DETERMINATION OF CONVECTION TERMS AND QUASI-LINEARITIES
APPEARING IN DIFFUSION EQUATIONS

PEDRO CARO AND YAVAR KIAN

ABsTrRACT. We consider the highly nonlinear and ill-posed inverse problem of determining some general
expression F'(z,t,u, Vyu) appearing in the diffusion equation diu — Agu+ F(z,t,u, Vyu) =0 on Q x (0,7,
with T" > 0 and Q a bounded open subset of R™, n > 2, from measurements of solutions on the lateral
boundary 9 x (0,T). We consider both linear and nonlinear expression of F(z,t,u, Vzu). In the linear
case, the equation can be seen as a convection-diffusion equation and our inverse problem corresponds to the
unique recovery, in some suitable sense, of a time evolving velocity field associated with the moving quantity
as well as the density of the medium in some rough setting described by non-smooth coefficients on a Lipschitz
domain. In the nonlinear case, we prove the recovery of more general quasi-linear expression appearing in
a nonlinear parabolic equation associated with more complex model. Here the goal is to determine the
underlying physical low of the system associated with our equation. In this paper, we consider for what
seems to be the first time the unique recovery of a general vector valued first order coefficient, depending on
both time and space variable. Moreover, we provide results of full recovery of some general class of quasi-
linear terms admitting evolution inside the system independently of the solution from measurements at the
boundary. These last results improve the earlier work [33] in terms of generality and precision. In addition,
our results give a partial positive answer, in terms of measurements restricted to the lateral boundary, to
the open problem addressed in [34, Problem 9.6, pp. 296] extended to the recovery of quasi-linear terms.
Keywords: Inverse problem, convection-diffusion equation, non-smooth coefficients, uniqueness, nonlinear
equation, Carleman estimates.
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1. INTRODUCTION

1.1. Statement of the problem. In this paper we consider an inverse problem stated for a class of diffusion
equations corresponding to the determination of different information about the moving quantities associated
with these equations. We state our results in some general setting by allowing the information, that we want
to determine, to be associated with non-smooth coefficients depending on both time and space variable or
even more general quasi-linear terms.

More precisely, let © be a Lipschitz bounded domain of R™, n > 2, such that R™ \ Q is connected. We
set Q=0 x(0,7), 2 =900x(0,T), withT > 0, Q° := Qx {s}, s =0,T. In this paper, we study the inverse
problems associated with an initial boundary value problem (IBVP in short) associated with a diffusion
equation taking the form

Ou — Agu+ F(x,t,u, Vyu) =0, in Q,

u(+,0) = uo, in €, (1.1)

u =g, on .
These problems are often associated with models of transfer or movement of different physical quantities (see
Section 1.2 for more details). In this context, our goal is to prove the recovery of some information about
these moving quantities associated with the expression F(z,t,u, V,u) from measurements of its solutions
on the lateral boundary ¥ for many excitation applied on ¥ and Q° given by the expression g and ug. We
consider both linear expressions of the form F(xz,t,u, V,u) = A(z,t) - Vou + V- [B(x, t)]u + ¢(z, t)u, and
more general quasi-linear expressions. In the linear case, we consider the recovery of F(z,t,u, V,u) from
both excitations and measurements restricted to the lateral boundary ¥ by fixing ug = 0.
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So far only the recovery of time-independent linear expression F'(z, ¢, u, V,u) has been addressed. While
the recovery of quasi-linear terms F'(z,t,u, V,u) has been restricted to expressions independent of ¢ and
2 determined on an abstract set (see Section 1.7 for more details). The goal of the present paper is to
extend these results in terms of generality and precision. In particular, we would like to prove the recovery
quasi-linear terms admitting variation on the inaccessible part ) of the system from measurements on the
accessible part 9Q. Such result would give a partial positive answer (in terms of measurements) to the open
problem [34, Problem 9.6, pp. 296] extended to quasi-linear nonlinearities.

1.2. Motivations. Let us observe that, in the linear case, the IBVP (1.1) takes the form

Ou — Agu+ A(x,t) - Vyeu+ V- [B(z, t)]u+ g(z, t)u = 0, in Q,
u(-,0) =0, in Q, (1.2)
U =g, on Z,

2n

with A,B € L>*(Q)" and ¢ € L*>(0,T;L%= (Q)). This IBVP is associated with a convection-diffusion
equation which corresponds to a combination of diffusion and convection equations. These equations describe
the transfer of mass or heat, due to both diffusion and convection process, of different physical quantities
(particles, energy,...) inside a physical system (see for instance [61]). The problem (1.2) can also describe
the velocity of a particle (Fokker-Planck equations) or the price evolution of a European call (Black-Scholes
equations). Here the coeflicient A corresponds to the velocity field associated with the moving quantity
and our inverse problem corresponds to the recovery of this field from information given by an application
of source and measurement of the flux at the boundary of the domain. Actually we manage to prove
the simultaneous recovery, in some suitable sense, of the the coefficient A, B and ¢, where the zero order
coefficient ¢ can be associated with a time-evolving density of an inhomogeneous medium. By allowing our
coefficients to depend both on time and space we can apply our inverse problem to several context where the
evolution in time of these physical phenomena can not be omitted. We mention also that the general setting
of our problem allows to cover different types of unstable physical phenomenon associated with singular
coefficients and a non-smooth domain.
The quasi-linear problem (1.1) corresponds to more complex model where the linear expression

F(z,t,u,Vyu) = A(z,t) - Vou + Vg - [B(z, t)]u + gz, t)u

is replaced by a more general nonlinear term. Here the goal of the inverse problem is to prove the recovery of
this nonlinear expression F'(x,t,u, V,u) describing the underlying physical law of the system. This inverse
problem can be associated with different models like physics of high temperatures, chemical kinetics and
aerodymanics.

1.3. Obstruction to uniqueness. Let us state our inverse problem for the linear IBVP (1.2). For this
purpose, we associate to the linear IBVP (1.2) the Dirichlet-to-Neumann (DN in short) map associated with
this problem given by

AA,B,q g NA,B,qua
where u solves (1.2). Here the term A, B take values in R". We define N4 g qu in such a way that for
w € HY(Q) satisfying wior = 0 we have

<NA,B,qU, w|g> = / [—udw + Vyu-Vow+ A Veuw — B - Vi (uw) + quw)dzdt. (1.3)
Q
We refer to Section 2 for more detail and a rigorous definition of this map and we mention that for g, A, B,
q and (Q sufficiently smooth, we have
Napqu=[0yu—(B-v)u]s,

with v the outward unit normal vector to 9€2. This means that N4 p 4 and Aa p 4 are the natural extension
of, respectively, the normal derivative of the solution of (1.2) and the DN map of (1.2) to non-smooth setting.
The inverse problem under consideration in this paper for the linear IBVP (1.2) corresponds to the unique
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determination in some suitable sense of the coefficient (A, B, q) from the full DN map A g 4 or from partial
knowledge of this map to some parts of X.
We recall that there is an obstruction to uniqueness for this inverse problem given by some gauge
invariance. More precisely, we fix p; € [1,400) such that we have
n forn>3
pl'{Z—l—s for n = 2, (1.4)
with ¢ € (0,1). Let Ay, By € L=(Q)", ¢ € L>=(0,T; L ()) and
p € L(0, T WH>(Q)) n Wh(0, T3 L (@) N L¥(0, T; Hy (2)) \ {0}
Now consider Ay € L>®(Q)", g2 € L™(0,T; LZT"(Q)) given by
Ay =A1+2V,0, By=B1+Vup, q=aq —0p—|Vap|® — A1 - Voo (1.5)
Then, one can check that A4, B,.q, = Aa,, B,.q. DUt Ay # As. We can also prove that, for any
o€ {he L(0.T:W(Q)) N W (0, T; L () : hys =0},
the DN map of problem (1.2) satisfies the following gauge invariance

AAB.q = MA42v, 0, B4V, 0,000 |Vep|2— AV, -

According to this obstruction, the best result that one can expect is the recovery of the gauge class of
the coeflicients (4, B, q) given by the relation (1.5). Note also that, without additional information about
the coefficient B it is even impossible to recover the gauge class of (A, B,q) given by (1.5). Indeed, for
any @ € W2°°(Q) satisfying @)z = dyp)x = 0, the DN map of problem (1.2) satisfies the following gauge
invariance

AABg = M2V, B.a—0i0—|Vapl?—A-VaotAs o
This means that for

Ay =A1+2V,p, By=DBi, q=q —0p— |Vz80‘2 — A1 Voo + Az,

with ¢ € W2>(Q) satisfying o5, = d,¢; = 0 and ¢ # 0, we have Aa, B, ,q, = Aa, B, but condition
(1.5) is not fulfilled. In light of these obstructions, in the present paper we consider the recovery of some
information about the gauge class of the coefficient (A, B, q) given by (1.5) from the DN map A4 4. By
considering additional assumptions on the low order coefficients B, q¢ we will derive more precised results for
the recovery of the convection term A from Aa g 4.

1.4. State of the art. The recovery of coeflicients appearing in parabolic equations has attracted many
attention these last decades. We refer to [14, 34] for an overview of such problems. While numerous authors
considered the recovery of the zero order coefficient g, only few authors studied the determination of the
convection term A. We can mention the work of [19, 63] for the treatment of this problem in the 1 dimensional
case as well as the work of [12] dealing with the unique recovery of a time-independent convection term for
n = 2 from a single boundary measurement.

Recall that, for time-independent coefficients (A, B, q) and with suitable regularity assumptions, one
can apply the analyticity in time of solutions of (1.2), with suitable boundary conditions g, and the Laplace
transform with respect to the time variable in order to transform our inverse problem into the recovery of
coefficients appearing in a steady state convection-diffusion equation (see for instance [36] for more details
about this transformation of the inverse problem). This last inverse problem has been studied by [11,
13, 46, 53] and it is strongly connected to the recovery of magnetic Schrodinger operator from boundary
measurements which has been intensively studied these last decades. Without being exhaustive, we refer
to the work of [9, 20, 40, 54, 55, 57, 59]. In particular, we mention the work of [45] where the recovery
of magnetic Schrédinger operators has been addressed for bounded electromagnetic potentials which is the
weakest regularity assumption so far for general bounded domains. Let us also observe that there is a strong
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connection between this problem and the so called Calderén problem studied by [6, 7, 8, 21, 37, 62| and
extended to the non-smooth setting in [1, 10, 25, 26].

Several authors considered also the determination of time-dependent coefficients appearing in parabolic
equations. In [30], the author extended the construction of complex geometric optics solutions, introduced by
[62], to various PDEs including hyperbolic and parabolic equations to prove density of products of solutions.
From the results of [30] one can deduce the unique determination of a coefficient ¢ depending on both
space and time variables, when A = B = 0, from measurements on the lateral boundary ¥ with additional
knowledge of all solutions on ¥ and Q7. In Subsection 3.6 of [14], the author extended the uniqueness result
of [30] to a log-type stability estimate. In the special case of cylindrical domain, [22] proved recovery of a
time-dependent coefficient, independent of one spatial direction, from single boundary measurements. In [15]
the authors addressed recovery of a parameter depending only on the time variable from single boundary
measurements. More recently, [16] proved that the result of [30] remains true from measurements given
by Aa,p,q when A = B = 0. More precisely, [16] proved, what seems to be, the first result of stability in
the determination of a coefficient, depending on the space variable, appearing in a parabolic equation with
measurements restricted to the lateral boundary 3. We recall also the works of [3, 5, 29, 38, 39, 42] related
to the recovery of time-dependent coeflicients for hyperbolic equations and the stable recovery of coeflicients
appearing in Schrodinger equations established by [17, 43].

For the recovery of nonlinear terms, we mention the series of works [31, 32, 33] of Isakov dedicated
to this problem for elliptic and parabolic equations. In [31, 32] the author considered the recovery of a
semi-linear term of the form F(x,u) inside the domain (i.e F(z,u) with z € Q, u € R) or restricted
to the lateral boundary (i.e F(z,u) with x € 09Q, v € R) while in [33] he considered the recovery of a
quasilinear term of the form F'(u,V,u). In all these works, the approach developed by Isakov is based on
a linearization of the inverse problem for nonlinear equations and results based on recovery of coefficients
for linear equations. More precisely, in [31] the author used his work [30], related to the recovery of a
time-dependent coefficient ¢ on @, while in [32, 33] he used results of recovery of coefficients on the lateral
boundary .. The approach of Isakov, which seems to be the most efficient for recovering general nonlinear
terms from boundary measurements, has also been considered by [35, 60] for the recovery of more general
nonlinear terms appearing in nonlinear elliptic equations and by [40] who proved, for what seems to be
the first time, the recovery of a general semi-linear term appearing in a semi-linear hyperbolic equation
from boundary measurements. In [16], the authors proved a log-type stability estimate associated with the
uniqueness result of [31] but with measurements restricted only to the lateral boundary . Finally, for results
stated with single measurements we refer to [18, 44] and for results stated with measurements given by the
source-to-solution map associated with semilinear hyperbolic equations we refer to [27, 47, 48, 49].

1.5. Main result for the linear problem. Our main result for the linear IBVP (1.2), corresponds to the
recovery of partial information of the gauge class of (A4, B, ¢) given by the relation (1.5). This result can be
stated as follows.
Theorem 1.1. For j = 1,2, let g; € L>(0,T; LP(Q2)) U C([0,T); L= (), with p > 2n/3, and let A;,Bj €
L>(Q)™. The condition
AAl,Bhth = AA2J32,<]2 (16)
implies
dA; = dAs. (1.7)
Here for A= (ai,...,a,), dA denotes the 2-form given by
dA = Z (02,05 — Op,a3)dx; N dxj.
1<i<j<n
Let us also consider the additional conditions
Ay — Ay e WH(0,T; LPH ()", Vi (A1 — Ag), V- (B — B2), ¢1 — g2 € L™(Q), (1.8)
(Bl —Bz) 'V|g :2(A2—A1) 'V\Ev (19)
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where (By— Ba)-v (resp. (A1 —As)-v) corresponds to the normal trace of By — By (resp. (A1 — As)) restricted
to X which is well defined as an element of L>(0,T; B(Hz (0Q); H~ 2 (8Q))). Assuming that (1.8)-(1.9) are
fulfilled, (1.6) implies that there exists ¢ € W1°°(Q) such that

A2 = Al + 2vz§07 m Qv
p =0, on X.

Note that, if we assume that By = By + V., condition (1.6) implies that (A1, B1,¢q1) and (Aa, Ba, ¢2)
are gauge equivalent in the sense of (1.5). Since in (1.6) the coefficients (B1, 1) and (B, ¢2) are in relation
through one equality, without additional assumptions, there is no hope to deduce from (1.6) that (41, By, q1)
and (Asg, Bs, ¢2) are gauge equivalent. According to our discussions of Section 1.3, this is the best one can
expect to recover from the DN map. However, with additional assumptions on the low order coefficients
(B, q), this result will lead to the full recovery of the convection term A. This consequence of the main result
can be stated as follows.

Corollary 1.1. Let Q be connected and let A1, As € L*=(Q)™ be such that V, - (A1 — As)in € L™(Q) and
(A2 — A1) - vz = 0. Then, for any q € L*>(0,T; LP(9)) uC(0,T); L= (Q)), p € (%”,n), and B € L*®(Q)",
we have

AAl,B,q = AAz,B,q = A1 = Ag.

Let us mention that there is another way to formulate convection or advection-diffusion equations given

by the following IBVP

O — Ayv + V- (A(z, t)v) =0, in Q,

v(0,-) =0, in £, (1.11)

v =g, on X.
The corresponding inverse problem consists in recovering the velocity field described by the coefficient A
from the associated DN map

[\A g NAU7

where, for v € L*(0,T; H'(Q)) N H'(0,T; H~'(Q)) solving (1.11) and for w € H'(Q) satisfying wjor = 0,
N v is defined by

- 1 1 1
<NA'U,U}‘Z> = / [—udiw + Vyu - Vyw + §(A -Veu)w — §u(A -Vw) + sz - (A)uw]dzdt.
Q

Using the identity Ay=A 4 4 Va4 and applying Theorem 1.1 we obtain the following.
y3 P

Corollary 1.2. Let Q2 be connected and let Ay, Ay € L>®(Q)™ be such that
Vo (A1), Vo (42) € L®(0,T; LY Q) UC(0, T L ¥ (Q)), p>2n/3.

Assume also that (1.8)-(1.9) are fulfilled, for B; = % and q; = w, j = 1,2. Then, the condition
1~\A1 = /~XA2 implies A1 = As.

