5] for more details on Bogoliubov automorphisms. Similarly, for
any Z € 3, we define the strongly continuous group 7“2 by replacing A“) in (11) with h(zw) (see
(6)). In order to define the thermodynamic limit, we introduce the increasing family

N ={(z1,...,2q) €Z%: |21],... 24| <€},  LER], (12)
in Py(Z%). Observe that, for any ¢ € R, 7\"*}) converges strongly to ) = T§w7{Zd}), as { — oo.

(iii): For any realization w € 2 and disorder strengths \, ¥ € R{, the thermal equilibrium state of the
system at inverse temperature 3 € R* (i.e., f > 0) is by definition the unique (7*), 3)-KMS state
Q(“), see [34, Example 5.3.2.] or [35, Theorem 5.9]. It is well-known that such a state is stationary
w.r.t. the dynamics 7(“), that is,

Wor=p@  Le teR (13)
The state o) is also gauge-invariant and quasi-free, and it satisfies
1
@) (4 — -
e (o) = (. ) pveh (14

For 5 = 0, one gets the tracial state (or chaotic state), denoted by tr € I/*.
Recall that gauge-invariant quasi—free states are positive linear functionals p € U* such that
p(1) = 1 and, forall Ny, N € Nand ¢,... ¢y n, €,

P (a*(¢1) e a (U )a(Vn v, a’(wNﬁ-l)) =0 (15)

if N7 # Ny, while in the case Ny = Ny = N,

* * N

P (CL (V1) - a*(Vn)a(Pay) - - ‘GWNH)) = det [P <@+(¢k)a(wN+l))}k71:1 . (16)
See, e.g., [36, Definition 3.1], which refers to a more general notion of quasi-free states. The gauge-
invariant property corresponds to Equation (15) whereas [36, Definition 3.1, Condition (3.1)] only
imposes the quasi—free state to be even, which is a strictly weaker property than being gauge-invariant.
Similarly, for any Z € 3, we define the quasi-free state 0% by replacing ) in (14) with h%

(see (6)). In the thermodynamic limit ¢/ — oo, g(i)é} converges in the weak* topology to o) = Q(Z)d}.
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2.3 Current Densities

(i) Currents: Fix w € Q and ¥ € R{. For any oriented edge (x,y) € (Zd)z, we define the paramag-
netic current observable by

(w)
[(x,y

) = —23m ((ez, Ay pey)pales) aley)) . (17)
It is seen as a current because it satisfies a discrete continuity equation, as explained in Appendix
C.2. Here, the self-adjoint operators Sm(A) € U and Re(A) € U are the imaginary and real parts of
A € U, that are, respectively,

Sm(A) = — (A—A%) and Re(A) = % (A4 A% . (18)

1
T2
This “second-quantized” definition of current observable and the usual one in the one-particle setting,
like in [8, 10, 11], are perfectly equivalent, in the case of non-interacting fermions. See for instance
Equation (87).

Note that electric fields accelerate charged particles and induce so-called diamagnetic currents,
which correspond to the ballistic movement of particles. In fact, as explained in [19, Sections III and
IV], this component of the total current creates a kind of “wave front” that destabilizes the whole
system by changing its state. The presence of diamagnetic currents leads then to the progressive
appearance of paramagnetic currents which are responsible for heat production and the in-phase AC-
conductivity of the system. For more details, see [7,19,21] as well as Appendix C on linear response
currents.

(i) Conductivity: As is usual, [4, B] = AB— BA € U denotes the commutator between the elements

A € U and B € U. For any finite subset A € P¢(Z?), we define the space-averaged transport

coefficient observable C\) € C(R; B(R%: /%)), w.r.t. the canonical orthonormal basis {eq}o_, of the
Euclidian space R¢, by the corresponding matrix entries

t

(@) L1 (@) 7(w) (w)

{CA <t)}kq T Al > / UrZaliyie, ) L tepmlda
’ $7y7$+€lmy+€q€/\ 0

26,

q
Al

+

D Re ((erter, Aupes)alerse,) ale) (19)
zeA

foranyw € Q,t € R, \,9 € R} and k,q € {1,...,d}. This object is the conductivity observable
matrix associated with the lattice region A and time t. See Appendix C, in particular Equations (76)-
(77). In fact, the first term in the right-hand side of (19) corresponds to the paramagnetic coefficient,
whereas the second one is the diamagnetic component. For more details, see [21, Theorem 3.7].

(iii) Linear response current density: Fix a direction € R? with |||z« = 1 and a (time-dependent)
continuous, compactly supported, electric field £ € Cg (R; ]Rd), 1.e., the external electric field is a
continuous function ¢ — £(t) € R of time ¢ € R with compact support. Then, as it is explained in

Appendix C, [7,21]' shows that the space-averaged linear response current observable in the lattice
region A and at time ¢ = 0 in the direction « is equal to

d 0
9= Y w [ (g @, {eF )}, da. 20

k,q=1

To obtain the current density at any time ¢ € R, it suffices to replace £ € CJ(R;R?) in this equation
with

Eila) =E(a+1t), a € R. (21)
Compare with Equations (76)-(77).

IStrictly speaking, these papers use smooth electric fields, but the extension to the continuous case is straightforward.
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3 Main Results

We study large deviations (LD) for the microscopic current density produced by any fixed, time-
dependent electric field £. Via the Gértner-Ellis theorem (see, e.g., [24, Corollary 4.5.27]), this is a
consequence of the following result:

Theorem 3.1 (Generating functions for currents) 3
There is a measurable subset Q) C Q of full measure such that, for all 3 € RT, 9, € R, w € Q,
€ € CY(R;R?) and @ € R? with ||i0||ga = 1, the limit

(@.€)

1
- (w) ( ATy >
i AL I g™ (e

exist and equals

1 (.6)
1= i B e ()]
Moreover; for any € € CQ(R;R?), the map s — J =€) from R to itself is continuously differentiable
and convex.

Proof. The assertions directly follow from Corollaries 4.19 and 4.20. Note that the map s — J©) is
a limit of convex functions, and hence, it is also convex. m

In probability theory, the law of large numbers refers to the convergence (at least in probability),
as n — oo, of the average or empirical mean of n independent identically distributed (i.i.d.) random
variables towards their expected value (assuming it exists). The large deviation formalism quantita-
tively describes, for large n > 1, the probability of finding an empirical mean that differs from the
expected value. These are rare events, by the law of large numbers, and an LD principle (LDP) gives
their probability as exponentially small (w.r.t. some speed) in the limit n — oo.

In the context of the algebraic formulation of quantum mechanics, observables (i.e., self-adjoint
elements of some C*-algebra, here /) generalize the notion of random variables of classical proba-
bility theory. The link between both notions is given via the Riesz-Markov theorem and functional
calculus: The commutative C*-subalgebra of U/ generated by any self-adjoint element A* = A € U
is isomorphic to the algebra of continuous functions on the compact set spec(A) C R. Hence, by the
Riesz-Markov theorem, for any state p € {/*, there is a unique probability measure m, 4 on R such
that

mpalpecl) =1 and  p(F(4) = [ Fle)ma(do) 22)

for all complex-valued continuous functions f € C(R;C). m, 4 is called the distribution of the
observable A in the state p. The LD formalism naturally arises also in this more general framework:
A rate function is a lower semi-continuous function I : R — [0,00]. If I is not the co constant
function and has compact level sets, i.e., if I71([0,m]) = {z € R: I(z) < m} is compact for any
m > 0, then one says that [ is a good rate function. A sequence (A)ren C U of observables satisfies
an LDP, in a state p € U*, with speed (n;)reny C RT (a positive, increasing and divergent sequence)
and rate function I if, for any borel subset G of R,

. .1 : 1 .
— xlélgfo I(x) < hlI/IilOI.}f - Inm, 4, (G) < hzn_i}ip o Inm, 4, (G) < — irelgl (x).
Here, G° is the interior of G, while G is its closure. Compare with Equations (64)-(65) in Appendix
B.
A sufficient condition to ensure that a sequence of observables satisfies an LDP is given by the
Girtner-Ellis theorem. In particular, Theorem 3.1 combined with Theorem B.1 yields the following
corollary:



Corollary 3.2 (Large deviation principle for currents)
Let Q0 C Q be the measurable subset of full measure of Theorem 3.1. Then, forall 5 € Rt, 9, X € Ry,
weQ 1N, Ec CYR;RY) and i € R with ||| ga = 1, the sequence (]Is\“zg))LeN of microscopic
current densities satisfies an LDP, in the KMS state o), with speed |\ | and good rate function 1)
defined on R by

1) (z) = sup {sz — J(s‘g)} > 0.

seR

Remark 3.3
By direct estimates, one verifies that, for any fixed state p, (]IXJL’S)) LeN Yields an exponentially tight
family of probability measures, defined by (22) for A = ]Ig\wL’g). Therefore, by [24, Lemma 4.1.23],
(]IE{JL’E)) Len satisfies, along some subsequence, an LDP, in any state p, with speed |\ | and a good rate
function. However, it is not clear whether this rate function depends on the choice of subsequences
and w € ). Moreover, no information on minimizers of the rate function, like in Theorem 3.4, can be
deduced from [24, Lemma 4.1.23].