In the spirit of [2], by assuming that the coefficients are known in the neighborhood of ¥, we can improve
Theorem 1.1 into the recovery of the coefficients from measurements in an arbitrary portion of the boundary.
More precisely, for any open set 7 of 92, we denote by H., the subspace of H'(Q) given by

Hy = {hys s he HYQ), higr =0, supp(hys) <7 x [0, T]}.
We fix 71,792 two arbitrary open and not empty subsets of 9. Then, we can counsider, for A, B € L>(Q)"™
and ¢ € L*°(0,T; LP*(Q)), the partial DN map
Aa B gy He NE (m x[0,T]) 3 g+ Na,B,qup,,
with u the solution of (1.2) and #H, the space defined in Section 2. Then, we can improve Theorem 1.1 in
the following way.
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Corollary 1.3. Let Q be connected. We fix q1,q2 € L*°(0,T; LP*(R2)), with p; given by (1.4), and we
consider A;j, B; € L*(Q)", j = 1,2, satisfying Vy - (4;), Vs - (B;j) € L=(0,T; LP*(2)). Assume that there
exists an open connected set Q. C €1, satisfying 0Q C 0, such that

A1($7t) = AQ(xat)7 Bl(xvt) = B2(x7t)a ql(.’t,t) = QQ(x,t)7 ((E,t) € Q* X (OvT) (112)
Then the condition

AA1,317Q1,71,72 = AA2,B2’<]2771,“/2 (113)

implies that dA, = dAs. If in addition (1.8) is fulfilled, (1.13) implies that there exists o € W1H°(Q)
satisfying (1.10).

1.6. Recovery of quasilinear terms. In this subsection, we will state our results related to the recovery
of general quasi-linear terms F'(x,t,u, V u) appearing in (1.1). We denote by X, the parabolic boundary
of Q defined by ¥, = X U Q°. Moreover, for all a € (0,1), we denote by C* 2 (Q) the space of functions

f € C(Q) satisfying
— su |f(l',t) — f(yvs)‘ < (z s el T s 00
oy =sop { ZHEGIOD 0.1 € Q. (@) £ 001 <o

Then we define the space C2**1*+2(Q) as the set of functions f lying in C([0,T];C%(Q)) N C*([0,T];C(Q))
such that

atfaaffeca7%(@)a BENna |5|:2

We consider on these spaces the usual norm and we refer to [14, pp. 4] for more details. We consider the
nonlinear parabolic equation

(Oru — Au+ F(z,t,u,Vyu) =0 in Q,

u=G_G on ¥,.
For o € (0,1) and Q a C?>T® bounded domain, F : (z,t,u,v) — F(z,t,u,v) € C1(Q x R x R") satisfying
(6.1)-(63), G € X ={Kx; K€ C2Hel+a/2(Q), (,K — AK)jpax{o} = 0}, problem (1.14) admits a
unique solution ug g € C*+*1+2/2(Q) (see Section 6 for more detail). Then, for v the outward unit normal
vector to 02, we can introduce the DN map associated with (1.14) given by

Np:X 3G dupg)y € L3 (%)

and we consider the recovery of F' from partial knowledge of Nr. More precisely, we prove in Proposition 6.1

that for 0, F € C'(Q x R" x R;R) and 9, F € C'(Q x R" x R; R™), N is continuously Fréchet differentiable.
Then, fixing

(1.14)

X ={GecX: G =0}, kyix—z-v, hyp:r—z-v+a,
where a € R, v € R", we consider the recovery of F' from
Np(kols,)H and  Np(hay|s,)H, He Xy, acR, veR",

where N7, denotes the Fréchet differentiation of Np.
We obtain two main results for this problem. In our first main result, we are interested in the recovery
of information about general nonlinear terms of the form F(z,t,u, V,u) form the knowledge of

Nll;\(ha,vbp)H, He Xy, aeR, veR".
Our first main result can be stated as follows.

Theorem 1.2. Let  be a C**® bounded and connected domain and let Fy, Fy € C*T15(Q;C3(R x R"))
satisfy (6.1)-(6.3). Let also, for j = 1,2, 0,F; € C*T3([0,T);C1( x R™ x R); R™) and let

OLF(2,0,u,0) =0, j=1,2,k=0,1, 2€0Q, ucR, veR" LcN", |{|<2. (1.15)
Then, the condition
7 (hawls, ) H = N, (hawls,)H, HeXy, acR, veR" (1.16)



DETERMINATION OF CONVECTION TERMS AND QUASI-LINEARITIES 7

imply that there exists
©: QxR XR" > (z,t,u,v) — @(x,t,u,v) € CH[0,T];C(Q x R x R™)) NC*(Q;C([0,T] x R x R™))
such that, for all (u,v) € R x R™, we have

Oy (Fy — F1)(x,0,u,v) = 20, p(x,0,u — x - v,v), x €,
Ou(Fy — F1)(,0,u,v) = —(0sp — |Vo|> — 0uFi(2,0,u,0)0.0)(2,0,u — - v,v), x €L, (1.17)
o(z,t,u,v) =0, (z,t) € X.

From this result, we deduce the following.

Corollary 1.4. Let the condition of Theorem 1.2 be fulfilled. Assume also that, for allxz € Q, uw € R, v € R",
the following condition

i [3:6_].81,1. Fi(z,0,u,v) 4+ 040y, F1(,0, u,v)vj] = i [8%. Ov,; Fo(2,0,u,v) + 0,0, Fg(x,07u,v)vj} (1.18)
j=1 j=1
is fulfilled. Then condition (1.16) implies
O F1(2,0,u,v) = 0, Fa(z,0,u,v), z€, ueR, veR™ (1.19)
In particular, if there exists vg € R™ such that
Fi(z,0,u,v9) = Fa(z,0,u,v9), x €8, u€eR, (1.20)
and (1.24) are fulfilled, then condition (1.16) implies
Fi(x,0,u,v) = Fp(x,0,u,v), z€, ueR, velR" (1.21)

Remark 1.1. The result of Corollary 1.4 can be applied to the unique full recovery of quasilinear terms of
the form
F(x,t,u,Vou) = Gi(z,u, Veu) + tGo(x, t, u, Vyu), (1.22)

with Go and
(z,u,v) |—>Z Oz, 00, G1(x,u,v) + 0,0,,G1(x,u v)vj]

Jj=1
two known functions.

For our second main result we consider the full recovery of the nonlinear term F(z,t,u, V,u) from the
data
N}/r(kv|2p)H7 H e A, v e R".
For this purpose, taking into account the natural invariance for the recovery of such nonlinear terms, described

by condition (1.17), our result will require some additional assumptions on the class of nonlinear terms under
consideration. Our second main result related to this problem can be stated as follows.

Theorem 1.3. Let Q be a C?>T bounded and connected domain and let Fy, Fy € C?T1+5(Q;C3(R x R™))
satisfy (6.1)-(6.3). Let also, for j = 1,2, 8,F; € C**2([0,T];C*(Q x R™ x R); R") and let (1.15) be fulfilled.
Then, the conditions

Ilyl(kv‘zp)H = N;:2(kv‘2p)H, He Xy, ve R"™ (123)

and
O F1(z,t,u,v) = Oy Fo(x, t,u,v), (x,t) €Q, ueR, veR™, (1.24)
02y (z,t,u,v) (2, 1) = 0, 0,0, Fy1(x,t,u,v)(z,t) =0, (x,t)€Q, ucR, veR", (1.25)

imply (1.19). In addition, if there exists vo € R™ such that (1.20) and (1.24) are fulfilled, then condition
(1.23) implies (1.21).
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Remark 1.2. The result of Theorem 1.3 can be applied to the unique full recovery of quasilinear terms of
the form
F(z,u,Vyu) = Gi(x, Vyu) + Ga(z, t)u, (1.26)

when Gy is known.

A direct consequence of Theorem 1.3 will be a partial data result in the spirit of Corollary 1.3. More
precisely, for any open set 7 of 92, we define N ., by

NFWG = NF(G)"}/X(O,T)7 GeX.

We denote also by &y, the set Xy, :={G € &y : supp(G|s;) C v x [0, T]}. Then, we deduce from Theorem
1.3 the following result.

Corollary 1.5. Let the condition of Theorem 1.3 be fulfilled. Let Q) be an open connected subset of
satisfying 02 C 0 and let 1,72 be two arbitrary open subset of Q2. We assume that Iy, Fo fulfill

O F1(z,t,u,v) = Oy Fo(x,t,u,v) =0, (x,t) € A x(0,T), ue R, veR" (1.27)
and (1.24). Then the condition
Fiya (kols, ) H = N,

2

o (kols, )H, H€Xy,,, veR", (1.28)
implies (1.19).

1.7. Comments about our results. Let us first observe that, to the best of our knowledge, Theorem
1.1 and its consequences, stated in Corollary 1.1 and 1.2, are the first results of unique recovery of general
convection terms depending on both time and space variables. Actually, in Theorem 1.1 we prove the
recovery of information about the three coefficients A, B, ¢, provided by (1.10), from A4 g 4. According to
the obstruction described in Section 1.3, this is the best one can expect for the simultaneous recovery of the
three coefficients A, B, q. Assuming that coefficients B is known, Theorem 1.1 would be equivalent to the
unique determination of A, B modulo the gauge invariance given by (1.10) with By = By = 0. Moreover,
combining the result of Theorem 1.1 with unique continuation results, we obtain in Corollary 1.1 and 1.2 the
full recovery of the convection term A when B, q are fixed. Note also that, in contrast to time-independent
coeflicients, our inverse problem can not be reduced to the recovery of coefficients appearing in a steady
state convection-diffusion equation from the associated DN map.

Not only Theorem 1.1 provides, for what seems to be the first time, a result of recovery of general
first and zero order time-dependent dependent coefficients appearing in a parabolic equation but it is also
stated in a non smooth setting. Indeed, we only require the two vector valued coefficients A, B to be
bounded and we allow ¢ to have singularities with respect to the space variable. Moreover, we state our
result in a general Lipschitz domain 2. Such general setting make Theorem 1.1 suitable for many potentials
application and the regularity of the coefficients A, B, ¢ can be compared to [45] where one can find the best
result known so far, in terms of regularity of the coefficients, about the recovery of similar coefficients for
elliptic equations in a general bounded domain (see also [24]). Note that, assuming that A, B are known
and A € L>(0,T; W2>°(Q))" N Wh°(0,T; L>=(Q))", V. - B € L*(Q), we can prove the recovery of more
general zero order coefficient ¢q. Actually, in that context, using our approach, one can prove the recovery
of coefficients ¢ lying in L (0,T; LP(Q)) U C([0,T]); L5 (), with p > 2n/3. However, like for elliptic
equations (see [45]) we can not reduce simultaneously the smoothness assumptions for the first and zero
order coefficients under consideration. For this reason, we have proved first the recovery of the 2-form dA
associated with the convection term A with the weakest regularity that allows our approach for all the
coefficients A, B, ¢q. Then, we have proved the recovery of information about the coefficients (A, B, ¢), given
by (1.10), by increasing the regularity of the unknown part of the coefficients B and ¢ (see (1.8)-(1.9)).

One of the main tools for the proof of Theorem 1.1 are suitable solutions of (1.2) also called geometric
optics (GO in short) solutions. Similar type of solutions have already been considered by [16, 30] for the
recovery of bounded zero order coefficients q. None of these constructions work with arbitrary variable
coeflicients of order 1 or non-bounded coefficient q. Therefore, we introduce a new construction, inspired
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by the approach of [20, 37, 58, 45] for elliptic equations, in order to overcome the presence of variable
coefficients of order 1. More precisely, we derive first a new Carleman estimate stated in Proposition 3.1
from which we obtain Carleman estimates in negative order Sobolev space stated in Proposition 4.1, 4.2.
Applying Proposition 4.1, 4.2, we built our GO solutions by a duality argument and an application of the
Hahn Banach theorem. In contrast to the analysis of [20, 58, 45| for elliptic equations, we need to consider
GO solutions that vanish on the top Q7 or on the bottom Q0 of the space-time cylindrical domain Q. For this
purpose, we freeze the time variable and we work only with respect to the space variable for the construction
of our GO solutions. Then, using the estimate on Q7 or Q° of the Carleman estimates of Proposition 4.1
we can apply Proposition 4.1, 4.2 to functions vanishing only at ¢ =T or ¢ = 0. This additional constraint
on Q7 or Q° makes an important difference between the construction of the so called complex geometric
optics solutions considered by [20, 58, 45] for elliptic equations and our construction of the GO solutions for
parabolic equations. Like in [45] for elliptic equations, thanks to the estimate of the Laplacian in Proposition
3.1, we can apply our construction to coefficients with low regularity. Actually, we improve the construction
of [45] by extending our approach to unbounded zero order coefficients ¢q. Note also that, quite surprisingly,
in Proposition 4.1, 4.1, 4.2, we obtain better estimates with respect to the space variables than what has
been proved in [45, 58], for the 3-dimensinal case an averaging procedure provides an equivalent gain to ours,
see [24].

From the recovery of (A, B, q), in the sense of (1.10), stated in Theorem 1.1, we derive three different
results for the linear problem stated in Corollary 1.1, 1.2, 1.3. In all these three results, we use unique
continuation results for parabolic equations in order to derive conditions that guaranty ¢ = 0 in (1.10) or to
obtain a density arguments in norm L? on a subdomain of Q. Using such arguments we can prove the full
recovery of the convection term A and prove the recovery of the gauge class of (A, B, ¢) from measurements
on an arbitrary portion of 92 when (A, B, ¢) are known on some neighborhood of ¥.

According to [33, Lemma 8.1], with additional regularity assumptions imposed to the coeflicients (A, B, q)
and to the domain €2, the DN map A4 g, determines A-v on X. Therefore, for sufficiently smooth coefficients
(4;,B,q), j = 1,2, and sufficiently smooth domain €, the condition (1.9) can be removed from the statement
of Corollary 1.1 and 1.2. We believe that the condition (1.9) can also be removed with less regular coefficients
and domain. However, we do not treat that issue in the present paper.

To the best of our knowledge, in Theorem 1.2 and 1.3 we have stated the first results of recovery of a
general quasi-linear term of the form F(x,t,u, V,u), (z,t) € @Q, that admits variation independent of the
solutions inside the domain (i.e we recover the part F(x,0,u,v) with z € Q, u € R, v € R™ of such functions)
from measurements restricted to the lateral boundary. Indeed, one can apply our results to the unique full
recovery of nonlinear terms of the form (1.22) and (1.26) (see Remark 1.1 and 1.2 for more details). The
only other comparable result is the one stated in [33] where the author proved the recovery of quasilinear
terms F'(u, V,u) depending only on the solutions on the abstract set

E = {(u(z,t), Vyu(z,t)) : (x,t) € 8, Ou — Au+ F(u, Vyu) = 0}.

Therefore, our results, which correspond to global recovery results, provide a more precise information about
the nonlinear terms under consideration than [33] where the uniqueness result is stated on the above set
FE which is not explicitly given. Moreover, our results can also be applied to more general quasi-linear
terms admitting variation independent of the solution inside the domain, while [33] restrict his analysis to
quasi-linear terms depending only on the solutions.

We prove Theorem 1.2 and 1.3 by combining Theorem 1.1 and Corollary 1.1 with the linearization
procedure described in [16, 32, 33, 34]. More precisely, we transform the recovery of the nonlinear term
F(z,t,u,Vyu) into the recovery of time-dependent coefficients A(x,t) = 0,F(x,t,u(z,t), Vyu(z,t)) and
q(z,t) = 0, F(z,t,u(x,t), Vyu(z, t)), where u solves (1.14). Here the variable v € R™ corresponds to V,u in
the expression F(x,t,u, V,u). In contrast to all other results stated for nonlinear parabolic equations (e.g.
[16, 31, 32, 33]), we do not need the full map N for proving the recovery of the quasi-linear terms but only
some partial knowledge of its Fréchet derivative Nj.. More precisely, our results require only the knowledge
of N}; applied to restriction of linear or affine functions on X,,. By taking into account the important amount
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of information contained in the map N, this makes an important restriction on the data used for solving
the inverse problem. For this purpose, in contrast to [31, 32, 33|, we need to explicitly derive the Fréchet
derivative of Np. A similar idea has been considered in [40] for the recovery of a semilinear term appearing
in nonlinear hyperbolic equations.