Observe that, if an LDP holds true, then the law of large numbers follows [37, Theorem 11.6.4]
from the Borel-Cantelli lemma [37, Lemma A.5.2]. Therefore, by [6,7] and Corollary 3.2, the distri-
butions of the microscopic current density observables, in the state Q(w), weak™ converges, for w € )
almost surely, to the delta distribution at the (classical value of the) macroscopic current density. Us-
ing Theorem 3.1, we sharpen this result by proving that the microscopic current density converges
exponentially fast to the macroscopic one, w.r.t. the volume |A| of the region of the lattice where an
external electric field is applied.

To this end, we remark from Corollary 4.20 (see (56)) that, for any 5 € R*, 9, A € R{, @ € R?
with |||z« = 1, the macroscopic current density is equal to

2© =909, €€ COUR;RY). (23)
See also (78). Define
z_ =inf{z < ©: 1) (z) < oo}, zy =sup{z > 219 () < o0} .

Obviously, 1¢) (z) = oo for z € R\[z_,z,]. We start by giving important properties of the rate
function I1¢€):

Theorem 3.4 (Properties of the rate function)

Fix 8 € RY, 9,\ € R, @ € RY with ||i|ge = 1 and & € CY(R;R?). The rate function 1) is a
lower-semicontinuous convex function satisfying: (i) I'©)(2€)) = 0; (i) I'©)(x) > 0 if v # 2(©); (iii)
1) (z) < oo forz € (x_,xy) with1€) (z) <1 (z_) forz € (z_, 2] and 1) (z) < 1€ (z,) for
z € [29), x,); (iv) 1€ restricted to the interior of its domain, i.e., the (possibly empty) open interval
(x_,z), is continuous.

Proof. Fix all parameters of the theorem. Note that 1) is clearly a lower-semicontinuous convex
function, by construction. As the map s — J©) is differentiable and convex (Theorem 3.1), the map
s +— J€) is the Legendre-Fenchel transform of 1), i.e.,

J6E) = sup {sx—I(‘S)(x)}, s € R,
rz€R

and sy is a solution of the variational problem

1) () = sup {sz — J(S‘g)}
seR
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if and only if s, solves x = 9,J(¢) |s=so- BY (23), it follows that

0=J0 = inﬂgl(g)(x) =1 (29).
zEe

This proves Assertion (1). To prove (i1), it suffices to show that z®) is the only minimizer of 1),
Note that z is a minimizer of I®) if and only if 0 is a subdifferential of 1¥) at z, (Fermat’s principle).
By [38, Corollary 5.3.3] and the differentiability of the Legendre transform of I'®), which is the map
s+ JG€) it follows that the minimizer of I®) is unique and Assertion (ii) follows. Assertion (iii) is a
direct consequence of the fact that I€) is a convex function with z(€) as unique minimizer. Assertion
(iv) is deduced from [38, Corollary 2.1.3]. m

Corollary 3.5 (Exponentially fast suppression of quantum uncertainty of currents)
Let ) C € be the measurable subset of full measure of Theorem 3.1. Then, for all 8 € Rt 9,\ € ]R_Jr,
weQleN & e CYR;RY), & € R with ||w||ge = 1, and any open subset O C R with 2'¢) ¢ O,

lim sup ——

s |AL| lnmgw (w,é’) (0) <.

The above limit does not depend on the particular realization of w € Q. If, additionally, ON(x_,z, ) #
0, then

1 e
Lh_r)r;O L Inm ., 1o (0) = —;gcf? 1€ (z) < 0.

See (22) for the definition of the distribution of 1 AWL’S), in the KMS state o).

Proof. It is a direct consequence of Corollary 3.2 and Theorem 3.4. m

Corollary 3.5 shows that the microscopic current density converges exponentially fast to the
macroscopic one, w.r.t. the volume |A| (in lattice units (l.u.)) of the region of the lattice where
the electric field is applied. As discussed in the introduction, this is in accordance with the low tem-
perature (4.2 K) experiment [3] on the resistance of nanowires with lengths down to approximately
40 l.u. (L ~ 20). The breakdown of the classical description of these nanowires is expected [1,4, 5]
to be around 20 l.u. (L ~ 10).

To conclude, note that, in the experimental setting of [2,3], contacts are used to impose an electric
potential difference to the nanowires. These contacts yield supplementary resistances to the systems
that are well-described by Landauer’s formalism [49] when a ballistic charge transport takes place in
the nanowires. In our model, the purely ballistic charge transport is reached when ¢ = 0 and A — 07,
as proven in [20, Theorem 4.6]. When the nanowire resistance becomes relatively small as compared
to the contact resistances, then the charge transport in the nanowire is well-described by a ballistic
approximation and Landauer’s formalism applies, as also experimentally verified in [2]. This is the
reason why [3] reaches much smaller length scales than [2]: the material used in [3] has a much larger
linear resistivity (between 112 {2/nm and 855 §2/nm, see [3, Table 1]) than the one of [2] (23 ©2/nm,
see [2, discussions after Eq. (2)]).

4 'Technical Proofs

4.1 Preliminary Estimates

We start by giving two general estimates which will be used many times afterwards. The first one is
an elementary observation:

11



Lemma 4.1 (Operator norm estimate)
For any operator C' € B(b),

Il < sup > D (e Ceyy

yeZd

Proof. By the Cauchy-Schwarz inequality, for all ¢, € b,

[(e.co)y| < X |e@iw) (e, Cey)y|

z,yeZd

= 2 (el cen]”) (W 1<ex,oey>h)“2)

z,y€Z4
<[> <!<p (ea, Cley) ,,D > )

x,yEeL? x,yEeL?

< lelly Il sup S [fee, Cey)y |
erdyEZd

(s, C’ey) ’

]
The second one is a version of the Bogoliubov inequality. Recall that the tracial state tr € U/* is
the quasi-free state satisfying (14) at 5 = 0.

Lemma 4.2 (Bogoliubov-type inequalities)
Let C' € U be any strictly positive element.
(i) For any continuously differentiable family {H,},.p C U of self-adjoint elements,

}% Intr (C’eH“)‘ <  sup He“H‘* {0aHu} e uHa Hu )
ue[—1/2,1/2]
(i1) Similarly, for any self-adjoint Hy, H; € U,

|1n tr (Ce™™) — Intr (C’eHO)| < sup  sup He“<aH1+(1_a)H0) (Hy — Hy) e~ eHi+(1=)Ho)

a€l0,1] ue[—1/2,1/2] ”L{

Proof. (i) By Duhamel’s formula, for any continuously differentiable family {H,} . C U of self-
adjoint elements,

1
On {eH‘*} = / e"Ho {0, H,) ell=WHa gy,
0

which implies that

Ltr (CeHe {9, Hy } et He)
HO{ —_—
O, Intr (C’e ) = /0 tr (Clla) du.

Using the cyclicity of the trace, we then get

du

1 tr (% Ce'Felv2)He {0 H,} etz He
Oy Intr (C’eH ) = / ( >
0

tr <eTa CeTa)

/21, tr (e%Ce%e“H‘l {0.H,} e_“Ha)
-3 tr (e%Ce%)

du,
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which yields (i).
(i1) To prove the second assertion, it suffices to apply Assertion (i) to the family defined by

Ha:Ho—FOz(Hl—Ho), 046[0,1].

]

Observe that Lemma 4.2 (ii) is proven in [31, Lemma 3.6]. Here, we give a proof of this estimate
for completeness. These Bogoliubov-type inequalities are useful because we deal with quasi-free
dynamics. In this case, we have a very good control on the norm of

euHa {aaHa} e_uH"‘,

because H, is a bilinear element, as explained in the next subsection.

4.2 Bilinear Elements of CAR Algebra

Similar to [39], bilinear elements are defined as follows:

Definition 4.3 (Bilinear elements)

Fix an operator C' € B(h) whose range ran(C) is finite dimensional. Given any finite-dimensional
subspace H C b, with orthonormal basis {1, }ic;, such that H O ran(C) and H 2O ran(C*), we
define the bilinear element associated with C' to be

(A, CA) = (0, Oty alw) a(vy).
ijel
Note that such a finite dimensional H in this definition always exists, because

dim (ran(C)) = dim (ran(C™*)) < oo,

and is an invariant space of C' containing (ker(C'))". Hence, (A, C'A) does not depend on the partic-
ular choice of H and its orthonormal basis.
Bilinear elements of / have adjoints equal to

(A,CA)" = (A,C"A), (24)
for any C' € B(h) whose range is finite dimensional. In particular,
Sm{(A,CA)} = (A,Sm{C}A), (25)

where we recall that Sm(A) € U is the imaginary part of A € U, see (18). For any C' € B(h) whose
range is finite dimensional and any ¢ € b, note that

(A, CA),a(p)l =—a(C) and  [(A,CA),a(p)]=a(Cp)".
In particular, for any C4, Cy € B(h) whose ranges are finite dimensional,
[(A,C1A), (A, CoA) = (A, [C,Co] A) . (26)

Moreover, by (11), for any ¢ € h and C' € B(bh), whose range is finite dimensional,

A,CA)

o(ACA) (

ple NN =q (e @) and M Na(p)em MM =g (). (@27)

Because of the identities (27), bilinear elements can be used to represent the dynamics {TEW’Z) Her
forany w € Q and Z € 3. See (11), replacing h“) with h(zw) (cf. (6)), and observe that the range of
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h(;) € B(b) is finite dimensional whenever Z € 3;. Additionally, by using the tracial state tr € U*,
i.e., the quasi-free state satisfying (14) for S = 0, the corresponding KMS state defined by (14) by
replacing /“) in this equation with h(zw) (see (6)) is explicitly given by

tr (Be‘mA’h(zw)A))

tr (e_B<A’h(§J)A>>

oY) (B) = Bel, (28)

forany w € Q, N\, 9 € R}, 3 € R and Z € 3;.
We conclude now by an additional observation used later to control quantum fluctuations:

Lemma 4.4
For any self-adjoint operators C, Cy € B(h) whose ranges are finite dimensional, let C' = In (eCQeC1 eCQ).
Then,

ran(C) C lin {ran(C}) Uran(Cy)}

and there is a constant D € R such that

A,C2A) ((A,C1A) 4 (A,C2A) ACA)+D1.

ef = el

Proof. Fix all parameters of the lemma. We give the proof in two steps:

Step 1: Let
= ho = lin {ran(C4) Uran(Cy)}

and Uy, C U = Uy be the (finite dimensional) CAR C*-subalgebra generated by the identity 1 and
{a(p) }ep,- Take two strictly positive elements M, M, of Uy, satisfying the conditions

Mia(p)Mi " = Mya(p)M;" and  Ma(p)"M{" = Maa(p) My
for any ¢ € by. From this we conclude that
MlAMfl == MzAM;l, A € Z/{ho,

because all elements of Uy, are polynomials in {a(y),a(¢)*},ep,, by definition of U, and finite
dimensionality of hy. In particular, by choosing, respectively, A = M, ' and A = M, 'BM, for
B € Uy,, it follows that

MM;' = M;*M,  and M M,;'B = BM,M;".

Hence, since any element of U/,, commuting with all elements of {4, is a multiple of the identity,
there is D € C such that
MMy = My*M, = D1.

The constant D is non-zero because M7, M5 are assumed to be invertible. In fact, M; = D M5 with
D > 0 because M, My > 0.

Step 2: Observe that e“2e“1e“? > ( because Oy, C, are both self-adjoint operators. In particular,
C = In (e“2¢“1e%) is well-defined as a bounded self-adjoint operator acting on h with ran(C) C by.
Using (27), we obtain that

A,CA)a( (A,CA) _ e(A,CgA)e(A,ClA>e(A,CQA)a(SD)ef<A,CgA)ef(A,ClA>ef(A,CgA>

el p)e”

and

6<A’CA>CL< (A,CA) _ e(A,CgA)e(A,C’lA>e<A,CgA)a((pykef(A,CgA)ef(A,C’lA>ef(A,C2A> )

p)e
By Step 1, the assertion follows. m
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4.3 Bilinear Elements Associated with Currents

For simplicity, below we fix @ € R? with |||z« = 1, and 5, € RT once for all. For any £ €
CY(R; R?), any collection Z(7) € 3, Z € 3¢, and )\, € R, w € €2, we define the observables

d 0 -«
w,E . o (w,Z(M w w
LD NS DI DR N IRy BT m R

k,q=1 ZEeZ xy,x+ep,yteq€L Y T

DY Y ( / OO €@}, da) Re ((ex e Dugada(esre, ) ales))

k=1 ZeZ xxtep€Z -

(29)
where we recall that fte(A) € U is the real part of A € U, see (18). Note that
w,E w,E
ﬁiA},){Zd} = |A| HE\ g A e P(ZY),
is a current observable (cf. (20)). These observables are bilinear elements (Definition 4.3):
(i) Single-hopping operators: For any = € Z, the shift operator s, € B(b) is defined by
(5:9) () =¥ (@+y), yeZ (30)

Note that s* = s_, = s;* for any z € Z%. Then, for any w €  and ¥ € R, the single-hopping
operators are
Sy = (ew Duey )y Paysa—y Py, 2,y €27, (31)

where Py, is the orthogonal projection defined by (5) for A = {z}. Observe that
(A, SIA) = (e, Augeydpales) aley), x,y € 7%
Similarly, the paramagnetic current observables defined by (17) equal

I = —2(A, Sm{S¥}A),  wyez’, (32)

forany w € QY and ¥ € ]R(‘)F . Compare with (25).

(ii) Local current observables: By (26), for any £ € C(R;RR?), any collection Z(") € 3, Z € 3;, and
MY ERT, weQ,

RUEL = (AKESLA), (33)

z,z(m) Z,2(7)

where
d 0
w,E .
K, = aywy ¥ [ {e
k,g=1 ZEZ z,y,xte,yteq€Z ¥~
- —18 () w 1S (@) w
/ ds [e O %m{SzSJr)eq,y}e hZ(T),%m{Sg(ch)ek,x}
0
d 0
2 Y Y ([ ey neist,) 34
k=1 ZeZ xx+ex€Z -

is an operator acting on f) whose range is finite dimensional. This one-particle operator satisfies the
following decay bounds:
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Lemma 4.5 (Decay of local currents)
Forany € € CJ(R;RY), \,9 € RJ, w € Q, z,y € Z% and two collections Z € 3;and Z e 35

(w,€)
<ex, szz(ﬂey>h

(@,€)
<ez’ KZvZ(T) €y>h

= Dus ( / 1€ (a)”Rdezamda) (e 4 by jay)
R

< Dis (/ 1€ (@)llg e”"'da) > e (),

z€Z4

Dys = 4dn~ x 36> (14 0)* 3 e < oc,
2€74

Recall that pu,, is defined by (8).

Proof. Fix the parameters of the lemma. By (7), note that for any 2z, 29, 2,y € 74 we Ve ]R(J{
and s € R,
. (w) (W)
‘<e$, o ihy g  Jish Gy o) ey> < 362 (1 + )2 22 (e—n—cdltly—2tels - (35)
b

zoteq,z2 z1teg,z1

By the Cauchy-Schwarz and triangle inequalities, observe also that

Z e~ 2 (lz=2ltly=2) < g=pmlz—yl Z e tnlle=zltly—2) < o=pmlz=yl (Z e—2un|2) . (36)

z€Z4 2€74 z€74

From (35)-(36), we obtain the bound

2. 2

ZEZ z1,22,21+€k,22+€q€EZ

< 362(1 +19)2€2|sn|—ﬂn\x—y\ (Z e2un(1—|z|)) : (37)

z€74

_ish(@) o (@)
qs Yy
b

using that |z — e;,| > |2| — 1 forany z € Z?and k € {1, ..., d}. The other terms computed from (34)
are estimated in the same way. We omit the details. This yields the first bound of the lemma. The
second estimate is also proven in the same way. ®

It is convenient to introduce at this point the notation

ad) = {{zyh C A o=yl =1 {zybnA£0and g} A £0} G9)
for any set A C A c Z¢ with complement Ac = Zd\[\, while, for any Z € 3 such that UZ C A,
ONZ)={0\(2):Z € Z}.
Then, the one-particle operators (34) also satisfy the following bounds:

Lemma 4.6 (Box decomposition of local currents - I) .
Forany £ € CQ(R;RY), A, A € P{Z), \,9 € Rf, w € Q, and Z € 3pwith UZ C A,

(w,€) (w,€)
2 <eﬂ“ (K{A},{A} - KM%Z) ey>h

z,yezd

< Dyg (/ HS(a)HRda?e?'a"da) Z Z efm,\xfzwzew,w Z 1]
R

€A zeA\UZ ze74d 2€Ud;(2)

16



where

3
D =8 x 364 (1+9)° (4d + ) ¥ (Z e"“'z> < 0.

zezZ4

Proof. Fix all parameters of the lemma. Let

w o ish@)
Cé )<Zla 22, k? Q) = /Ov dS t |: Z \SHI{SZQ-FGQ Zg}e h \S\m{Szl-i-ek,zl}

for any 21, 2 € Z¢and k,q € {1,...,d}. By Duhamel’s formula,

(w) (w) )
e—zsh{A}Aezsh{A} 7Zsh(z“’)Aezsh(;)
- [* 7i(sfu)h(w) (w) (W) — iuh) iuh') z s—u) h( «)
= —i [ e z h{ —hz',e M Ae M z du
0

and hence, for any 2y, 20 € Z%and k,q € {1,...,d},

O (a1, 22k, q) = C% (1,22, b, ) = 4 / as / »

iuh() ;
[e i(s—u)h’) {h(w) h(zw),e {A}\SHI{Sz2+eq 22} h{A}} eils—u) hg \Snl{SZH—ek 21}

{A}

By developing the commutators and Sm{-} we get sixteen terms:

« s 16
C(‘f) (Zlaz%kaq) _C(Zw)('zlaZZ?ka(J) = dS du Xj (S,'LL, 21a22)7
{A} . Z 1
]:

where, for instance,

= oa—i(s—u)h (w) @) iUk oluh —u)h
X (8,1, 21, 29) = e Wz (h{fx} —hy)) e MRS, e e R TG L

Since UZ C /N\, note that

By — s’ = >oose Y Y (89, +59)

23,24€M\UZ: |z3—24]=1 Z€Z {z3,24}€05(2)
§ (w)
)\wl (223 SZ3 25"
23€A\UZ

(39)

(40)

(41)

Meanwhile, for any 2, 2y, 23, 24, 7,y € Z¢ with |23 — 24| < 1, and real numbers s > u > 0, we infer

from (7) and (36) that

. (w) —iuh™ i B (w)
—i(s—u)h (w) & (w) i(s—u)h (w)
<eac7 S z Sz3 24 {A} SZQ+eq 22 {A}e z Szl+€k721 Cy
b

< 364 (1 _|_19)3 62|S7I|+3“n (Z e—2un|z) 5217ye—;4n(|z2—y\+\x—23\+\z3—zz|).