The result of Theorem 1.2 is stated for more general quasi-linear terms than the one of Theorem 1.3.
However, Theorem 1.2 can not be applied directly to the full recovery of the nonlinear term like in Theorem
1.3. Indeed, Theorem 1.2 provide only some knowledge of the nonlinear term F'(x,t,u, V,u) given by the
conditions (1.17). On the other hand, with the additional condition (1.18), we can derive form Theorem 1.2
the uniqueness full recovery stated in Corollary 1.4.

Applying Corollary 1.3, we also prove in Corollary 1.5 recovery of nonlinear terms known on the neigh-
borhood of the boundary from measurements on some arbitrary portion of the boundary 0.

2. PRELIMINARY RESULTS
We recall that Q0 = Q x {0} € Q and QT = Q x {T} C Q Let us first consider the space
Hy={vs: ve H(0,T; H Q) NL*0,T; H (), vjqo = 0},
H_:={vg: ve HY(0,T; H'(Q)NL*(0,T; H(Q)), vjor = 0}
which is a subspace of L?(0,T; H%(aQ)). We introduce also the spaces
Sy ={ue H'(0,T;H 1 (Q)) N L*(0,T; H' () : (0 — As)u =0, yjgo = 0},
S_={ue HY(0,T;H ' (Q))NL*(0,T; H' () : (=0 — Az)u =0, ujgr = 0}.
In order to define an appropriate topology on H . for our problem, we consider the following result.
Proposition 2.1. For all f € H. there exists a unique u € S+ such that ux, = f.

Proof. Without lost of generality we assume that the functions are real valued. We will only prove the
result for f € H,, using similar arguments one can extend the result to f € H_. Let f € H, and consider
F € HY0,T; H-'(Q)) N L*(0,T; H*(2)) such that Fjs, = f and Fjgo = 0. Fix G = — (0, — A,)F €
L?(0,T; H1(Q)) and w the solution of the IBVP
8tw - Aww = G7 (f,t) € Q7
'LU‘QO = 0,
’U}|2 = 0.

According to [51, Theorem 4.1, Chapter 3| this IBVP admits a unique solution w € H(0,7; H~1(Q)) N
L*(0,T; H'(Q)). Thus v = w+ F € S; and clearly vjs; = wjs, 4+ F|s, = f. This prove the existence of u € S
such that ujs, = f. For the uniqueness, let vi,vy € Sy satisfies Tov; = Tov2. Then, v = v1 — vy solves

ov—A7Av = 0, (z,t)€Q,

Vo = 0,
’U\E = 0.
which from the uniqueness of this IBVP implies that v; — vy = 0. O

Following Proposition 2.1, we consider the norm on HL given by

2 2 2
HF‘ZHHi - ||FHL2(07T;H1(Q)) + ”F”HI(O,T;H*(Q))’ Fe Sy
We introduce the IBVPs
Opu — Agu+ Az, t) - Vyu + [V - B(z, t)]u + q(z, t)u = 0, in Q,
u(0,-) =0, in Q, (2.1)
U =g+, on Z7
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—0ru — Agu— A(z,t) - Veu + (g(x,t) + [Va - (B — A)(z,t)])u =0, in Q,
u(-,T) =0, in Q, (2.2)
u=g_, on Y.

We are now in position to state existence and uniqueness of solutions of these IBVPs for g+ € H..

Proposition 2.2. Let g+ € Hy, A,B € L*(Q)", q € L*>(0,T; LzTn(Q)) Then, the IBVP (2.1) (respectively
(2.2)) admits a unique weak solution w € H*(0,T; H=1(Q))NL2(0,T; H*(Q)) (respectively u € H_) satisfying

lull 20,7500 () + 1@l g0, -1 ) < Cllgllag,

) (2.3)
(respectively ||UHL2(0,T;H1(Q)) + ||UHH1(0,T-,H—1(Q)) <Cllg-lly_ ),

where C' depends on Q, T and M > HqHLOO(O,T;LQTn(Q)) + |1 All oo (gyn -

Proof. Since the proof of the well-posedness result is similar for (2.1) and (2.2), we will only treat (2.1).
According to Proposition 2.1, there exists a unique G' € Sy such that G|z = g+ and

G 20,7500 () < N9+l -

We split u into two terms v = w + G where w solves

ow—Aw+A-Vyw+ (Ve -Buw+qw = —A-V,G— (V. -B)G—qG, (z,t)€qQ,
wiQo = 0, (2.4)
|
w|2 = 0.

From the Sobolev embedding theorem we have —A - V,G — (V. - B)G — qG € L*(0,T; H~1(Q2)) with
[=A- V.G = (Vs B)G — 4Gl 120 1.5-1())

< C (141l g @ + IBllpgyn + 1l 1.2 ) 16 20730110

with C' depending only on . Let H = L?(Q), V = H}(Q) and consider the time-dependent sesquilinear
form a(t,-,-) with domain V' and defined by

a(ta hag) = /Qv:ch(x) ! Vzg(x) + (A(l‘,t) : vxh(x) + Q(xat)h(x))g(x) - B(l'vt) ! Vm(hg)(x)dxv h,g ev.

Note that here for all h,g € V, we have t — a(t,h,g) € L°°(0,T) and an application of the Sobolev
embedding theorem implies

la(t, b, g)| < C[hl] g1y 191l 110y - (2.5)

with €' > 0 depending on [|A|[;«(q), [|Bll1=(q) and ||| In addition, there exists A,c > 0

L= 0,T;L 3 ()
such that, for any h € V, we have

Ra(t, h,h) + A B2z i) 2 bl t€(0,T). (2.6)

Indeed, for h € V, t € (0,T) and €1 € (0,1), we have

Ra(t, h, h) > /Q VahPde — (| Al L~ gy + 2 1Bl 1~ o)) /Q V. hlhlde — /Q lg(t, )| 1] da

2
1Al oy + 211Bll g~ o1
>(1-e) /mhﬁdm— (141~ @) /|h|2dsc— / lgl|h 2.
Q &1 Q Q
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In addition applying the Holder inequality, the Sobolev embedding theorem and an interpolation between
Sobolev spaces, for all t € (0,T'), we get

Ll <l g WP

< Cllgll

(@)

Lo (0,T;L 3 () 1R ”H%(Q)
1

3
2 1 2 1
<Ol 1.2 ) (Pl ) (1A 20
1
<Ol o n % gy (51 10 2ce) * (572 120

3e1 e 2
<Ol oy (5 WMoy + S Dl )

with C' > 0 depending only on €. Therefore, choosing
-1
1= (Cllally g g2 0 T2) €= 1= 21C el oo 2 gy + D

2
(14l (g + 2 11Bll = g1 )
- e +Cllg ||L°°(0TL3 ) ° T+,

we get (2.6). Combining (2.5)-(2.6) with the fact that
a(ta hag) = <_A$h + A(vt) : V:Dh + (Vx : B(vt))h + Q(vt)h7 g>H*1(Q),Hé(Q) ) te (OaT)a

we deduce from [51, Theorem 4.1, Chapter 3| that problem (2.4) admits a unique solution w € H'(0,T; H~*(Q))N
L2(0,T; HY(Q)) satisfying

||7~U||L2(0,T;H1(Q)) + HwHHl(O,T;H*l(Q <C[-A-V,G— (V. B)G - qGHL?(o,T;Hfl(Q))
<C ||G||L2(o T:HL(Q)) S <C ||9+||H

1
1

where C depends on Q, T and M. Therefore, u = w + G is the unique solution of (2.1) and the above
estimate implies (2.3). O

Using these properties, we would like to give a suitable definition of the normal derivative of solutions of
(1.2). For this purpose, following [45] we will give a variational sense to the normal derivative for solutions
of these problems. For this purpose, we start by considering the spaces

HY2 () := {g]s : g € H/*(0Q), supp(g) C 9Q \ @}.

We use the symbols U because it turns out to be convenient to keep in mind that the corresponding functions
vanish on Q7 := Q x {T'}. Note that the norms

gl e 2wy == nf{[|gll 172 00) © Gls = g, supp(g) C 0Q \ o}
makes H'/2(Ll) be a Banach space. We recall that there exists a lifting operator L : HY/?(L) — {w €
HY(Q) : wjgr = 0} such that L is a bounded and
\
Lgs =g, g€ H(U).
For any g4 € Hy and uw € HY(0, 75 H~1(2))NL2(0,T; H*()) the solution of (2.1), we define N4 g ,u €
H'2(L)*, where H'/?(L)* denotes the dual space of H'/?(L), by

<NA,B,qu7 g*>H1/2(|_|)*,H1/2(u)

2.7
= / [—uOLg- +Vu-VyLg- +A-VyuLg_ — B-V,(uLg_)+ quLg_]dxdt. 27)
Q
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Note that, for w € H*(Q) satisfying wjqr = 0 and w|s, = 0, since u € H'(0,T; H*(Q)) N L*(0, T; H*(2))
solves (2.1), we have

/ [—udiw + Vyu - Vow + A-Vyuw — B -V (uw) + quw]dzdt
Q
= (O — Au+ A-Vou+ (Vo - Blu+ qu, w) 120 151 (0)),02 (0,733 () = 0-

Therefore, (2.7) is well defined since the right hand side of this identity depends only on g_. We define the
DN map associated with (2.1) by

AA,B,q : 'H+ S gy NA’Bﬁqu S Hl/z(l_l)*

and, applying Proposition 2.2 one can check that this map is continuous from #, to H/?(U)*. By density,
we derive the following representation formula

2n

Proposition 2.3. For j = 1,2, let A;, B; € L®(Q)", ¢; € L*(0,T;L% (). Then, the operator
Aa, Bign — Ma, Byyg. can be extended to a bounded operator from Hy to H' , where H denotes the du-
al space of H_. Moreover, for g, € Hy, g— € H_, we consider uy € H'(0,T; H-*(Q)) N L?(0,T; H(Q))
the solution of (2.1) with A = Ay, B = By, ¢ = q1 and uz € HY(0,T; H-1(Q)) N L?(0,T; H(Q)) be the
solution of (2.2) with A = As, B = Bs, ¢ = q2. Then we have

<(AA1,B1,L11 - AA2732,Q2)g+a g*)H:H?

= / (Al — Ag) . V$U1UQd$dt - /
Q Q

2.8
(B1 — Ba) - Vy(uyug)dadt + / (g1 — q2)uquadzdt. (28)
Q

Proof. Without loss of generality we assume that all the functions are real valued. We consider ve €
HY(0,T; H-Y(Q)) N L*(0,T; H'(2)) solving

Opva — Ayvg + Ag(x,t) - Vyvg + [V - Ba(x, t)]va + go(x, t)ve = 0, in Q,
U2(07 ) = 0; in Q,
Vo = G4, on X.

Then, for any g_ € HY?(U) fixing w = Lg_ € H*(Q), we find

(Aay,Brgr = MAz,Bog2 )9+ g—>H1/2(u)*7H1/2(|_|)

= ((Na,,B1.q1v1 — NA27B27Q2U27g—>H1/2(u)*,H1/2(u)

= / [—(u1 — v2) 0w + Vi (ur — v2) - Vow + As - Vi (uy —vo)w — By - Vi ((ur — vo)w) + ga2(ug — v2)wldxdt
Q
+/ [(A1 — As) - Vauiw — (By — Bg) - Ve (uiw) + (g1 — go)uiw]dzdt
Q
Now using the fact that (u1 —va) € L2(0,T; H}(Q)), we get
<(AA1>B1,Q1 - AA27B27Q2)9+’g—>H1/2(u)*7H1/2(|_|)
= - <8tw7u1 - 02>L2(0,T;H*1(Q)),LQ(O,T;H(%(Q)) +/ VI(Ul - ’UQ) . Vzwdxdt
Q

—|—/ Ag - Vi (uy — vo)wdzdt — / By - Vi [(u1 — vo)w]dadt + / go(uy — vo)wdxdt
Q Q Q

+ / [(Al - AQ) . Vzulw - (Bl - BQ) . Vm(ulw) + ((J1 - qg)ul’U)]dl'dt
Q
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We can choose w to be the unique element of S_ satisfying @y, = g, and since w — w € L2(0,T; HY(Q))
and w — W|gr = 0, w can be replaced by w in the identity (2.9). Moreover, we have
((Aay,Brg — AA27B27(12)9+7g—>H1/2(|_|)*,H1/2(|_1) <C H9+||y+ (Hw”L?(O,T;Hl(Q)) + ”,LD”Hl(O,T;H*l(Q)))
<C Hg+||7{+ llg—Ilg_

where C depends only on Aj, Bj, qj, j = 1,2, T and €. From this identity, we deduce that the map
Aa, Bi,gn — Ma, By g, can be extended continuously to a continuous linear map from Hy to H* and the
identity (2.9) holds for g— € H_, whose extension w to @ belongs to H'(0,T; H=1(Q)) N L?(0,T; H'(2)).
Thus, we are allowed to replace w in (2.9) by us. Since usy satisfies the identity below, the proposition is
proved:

- <8tu27 Uy — ’U2>L2(O,T;H*1(SZ)),L%O,T;H&(Q)) + /Q Vz(ul - ’UQ) . VI’U,le'dt
= (=02 — Az, ur = V2) 20 1311 (0), L2 0.3 (@)
= <A2 . VIUQ,’U,l — ’02> + <V$ . (A2 — Bg), (u1 — UQ)U2>L2(0’T;H—1(Q))’L"’(O’T;Hé(Q)) - /qu(ul — Ug)Ugd.%‘dt.

= <VT . (UQAQ) — vx . (BQ)UQ,’UQ — U2>L2(O,T;(H—1(Q)),LQ(O,T;Hé(Q)) - /Q qQ(Ul — UQ)Ule’dt

= —/ (As - Vi (u1 — vo)usdadt —|—/ By - Vi [(uy — va)usg]dxdt — / g2 (uy — vy)ugdxdt.
Q

Q Q
O
3. CARLEMAN ESTIMATES
We introduce two parameters s, p € (1,+00) and we consider, for p > s > 1, the perturbed weight
T+ x0) - w)?
o a(et) = (%% + o) — s LTI O (3.1)
We define
Lia= +0, — A, £ A-V,, Pyt = e_vi‘SLi,Aevi’s.

Here xy € R™ is chosen in such a way that

To - w =2+ sup |z|. (3.2)

€N
The goal of this section is to prove the following Carleman estimates.

Proposition 3.1. Let A € L>(Q)" and Q2 be C%. Then there exist sy > 1 and, for s > s1, pi(s) such that
for any v € C*(Q) satisfying the condition

U|g = 0, ’U‘QO = 0, (33)

the estimate

2
Ty

<C

10,0 |w - v|do(z)dt + sp/ lv|?(2, T)dx 4+ s~ 1 / |A o2 ddt + sp2/ |v|2dadt
w Q Q Q

(3.4)
1Pakstlia +o [

holds true for s > s1, p = pi(s) with C' depending only on Q, T' and M > ||Al| o (gyn- In the same way,

10,02 |w - V|do(m)dt]

—w

there exist sy > 1 and, for s > so, pa(s) such that for any v € C*(Q) satisfying the condition
'U‘E = 07 'U|QT = 0, (3.5)
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the estimate

p/ 10,02 |w - v|do(z)dt + sp/ |v|?(x,0)dx + s~ ! / |Av|?dzdt + sp2/ |v|2dxdt
o Q Q Q

(3.6)
<C ||PA,—,svHiz(Q) + P/E

holds true for for s > sa, p = pa(s). Here s1, p1, s2 and pa depend only on Q, T and M > ||A||LOO(Q)n.