2€74
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By (40)-(41), for any o > 0, it follows that

3 3 /Oads/osdu)@x,Xl (5,10,21, 22) ¢),|

z,y€Z% 21,22,21Fek,22+eq €A

3
< 3 (1+9)° (4d + X) a3 [ = o ral]
- 2

2€7Z4
X E g e*},bn|3372| + g efun|z‘ g 1
A zeA\UZ 2€74 €U (2)

The fifteen other terms X; in (39) satisfy the same bound. By (34), the assertion follows for any
EeCYR;RY). m

Lemma 4.7 (Box decomposition of local currents - IT)
Forany £ € CQ(R;RY), A € P(Z4), \,Y e R, w e Q, Z, € 3, and Z € 3;with UZ C A,

S (e (Wi, - K2) 0 | < o ([N @Patoleoian) >

z,y€zd 2€(A\UZ)U(UdA(2))

where

2
Dy7 =16 x 36> (1 +19)" de*™ (Z e—WZ) +d(1+19) < co.

2€74

Proof. Fix all parameters of the lemma. By combining (35) with direct estimates we observe that

2. 2

x,y€Z% 21,22,21+€k,22+eg €A

D ID DY

x,y€Zt ZEZ z1,22,21t€g,22+€q €L

2
< 2% 36% (14 09)° e2lnl+in, (Z e—%xi) > 1 (42)

T€Z 2€(A\UZ)U(UdA(Z2))

zateq,z2 z1+ek,z1

_iop (@) : g (w)
<ex,e sham gl ez ) ey>
)

zoteq,z2

(@) o (@)
<%,e ish ;) §) "z ) , €y>
b

for any s € R. Similar to (39), the quantity

w,E w,E
5 [(en (K - KED) ),

z,y€Zd

is a sum of nine terms. The first one is (42), the last one is related to %e{S;i)ew} and gives the

constant d (1 4+ ¥) in D, ;. The seven remaining ones satisfy the same bound as the first one. ®

4.4 Finite-volume Generating Functions

Fix 3 € R* and \, 9 € RJ. Given £ € CJ(R;R?), w € Q2 and three finite collections Z, Z(?), Z() ¢
3¢, we define the finite-volume generating function

(@,€) = (W) (w,0)
‘]z,z@),z(ﬂ =9z z(0 20 ~ Yz z(0) z(r)> 43)
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where )
(,_)75 . w w,S
9;7229>72(T> = Uz In tr (exp(—ﬁ(A, hEz()@)A>) exp(ﬁ;z?ﬂ)) : (44)
Recall that the tracial state tr € U* is the quasi-free state satisfying (14) at 5 = 0, and h(;()g) is the
one-particle Hamiltonian defined by (6). See also Definition 4.3 and (29). By construction, note that

1 w) [ |AL|I{®) . . (w,€)
e <e o ) = m ) s,y (45)

(@,€)

The family of functions & —J 21, (.

) 1s equicontinuous with uniformly bounded second derivative:

Proposition 4.8 (Equicontinuity of generating functions)
Fix n € N. The family of maps £ »—>J(,;§()Q) 2 Jrom CJ([—n,n);R?) C CY(R;RY) 1o R, for 5 € RT,
NERS,weQ 2,20 20 ¢ 3,4 € RY with ||i]|ga = 1, and ¥ in a compact set of R{, is

equicontinuous w.r.t. the sup norm for € in any bounded set of C{([—n, n]; R?).

Proof. Fixn € N, B € RT, \,9 e R, w € Q, Z, 2@ 2 ¢ 3; By using Lemma 4.2 (ii), for any
50, 51 € C’g([—n, n], Rd),

(w,&1) _(w,é0)
9373(9)72(7) 92,2(9)72(7)

(46)

(w,a€1+(1-0)€p) (w,a€1+(1-0)€p)
uf - E1—Ep) —uf Jh
e z,z(r) ﬁ;wzzﬂ )

< sup sup
| U Z| acpo, 1] ue[-1/2,1/2]

u

Recall that, for any £ € 08 (R; ]Rd), ﬁ(;é(),) is the bilinear element associated with the operator

K (;725()7)' See (33) and (34). In particular, from (27), we deduce the inequality

(w,€) @@ E)

@)
e z20a (e,)" ale,)e iz 2

K
e” 2,2(7')"8(‘]). (47)

<
u

sup sup
u€l[—1/2,1/2] x,yczd

The assertion then follows by combining (33), (46) and Definition 4.3 with (47) and Lemmata 4.1,
45. =

Proposition 4.9 (Uniform boundedness of second derivatives)
Fix& e CY (R; ]Rd) and B3, s1,91, \1 € R*. Then,

82‘]({”’85)

(w,sE)
as‘] sv z z(e) z(T)

z,2(e) z(1) +

<o

Proof. Fix the parameters of the proposition. Then, by cyclicity of the tracial state,

9,79 1 ( [e) >

z,2() z(r) — IS les z,2z(1)

s @& \? @e) )
B - ( (2) =02
where ; is the state defined, for any B € U, by
s g(w,€) w s g(w,€)
tr (Beﬁz,z(ﬂ e5<A’h;<)g>A>e2ﬁz,z<r>>

s q(w,&) (w) s q(w,&) )
tr (eQRZ,Z(T)e_ﬁ<A’hz(Q)A>e2ﬁZ,Z<T>)

sup {
ﬁe(ovﬁl}v 196[07191}7 A6[07>‘1]
we, s€[—s1,s1], Z,Z(Q),Z(T)G:")f

and

ws (B) =
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By Lemma 4.4 and (33), observe that @, is the quasi-free state satisfying

1
@, (a’ (w)a(w))=<w, R o ) 30> . pYED. (48)
1+e h

B8h (
2 Z(T)e z(@e 27z z(1)

Therefore, by (33) and Definition 4.3, we directly compute that

(w,s&) 1 (w,€) *
s Jz z(g) Z(r) T U—Z| Z < Kz z(ﬂ >b Ws (a (ex) a (ey))

x,yeZd

and

(w,5€) 1 (@,E) (@,E)
aSQng@) 20 T 10 21 Z <ew7ng<r> > <eu’Kzz(T) >
. | z,y,u,vEZ f "
x @ (a(ey)ale,))ws(ale) ale)),

because of the identity

ws (afen)"aley)alen) ale,)) = @, (alen)"aley)) @s (alen) alen)) +ws (aley)alen)”) ws (ale) aley))

for z,y,u,v € Z%, by (16) for p = w,. As a consequence,

(w,s&)
a‘]zz(e) LZ(7) S | Z <e$7 zz(f)ey>h‘
z,y€Z
and
82 (w,s&) . < sup <€ K(wS)T > ' < K(wST > ‘
SZZ(Q)Z() " U» zz()v b ‘UZ’ Z Zz(> b

z,yeZd

X sup Z |wws (a(ey)a(e,)”)| sup Z |, (a(ex) ae,))l,

d d
YEL® czd e€LT \c7d

which, by Lemma 4.5, implies that

Os sz;<53> zm| < Das (/ 1€ ()| ga ezamdo‘) Ze—m,IZI (1+mn) (49)
R z€Z4
as well as
c 2
w,$ a 2 — |2
RIS 20| < Dis ( / 1€ (@) s € "'da) (Ln)* Y el
R z€Z
x sup |, (a(ey)a(en)) sup Y [, (a(en) a(w)).  (50)
yeL? | cpd e€Le g4

Again by Lemma 4.5 together with (7)-(8), for any p > p,,

sup {SO(SKZ )+ So(ﬂhz()g),u)} < 5.
B€(0,81], 9€[0,91], A€[0,M1]
we, 56[751731]7 sz(g):z(‘r)esf
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See (57). We thus infer from (48) and Corollary A.4 that there is a constant j; € R™ such that, for
any x? y 6 Zd’
Sup |5 (a(ex) a(ey))] < e Hlz=yl

56(03/81]7 196[07191]7 )‘E[Oa)‘l]
weN, s€[—s1,81], 2,20 2(Ne3;