+,w

10,v]%|w - I/|d0’($)dt]

Proof. Without loss of generality we assume that v is real valued. We start with (3.4). For this purpose we
will first show that, for A = 0 and ¢ = 0, there exists ¢ depending only on €2, s; depending on 2, T such
that for any s > s; we can find p;(s) for which the estimate

|0, 0|2 |w - v|do(z)dt — Sp/ |0,v|?|w - v|do(z)dt + cs™* / |A o2 dadt
e o N (3.7)
+ sp/ lv|*(x, T)dx + sp2/ |v|2dxdt—|—2s/ |V 02 dadt
Q Q Q

2
||PA,+,SU||L2(Q) >P/E

holds true when the condition p > p1(s) is fulfilled. Using this estimate, we will derive (3.4). We decompose
Py 4+ s into three terms

Pa s =P+ Poy + Py

with

Pry = —Da40i04 |V sPH 0001 oo Poy = 0—2Vap1 o Va—2800, 5, Psy = AVa+AVepp 4.
Note that

Oepv,s =P Vapis=lp—s(@+0) ww, —Api,=s
and
Py v =—Auv+ [2ps(z + x0) - w — 2 ((x + 20) - w)? — s]v, (3.8)
Py v =0 —2[p—s(z+ x0) - w|(w- Vzv) + 250,
P 4vPy yv=— Agvdw 4+ 2A,0[p — s(x + o) - w](w - V) — 2s(Av)v

+ [2ps(z + 20) - w — s2((x + 20) - w)? — s]w[Ow — 2[p — s(x + x0) - W](w - Vv) + 250] (3:9)
For the first term on the right hand side of (3.9) we find
/(—Aﬁvatv)da:dt :/ OV v - Vyvdedt = 1/ 04|V pv|*dadt = 1/ |Vov(z, T) | de.
Q Q 2Jq 2 Ja
It follows that
/Q(—Axvatv)dzdt > 0. (3.10)

We have also

2/ Agv[p — s(x + ) - w](w - Vyv)dadt
Q
=2 /2 Oyvlp — s(x + x0) - w](w - Vyv)do(z)dt + 2s /Q(w - Vv)2dzdt — 2 /Q[p —s(x + x0) - W][Vav - Vy(w - Vyv)|dedt

= 2/ Oyvlp — s(x + x0) - w](w - Vyv)do(z)dt + 23/ (w - Vyv)2dadt — / [p— s(z + o) - wlw - V4|V 02 dadt
) Q Q
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and using the fact that vz = 0, we get
2 /Q Agv[p — s(x + o) - w](w - Vyv)dedt
=2 /E[p — s(x + o) - W] |0, 2w - vdo (z)dt + 2s /Q(w - V) dadt
- /Q[p — s(x + 20) - w]|O,v|?w - vdo(z)dt — S/Q |V o2 dzdt

= / [p— s(z + x0) - w]|0,v|*w - vdo (x)dt — 5/ |V o) ?dadt + 25/ (w - Vyv)?dadt.
p) Q Q

Choosing p > 2s(1 + sup|z|), we obtain
z€EQ

2 /Q Ayvlp — s(x + xo) - w](w - Vyv)dadt

> ,0/ |0,v]?|w - v|do(z)dt — 4p/
Tpw

Combining this with the fact that

10,02 |w - v|do(z)dt — s/ |V ,v|*dxdt.
Q

,w

—25/(Av)vd:1:dt:2s/ |V o2 dadt,
Q Q
we find

2 /Q Agv[p — s(z + x0) - w](w - Vyv)dzdt — 25/ (Av)vdzdt

Q
> p/ |0, )% |w - v|do (z)dt — 4p/
S

(3.11)
10, 0] - v]dor(w)dt + s/ IV, 0 Pdadt.

Q
Now let us consider the last term on the right hand side of (3.9). Note first that

—w

/ [208(x + x0) - w — 82((x + o) - w)? — s|vdyvdadt
Q
1
=3 /Q[2ps(m +20) - w — 82 ((x 4 0) - w)? — 8]0 |[v|*dxdt

2
> ps/ (x + x0) - wlv]*(z, T)dx — s* (3 + sup|x|) / |v*(z, T)dz.
Q zeQ Q

2
Combining this with (3.2) and choosing p > s (3 + sup|a:|) , we find
€N

/ [2ps(z + x0) - w + 8%((x + x0) - w)? — s|vdsvddt > sp/ |v*(z, T)dz. (3.12)
Q Q
In addition, integrating by parts with respect to = € 2, we get

fQ [2ps(x + z0) - w + s2((x + o) - w)? — s]v[—2[p — s(x + z0) - W](w - V,v)]dzdt

=— fQ[—s3((x +0) - w)3 — ps?((x + z0) - w)% + (2p%s + 82)(z + 70) - w — splw - V. |v|>dzdt

= [o[=38*((x +20) - w)? — 2p5*((x + 20) - ) + (2p%s + 57)]|v[*dwdt.
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It follows that
/ [2p8(x + x0) - w — s2((x + x0) - w)? — sJv[—2[p — s(x + o) - w](w - V,v) + 2sv]dxdt
Q
= / [—55((2 4 z0) - w)* 4 2ps((x + 20) - w) + (2p%s — 5%)]|v|*dzdL.
Q

Then, fixing

p> \/532(2+suplrcl)2 + s,
TEQ

we obtain
/ [2ps(x + 20) - w + 82 ((x + x0) - w)? + sJv[—2[p — s(z + o) - w](w - Vo) + 2s0]dxdt > sp2/ [v|*dzxdt.
Q Q

Combining this estimate with (3.10)-(3.12), we find

| P1+v + P2,+v||ig(Q) > 2/Qpl7+vP27+vdacdt + ||P17+U||2LQ(Q)
10,02 |w - v|do(z)dt — 8p/ |0, 0|2 |w - v|do(z)dt + 23/ |V 0|2 dadt
w Q

> 2p/
E‘FWJ )

+28p/ |v|2(1‘7T)d.T+25p2/ |U|2dxdt+ ||P17+UH22(Q)'
Q Q

(3.13)
Moreover, we have
2
1Py 40l 72y = |- A0v + 2ps(@ + 20) - w = 8> (@ + x0) - w)* + s]v| 2

1850122y : 2 4 gol?
> — - [120s(z + @0) - w — s*((x + 20) - w)* + S]UHL2(Q)

HA:c”|‘i2(Q) *
> 1P A g6020 (9 2 '

3 = 30522 (24 suple ) ol

N
Fixing ¢ = <36 <2 + Sup|x|> > , we deduce that
e

-1
2 - 2 cs 2 2
||P1,+UHL2(Q) > s ||P1,+U||L2(Q) > D) ”AOKU”L?(Q) —sp° ||U||L2(Q)

and, combining this with (3.13), we obtain (3.7) by fixing

2
p1(s) >s (3+supx|) +\/552(2+sup|x)2+s.
€N e

Using (3.7), we will complete the proof of the lemma. For this purpose, we remark first that, for p > p1(s),
we have

2
P10+ P2,+U||L2(Q)

2 2
||PA,+,sU||L2(Q) z - HP3U||L2(Q)

2
1P v + Poyol|72
> S )—2||A||2Loo(Q)/QVzv|2dxdt

— 802 1412w /Q o2 dudt
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Combining these estimates with (3.7), we deduce that for s; = 32M? and, for s > s1, p > p1(s), estimate
(3.4) holds true.

Now let us consider (3.6). We start by assuming that A = 0. For this purpose we fix v € C?(Q) satisfying
(3.5) and we consider w € C?(Q) defined by w(x,t) := v(z,T —t). Clearly w(zx,0) = 0. Moreover, fixing

((z + 7o) -w)?
2 )

which corresponds to ¢4  with w replaced by —w, one can check that

¢l (@ t) == (Pt — pw-x) — 5

e P (9, — A)ePrew(a, t) = Py gu(x, T —1t), (x,t)€q,

with Py _ s = Pa,_ s for A = 0. Therefore, applying (3.4), with w replaced by —w, to w we deduce (3.6).
We can extend this result to the case A # 0 by repeating the arguments used at the end of the proof of
(3.4). O

4. GO SOLUTIONS

Armed with the estimates (3.4)-(3.6) we will build suitable GO solutions for our problem. More precisely,
for j = 1,2, fixing the cofficient (A4;, B;,q;) € L=(Q)™ x L>®(Q)™ x [L*>(0,T; LP(2)) N C([0,T7; L5 (Q))]
with p > 2n/3 and w € S"~!, we look for u; solutions of

Opuy — Aguy + Ay - Vauy + (Ve - Br)ur + quup =0, (z,1) € Q, (4.1)
ui(z,0) =0, ze€q, ’
—0iug — Agug — As - Vaus + (2 + Vo - (B2 — A2))us =0, (z,t) € Q, (4.2)

us(x, T)=0, x€Q, ’

taking the form
(@, 8) = e by (2,8) F wn (1)), ua(w, ) = eI by o (3,8) Wi p(w,8)), (w,8) € Q. (4.3)

In these expressions, the term b;,, j = 1,2, are the principal part of our GO solutions and they will be
suitably designed for the recovery of the coeflicients. The expression wj ,, 7 = 1,2, are the remainder term
in this expression that admits a decay with respect to the parameter p of the form

lim (p~* lwsopll 20,701 ()) + 1wsell o)) = 0- (4.4)

p—++00
We start by considering the principal parts of our GO solutions.
4.1. Principal part of the GO solutions. In this subsection we will introduce the form of the principal

part b; ,, j = 1,2, of our GO solutions given by (4.3). For this purpose, we consider A; € L>*(Q)", j =1,2
and we will consider b; ,, j = 1,2, to be an approximation of a solution b; of the transport equation

.05

—2w - Vb + (Ar(z,t) - w)by =0, 2w-Vzby+ (Az(x,t) -w)be =0, (z,1) €Q. (4.5)
By replacing the functions by, by, whose regularity depends on the one of the coefficients A; and A,
with their approximation by ,, b ,, we can reduce the regularity of the coefficients A;, j = 1,2, from
L0, T; W2 (Q))™ N W0, T; L=(Q))" to L>=(Q)™. This approach, also considered in [4, 39, 45, 57,
remove also condition imposed to the coefficients A;, 7 = 1,2, on ¥. Indeed, if in our construction
we use the expression b; instead of b;,, 7 = 1,2, then we can prove Theorem 1.1 only for coefficients

Ay, Ay € L0, T; W(Q))" 0 HY(0, T; L®(Q))" satisfying
OF Ay (x,t) = 05 As(x,t), (x,t) €%, a€N", |a| <1,

where in our case we make no assumption on A; at ¥ for (1.7), and we only assume (1.9) for (1.10).



DETERMINATION OF CONVECTION TERMS AND QUASI-LINEARITIES 19

We start by considering a suitable approximation of the coefficients A;, j = 1,2. For all » > 0 we set
B, = {(z,t) € R™" : |(z,t)] < r} and we fix x € C§°(R'™) such that x > 0, [pi.. x(z, t)dtdz = 1,
supp(x) C B;. We introduce also x, given by x,(z,t) = pnTHx(p%x,p%t) and, for 7 = 1,2, we fix

Ajp(z,t) = /R1+ Xp(x —y,t —s)A;(y, s)dsdy.

Here, we assume that 4; =0 on R\ Q. For j = 1,2, since 4; € L>°(R'™™)" is supported in the compact
set @, we have

A MM = Al gy = 1Az = Ailla ey =0, (4.6)
and one can easily check the estimates
k
”Aj,p”vvk,oo(ngun) < Cyps, (4.7)

with C} independent of p. Note that
Ap(z,t) = / Xp(x —y,t — 5)A(y, s)dsdy = Ay p(x,t) — As p(x, 1),
Rl+n

with A = A} — As. Then, for £ € wb :={z €R": w-x =0}, we fix

' 1 Ay (x4 sw, t) - wds
by p(x,t) = e T (1 - e"’”) exp (— 0 Lol 5 Y ;

1 A t) - wd
ba p(z,t) = (1 — e PP (T= t)> exp <f0 2p(@ + 5w, ) - w s) : (4.9)

2
According to (4.6)-(4.7) and to the fact that, for j = 1,2, supp(4, ,) C [-1,T + 1] X Bgy1, we have

k
||b1,p| LOO(O,T;Wk’x(R")) + ||b2ip||L°°(07T;ka°°(]R")) Ck;pB k 2 ]. (410)
Hbl,PHWloc(OTWkoo(Rn )) + ||b27p||W1oo(0TWkoo(Rn)) Ckp , k=1 (4'11)
and
bi,p(x,0) =bop(x,T) =0, x€. (4.12)

Here Cy, k € N, denotes a constant independent of p > 0. Moreover, conditions (4.6)-(4.7) and (4.10) imply
that, for any open bounded subset Q of R™ and for Q = Q x (0,7, we have

pgg_noo H(QW Ve — (A4 'W))bl,p”m(Q) = hm ||[(A1 p Al) ]prHL?(Q) =0, (4.13)
1 Vot sl s ) bl =0, (418

4.2. Carleman estimates in negative order Sobolev space. In order to complete the construction of
the GO taking the form (4.1)-(4.2) we recall some preliminary tools and we derive two Carleman estimates
in Sobolev space of negative order. In a similar way to [39], for all m € R, we introduce the space H;”(R”)
defined by

m
2

Hp'(R™) = {u € S'(R") : ([g]* +p*) ¥ € L*(R™)},

with the norm

Iy = [ (67 + PP

Here for all tempered distributions v € S’'(R™), we denote by @ the Fourier transform of u which, for
u € L*(R"), is defined by

a(€) = Ful€) = (27)"% / e (e
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From now on, for m € R and £ € R”, we set

(&) = (1€ + %)
and (D, p)"" u defined by
(Dayp)™ w=F (& p)™ Fu).
For m € R we define also the class of symbols
ST = {c, € C¥(R™ x R x R") 1 [9F020F cp(,1,)| < Crap (€,0)" 7, 0,8 € N", k € N}.
Following [28, Theorem 18.1.6], for any m € R and ¢, € S}, we define c,(x,t, D,.), with D, = —iV,, by

_n

cp(z,t, Dy)z(x) = (2m) 5/ cp(x,t,6)2(&)e'™Cde, 2z € C(R™).
For all m € R, we set also OpS}" := {c,(w,t, D) : ¢, € S;'}. We fix

Pa.Bg+ = ejF(szp“”"*’)(Li,A +V, -B+ q)ei(p%ﬂ’z“)
and we consider the following Carleman estimate.
Proposition 4.1. Let A, B € L*(Q)" and q € L*>(0,T; LP(Q2)) U C([O,T];LZTR(Q)) with p > 2n/3. Then,
there exists p > pa, depending only on Q, T and M 2 [|Al| e gyn + Bl g (qyn, such that for all v €
CH([0,T);C5°(R2)) satisfying vigr = 0 we have

_1
(p2 HU”Lz(o,T;Hl(Rn)) + ||UHL2(O,T;L2(R7L))) <C ||PA,B,q,fU||L2(0,T;H;1(Rn)) . P> P, (4.15)
with C > 0 depending on Q, T and M = || Al| Lo (gyn + Bl o (0)n Tl o (0,710 (2))» when ¢ € L22(0, T LP(R2))

2n
and M 2 Al o + 1Bl oy + 100w g 2 oy 0hen 0 € CO T L ().

Proof. For ¢, s given by (3.1), we consider
PA,B,q,:i:,s .— G*Wi,s(Li,A +q+V,- B)eg%,57 PA,—,s _ B*Wi,sL:bAe‘Pi,s

and in a similar way to Proposition 3.1 we decompose P4 g 4,—, s into three terms

Papg-s=Pi,—+ P+ P35 ABg
with

P =Ny +2ps((x+20) wt s> ((z+20) - w) =5, Po_=-0—2[p—s((x+z0) w)w-V+ 2s.
Py _apg=A-Vy—(p+s((x+z0) w)A - w+V,-B+q.
We pick Q a bounded open and smooth set of R” such that Q C Q and we extend the function A, B, q
by zero to R™ x (0,T). In order to prove (4.15), we fix w € C'([0,T];C5°()) satisfying wjor = 0 and we
consider the quantity
(D)™ (P + Po) (Das ph .
Here for any z € C*°([0,T];C5°(©2)) we define
(Do, p)™ 2(z,t) = FH (€, p)" Foz(- 1)(2).

where the partial Fourier transform F, is defined by

Fez(t,€) := (27?)7%/ e~y (z, t)dx.

In all the remaining parts of this proof C' > 0 denotes a generic constant depending on 2, T'; M. Combining
the properties of composition of pseudoddifferential operators (e.g. [28, Theorem 18.1.8]) with the fact that
(Dy, p)”" commute with 8;, we find

(Dayp) ™ (P + Po ) (Dayp) = Po— + Po— + Ry(x,Dy), (4.16)
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where R, is defined by

Rp(l‘,f) = v£ <§ap>_1 . Dw(pl),(x,f) +p27,(.’13,§>) <€ap> + (1)a

0
(€,p)—+o00
with

p1,—(2,8) = € + 2ps(x + o) - w + *((z + 20) - w)* =5, po,—(2,€) = =2i[p — s((x + 20) - w)]w - £ + 25.
Therefore, we have

_i[2ps + 257 (@ + 20) - w + 2is(w - §)](w - €)
RP(‘rag) - |£|2 +p2 + <f,p)g+oo(1)

and it follows
Ry (z, Dm)wHLZ((o,T)an) < Cs? ||wHL2((0,T)an) . (4.17)
On the other hand, applying (3.6) to w with Q replaced by Q = (0,T) x €, we get

1214 Po—wll o ryseny > © (572 185wl o,y + 570 [0l o,y ) - (4.18)
Moreover, using the fact that supp(w) C Q and the elliptic regularity of the operator A we deduce that

||w||L2(0,T;H2(]R")) <C HAfwaL2((O,T)><R") )

where in both of these estimates C' > 0 depends only on €, and by interpolation, we deduce that
1 1
_ 3 3
2 oo raan ey < (5772 ol oo mmaqaeyy)” (5572 Tolagomizagny
<52 Wl pego rimrz ey + 5M 2010 Lo, 72 ey -

Combining these two estimates with (4.18), we get

[P —w + PQ,*w”L?((O,T)XR") >C (3_1/2 Hw||L2(o,T;H2(Rn)) +5/2 ||w|\L2(0,T;H;(R"))> ’
Combining this estimate with (4.16)-(4.17), for % sufficiently large, we obtain

||(P1,— + P2,—) (Dyz, p) w”LZ(o,T;H;l(Rn))
= \(Dy, p) (P _ + P5_) (D,,
| e P P ) D (4.19)
>C (8_1/2 ||w||L2(0,T;H2(R")) + 51/2 ||w||L2(O,T;H},(R”))
Moreover, we have
|1 Ps5,—,4,8,4 (Da, p) w||L2(07T;H;1(]Rn))
<A~V (D, p) w||L2(o,T;H;1(Rn)) +[[(p+s((x + x0) - w))A - w (Dy, p) wHL2(0,T;H;1(Rn)) (4.20)
+ |(Vz - B) (Da, p) w”Lz(o,T;H;l(Rn)) + llg (D, p) w||L2(O,T;H,jl(R")) :
For the first term on the right hand side of (4.20), we find
||A -V, <D3;, p> w||L2(O7T;H;1(R7L)) < ,071 HA Vg <Data p> w||L2(07T;L2(R"))
< HAHLoo(Q) p~H Ve (D, p) w||L2(o,T;L2(1Rn)) (4.21)

< C Al ey (P 10l 2o zyarz oy + 0l 2o, oy ) -
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For the second term on the right hand side of (4.20), we get

[(p+ s((z +20) W) A w(Dy, p) w||L2(o,T;H;1(Rn)) <p I+ s((@ +20) - w)A - w (Dy, p) W\ 20,712 (Rn))
< (1 + [zo| + Sup|$> 1A e (@ KD 2) Wl 120 7,12 ()
e

< CllAll g ) Wil L2 0,111 ) -
(4.22)
For the third term on the right hand side of (4.20), we have

1(Va - B) (Da, p) wll 120750151 Ry S 1B (Day p) wll 20 1,2y + p~ B - Va - (Day p) wll 120 712 ny)

< C|Bllp=(q (P_l lwll 20,7512 mmy) + ||w||L2(o,T;H;(Rn))> :
(4.23)
Finally, for the last term on the right hand side of (4.20), we will prove that there exists p{(s) > p1(s), with
p1(s) given by Proposition 3.1, such that the estimate

g (Dz, p) w”LZ(o,T;H;l(Rn)) <O ||w||H2(]Rn) +p ||w||L2(Rn)] (4.24)

holds true for p > p(s). For this purpose, let us first assume that n > 3 and ¢ € C([0,T]; L% (€2)). We
consider

gl ) = / PEh(ok (@ — y))aly. t)dy, (4.25)

with g extended by zero to R x (0,T) and with h € C3°(R"; [0, +00)) satisfying supp(h) C {z € R™ : |z| < 1}
and

h(z)dx = 1.
R’!L

We have the following result.

Lemma 4.1. Let ps € [1,+00), ¢ € C([0,T]; LP>(2)) and q, given by (4.25). Then, we have

lim HQp - q||L°°(0,T;LP2 (Rn)) * (4.26)

p——+o00

We will prove this result when finished the present proof. For all ¢ € L?(0,T;C5°(R")) we have

T
‘<q (Da, p) w7w>L2(O,T;Hp_1(R”))7L2(0,T;H3(R"))‘ N /0 /]R (I = ap| + 19o])| (Da, p) w||¢)|dzdt.

Applying the Holder inequality, for n > 3, we get

’(q (Das ) W, ) 20,7311 (), L2(0, 75 () ’
<N = Goll e g 1 28 oy (P 2) 0]

1] (4.27)

2n 2n
L2(0,T;Ln=2 (R™)) L2(0,T;L =1 (R™))

+ HqPHLOO(Q) (D, p) w||L2(Rnx(o,T)) |W||L2(Rnx(o,T))
For the first term on the right hand side of (4.27), applying the Sobolev embedding theorem, we find
191l

< ”q - qP”Loo(O’T;L%(Rn)) ||<D907 P> wHL?(O,T;Hl(R”) ”wHLz(O,T;H%(R”)) :

lla = q””LW(O,T;L%"(R")) Dz p) w”L?(o,T;L%(Rn)) L2(0,T5L 72T (R))
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Moreover, by interpolation, we obtain

HwHLz(OTHz (R™)) ”wH OTH2(R”))

%
< (H’(z)||L2(0,T§H;(Rn))) (||¢||L2(O,T;L2(R")))
1
< Cp7 2 9l 20, 13 )

1
2

and we deduce that

19 = ol 0.7, 2 oy | (Ps P w0 I,

LZ(OTL" "2 (Rn)) OTLW 7T (R1))
SCla=aoll e g 717 @) (p_§ {Da, p) w”LQ(OﬁT;Hl(R"))) 111 L2 0,1; 113 ey
<O = @oll o g g2 oy [P 2 10l 20 rumr2 oy + 0 020 s oy | 108 oy oy
<Cp7g— 9ol e 0 5% gy 1122 0,75 182 )

FC =l e 130 iy 87 2 N0l 20 o) 2 (52 2 0] o seqo.9) * Il 2o,y e
<CU = ol o128 ey |7 10z itz @y + 520 10 om0 ) 1912202303 o

In the same way, for the second term on the right hand side of (4.27), applying the Sobolev embedding
theorem, we obtain

e 0 (D 2l 20 19011 2

<C qu”LOC’(O,T;WQ’%(]R")) [(Da, p) U’||L2(1Rnx(0,T)) Hw”LZ(R"x(O,T))
1 _
< Cpz2 ||w||L2(o,T;H;(Rn)) (p~! H¢||L2(0,T;H;(Rn)))
TN 1
<Cp 2 [5 2 Hw”LQ(O,T;H?(R")) +52P||w||L2(o,T;H1(Rn)) ||¢||L2(0,T;H;(Rn)))

Combining these two estimates with (4.27), we obtain

(0D ) 0.9 20 ey 220 71 |
1 1 1
< Cfllg - quLQO(O,T;L%"(Rn)) +p7 7] {5 2wl 20,1 m2mny) + 5% HwHL"’(R"x(O,T))} HwHL?(O,T;H}J(R“))
and we deduce that
g (D, p) Wl 20 731177 (R
_1 _1 1 .
Clllg - QP||LOO(07T;L2T"(R")) +p 2] [5 2wl 20,7, 2Ry +82p”w”L2(R"><(O,T))]

On the other hand, using the fact that

_1
tm fllg =gl o 7.2 @ey TP 21=0,
we can find pf(s) > p1(s) such that for p > pY(s) we have
1 1
g = ol e o % oy P 2] S 572

Thus, we obtain (4.24). In the same way we can deduce (4.24) for n = 2 and ¢ € C([0, T]; L= (2)). Now let
us show (4.24) for n > 3 and ¢ € L*°(0,T; LP(Q?)), for p < n. In that case, applying the Holder inequality,
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we get
‘<q (Dq, p) w, ¢>L2<0,T;H;1<Rn)),L2<o,T;H; (Rn))‘

< n .
<Ml oianion 1= w2 ”W)”wlﬁefw";gmmﬂ>

Using the Sobolev embedding theorem, we have

‘(q (Dg, p) w, Z/J>L2(o&r;H;l(W>>,L2<M;PI; (Rn))‘
<C HqHLOO(O,T;LP(Q)) ||<Dw7/)> w”Iﬂ(O,T;Hl(]R")) ||¢HL2(O7T;H%’1(]RTL)) :

On the other hand, by interpolation we find

H/l/)HLz(O,T,H; R" HQ/J||L2(OTH%7 (Rn))

n

-1
< (Wlerme)”  (1leeree)

< Cpvr 2 191 L2 0,m; 3 )

P

and we deduce that
g (Da, p) wll 20,7, H’I(R"))

C||q||L°° 0,T;LP Q)p” H< ﬂcvp>wHL2(O,T;H1(R”))
n_3 1
< C”(I”Loo(o,T;Lp(Q)Pp 2[s™ 3 ”w”H?(R") + 82p||w||L2(R")]
Using the fact that 3 > 2, we deduce (4.24), for n > 3 and ¢ € L>(0,T; LP((2)), from this estimate. We
prove in the same way, (4.24), for n = 2 and ¢q € L*°(0,T; LP(2)). Combining (4.20)-(4.24) with (4.19), for
s = C([[All = (q) T 1Bl z=(q)) + 1, for some constant C' > 0 depending only on €, 7' but suitably chosen,
we find

1Pa.B.g.~.s (Das P) Wl 120 711577 () = C <||wHL2(O,T;H2(R")) + ||w||L2(o,T;H;(Rn))) : (4.28)

We fix ¢p € C5° (Q) satisfying 1o = 1 on 7, with €; an open neighborhood of © such that Q7 C Q. Then,

we fix w = ¢ (z) (Dy, p) " v(x,t) and for ¢, € C§° () satisfying ¢, = 1 on Q, we get (1—1g) (Dy, p)” v =

(1 — tho) (Da, p) " 410, According to [28, Theorem 18.1.8], we have (1 — o) (D, p)” 1y € OpS, > and it

follows

-1 ’U‘
L2(0,T;H} (R™))

0]l 22 0.2k = || (D)

—1
< Mwllpz0,7:m1.gmy) + H(l —%0) (Da, p) 1/’1”’ L2(0,T;H1(R"))
Eatp

c ||UHL2((0,T)xR")
P

< ||w||L2(o,T;H;(Rn))
In addition, by interpolation, we get
—1 2
p ||UHL2(O,T;H1(]R"))
1 2
< H<Dm,p> v‘

L2(0,T;Hy (R™))
2

2 2

1D

Daup) o]
LQ(O,T;HQ(R"))+p“< Py

2

L2(0,T;H' (R™))

,1‘

S [

+H<Dm,p>71v‘ +PH<Dz7P>71”‘ ) H<D1”p>

L2(0,T;H (R™))
2

L2(0,T;H?(R™))
2

L2(0,T;H2(R" L2(0,T;L2(R™))

,1‘
v

<2||(Da.p) | +2||(D2. 0)

L2(0,T;H} (R™)) L2(0,T;H?(R™))
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and it follows
_1 —1
P ol 2o, gy < 4|(Dasp) 0]

1[(Das ) o]

L2(0,T3H}(R™))

-1
<Al ooy gy + [[(1 = 0) (Do) ™ 1]

L2(0,T;H?(R™))

L2(0,T;H} (R™))

+ 4 wll o ey + || (1 = 0) (Dar )™ 10

L2(0,T;H2(R™))
C||U||L2((0,T)xw)
p? '
Thus, applying (4.28) for a fixed value of s, we deduce that there exists p, > 0 such that (4.15) is
fulfilled. O

< Allwll 20,011 ey + 4110l 20 1,122 )

Now that the proof of Lemma 4.1 is completed, let us consider the proof of Lemma 4.1.
Proof of Lemma 4.1. We fix €1 > 0 and we will prove that

limsup||g, — q||LOQ(O7T;Lp2 ®n) S 261 (4.29)
p——+oo
For this purpose, using the fact that t — ¢,(-,t) € C([0,T]; LP*(R™)), there exists § > 0 such that for all
t,t' € [0, T] satistying |t — t'| < § we have
la(0)] = a( )l Loa () < 21- (4.30)
Using the fact that [0, 7] is compact, we can find 1, ..., ¢y such that

N
0,7] c | J(t; —6.t;+6)
j=1

and, using the fact that
timlg,(+8) = g(, )l e, = 0. ¢ € (0,71,

p——+o0o
we get

pEI-Pooj:r{l,.ajij lap(,t5) = aCst) o @ny =0, G =1,...,N. (4.31)
Thus, for all ¢ € [0, there exists k € {1,... N} such that |t — ¢x| < ¢ and, applying (4.30) and the Young
inequality, we get

||Qp(';t) - Q('at)”Lm(Rn)

<1a(+8) = s 8|y + 10 8) = @)l gy + s 80) — s )|

<20, 8) = gt ey + %, lap(-15) = 2ot o o

/N

2e1 Jrj:r{lf?'(’N HQp('atj) - q('7tj)||LP2 (R™) *
Therefore, we have
||QP - q”Loo(o,T;Lpz (R")) < 261 + j:T{léP.(N ”‘Ip('atj) - Q('7tj)||LP2(Rn)

and using (4.31), we obtain (4.29) from which we deduce (4.26). O
In a similar way to Proposition 4.1, combining estimate (3.7) with the arguments of Lemma 4.1, we
deduce the following estimate.

Proposition 4.2. There exists p)y > p3 such that for p > ply and for any v € C*([0,T];CS°(2)) satisfying
vigo = 0, we have

(2 HU||L2(0,T;H1(R7L)) + ||UHL2(07T;L2(R"))) <C ||PA,B,q,+”||L2(0,T;H;1(Rn)) . P>l (4.32)
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with C' > 0 depending on Q, T and M > || Al| e (gyn | Bll o (@) Tall o< (0,710 (), when ¢ € L0, T LP(Q))

with p > 2n/3 and M > ||Al| e gyn + 1Bl oo (qyn + ||q||Loo 0L E (@) when q € C([0,T); L% (2)).

4.3. Remainder term. In this subsection we will complete the construction of exponentially growing solu-
tions uy € L2(0,T; HY(Q)) of the equation (4.1) and exponentially decaying solutions up € L?(0,T; H*(Q))
of the equation (4.2) taking the form (4.3). We state these results in the following way.

Proposition 4.3. There exists p3 > pa such that for p > ps we can find a solution u; € L?(0,T; H(Q)) of
(4.1) taking the form (4.3) with wy , € H(0,T; H=(Q)) N L*(0,T; H'(Y)) satisfying

plg{l P (le,p ‘LQ(O)T;Hl(Q)) +p le,pHLz(Q)) =0, (4.33)
with C depending on Q, T and M = || A1l poc (qyn + 1Bl e (@yn 11| oc (0,7, 20 (0))» When g1 € L(0, T LP(2))

with p > 2n/3 and M 2 || Ar]| oo (g)n + Bl oo ()n + Il l when g1 € C((0,T); L7 (Q)).

Loe (0,751 38 ()

Proposition 4.4. There exists py > p3 such that for p > py we can find a solution uy € L?(0,T; HY(Q)) of
(4.2) taking the form (4.3) with we , € H*(0,T; H~*(Q)) N L*(0,T; H'(Q)) satisfying

Jdim p7([lws,

with C depending on Q, T, M 2 || Az ) + B2l o () + 192/l o 0,7,10 () when g2 € L(0, T LP(€2))

with p > 2n/3 and M 2 [|Az|| oo (qyn + || B2l oo (g)n + 22|l when g5 € C([0,T]; LF (02)).

‘L2(O,T;H1(Q)) +p Hw27pl|L2(Q)) =0, (4.34)

Lo (0,T;L 3 (Q))

The proof of these two propositions being similar, we will only consider the one of Proposition 4.3.