Combining this estimate with (49)-(50), one gets the assertion. m

The local generating functionals (43) can be approximately decomposed into boxes of fixed vol-
ume: By using the boxes (12), for any subset A C Z% and [ € N, we define the I-th box decomposition
ZWD of A by

ZOD = IN + (204 1) 2z € Z% with (A + (20 + 1)) C A} € 3.
Then, we get the following assertion:

Proposition 4.10 (Box decomposition of generating functions)
Fixn € Nand 3, 1,1 € R". Then,

. . (@,E) 1 (@,E) B
i msup AT T (2@ > IGHnan| =0

ZezWrL:b
uniformly w.r.t. 3 € [0, 1], 9 € [0,91], A € [0, \1], w € Q and & in any bounded set of C{([—n, n]; RY).
The proof of this statement is divided in a series of Lemmata:

Lemma 4.11 (Box decomposition of generating functions - I)
Fix 61, A, € R*. Then,

(w,€) (w,€)

nggggw IALhire hian) ~ Inhide eehiag | = O

uniformly w.r.t. 8 € [0, 3], 9 € [0,91], X € [0, \1], w € Qand & € CY(R; RY).
Proof. Fix all parameters of the lemma. By Lemma 4.2 (ii),

(w,€) _ (wE)
JaLy e, 340, — J{AL (AL, \AL ALY AL, }

< i sup sup Heué’(A,hQA) (A, (hl _ ho) A> o uB(AhaA
|AL’ a€l0,1] ue[—1/2,1/2]

e

where “ “
haiah{ALQ}+(1—a) h{ALQ\AL,AL}’ a€0,1].
By using estimates similar to (47), we get
B(A+2d)(1+9)
(@,E) (@,€) pe
g{AL}v{ALQ}v{ALT} N g{AL}v{ALg\ALyAL}v{ALT} < ALl Z ‘<ex’ (71 = ho) ey>h‘
xz,y€Zd
1
< 4d (1 + 0) pefAr20+9) ___ 1. (5D
) Iy

2€Udn, (AL)

See (41). Since
1
limsup — Z 1=0,

A
LozL—o0 [Ar] €U0, (ML)

the assertion follows. m
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Lemma 4.12 (Box decomposition of generating functions - II)
Fixn € Nand 9,,\; € R". Then,

(w,€) (w,€)

lli{& L EEEEE g{AL} {Ar \NAL ALY AL} g{AL} {AL,\ALALYZALD =0

uniformly w.r.t. ¥ € [0,91], A € [0, \1], w € Q and & in any bounded set of C§(|—n, n]; R?).

Proof. Fix all parameters of the lemma, in particular L, > L, > L > [,w € Qand X € [0, \;]. B
Lemma 4.2 (ii) and (33),

(@,€) @€)
JALIAALNALY ALY~ I(AL) (AL, \ ALY ZALD
1

—— sup sup He (AKaA) (A, (K, — Kp) A) o UAKaA)

ALl ac] we-1/2,1/2) ”U’

where
. w,& w,&
Ko=aK o +(1—a) K{(AL})’Z(AM, ael0,1].
Like in the proof of Lemma 4.11, by (33) and Lemma 4.6,

() (w,€)
g{AL} {Ap \ALH{AL } g{AL} {AL,\ AL} 200D

< Dyg (/ ||8 (O‘)HRd a262|an|da> eSUPac0,1]1Kall5n)
R

TeAL zeAp, \UZALD 2€74 - (2(AL:D)

(52)

|L|

By Lemmata 4.1 and 4.5, for any n € N, observe that the operator norms of K, is uniformly bounded
fora € [0,1],9 € [0,9], A\ e Rf,w € Q, L, L,,l € Nand £ in any bounded set of CJ([—n,n]; RY).
Note additionally that

limsup —— |AL| Z Z o~ Btle—zl — 0,

L:>L
- TeAL zeAp \UZALD

whereas

lim sup |A1 | Z 1=0 (l*l) .
L

L:>L—o0
2€UOA | _ (2(AL:D)

From these last observations combined with (52), the assertion follows. m

Lemma 4.13 (Box decomposition of generating functions - III)
Fix 81,91, \1 € RY. Then,

(@,€) (@,€) =0,

lim limsup g{AL} {An,\AL ALY ZALD Q{AL} {AL,\ALJUZALD ZALD

l=00 I >1L,>L—00

uniformly w.r.t. 8 € [0,8,], ¥ € [0,91], A € [0, \1], w € Qand £ € CY(R; R?).
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Proof. This lemma is proven exactly in the same way as Lemmata 4.11 and 4.12: Fix all parameters
of the lemma and observe that

(w) (w)
<ez’ (h{ALQ\AL’AL} o h{ALQ\AL}UZ(AL,l)> ey>h‘

< (1+9) Z 0230200 + A Z 025,2023,y

23,24€EAL\UZBLD + |z3—24]=1 z3€AL\UZALD
1 _'_ 19 : : : (62359524@ —"_ 5247y52371'> N
A=A RD {23,Z4}€8AL (2)

See (41). Then, similar to (51), we get the bound

(w,€) (w,€)
I3 AL ALY T AL AL\ L ALLAAL, }

1
(A+2d)(140) L
< (4d+N) (1 +9) Be” ™ D R o1,

zeA\UZA LD Zez(ALh zeU0y; (Z)
where
) 1 1
lim sup —— 5 1+ E E 1 :(’)(l )
L—oo |AL| A
zeA\UZALD ZeZAL 2€U,, (Z)
| ]

Lemma 4.14 (Box decomposition of generating functions - IV)
Fixn € Nand 9, € R™. Then,

(6) (8) 0,

lim limsup g{AL} (AL, \ALJUZALD ZALD “ Y9z AL NALJUZALD, Z(ALD

[=00 [ >L,>L—00
uniformly w.r.t. § € RY, 9 € [0,9,], A € RS, w € Q and & in any bounded set of CJ([—n,n]; R?).

Proof. Fix all parameters of the lemma. Then, like for previous lemmata, we use again Lemma 4.2
(i1) and (33) to obtain the bound

(w,€) (w,€)
g{AL} {AL \AL}UZ(AL S0 Z(AL 1) gZ(AL l) {ALQ\AL}UZ(AL ,0) Z(AL )

1
—— sup sup Heu(A,Ka ) <A’ (Kl _ KO) A> e—u(A,KaA>

-

\AL| ael0,1] ue[—1/2,1/2]
where ) )
. w,E w,&

K, = QK{A 1,200 + (1 - a) Kz(AL,l)’Z(AL,lM ac [07 1] :
Therefore, by Lemmata 4.1, 4.5 and 4.7, the assertion follows. m
We are now in a position to prove Proposition 4.10:
Proof. Fix all parameters of Proposition 4.10. By Lemmata 4.11-4.14,

. (w,€) (w,€) o

lim sup J{AL} (An, 1A} JZ(AL’l)’{ALQ\AL}UZ(AL,l)VZ(AL,l)’ =0, (53)

Ly >L,>L—300

uniformly w.rt. 8 € [0,5,], 9 € [0,91], A € [0,\], w € Q and £ in any bounded set of
C([—n, n]; R%). To conclude the proof, observe that

J(wvg) _ J(W,g) J (54)
ZOLD (A, \ALJUZALD 200D = YLD 20D ZALD) T Z(ALl E : {Z} {Z} (7}
Zez (Ar-b

This follows from the fact that the tracial state tr € U™ is a product of single-site states. See, e.g., [40].
]
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4.5 Akcoglu-Krengel Ergodic Theorem and Existence of Generating Func-
tions

For convenience, we shortly recall the Akcoglu-Krengel ergodic theorem. We restrict ourselves to
additive processes associated with the probability space (€2, 20q, ag) defined in Section 2.1, even if
the Akcoglu-Krengel ergodic theorem holds for superadditive or subadditive ones (cf. [28, Definition
VI.1.6]).

Definition 4.15 (Additive processes associated with random variables)

{F@ (A)} Aepy(z4) IS an additive process associated with the probability space (£, %0q, ag) if:

(i) the map w — F«) (A) is bounded and measurable w.r.t. the o-algebra g for any A € P{Z2).
(ii) For all disjoint Ay, Ay € PHZ?),

FOMNMUA) =F9A)+FY(Ny), weQ.
(iii) For all A € P{Z") and any space shift x € 7,
E [ (A)] =E [ (z+A)] . (55)
Recall that E[ - | is the expectation value associated with the distribution a,.
We now define regular sequences (cf. [28, Remark VI.1.8]) as follows:

Definition 4.16 (Regular sequences)

The non-decreasing sequence (A(L))LeN - Pf(Zd) of (possibly non-cubic) boxes in 7% is a regular
sequence if there is a finite constant D € (0,1] and a diverging sequence ({1)ren C N such that
AP C Ay, and 0 < |Ay,| < DIAD)| for all L € N. Here, Ay, ¢ € RY, is the family of boxes defined
by (12).

Then, the form of Akcoglu-Krengel ergodic theorem we use in the sequel is the lattice version
of [28, Theorem VI.1.7, Remark VI.1.8] for additive processes associated with the probability space
(Qa Qlﬂa ClQ)Z

Theorem 4.17 (Akcoglu-Krengel ergodic theorem)
Let {§“ (A)}aep,ze) be an additive process. Then, for any regular sequence (AL ey C PHZY),

there is a measurable subset ) C of full measure such that, for all w € Q,

i {2 5 (49)} — B [30 (0]

L—oo

See also [41].