Proof of Proposition 4.3. Note first that the condition L4, B, u1 + ¢iur = 0 is fulfilled if and only if wy ,
solves

P, Bigi+Wi,p = —Pa, By g1, 401, = p(2w - Vb1, — A1 -wbi ) — (La, + Vg - B+ q1)bip.
Therefore, fixing ¢; € C°(R™), such that ¢; = 1 on Q, and
Fy(a,t) = p1(2)[p(2w - Vbr,p — Ay - wbip)(2,t) — La,,By.g101,0(2,1)]
we can consider wi , as a solution of
Paygqwip(@,t) = Fy(x,t), (2,t) € Q. (4.35)

In the expression of F,, we assume that A, B; and ¢; are extended by zero to a function of R™ x (0,T).
Let us first show that, we have

LA Fl e .71 gey) = 0- (4.36)

For this purpose, note first that, applying (4.10) and fixing Q=0Qx (0,T) with Q) a bounded open set of
R™ such that supp(p) C 2, we find

1o 22 0,711 2 2y
<2w-Vabi, — A 'Wbl,p”Lz(Q) +pt ||LA1b1,p||L2(Q) +11(Ve - Bl)bLPHL?(O,T;H;I(R")) + H‘hbl,p||L2(07T;H;1(Rn))

<2+ Vb = Av-whi 2y + Cp™ 5 + (Ve - Bi)buy

20,705 ey T 10010l L2 (0 7,115 1 (R »

(4.37)
with C' > 0 independent of p. Let us first consider the second term on the right hand side of this inequality.
We fix By , given by

By p(z,t) == /RlJr Xp(x —y,t — 5)B1(y, s)dsdy
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with B; extended by zero to a function defined on R'*". Then, for any 1, € L?(0,T;C5(R™)), we obtain
‘<(vz : Bl)bl,pa ¢1>L2(0’T;H0—1(Rn))ﬁLz(O’T;H;(Rn))
1° va:bl,pa wl)LZ(Q)‘ + ’<b1,p7 (Bl - Bl,p) : qu’bl)Lz(R"X(O,T))‘ + )<b1,p; Bl,p : vww1>L2(]R”><(O,T))‘

<|us
< }<(B1 ' vzbl,m ¢1>L2(Q)‘ + ’<b1,p7 (Bl - Bl,p) ' vz¢1>L2(R"X(O,T))‘ + )<va: ' (bl,pBl,p)a ¢1>L2(Rﬂ,><(07T))‘
(4.38)
For the first term on the right hand side of this inequality, applying (4.10), we find

1 _2
‘<(B1 : vzbl,p7w1>L2(Q)‘ < C ||B1||L°°(Q) pe H¢||L2(Q) < Cp 3 ||¢HL2(O,T;H;(R")) (439)

with C' independent of p. For the second term on the right hand side of (4.38), we obtain

‘<b17p7 (B1 — Bl,p) ’ vw¢1>L2(R"x(o,T))‘ < HbLﬂHLw(Rnx(o,T)) (B — BLP)||L2(R1+") |¢1||L2(0,T;H;(Rn))
<

¢ ||(B1 - Bl,p)”Lz(RHn) lenL?(o,T;Hl}(R"))

For the last term on the right hand side of (4.38), we get o
(¥ (01,0 BL)s 01) o) | < WLl oo ooy 1Bl oo ey 191 onoimy
<Cps 1911l 220, 7:01 )y -

Combining this estimate with (4.37)-(4.40), we obtain

’«vw ’ Bl)blw w1>L2(0,T;H;1(Rn)),L?(o,T;H},(Rn))

<Clp™% +|(By — Bip)ll g2 gisny] ||¢1||L2(0,T;H;(Rn))
and, using the fact that

i [[(By = Bug)lsgasen) = 0.
we obtain
pl’}gloo (Vg - Bl)ble”L2(0,T;H;1(R")) =0. (4.41)

For the last term on the right hand side of (4.37), fixing ¢; € L%(0,T;Cg°(R™)), we find

<Q1b1,pa ¢1>L2(O,T;H;1(R“)),LZ(O,T;H}) (R™)) ’

< lbrpll o (/Q Q1||1/11|dxdt> <C (/Q q1||¢1|dxdt).

L |q1||'ll)1‘d$dt < C qu”L‘”(O,T;L%(Q)) le||L2(0,T;L4(R")) :

For n = 2, we find

Applying the Sobolev embedding theorem, we get

1 1 1
H%”L?(O,T;H(R") <C le”m(o,T;H%(Rn)) sC H%”zz(o,T;Hl(R")) ||w1||22(0,T;L2(Rn)) <Cp 2 ||¢1HL2(0,T;H;(RTL)) :
It follows,
_1
/Q|CI1|1/11|d17dt <O llanll e o 1ip 2 () 191l L2omimry @y - (4.42)

In the same way, for n > 3, we have

-1
/Q |q1[t1]dzdt < C Hq1||L2(Q) ”leLZ(O,T;L?(R") <Cp HCI1||LOO(07T;L%(Q)) ||7/)1||L2(07T;H;(]R")) .
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Combining these estimates with (4.41)-(4.42), we obtain

A larbrpllzz oz ey = 0 (4.43)

Putting conditions (4.13), (4.14), (4.37), (4.41) and (4.43) together, we deduce (4.36).

We will now apply estimate (4.15) to build a solution wy , € L*(0,7; H'(Q)) N H'(0,T; H~*(Q)) to
(4.35) satisfying w; ,(0,-) = 0 and (4.33). We fix Q a smooth bounded open set of R” such that Q C

2. Applying the Carleman estimate (4.15), we define the linear form K, on {P_4, B,—4,,,—%2 : 2 €
C>([0,T];C5°(€Y)), zqr = 0}, considered as a subspace of L?(0,T; H, ' (R™)) by

Kp(P-ty Br-ara1,-2) = (Fps 2) oo gz oy, L2 0,75y ey - 2 € C=([0, T)C5°(€2)), zgr = 0.
Then, (4.15) implies that, for all z € C>([0, T]; Cg°(2)) satisfying zigr = 0, we have
(Kp(P-a1,Bi-Ay,q1,-2)| < p HFp”Lz(o,T;H,;l(Rn)) (/fl ||Z||L2(07T;H;(]R")))
<Cp ||Fp||L2(o7T;H;1(Rn)) ||P*AlyBl*Al,q1y*Z||L2(O7T;H;1(Rn))
Thus, by the Hahn Banach theorem we can extend K, to a continuous linear form on L*(0,T; H, ' (R™)) still
denoted by K, and satisfying ||IC, || < Cp ||FpHL2(O,T;H_1(Rn)). Therefore, there exists wy , € L*(0,T; H}(R™))
such that
2 -1
(howip) 20,151 Ry L2 (0,73 ) = Ko (R), h € L7(0, T3 H 7 (R™)).
Choosing h = P_4, B,—a,,q,—% With z € C§°(Q) proves that w , satisfies Pa, B,.q1,+W1,, = F, in Q. In par-
ticular, we deduce that wy , € H*(0,T; H=1(Q)) N L?(0,T; H'(Q)). Moreover, fixing h = P_4, B,— A, ,q1,— 2
with z € C>([0,T];C§°(€2)), 2ar = 0 and allowing 2z to be arbitrary proves that w;, = 0 on Q0 In
addition, applying (4.36), we get

limsup p~* ||w1,,,||L2(0 T (rey) S limsup p~HIK,| < Climsup ||FP||L2(0 T jny) = 0-
prtoo e p—-too pr+00 T3,

Therefore, wy , fulfills (4.35), w1 ,(-,0) = 0 and (4.33). This completes the proof of the proposition. O

5. RECOVERY FROM THE DN MAP

In this section we will prove Theorem 1.1. For this purpose, applying Proposition 4.3 and 4.4, we fix a
solution u; € L?(0,T; H'(Q)) of (4.1) of the form (4.3) and a solution us € L?(0,T; H'(Q)) of (4.2) given
by (4.3), with w, ,, 7 = 1,2, satisfying the decay property (4.4)

5.1. Recovery of the first order coefficient. According to (1.6) and (2.8), we have

/ A -V uiusdxdt — / B -V, (ujug)dxdt + / quiusdxdt = 0,
Q Q Q

with A = A; — Ay, B= B; — By and ¢ = ¢; — ¢2. On the other hand, we find

/A~Vmu1quxdt7/ B~Vz(u1uz)d:cdt+/ qulquxdt:p/ (A~w)blypb27pdxdt+/ Zy(x, t)dxdt (5.1)
Q Q Q Q Q

with
Zy = AV by (ba ptws, )+ B-Ve (b1 py+wi p) (b2, +wa p)|+A-Vaws p(ba p+ws ) +q(b1p+wi ) (b2, +wa p).
In view of (4.4) and (4.10)-(4.11), we have

lim p~! ‘/ Zp(x,t)dxdt‘ =0. (5.2)
Q

p——+o00
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Moreover, we deduce that

“+oo 1
/ (A - w)bi pbo ,dzdt :/ / ((A—A)) - w)by pby pdxdt — / / (A, w)e by ,dxdt
Q R n 0 n
T 1
—/ / (A, - w)by e > TV dgat

+oo
. Ap(z + sw,t) - wd
+// e T A (2,t) - wexp (— 9 (@ 2sw )-w S) dxdt.
R n

Combining this with (4.6) and applying Lebesgue dominate convergence theorem, we deduce that

+o00
/R/ e_l(t‘r-‘r:r‘f)Ap(x’t) - wexp (_ 0 ol —12- sw,t) - w s) ot

lim sup
p—r+00

= lim sup ‘/ (A- w)bl,pbgmdasdt‘ .
Q

p—r—+00

In addition, applying (5.1)-(5.2), we obtain

+oo
. A t) - wd
[ [ e =ai,wn we < o Aelztonl) v S) dzdt| =0 (53)
R n

lim sup
p—-+o00

2

On the other hand, decomposing R™ into the direct sum R” = Rw @ w' and applying the Fubini’s theorem

we get
+oo
_ A t) - wd
// 671(t7+m'5)(/1p($,t)-w)eXP <— 0 oot swi) S) dzdt
R n

-1

—+oo
A, (y + s1w,t) - wds L
,f82 P(y ! ) 1) ds;| efmflg'ydydt.
Moreover, for all ¢t € (0,7) and all y € w* we have

(5.4)

/R(Ap(y + 52w, 1) - w) exp ( 5

+oo oo
A, (y + s1w,t) - wds A+ 5100.8) - wods
/Ap(y + SQ(JJ,t) - W exp (_ st P(y 1 ) 1) d82 _ 2/ 632 exp <_f52 /J(y 1 ) 1) d52
R 5 5 5
=9 (1 — exp ( fR Ay(y + s1w,t) -wd31)>
2 .

Combining this with (5.4), we find

; oo T+sw,t)-wds
Jo Jan e ETTTOA (2, t) exp (- L™ A ; ) od )dmdt

=2 fg Jou (1 — exp (* fe A”(Hsglw’t)wsl )) e YTyt
Now let us introduce the Fourier transform F,, . on R x w defined by
Frxwt [(€,7) = (27T)’%/ fly.)e "W edydt, feL'(w" xR), TER, f€w.
RJwt

We fix

B fR Aty + s1w) - wd51>)
2

G, wht xR > (y,t) — <1exp(
and we remark that for

R = sup |z]
z€Q
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we have supp(G,) C {z € wt : |z| < R+ 1} x [-1,T + 1]. We fix also

Al + 812%15) 'Wd81)> .

G:wLxRS(y,t)H<1—eXp<

Using this and applying the mean value theorem and (4.7), for a.e (2/,t) € w' x R, we obtain

|Gp(a', 1) = G(a', 1))

< exXp |:2(R + 1)(||A||L°°(R1+”)” + HAP”LOO(RLF")W)] / |A(ml + slw,t) — Ap(x/ + 310J;t)|d31
R

+

< exp ( / Az + s1w,t) - wdsy
R

/ Ay(2' + s1w,t) - wds
R

/ Ay(z" + s1w,t) - wdsy — / Az + s1w,t) - wdsy
R R

<C (/ |A(z" + s1w,t) — Ay(z' + 510, t)|d51> ,
R

with C' > 0 independent of p. Thus, integrating this expression with respect to 2’ € w' and t € R and
applying the Fubini theorem, we obtain

/R/L|Gp(m’,t)—G(a:’,t)|dx’dt<C/R/L/]R|A(y—|—slw,t)—Ap(y—i—slw,t)\dsldm’dtgC’HA—ApHLI(RHn).

Then, applying (4.6) we get
m |G = Gollprgywry =0

p——+4o0

Combining this with (5.3)-(5.5), we find

2 / G2, t)e =" ¢dy'dt = lim 2 / / G (2, t)e T qa! di
R Jwt RJw

p—>+o0 1
+o0o
, A,(z + sw,t) - wd
— llm / / e—l(tT-‘r.’L"E)AP(x’t) exp <_ 0 P(m SwW ) w S) dxdt
p—+oo Jp n 2
=0.

Allowing ¢ € w' and 7 € R to be arbitrary, we deduce that Fg, .G = 0. Using the injectivity of Fry .,
for a.e (2/,t) € wt x R, we deduce that

oxp <_ Jp Aly + 8120.)715) -wdsl> 1

and, using the fact that A takes value in R™, we obtain
/ Az’ + s1w, t) - wdsy = 0. (5.6)
R

We recall that, here w can be arbitrary chosen.
Now fixing (¢,7) € R™ x R with & # 0, we deduce from (5.6), that, for w € £&- NS"~1, we have

/ / / Ar' + syw,t) - we T sy da! dt = 0.
RJwt JR

Applying Fubini theorem and a change of variable, we get
A(z,t) - we TS dpdt = / / / A2 + syw, t) - we T s da’dt = 0.
R1+n RJwt JR

This proves that
FA)(E,T) - w=0, TER, £€R"\ {0}, weetnsr i, (5.7)
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Let j,k € {1,...,n} be such that j # k and consider the set Z; := {{ = (&1,...,6n) € R™ : & # 0}. Let
£€Z;, e Randlet
_ &kej —&ien

Jere

withe; =(0,...,0, 1 ,0,...0),e,=(0,...,0, 1 ,0,...0). Then, for A= (ai,...,a,) we have

position j position k

F(Oppaj — Oz;ar)(§,T) = iy /572 + EF(A)(E,T) w.
Thus, condition (5.7) implies that
F(Opa5 — O0z;ar)(€,7) =0, (€I, TeR
In the same way, we prove that
F(Oppaj — Oz;a)(&,7) =0, €Iy, TER

w

and it is clear that

F(Ozaj — Onyar) (&, 7) = i(§F (a7) (&, 7) — & F (ar)(§,7)) =0, EE€R"\(ZLUZj), T €R.
Therefore, we have F (0, a; — 0;;ax) = 0 which implies 0,,a; — 0,,a; = 0 and by the same way that dA = 0.
This proves (1.7).

5.2. Recovery of the zero order coefficients. In this subsection we assume that (1.7)-(1.9) are fulfilled.
Our goal is to prove that (1.6) implies (1.10). In this subsection, we denote by A, B and ¢ the functions
Ay — Ay, By — By and q; — qo extended by zeo to R'*". We start, with the following intermediate result.

Lemma 5.1. Let A € L®°(R™)"™ be compactly supported and assume that dA = 0 in the sense of distribu-
tions taking value in 2-forms. Then, for

1 .
oz, t) == —/ Md& (z,t) € R" x R, (5.8)
0

we have ¢ € L®(Ry; WHe(RZ)) and Vo = —2.

We refer to [40, Lemma 4.2] for the proof of this result. From now on we fix ¢ € L (R""1) given

loc
by (5.8), with A = A, and applying Lemma 5.1 we deduce that V,o = —4 and ¢ € L>®(Ry; WH>°(R?)).
Moreover, since A € Whee (0, T; LP(2))™, by the Sobolev embedding theorem, we deduce that for any open
bounded set 2 C R™ we have
o € W0, T; WhHPH () € WH(0,T; L= ().