The Ackoglu-Krengel (superadditive) ergodic theorem, cornerstone of ergodic theory, general-
izes the celebrated Birkhoff additive ergodic theorem. It is used to deduce, via Proposition 4.8, the
following Corollary:

Corollary 4.18 (Akcoglu-Krengel ergodic theorem for generating functions)

There is a measurable subset Q C Q of full measure such that, for all § € R, 9, A € R, w € Q,
LeN, & € CYR;RY) and w € RY with ||W]|ga = 1,

(w,€) (
nglolo |Z(AL D § J{Z} (Zy{zy — =E [J{Al} {A {Al}i|
ZGZ(AL D)
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Proof. Fix $ € R, 9,A e Rf,w € Q1 € N, £ € CY(R;R?) and w € R? with ||&||ga = 1. For any
[ € Py(Z%), let
w,&)
Z J{Al+(2l+1)az} {A+21+1)2} { A+ 21+ 1)}
zel
Then, if
AB = AED = Lo ez (A + 20+ 1)2) C AL} C Ay,

w,&)
Y I

Zez(L:h

observe that
|A(L)|_ g(wff (A(L))

|ZALl

Therefore, since (A1) ¢y is clearly a regular sequence, by Theorem 4.17, for any 5 € R*, 9, \ €
Rf, 1 € N, & € CY(R;R?Y) and @ € R? with |@]|lga = 1, there is a measurable subset QO =
QBIALED) = ) of full measure such that, for all w € €,

(w,€) (-
dm ) |z(ALz > J{Z}{Z}{Z}—E[J{A,}{Al}{m}}
Zez(AL 1)

Observe that, for any n € N, there is a countable dense set D,, C Cg(R; Rd). Let S ! be a dense
countable subset of the (d — 1)—£1imensional sphere. Hence, by Proposition 4.8, we arrive at the
assertion for any realization w € €2 C (), where

©= N NN AN,

INEQNRT BEQNRFGeSd-1neNECDLIEN
[Recall that any countable intersection of measurable sets of full measure has full measure]. m

Corollary 4.19 (Almost surely existence of generating functions)
Let Q) C Q) be the measurable subset of Corollary 4.18. Then, for all 3 € RY, 9.\ € R}, w € Q,
leN, & € CYR;RY) and w € RY with ||W]|ga = 1,

lim L]E [ln o) (e'ALIHXf)>} = lim Jié) = J@,

L—oo |Ap| Ly>Ly>Lsoo Ah AL {AL-}

For all n € N, the convergence is uniform w.rt. (3,9, \ in compact sets, w € ), W € R? with
|@&||ga = 1 and & in any bounded set of C3(|—n,n]; R%).

Proof. By translation invariance of the distribution ag,,

(-€) _ 1
E[J{Az},{Al},{Az}}—E Z00D] Y. IFwun

ZEZ(AL 1)
Hence,

(&)
{IE [J{Al},{Al},{Al}} }leN

is a Cauchy sequence, by (53) and (54). By Proposition 4.10 and Corollary 4.18, there is a measurable
subset  C Q of full measure such that, forall 3 € RT, 9\ € Rj,w € Q,1 € N, £ € CJ(R;R?)
and w € R with ||| pe = 1,

(w,E) (,€)
L. >Lhr>nL—>oo J{AL} {Ar b A} llggo E [J{A A {Al}}

For all n € N, the convergence is uniform w.r.t. 3,9, in compact sets, w € €, @ € R? with
|||z« = 1 and € in any bounded set of C{)([—n, n]; RY). By (45), the assertion then follows. ®
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Corollary 4.20 (Differentiability of generating functions)
Fix 3,\,9 € RY and @ € R with |1 ga = 1. For any € € C§(R;RY), the map s — J©©) from R to
itself is continuously differentiable, so that

0@ (H(Aw £) SIALIL: 5>>
9,J69) = lim -

L—oco Q(w) < S\AL“I(W 5)) (56)

Proof. Take any £ € CO(R; R?) and w € (2. See Corollary 4.19. Then, for any s € R,

(s&) __ (w,sE)
T = T,y
By Proposition 4.9 combined with the mean value theorem and the (Arzela-) Ascoli theorem [29,
Theorem AS5], there are three sequences (Lg"))neN, (Lé"))neN, (L) en € RY, with L > L(Q”) >
L™ such that the maps

(w,sE) (w,s&)
S A, 1A ) and SHaJ{Aﬂ 1A L HA o)

converge uniformly for s in any compact set of R. In particular, the map s — J©¢) from R to itself is
continuously differentiable with

w w,E) s|A (SR
8J(55)— i ajwsg i Q( )(HE\L e| iy, )
N T i noee AL ), Apmb A b e sIAL IS
0 o« (e |AL Ty

A Combes-Thomas Estimates

For any operator h € B(h) and 11 € Ry, let

So(h, i) = sup E etle=yl <ez,hey)h‘ e Rf U{oo}. (57)
x€Z4 P
YEL
Note that
So(h1ha, 1) < So(ha, p1)So(he, 1), (58)

for any hy, hy € B(h) and p € R{. In particular, for any z € C, h € B(h) and n € R,
So(eh, 1) < eSER) _ clSa 59)

and hence,
‘<%’e ey ‘ < el#lSo(hp) g =ple—yl

The above bound can be sharpened if z = ¢ is imaginary by using the Combes-Thomas estimate,
first proven in [26]. We give a version of this estimate that is adapted to the present setting: Given a
self-adjoint operator h = h* € B(h) whose spectrum is denoted by spec(h), we define the constants

S(h, 1) = sup 3 (57 = 1) |(ea, he,), | € Ry U {oo}, (60)

d
TEZL yezd
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for 1 € R, and
A(h,z) =inf {|z — A| : X € spec(h)}, z €C,

as being the distance from the point z to the spectrum of h. Since the function x — (e*” — 1)/x is
increasing on R™ for any fixed » > 0, it follows that

S(h, ) < %S(h,uz) ) (61)
2

The version of the Combes-Thomas estimate that is most convenient for the current study is the
following:

Theorem A.1 (Combes-Thomas)
Leth =h* € B(h), p € RS and z € C. If A(h,z) > S(h, i) then, for all z,y € Z°,

|< >} e Hlz—yl
¢e, (2 —h) e
! ~S(h,p)’
Proof. This theorem is an instance of the first part of [27, Theorem 10.5] and is proven in the same

way. m
The Combes-Thomas estimate yields the following bound [42, Lemma 3]:

Proposition A.2 (Bound on differences of resolvents)
Leth = h* € B(h), p € R} andn € R* such that S(h, pi) < n/2. Then, forall z,y € Z% and u € R,

‘(ex, —u)? 417 ey> ’

< 127 ey (b —u)? + ex>h (ey, (h—uw)*+n*)" ey>1/2

b
We are now in a position to prove the space decay of propagators:

Corollary A.3 (Space decay of propagators - I)
For any self-adjoint operator h = h* € B(h), n,;p € RY, all v,y € Z and t € R,

i : n
‘<ex,ethey>h‘ < 36exp <|t77| — pmin {1, W} |z — yl) .

Proof. The proof is a simple adaptation of the one from [42, Theorem 3]: Fix all parameters of the
lemma and observe that Proposition A.2 combined with Inequality (61) yields

ews (B =) +97) ey, (©)
S _ 1/2 1/2
< 1267 B0 ey ((h—u) +0?) e, (o (h—w)? +7%)e,),
for z,y € Z% u € R and n € RT. On the other hand, at fixed n € R*, the function defined by

G (z) = e"* on the stripe
R+in[-1,1] cC

is analytic and uniformly bounded by e!*l. Using Cauchy’s integral formula and translations by +in
of the integration variable, u, we write the function G as

cE) = L/R(G(u—in)_G(ujLin))du

omi Jp \u—in—E u+in—E
) Q/G(u—m)+2G(u+m>du_2_77/ Clu) g, (63)
rhe (E-uf i T e (B )

for all E € R and n € R". By spectral calculus, together with (62)-(63) and the Cauchy-Schwarz
inequality, the assertion follows. m
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Corollary A.4 (Space decay of propagators - II)
For any self-adjoint operators hy, hy € B(h) and all x,y € 74,

1
<ex, 1 + eh2ehigh2 8y>h

Proof. By (57)-(60), note that, for any ;1 € R,

<2 inf exp (—He’SO(hl’“)’st(hQ’“)]x - y[) )
pERS 2

S(eeMel2, 1) < Sp(e el ) < @Solln)TSolhan),

Fix 1 € Ry and define

[y = ge—So(hhu)—?So(hmu)'

By (61), S(e2eMeh2 ;1)) < 1/2. Meanwhile, by using Theorem A.1 with h = e2e1e2 > 0,

1
<e$, 1+ ehzehiehe ey>h

< 9e—tlz—yl

B Large Deviation Formalism

In probability theory, the large deviation (LD) formalism quantitatively describes, for large n > 1, the
probability of finding an empirical mean that differs from the expected value, by more than some fixed
amount. That’s the reason is why we apply it in Section 3 to prove the exponentially fast convergence
of microscopic current densities towards their (classical) macroscopic values. For completeness, in
this appendix, we present the main result from LD theory used in the current study, namely, the
Girtner-Ellis theorem (Theorem B.1 below). For more details, see [23,24]. For a historical review of
LD in quantum statistical mechanics, see [25, Section 7.1].