Thus, we have ¢ € L°°(0,T; WL>°(R")) N W1°(0,T; L (R™)). Since R™ \ Q is connected and A = 0 on

loc

[R™\ Q] x (0,T), there exists a function h € W°°(0, T') such that
p(z,t) = h(t), (x,t) e (R™\Q)x(0,T).
Therefore, by replacing (z,t) with ¢(x,t) — h(t), we may assume without lost of generality that ¢ = 0 on
(R™\ ©2) x (0,T). In particular, we have ¢z, = 0. Therefore, we can apply the gauge invariance of the DN
map to get
AAl,BMh = AA1+2Vz¢,B1+Vmw,q1—Btsa—IprI?—Aszsa = AAz,B1+sta,q1—Ow-&-Aztp—\Vsz—Aerw
Then, condition (1.6) implies that

AA27B1 +Vo,q1—019—|Vap|?—A1-Vep — AAQ,Bzqu . (59)

We will prove that this condition implies

Vo By+qa=Va (B14Vep) + a1 — O — [Vap|* — A1 - V. (5.10)
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For this purpose we fix a solution u; € L?(0,T; H*(Q)) of (4.1), with (Ay, By, q1) replaced by (As, By +
Ve, g1 — Oup — |Vap|? — A1 - Vi), of the form (4.3) and a solution ug € L2(0,T; H*(Q)) of (4.2) given by
(4.3), with wj ,, j = 1,2, satisfying the decay property (4.33)-(4.34). In light of (2.8), we have

/ (B + Vi — Bs) - Vi (uyug)dzdt + / (q1 — 0o — |Vae]? — A1 - Vo — go)ugusdadt = 0. (5.11)
Q Q
For the first term on left hand side of (5.11), applying (1.8)-(1.9) and the Green formula, we get

/ (B1 + Vo — Ba) - Vi (ugug)dadt
Q

A
= / (B1 — = — Ba) - Vi (ujusg)dzdt
Q 2
A Ay — Ag) -
= —/ VI . (Bl - - — Bg)u1u2daﬁdt + <[(Bl — Bg) N 2 (12)V]u1,u2> ) L
Q 2 2 L2(0,T;H ™ 2(99)),L2(0,T;H2 (9%2))
A
= —/ V;E . (Bl - = — Bg)bl,pbgde?dt —/ Zpdxdt
Q 2 Q

= / (B1 4+ Vg — Bs) - V(b1 pba p)dxdt — / Z,dxdt,
Q Q
with Z, =V, - (B — g)(prwQ’p + b pwi,, + w1 pwa, ). In view of (4.33), it is clear that

lim [ Z,dzdt=0.
p—r—+00 Q

Moreover, one can easily check that

/ (Bl + vng — Bg) . vx(b17pb2,p)d$dt
Q

1 1 ,
= —1 [/ <1 — e_p”) (1 —eP? (T_t)> e_z(t”'x'i)(Bl + Ve — Bo)(z, t)dxdt| - €.
Q

Sending p — +o00 and applying the Lebesgue dominate convergence theorem, we find

| (Bt Vap) - Valbpho, drdt = (27)"F [F(B + Vo) (&, 7)] - (—i€)

n+1

=(2m) 2 F[V. - (B+Vep)|(€,7)

Therefore, we have

plgr_l (B+ V) - Va(ugug)dadt = (Qﬂ)"THF[Vw (B+ V.)€, 7).
*JQ

In the same way, we can prove that

lim [ (g1 — 9 — |Vaipl? — A1 - Vi — @o)urusdadt = (2) "% Fl(q — 0 — [Vapl? — A1 - Vo) (€, 7).

p—+oo J o
Combining this with (5.11), we obtain
FIVa - (B+Vap) +q— 0o — |Vap|? — AL - Vop)](6,7) =0, (£,7) e RMT™
This proves (5.10) and the proof of (1.10) is completed.
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5.3. Proof of Corollary 1.1. This subsection is devoted to the proof of Corollary 1.1. For this purpose,
we assume that Aa, g, = Aa, 54 Then Theorem 1.1 implies that there exists ¢ € W1>°(Q)) such that

Ay = Ay + 2V, 0, n Q,
Ve B+q=Vy (B+V.0)+q—0ip— |Vap]? — A1 - Vo, in Q,
v =0, on .

Thus, fixing A3 = 41 + V. € L>®(Q), we deduce that ¢ satisfies

{ Op—DNpp+A3-Vep=0, inQ,

p =0, on X.

Note that since ¢ € L°°(0,T; W1>°(Q)) and Ap = %2_‘41) € L>=(Q) we can define 9, ¢ as an element of
L>(0,T; H_%(ﬁQ)). Moreover, the conditions ¢z, = 0 and (As — A1) - vjx = 0 imply that @5, = d )z = 0.
Thus, fixing @ a set with not empty interior such that Q = O U {1 is an open bounded connected set of R"
with Lipschitz boundary, we can see that ¢ extended by zero to 2 x (0,T) solves

Op— Dy + A3~ Vap =0,  inQx(0,7),
=0, on O x (0,7),

with Az extended by zero to Q x (0, 7). Then the unique continuation properties for parabolic equations
(e.g. [56, Theorem 1.1]) implies that ¢ = 0. Note that such results of unique continuation are stated for
solutions of parabolic equations lying H'(0,T; L?(Q))NL?(0,T; H%(R)), but since they follow from Carleman
estimates like [56, Theorem 1.2|, they can be extended to solutions lying in H'(Q) and we can apply this
result to . This proves that A; = Ay and the proof of Corollary 1.1 is completed.

5.4. Proof of Corollary 1.2. In this section we will prove Corollary 1.2. For this purpose, we first recall

that AAj = AA 4, va(a,, j = 1,2. Therefore, Theorem 1.1 implies that there exists ¢ € W>°(Q) such
JrT2 2
that ’
Ay = Ay + 2V, 0, n Q,
Vg - (AQ) =V;- (Al) — O + Dz — |Vm90|2 — A1 -V, in @,
¢ =0, on X.

Then, fixing A3 = —A; — V,p € L*(Q) and applying the fact that (A2 — A1) - vjx = 0, we deduce that ¢
satisfies
—0ip — App+ Az - Ve =0, in Q,
{cp:&,go:O, on Y.
Therefore, applying again the unique continuation properties for parabolic equations we deduce that ¢ =0
and the proof of Corollary 1.2 is completed.

5.5. Proof of Corollary 1.3. In this subsection we will show Corollary 1.3. Let us first consider the
following intermediate result.

Lemma 5.2. Let Q be a bounded open set of R™ with Lipschitz boundary. Then, for every F € L*(Q), the
problem
—0w — Azv = F, n Q,
v(-,T) =0, in Q, (5.12)
v =0, on .
admits a unique solution v € H'(0,T; L*(Q)) N L%(0,T; H(2)).

Proof. This result is classical but we prove it for sake of completeness. Applying [51, Theorem 4.1, Chapter
3] we know that (5.12) admits a unique solution v € L?(0,T; H*(Q))NH*(0,T; H=1(£2)). So the proof of the
lemma will be completed if we show that v € H(0,T; L3()). Let (A,)n>1 be the non-decreasing sequence
of eigenvalues for the operator H = —A with Dirichlet boundary condition and (¢,)n>1 an associated
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orthonormal basis of eigenfunctions. We will prove that actually v € L?(0,T; D(H)) which will complete the
proof of the lemma. We fix vy, (1) = (v(+,1), on) 12(q), Fu(t) = (F(-;1), ¢n) 12(q) and we remark that v, solves

-0y, + Apv = Fy,
v, (T) = 0.

Therefore, we have

T—t
on(t) = / e T F, (s)ds = (€ (g 400)) * (Ful (o) (T — 1),

with * the convolution product and, for any interval I, 1; the characteristic function of I. An application
of Young inequality yields

- 1Full o)
lonl 20,y < (/0 e Mdt) 1ol 2oy < —5——

Thus, we have

e 2 2 - T 2 2
/O (;Anwn(m )dt = ; (/O A2 v, ()] )dt
e3¢} T T 0
S nz::l </O |Fn(8)] > dt = /O (,; |Fn ()] > dt = HF||L2(Q)'

This proves that v = > v,¢, € L%(0,T; D(H)) and using the fact that 9,v = Hv — F we deduce that
neN
v € HY(0,T;L?(2)). This completes the proof of the lemma. O

Let us observe that for Q a C''! bounded domain, by the elliptic regularity, the result of Lemma 5.2
would correspond to existence of a strong solution v € L?(0,T; H*(Q))NH(0,T; L*(2)) of (5.12). However,
we do not want to assume such regularity for 0S.

From now on, we assume that the conditions of Corollary 1.3 are fulfilled and, for A,B € L>(Q)"
satisfying V,, - A,V, - B € L*=(Q) and g € L*(0,T; L**(2)), we consider the following spaces

St apq ={ue L*(0,T;HY(Q)): du— Au+ A-Vau+V, - Bu+ qu =0, ujgo = 0},
S_apg:={ueL*0,T;H (Q): —0u—Au—A-Vyu+(q+ V.- (B—A)u=0, ujqr = 0},
St 4,B.gy = {u € Sy 4,84 supp(uy) C [0,T] x 11},
S_ AB,gqs = {u €S- aBq: supp(ux) C [0,T] X 72}
Fixing Q1 := (2\ Q) x (0,T), we can consider the following density result.

Lemma 5.3. Assume that Vy-(B),Vy-(A) € L>(0,T; LP*(2)). Then the space S1 A,B,q (T€SD. S— A,B,q2)
is dense in the space Si a.p.q (resp. S— A B,q) with respect to the norm L*(Q1).

Proof. Since the proof of these two results are similar, we prove only the density of S4 4B ¢,y in St 4.8,
For this purpose, we assume the contrary. Then, an application of Hahn Banach theorem implies that there
exist h € L?(Q1) and ug € Sy 4B, such that

/ hudxdt =0, u € S1 A,B.gis (5.13)
1

/ hupdzdt = 1. (5.14)
1
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Now let us extend h by zero to h € L?(Q). According to [51, Theorem 4.1, Chapter 3] there exists a unique
solution w € L2(0,T; H*(Q)) N H'(0,T; H~1(2)) to the IBVP

—Ow — Agw—A-Vyw+ (¢+ Vg - (B—A)w = h, in Q,
w(-,T) =0, in Q,
w =0, on .

Moreover, fixing F = A-V,w — (¢+ V- (B — A))w + h € L*(Q), we deduce that w solves

—Oww — Ayw = F, in Q,

w(-,T) =0, in Q,

w =0, on %
and from Lemma 5.2, we deduce that w € H'(Q). In particular, we have Aw € L?(0,7T;L?*()) which
implies that d,w € L2(0,T; H~2(35)). In view of (5.13), choosing u € S1 4,54, We get

(G, U>L2(0,T;H—% (09)),L2(0,T;H 3 (9Q))

:/ Awudzdt +/ Vzw - Vyudxdt + / (A - v)uwdo (z)dt
Q Q bY

= (O, w) 20, 7y -1 (), 20,7512 () T /Q Vew - Vyudzdt — /Q[—atw — Aw]udzdt + /Q Vo - (vwA)dzdt

— <atu — Amu + A . VIU + (VI . B + q)u7 w>L2(O,T;H71(Q)),Lz(O,T;Hé(Q))

— / u[—0yw — Ayw — A-Vow + (g + Vi (B — A))wludzdt
Q

= 7/ hudzdt = 0.
1

Allowing u € Sy a,B,q~, to be arbitrary, we deduce that d,w,, x,7) = 0. Thus, fixing Q; a set with
nonempty interior such that Q; N 9N C v; and Qe = Q. U Dy is a connected open set of R™, we have
—Ow — Ayw—A-Vyw+ (¢ —div,A)w =0, in Q2 x (0,7),
{ w =0, on Q; x (0,7).
Then the unique continuation properties for parabolic equations implies that wq,x(0,7) = 0 which implies
that wq, x,7) = 0. Note that here we consider an application of unique continuation to solutions of
parabolic equations lying in H'(Q) and with a zero order coefficient (q+ V. - (B — A)) € L>(0,T; LP*(3)).
For this purpose one needs to extend by density Carleman estimates like [56, Theorem 1.2] to such solutions
and use Sobolev embedding theorem in order to absorb the multiplication by (¢ + V, - (B — A)) which
corresponds to a bounded operator from L2(0,T; H'(Q5)) to L?(Q2 x (0,T)). In particular, we have

W90, x (0,7) = FvWia0, x(0,7) = 0
and it follows that
Wia\2.)x(0,7) = WjanQ.)x(0,1) = 0.

Therefore, we have

/ Awugdzdt + / Vaew - Vaugdadt = 0,

1 1

/Q Vaow - Vauodrdt = = (Ao, ) 20 1o1-1(0\0.), 1205 (20\0.)
1

o, Qrwodrdt = (0o, w) 2o rypr - (@0 L2 TN\ -
1
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Thus, we find
/ uo[—Ow — Ayw — A-Vyw+ (¢ + Vg - (B — A))w]|dxdt

1

= / ug[—0w — Azw — A-Vyw+ (¢+ Vy - (B — A))w]dzdt

1

- / [atuo — Agug+ A-Viug + (q + V- (B))’LLO]wd{Edt

1

=0

According to this last formula, we have
/ uphdxdt = / up[—0hw — Agw — A-Vow + (¢ + Vy - (B — A))w|dzdt =0
1 1

which contradicts (5.14). This proves the required density result. O
Armed with this lemma we are now in position to complete the proof of Corollary 1.3.

Proof of Corollary 1.3. Using arguments similar to those used for the derivation of (2.8), we can prove
that, for any u; € S1 A,,By,q1,y and us € S_ A, B, ,qs,7., We have

(Aay,Brgimve = MAg,Boigom )94 97>’H*_77-L,

:/(AI—AQ)-VIulquxdt—/
Q

(B1 — Ba) - Vy(uyug)dadt + / (q1 — q2)uruzdxdt.
Q

Q

with g4 = w1 and g— = up on X. Then, (1.13) implies that, for any w1 € St 4, By .givis U2 € S— 45.Bs.q9,725
we get

/ (A1 - AQ) . Vmu1u2dxdt - / (Bl - Bg) . Vx(ulug)dwdt + / (Q1 - QQ)'LL1U2d£L'dt =0. (515)
Q Q Q

In view of (1.12), we can rewrite (5.15) as

/ (Al — AQ) . unlugdxdt — / (Bl — BQ) . Vx(u1u2)dxdt + / (q1 - QQ)’U,1UQd$dt =0.

1 1 1

Then, using (5.15) and integrating by parts in @ € Q \ Q,, for any uy € S A, B, .qiv> U2 € S— A3,Bs,q0,72>
we find

/ (Al — AQ) - Vauiuodzdt + V- (Bl - BQ)U]_U/Qd.Tdt +/ (q1 — QQ)’LLlUQda)‘dt =0. (516)
1 Q1 1

Applying the density result of Lemma 5.3, we deduce that (5.16) holds true for any w1 € Si A, .B;.q1,7:5
Up € S_ A, Bs,qg,- Then, using (5.15) and integrating by parts in « € Q \ Q,, for any u1 € Si A, .By,q1,71+
Uy € S_ A,,B,.q05 W€ Obtain

— Vx . [(Al — AQ)UQ] Uldl‘dt + Vz . (Bl — BQ)Ul'UQdJ:dt + / ((h - QQ)’UqUQd.Z‘dt =0. (517)
Q1 Q1 1

Applying again Lemma 5.3, we deduce that (5.17) holds for any u1 € Sy a,.B,,q15 U2 € S— 4;.B,.q,- I0tegrat-
ing again by parts, we deduce that (5.15) holds for any w1 € St a,,B,,q15 U2 € S—.4,,B,,,- Finally, allowing
UL € Sy A, Bi,q1> U2 € S— 4,.B,,q, to correspond to the exponentially growing and decaying GO solutions
used in Theorem 1.1, we can complete the proof of the corollary. O
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6. APPLICATION TO THE RECOVERY OF NONLINEAR TERMS

In this section Q is of class C>* and we denote by X, the parts of dQ given by ¥, = X U (Q x {0}).
Consider the quasi-linear IBVP (1.14). Following [50], we start by fixing the condition for the well posedness
of this problem. We consider, functions F' € C1(Q x R x R") satisfying the following conditions:

There exist three non-negative constants cg, ¢c; and co so that

uF(z,t,u,v) = —colv)* — crul* — 2, (2,t,u,v) € Q x R x R™. (6.1)
F(z,0,u,v) =0, (z,u,v) €90 xR xR" (6.2)
Moreover, we assume that for |u| < M; and (z,t) € Q there exists a constant c3(M;) > 0, depending only
on T, 2 and M, such that

(P, t,0)] < ea(M)(1+ o). (63

Here My +— c3(M7) is assumed to be monotonically increasing.

Now, for G € C?t*1+2/2(Q)) consider the compatibility condition

0G(z,0) = AG(z,0), =z € 0. (6.4)

We consider the set X = {G 5 ; for some G € C?tel+e/2(Q) such that (6.4) is fulfilled} with the norm
”GHX = ||G|E||c2+a,1+a/2(§) + ||G|Qx{0}ch+a(§)-

According to [50, Theorem 6.1, pp. 452], for any G € X and for any F € C*(Q x R x R") satisfying (6.1)-
(6.3), problem (1.14) admits a unique solution up g € C***1+/2(Q). Moreover, according to [50, Theorem
2.2, pp. 429|, [50, Theorem 4.1, pp. 443| and [50, Theorem 5.4, pp. 448|, for any r > 0 and for any G € X
satisfying

Gl <7,

there exists a constant M., depending on 2, T', ¢y, ¢1, c2, ¢z and r such that
HUF,G”CQ,Q/Z(@) + ||vmuF,G||Ca,a/2(§) < M,. (65)
We associate to (1.14) the DN map
Nr: X 3G dupg)y € LA(Z).

Since (1.14) is not linear, clearly Az is also nonlinear. Therefore, in a similar way to [16, 31, 32, 33|, we will
start by linearizing this operator by considering the Fréchet derivative of Nr.