Let X’ denote a topological vector space. A lower semi-continuous function I : X — [0, co] is
called a good rate function if 1 is not identically oo and has compact level sets, i.e., I71([0,m]) =
{z € X : I(z) < m} is compact for any m > 0. A sequence (X )pen of X-valued random
variables satisfies the LD upper bound with speed (n;) ey C RT (a positive, increasing and divergent
sequence) and rate function I if, for any closed subset F' of X,

lim sup L InP(X; € F) < — inf I(z), (64)

L—oo N S

and it satisfies the LD lower bound if, for any open subset G of X,

1
S S .
higlol;lf - InP(X, € G) > xuelgl (z) (65)
If both, upper and lower bound, are satisfied, one says that (X, )y satisfies an LD principle (LDP).
The principle is called weak if the upper bound in (64) holds only for compact sets F'.
A weak LDP can be strengthened to a full one by showing that the sequence (X1 ) ey of distribu-
tions is exponentially tight, i.e., if for any o € R, there is a compact subset G, of X’ such that

1
limsup — InP(X, € X\G,) < —a. (66)

L—oo WL
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If X is a locally compact topological space, i.e., every point possesses a compact neighborhood, then
the existence of an LDP with a good rate function I for the sequence (X)) cy implies its exponential
tightness [24, Exercise 1.2.19].

A sufficient condition to ensure that a sequence (X )y of X'-valued random variables satisfies
an LDP is given by the Gértner-Ellis theorem. It says [24, Corollary 4.5.27] that an exponentially
tight sequence (X1 )pen of X'-valued random variables on a Banach space X satisfies an LDP with
the good rate function

[(z)=sup {s(z) — J(s)} , rek, (67)

seX*

whenever the so-called limiting logarithmic moment generating function

. 1 nrs(Xpg, *

J(s)_gggoalnla[e (] sear (68)
exists as a Gateaux differentiable and weak™ lower semi-continuous (finite-valued) function on the
dual space X*. See also [23, Theorem 2.2.4].

The random variables we study in this paper result from bounded sequences (Ay)ren C U of
self-adjoint elements of the CAR C*-algebra U/ along with some fixed state p € U*. In Section 3,
we explain how such a sequence and state naturally define an exponentially tight sequence of random
variables on the real line X = R, via the Riesz-Markov theorem and functional calculus (cf. (22)).
The following simple version of the celebrated Girtner-Ellis theorem of LD theory is sufficient for
our purposes:

Theorem B.1 (Gartner-Ellis)

Take any exponentially tight sequence (X|,)en of real-valued random variables (i.e., X = X* = R)
and assume that the limiting logarithmic moment generating function J defined by (68) exists for all
s € R. Then:

(LD1) (X 1) ren satisfies the LD upper bound (64) with rate function 1 given by (67).

(LD2) If, additionally, J is differentiable for all s € R then (X1)pen satisfies the LD lower bound
(65) with good rate function 1 given again by (67).

Proof. (LD1) and (LD2) are special cases of [43, Theorem V.6.(a) and (c)], respectively. m

C Response of Quasi-Free Fermion Systems to Electric Fields

C.1 Linear Response Current

Recall that (2, 2l) is the measurable space defined in Section 2.1, h = (?(Z%; C) is the one-particle
Hilbert space with scalar product (-, -), and canonical orthonormal basis denoted by {¢, },4, and the
one-particle Hamiltonian of the quasi-free fermion system equals (4), i.e.,

h(w) iAwﬁ“f')\wl, W:(WMWQ) 697 )‘aﬁER(—)’—’

with A, »y being (up to a minus sign) the random discrete Laplacian. See again Section 2.1. The
associate (quasi-) free dynamics is thus defined from the (random) unitary group {eith(w) Her-
Then, apply on the fermion system an electromagnetic field resulting® from a compactly supported

time—dependent space-rescaled vector potential nA ; defined by

nAL(t,r) =nAt,L7'z), teR, xeR neRy, (69)

2We use the Weyl gauge, also named temporal gauge.
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where
AcCy=|JCrmx -1, [RY).
leRT

Here, (R%)* is the set of one-forms® on R? that take values in R. We see any A € C5°(R x
[—1,0%; (RY)*) C C, 1 € R*, as a function R x RY — (R?%)* via the convention A(t,z) = 0
for x ¢ [—[,1]%. The main reason for not using (the standard choice) C5°(R x R?; (R%)*) instead of

60° as a space of vector potentials, is that we need to include (in general non-smooth) functions that
are constant for  inside cubes [—[, {]? and vanish outside. The time derivative of this vector potential
is the (time-dependent) electric field. Since we are interested here in the linear response current to
electromagnetic fields, we use in (69) a real parameter € R to also rescale the strength of the
vector potential A .

To simplify notation, we consider, without loss of generality, spinless fermions with negative

charge. So, such an electromagnetic field leads to a time-dependent Hamiltonian defined by

AUSHY 42wy, teR,

where Afﬁg = A(A(t € B(¢*(£)) is the time-dependent self-adjoint operator defined* by
1
(s A e, )y = exp <z / [A(t,ay + (1 —a)2)] (y — x)da) (eas Auoty) (70)
0

for A € C¥,t € Rand z,y € Z% It is (up to a minus sign) the magnetic Laplacian, as ex-
plained in [44, Section III, in particular Corollary 3.1]. This yields a dynamics, perturbed by the
time-dependent vector potential nA, given by the (well-defined random) two-parameter family
{Ugﬁg}to,teR of unitary operators on b satisfying the non-autonomous evolution equation

Vgt €R: QU = (A" 4w US) UY) = 1. (71)

In the algebraic formulation, it corresponds to the quasi-free dynamics on the CAR C*-algebra U,
defined by the unique two-parameter group {¢ fﬁg Ho.ter of (Bogoliubov) x-automorphisms satisfying

&) (a(w)) = a((USH ¥),  to,t €R, €. (72)

The above procedure for coupling charged lattice fermions to a vector potential is sometimes called
“Peierls coupling”.

Additionally to the paramagnetic current observable I y) (I7), the perturbing vector potential
A € Cf yields a second type of current observable, deﬁned5 by

I8 = —29m ( (e i Aterta-aaltaie _ 1) (e, A ge,)yale.) ale,) ) (73)

foranyw € Q,9 € RS, t € Rand x,y € Z%, where we recall that Sm(A) € U is the imaginary part
of A € U, see (18). We name it diamagnetic current observable. The derivation of the paramagnetic
and diamagnetic current observables is explained in detail in Appendix C.2. The decomposition of
the full current observable
A E3 . UJ,A.
I 4+ 1) = —23m ((ex, AURDe ) ae,) a(ey)> = o (74)

Y

3In a strict sense, one should take the dual space of the tangent spaces T'(R%),, x € R

*Observe that the sign of the coupling between A € C5° and the laplacian is wrong in [18, Eq. (2.8)] for negatively
charged fermions.

3Observe that the sign in the exponent in [21, Eq. (50)] and [7, (4.2)] for negatively charged fermions is wrong, with
no consequence on the corresponding results.
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in so-called paramagnetic and diamagnetic current observables has a physical relevance. First, it
comes from the physics literature, see, e.g., [45, Eq. (A2.14)]. Secondly, the paramagnetic current
observable is intrinsic to the system and related to a heat production, whereas the diamagnetic one is
only non—vanishing in presence of vector potentials and refers to the ballistic accelerations, induced
by electromagnetic fields, of charged particles. For more details, see [6, 19].

Observe that the time evolution of the KMS state o) € U* (see (13)-(14)) is given by o) o
§t 1, for t,tp € R. In [6, 18-20]° we perform a detailed study the behavior of current densities
when n — 0, uniformly w.r.t. the volume O (Ld) of the boxes where the vector potential A is
non-zero. In [7,21,22], these results are generalized to lattice-fermion systems in disordered media
with very general interactions’ and on passive states (not necessarily KMS). These mathematically
rigorous studies yield an alternative physical picture of Ohm and Joule’s laws (at least in the AC-
regime), different from usual explanations coming from the Drude model or the Landau theory of
Fermi liquids.

To shortly present how the linear response current naturally appears, without requiring a thorough
reading of this series of papers, consider a space homogeneous electric fields in the box Ay (12) for
any L € R*. To be more precise, let A € C3°(R;RY) and set £(t) = —0,A(t) for all t € R.
Therefore, A is defined to be the vector potential such that the electric field is given by £(t) €
Cs°(R; RY) at time ¢ € R, forall x € [—1,1]%, and (0,0,...,0) fort € Rand x ¢ [—1,1]%. It yields
a rescaled vector potential A, for L € RT andn € R{.

Then, by (17) and (73), the space-averaged response current observable, or response current den-
sity observable, in the box A7, and in the direction @ = (wy, ..., wy) € R? (|| = 1), forany w € Q,
AU,n e RS’, LeR", AeCyandtyteReR,is, by definition, equal to

(@) ® FwnAn)\ _ @)
Jp” (tm) iy ‘ZwkZ ( bto <[(x+ek,x> +I<x+ek,z>> e )) (75)

with {e; }¢_, being the canonical orthonormal basis of the Euclidian space R,

By using the generalization done in [22] of the celebrated Lieb-Robinson bounds (for commuta-
tors) to multi-commutators, the full current density observable in the direction W € R? (|| = 1)
satisfies

1 (8m) =03 () + O (i) (76)
in the CAR C*-algebra U. The correction terms of order O(n?) are uniformly bounded in L € R,
w e O, \,t € R} and ¥ on compacta. By explicit computations, one checks that the linear part is

Zwk/ {€(a (t—oz)}k da, (77)

7q 1 q

which is equal to ]IE\"Q&) (20) for the electric field defined by (21). See also (19) for the definition

of C\¥) € CY(R; B(R%:4?)). This current density observable is therefore the space-averaged linear
response current observable (or linear response current density observable) in the direction e RY
we study in all the paper. Because of (77), CI(\“;) is called the conductivity observable matrix associated
with A;. For more details, see also [21, Theorem 3.7].

In [6,7,20,22], for any time ¢t € R, we prove the existence of the limit L. — oo of the random
linear response current density

o (IPW).  Lert,

®In all our papers we use smooth electric fields, but the extension to the continuous case is straightforward.
"Sufficiently strong polynomial decays of interactions are necessary. This includes basically standard models of
physics that describes interacting fermions in crystal.

31



to a deterministic value, with probability one. At time ¢ = 0 this refers to the following assertion:

2© = 1im o <J(L‘”)(O)), (78)

L—oo

which is directly related with (23) and (56) at s = 0.

C.2 Discrete Continuity Equation in the CAR Algebra
As is usual, the self-adjoint element
a(ey)*ale,) €U
represents the particle number observable at the lattice site z € Z?. Fixing once for all w € (2,

ANO,m € Ry, L € RY, A € CP, its time-evolution by the two-parameter group {égf;())}t07teR of
(Bogoliubov) *-automorphisms defined by (72) equals

& (ale) a(ea) = al(US) ea) a((UFS) ) (79)

for any to,¢ € R and 2 € Z. Observe that (U ) U,Ewt for any tg,t € R while
Vigt €R: 9, ULy = iU (AR 4\ U, =1 80
05 € . tO tto tto( + W1), to,to h - ( )

From standard properties of the so-called fermionic creation/annihilation operators, the time deriva-
tive of (79) equals

00 (€5 (a(ea)" ae))) = €9 (Al + Awen) ales) + alen) ali(ATS + xwn)ea)) )
Recall now that the map ) + a(v))* from b to U is linear and, by (3) and (70), for any = € Z¢,

(DI + e, = dan (@) ea+ D (earn AP e )pens

2€74 |z|=1

It follows that

o (6@ ate)) = 0 € (—29m (e AU eripales) ales)) ) BD)

2€Z4 | z|=1

for any to,t € R and z € Z¢. Another way to prove this equation is to use [21, Theorem 2.1 (ii) with
U = 0] together with straightforward computations using the CAR (9). Proceeding in this manner,
observe that the quasi-free property of the dynamics is not needed at all. In particular this derivation
easily extends to the interacting case. It is not so for the one-particle picture discussed in the next
section, which is much more restrictive than the algebraic approach.

Equation (81) is interpreted as a discrete continuity equation

) <§§f‘;g(a(e$)*a(€x)> = Z & to( :Zf:)

z€Z%,|z|=1

in the CAR (C*-algebra U. The observable I ) defined by (74) is the observable related to the
flow of particles from the lattice site x to the lattlce site y or the current from y to x for negatively
charged particles. [Positively charged particles can of course be treated in the same way.] In the
non-interacting case, this definition of current observable is mathematically equivalent to the usual
one in the one-particle picture, like in [8, 10, 11]. See Equation (87).
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C.3 The One-particle Picture

When dealing with non-interacting fermions, most of the time, the one-particle picture of such a
physical system is employed, as for instance in [11]. This is frequently technically convenient. Indeed,
note that various important estimates in the current study were obtained in this picture and even all the
analysis performed here could have been done in the one-particle Hilbert space h. However, in many
cases, this preference is only subjective and motivated by the fact that, by some reason, people feels
more comfortable in dealing with Hilbert spaces than with C*-algebras. We stress that the algebraic
formulation is, from a conceptual point of view, the natural one, as the underlying physical system is
many-body. Moreover, it has some advantageous technical aspects, both specific (like the possibility
of using Bogoliubov-type inequalities in important estimates) and general ones (like the very powerful
theory of KMS states). For convenience of those preferring the one-particle picture of free fermion
systems, we establish in the following the precise relation of the “second quantized” objects we used
here with this picture.

As in the previous subsection, fix once for all w € Q, A\, 9,1 € ]Ra’ , L € RT, A € CJ. Recall
that the corresponding KMS state o) is the gauge-invariant quasi-free state satisfying (14), i.e.,

ol a (p)a(®) = (¥, dWe) . ¢y eb, (82)
where
d“ = (14 M) e B(b)

and the one-particle Hamiltonian 2() = (h“)* € B(h) is defined by (4). The positive bounded
operator d@) satisfies 0 < d@ < 1, and is called the symbol, or one-particle density matrix, of the
quasi-free state o). See (15)-(16) for the definition of gauge-invariant quasi-free states.

The time-evolution o) by the two-parameter group {¢ ,E“Z()) }o.ter Of (Bogoliubov) x-automorphisms

defined by (72) is o) ofﬁﬁg for any ty,t € R. Itis again a gauge-invariant quasi-free state and satisfies

Y oeln (' (p)a(w) = (v ULV ¢) . pweb, (83)
for any ty,t € R, by (72) and (82). Again,
w) - w (w)\ — w
di) = U (1+ ™) 7 (UE)" € B(b) (84)

is a positive bounded operator dt“; satisfying 0< d ) o < 1y. Itis the symbol or one-particle density
matrix, of the quasi-free state o) o £} t) Recall that the unitary operators Utt € B(h), to,t € R, are
uniquely defined by (80).

By (71), (80) and (84) together with (U))" = U}, the symbol d5) is the solution of the
Liouville equation:

Vit e R iddly) = [(AUY + e ) di)] a), = a@), (85)

as for instance in [11, Eq. (2.5)]. Then, all the study performed in the current paper for second
quantized currents of non-interacting fermions can be translated into the one-particle picture by using
the Liouville equation and the fact that the corresponding quasi-free states are completely determined
by the one-particle density matrices {dfﬁg }Ho.tcr» solving the above initial value problem.

In this framework, the current observable discussed in Section C.1, and studied along the paper,
can be represented by self-adjoint operators on the one-particle Hilbert space . See, e.g., (32). In
this perspective, note that the full current density observable in a box Ay in a fixed direction ey,
k€ {1,...,d},in R s the so-called second quantization of the operator defined by

(@) = Z \s“m{ ex+ek7 > P{erek}SekP{x}} L e R+7 (86)

IEAL
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using the notation (30) for shift operators. See also (31). In other words, by Definition 4.3,

wnA ~(w)
S orerts = (A 3A)

1ALl L‘xeAL

The one-particle operator J(Lw) is directly related with the commonly used current observable in the

one-particle Hilbert space, like in [8, 10, 11]. To see this, for k£ € {1, ..., d}, define the (unbounded)
multiplication operator on § with the k"* component by

Xe() (21, ..., xq) = xpd(xq, . .., 2q),
for 1) within the domain of X,. For any x € Z%, remark that
ALEZ?L)% = Z <em+za Agsz)ex>hex+z
2€74% |z|=1

and
. A A
-1 |:A(n 2 Xk] er =1 <<ez+ek7 Aa(unﬂL) >hez+ek - <er—€k7 AEZ@ L)e$>f)e$—ek> :

Combining this with (86), one checks that

1
|AL|

~(w)

(—@' [Afj{j” 4w, XkD P,+O(LY, LeR*, 87)

uniformly in &/ w.r.t. all parameters, where P, is the orthogonal projection with range lin {e,.: © € Ay},
that is, the multiplication operator with the characteristic function of the box Ay. The term of order
O(L™!) results from the existence of O(L?~!) points z € A, such that z + e;, & Aj.

We recover from (87) the usual description for the current observable as a self-adjoint operator
on the one-particle Hilbert space b, in our case the velocity operator — [A(nAL + )\wl, Xk] See,
e.g., [8,10, 11]. Observe additionally that the quantity obtained by applying the state o) o 5“ on
the full current density observable gives, in the large volume limit (i.e., L — 00), the densr[y of trace

of the product of symbol d( +.t, With the velocity operator on the one-particle Hilbert space b, similar
to [11, Equation (2.6)].
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