6.1. Linearization procedure. We fix F € C'(Q x R™ x R) satisfying (6.1)-(6.3) such that 9, F € C*(Q x
R” x R;R) and 0, F € C?(Q x R® x R;R"). Then, for H € X, we consider the IBVP

(Ow — Aw+ Apg(x,t) - Vew + gra(z, t)w =0 in Q, (6.6)
w=H on ¥,, '
with
Apg(z,t) == 0,F(z,t,upc(z,t), Voura(z,t), (z,t) €Q,
gr.c(z,t) == 0 F(z, t,upc(x,t), Voura(z, t), (z,t) € Q.
In light of [50, Theorem 5.4, pp. 322] and (6.2), the IBVP (6.6) has a unique solution w = wpg .y €
C?resl+e/2(Q) satisfying
HwF,G,H||C2+o¢,1+o</2(§) < CHHHX
for some constant C' depending only on @), F and G. From now on, for X = Q or X = 9Q and r,s > 0 we
consider the Sobolev spaces
H™(X x (0,T)) = H*(0,T; L*(X)) N L*(0, T; H"(X)).

Using solutions of (6.6), we will consider the linearization of N in the following way.
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Proposition 6.1. F € CHQ x R™ x R) satisfying (6.1)-(6.3) such that 9, F € C*(Q x R™ x R;R) and
O, F € C1(Q x R™ x R;R™). Then, N is Fréchet continuously differentiable and
Np(G)H = d,wprc.u, G,H € X.
Proof. Since u € H>'(Q) — d,u € L*(X) is a bounded linear operator, we only need to show that
Mp:GeX = upg € H(Q)

is differentiable with M’ (G)(H) = wr,¢,u, G, H € X. For this purpose, we fix G, H € X with [[H|, <1
and we consider

Z=upgig —Urg — Wrag € CPTOIT2(Q)
and set
Az, t) = 0, F(z,t,upc(x,t), Viur gz, t)),
Q(x, t) = 8uF(x, tv uF,G(mv t)a VIUF,G(:E, t))a

1
Aq(z,t) = / (1- T)agF(x,tqu(x,t), Veura(z,t) + 7(Veurcen — Vaupg)(z, t))dr,
0
1
Ag(x,t) = / (1 =7)0,0uF(z,t,upc(x,t), Veurpg(x,t) + 7(Vourern — Vaurg)(x,t))dr,
0

1
q1(x,t) = / (1- T)@ZF(JE, t,upg(z,t) + T(urgra —urc)(z,t), Voureru(z, t))dr
0

Applying Taylor’s formula, we get
F(l’, tv uF,G($7 t)a vqu,G-‘rH('ra t)) - F(xa t7 UF,G(‘I:) t)a vqu,G(xa t))
= A(.’b,t) . (VIURGJ,_H(Z’,t) — vzqug(x,t))
+ A1(z,t)(Vyupgrn(z,t) — Veurpg(®,t), Vourp e (x,t) — Veupg(z,t)).

F(z,t,upc+u(z,t), Voupgru(z,t) — F(z, t,urc(x,t), Vourgra(z,t))
= q(z, ) (urgru(z,t) —urg(e,t) + @ (@, 0)(urcrn(@,t) — urg(e,t))?
+ Aoz, t)(upagru(z,t) —upc(x,t)(Viureru(z,t) — Viurp gz, t)).
Thus, fixing
Ky (x,t)
=q (2, ) (urcrm(z,t) —urc(z,t)* + As(z, ) (upcra(r,t) —upc(r, ) (Vourarm(z,t) — Voupg(z,t))
+ A1 (x,t)(Vyupcru(z,t) — Voura(z,t), Veourgru(z,t) — Veur gz, t))

we deduce that z is the solution of the IBVP

Oz —Apz+ A-Vyz+qgz=Kg in Q,
z=0 on X,.

Combining this with (6.5), [51, Theorem 4.1, Chapter 3|, [52, Theorem 3.2, Chapter 4] and the fact that
| H| 4 < 1, we deduce that this last problem admits a unique solution z € H?1(Q) satisfying

12020 @) < CIEH L2 q) < CIIKH g (g (6.7)

with C depending on Q, T', co, c1, ¢2, c3 and ||G|| .. Moreover, applying again (6.5), we obtain

2
1Kul @) < C (HVzUF,G—i-H = Vaurcllpeg) + lurc+n — UF,GHLoo(Q)) ;
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with C depending on €, T', cg, c1, 2, c3 and ||G||,,. Combining this with (6.7), we get

2
HZHHZl(Q) <C (||vzuF,G+H - VIU’F,GHLOC(Q) + HUF,GJrH - uF,G”Loo(Q)) (68)

with C' depending on Q, T, co, c1, ¢2, c3 and ||G|| ;. On the other hand, fixing y = up,¢+x — ur,G, one can
check that y solves

Oy — Apy+ A(z,t) - Voy + Gz, t)y=0  inQ,
y=H on ¥,

with .
fl(x,t) = / O F (z,t,upcrn(z,t), Voupg(x,t) + 7(Veurpgen(x,t) — Vourpg(z, t)))dr,
0

1
G(z,t) = / O F(x, t,urpc(x,t) + T(urg+n(z,t) —upg(z,t)), Veur gz, t))dr.
0

|4

with C depending on Q, T', co, ¢1, ¢2, c3 and ||G|| 5. Therefore, applying [50, Theorem 5.3, pp. 320-321], we
obtain

Applying again (6.5), we deduce that

J|| onarzmy < C
Caar2(Q) + H‘JHC 2/2(Q)

IVayll @) + 1Yl Lo (@) < CI1H | 4, (6.9)
with C depending on 2, T', cg, c1, 2, c3 and ||G|| .. Combining (6.7)-(6.9), we find

lurg+r —ure —wrenlg2ag) <C IH % -

From this last estimate one can easily check that Mp is differentiable at G and M (G)(H) = wr,c.H,
H € X. To complete the proof of the proposition, we only need to check the continuity of X 5 G —
M(G) € B(X, H>'(Q)). For this purpose, we fix G, K, H € X, we consider S := wrgiKx.n — WFrG.H,
with |||, < 1, and we observe that S solves

{ S —AyS+ Ai(2,t) - VoS +qi(x,t)S =R inQ,

S=0 on Xy,
where
Ay (z,t) == 0,F (x,t,urgr i (2,1), Vaurarx (z,1), (z,t) € Q,
Gi(z,t) == 0, F(x,t,up etk (z,t), Vaurarr(z,t), (z,t) €Q,
Ry = A3(Vyupe — Vourg+r, VaWre u) + ¢3(Urg — Urcrk)Wr G H,
with

1
As(x,t) = / Q%F(x,t7uF,GJrK(x,t),Va:uF’GJrK(x,t) +7(Vyur gtk (z,t) — Vyurg(x,t)))dr,
0

1
qs(x,t) = O2F (2, t,up. i (7, t) + T(up i (7, t) —upc(r,t), Vour i (2, t))dr.
0
Repeating the above arguments, we find
”SHHQJ(Q) <0 HRK||L2(Q) <C HKHX )

with C' depending on Q, T', cq, ¢1, ¢2, ¢3 and ||G|| , + |[[H|| 5. This proves the continuity of G — M'(G) €
PB(X,H>'(Q)) and it completes the proof of the proposition. O

We will apply this property of the DN map N in order to complete the proof of Theorem 1.3, 1.2 and
Corollary 1.4, 1.5.



40 PEDRO CARO AND YAVAR KIAN
6.2. Proof of Theorem 1.3 and Corollary 1.5. This subsection is devoted to the proof of Theorem 1.3,
1.2 and Corollary 1.4, 1.5. We start by considering the following intermediate result.
Lemma 6.1. Let G € {K|g,: K € C>*(Q), ;K =0, V,K is constant} and assume that

OLF(2,0,u,v) =0, z€dQ, ueR, veR", LN, <2 (6.10)
Then the problem (1.14) admits a unique solution up g € C*T1T%(Q) satisfying Oyur,c € C*T112(Q).

Proof. Let upg € C2T*T%(Q) be the solution of (1.14) and fix K € C>(Q) satisfying 9,K = 0, V. K is
constant such that K|y, = G. We start by fixing 2z = durg,

Az, t) :== 0, F(z, t,upc(z,t), Voura(z,t), q(z,t) = 0F(z, t,upc(z,t), Voura(z, t)),
R (x,t) = =0, F (2, t,upc(x,1), Vaurc(z,1)) € C**(Q)

and 29 € C?*%(Q), g € C***1+3 (X)) such that

zo(x) == Ay K(x,0) — F(z,0,K(x,0),V,K(x,0)) = —F(z,0,K(z,0), V. K(x,0)), z€€,

g(z,t) = O K (z,t) :==0, (z,f) €.
Applying (6.10), one can check that Z := (g,20) € X satisfies
Og(x,0) — Apzo(z) + A(x,0) - Vyzo(x) + q(x,0)20(x) — R(2,0) = 0¢g(x,0) — Agzo(x) =0, =« € 9Q. (6.11)

Moreover, z solves the IBVP

{ Oz — Agz+ Az, t) - Vez + gz, 1)z = R(x, t), in Q,

z =2, on X,. (6.12)

Using the fact that A,q, R € C*%(Q), Z € X and the fact that (6.11) is fulfilled, we deduce from [50,
Theorem 5.3, pp. 320-321] that dyup g € C*T1*2(Q). O

Armed with this lemma we will complete the proof of Theorem 1.2 and 1.3.

Proof of Theorem 1.2. For j =1,2, a € R, v € R", (z,t) € Q, we fix
Aj v, t) = 0,Fj(z,t, qu,hM(:c,t),Vmqu,ha)“ (z,1),  Gjan(z,t):=0.Fj(x,t,up, n,  (x, ),Vzupjyha,_’v (z,t))
and B 4, = 0. According to (1.16) and Proposition 6.1, we have
AAl,mBl,mql,uH\E = AA2,U»BL'U7(I2,UH|E’ a€R, veR” HeAX,.
Combining this with the density of {H|s, : H € Ap} in H,, we obtain
AAy o Braodion = Mo o.Brawaze. @ER vER" (6.13)
and, in view of (1.15) and Lemma 6.1, we have
Ajarw €CHQ), GaweLl®(Q), j=1,2, a R, veR™

Note that, due to (1.15), the fact that 0 h,, = 0 and the fact that V;h,, = v, here we are actually in
position to apply Lemma 6.1. Moreover, according to [33, Lemma 8.2], (6.13) implies

Argo(z,t) =As44(x,t), (z,t) €L, acR,veR™ (6.14)

Therefore, Theorem 1.1 implies that, for A, , = A1 ¢, — A2, extended by zero to R” x (0,T) and for
1
Aa v at )
Paw(@,t) = —/ #ds, (z,t) € R” x R, (a,0) € R x R",
0

we have

A aw(x,t) = A1apw(@,t) + 2V e n(z,t), (z,t) € R" x (0,T). (6.15)
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In view of (6.14), the fact that F; € C***1*3(Q;C3(R x R")) and the definition of 4, ,, 7 = 1,2, one can
easily check that (z,t,a,v) — Ag(z,t) € C1(Q;C(R x R™)). Therefore, we have

@ (2,t,a,0) = pau(z,t) € CH0,T);C(Q x R x R™)) NC*(Q;C([0, T] x R x R™)).

In a similar way to the end of the proof of Theorem 1.1, by eventually subtracting to ¢ a function y depending
only on (t,a,v) € (0,T) x R x R, we may assume that

o(z,t,a,v) =0, (z,t) €X, (a,v) € RxR™ (6.16)
Therefore, we can apply the gauge invariance of the DN map A4, , , Bi . ..q1.0., tO get
AAl,a,mBl,a,mth,a,v = AA2,a,u,Bl,a,U+Vz<P('7a,7J)aQ1,a,u+[*3tLP(G,U#AILP*\VIAP\Q*ALQ,U'Vztp}('vav”)'
Combining this with (6.13), we get

AAZ,Q‘U7BI,Q‘U7Q2,G,’U = AAZ,a,v;Bl,a,v"rvz%a('7a7v)7q1,a,v+[_at¢(aav7+Ax4P_‘vaDP_Al,a,u'vmtp](ﬂaﬂ)) °

Using (6.14) and repeating the arguments used at the end of the proof of Theorem 1.1 we deduce that, for
all (a,v) € R x R, we have

AQ,a,U(x7t) = Al,a,v(fpvt) + 2vx¢($at7aav)a (x,t) € Qv
q2,a,v(xat) = ql,a,v(xyt) + [782590(&71)7 +A1S0 - |vm@|2 - Al,a,v : Vmﬁp](%ta a,v), (.’ﬂ,t) S Q?
(,0(55715,01,’[1) =0, (.’ﬂ,t) IS
Sending t — 0 in the first two above equality, for all (a,v) € R x R™, we obtain
Ou(Fy — F1)(z,0,2 - v+ a,v) = 20,¢(x,0,a,v), x € Q,
Ou(Fy — F1)(2,0,2 - v+ a,v) = —(0sp — |Vep|? — 0, F1(2,0,2 - v+ a,v)0,0)(z,0,a,v), x €L,
o(z,t,a,v) =0, (z,t) € %.

Finally, fixing a = u — « - v in the two first above equalities, we obtain (1.17). This completes the proof of
the theorem. O

Proof of Theorem 1.3. For j =1,2, v € R", (,t) € Q, we fix
Aj(x,t) = 3vFj(x,t,qu7k“ (z,t), Vour, k, (2,1)),  qjo(z,t) = 0uFj(x, t,up, &, (2,t), Vour, , (1))
and B;, = 0. In a similar way to Theorem 1.2, applying (1.23) and Proposition 6.1, we obtain
AAl,v7Bl,1;;q1.v = AA2,'U;B1.v7q2,v7 veR" (6~17)
and, in view of (1.15) and Lemma 6.1, we have
Ajo €WHS(Q), ¢j0 €L%(Q), j=1,2, veR"
Note that, due to (1.15), the fact that d;k, = 0 and the fact that Vk, = v, here we are actually in position
to apply Lemma 6.1. Moreover, according to [33, Lemma 8.2], (6.17) implies
A y(z,t) = Az y(2,1), (z,t) €3, veR™
In addition, from (1.24)-(1.25), we deduce (z,t,u,v) — 0, F;(x,t,u,v), j = 1,2, is a function independent of
u and v with
OuF1(x,1,0,0) = 0, Fy(x, t,u,v) = Oy Fa(z,t,u,v) = 0, Fa(x,t,0,0), (z,t)€Q, ueR, veR"
It follows
Q10(x,t) = O F1(z, bt up, i, (2,1), Voup, i, (2,1))
= 0y F1(x,t,0,0)
= 0, F(2,t,0,0) = Oy, Fa(x, t,up, i, (T,t), Voup i, (2,1) = q20(z,t), (z,t) €Q, veR"™.
(6.18)
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Thus, applying Corollary 1.1, we deduce that
Aqy(z,t) = Agp(2,t), (x,t) €Q, veER™
Sending ¢ — 0 in this formula, we obtain
Fi(z,0,2-v,v) = Fo(z,0,z - v,v), z€Q, veR"™ (6.19)
On the other hand, according to (1.24)-(1.25) we have
Fj(z,t,u,v) = Fj(z,t,0,v) + 0, Fj(x,t,0,v)u = F;(,t,0,v) + 0, F1(z,t,0,v)u

and (6.19) clearly implies (1.19). Assuming that (1.20) is fulfilled, we can easily deduce (1.21) from (1.19).
This completes the proof of the theorem. |
Now let us consider Corollary 1.4 and 1.5 which follow from Theorem 1.2 and 1.3.

Proof of Corollary 1.4. Let condition (1.16) be fulfilled. Then Theorem 1.2 implies that there exists
©:QXRXR" S (z,t,u,v) = ¢(z,t,u,v) € C[0,T];C(2 x R x R")) NC3(;C([0,T] x R x R™)) such that,
for all (u,v) € R x R, conditions (1.17) are fulfilled. Note that, for all z € Q, (u,v) € R x R", we have

2A,0(x,0,u — - v,v) =V, - [20:0(x,0,u — - v,0)] + 20,0 p(x,0,u — x - v,v)v.
Then, (1.17) implies

2Aw50(x7 Oa u—x-v, U) = Z [8wj8vj (FQ - Fl)(xa O,U,’U) + auavj (F2 - Fl)(xa 0; u,’l})vj] .

j=1
Applying (1.18), we get
App(z,0,u—2z-v,0) =0, z€Q, (u,v) ERXR"
and, replacing u by u + 2 - v and applying (1.17), we find
Azo(x,0,u,v) =0, x€Q, (u,v) ERxR"
{ o(x,0,u,v) =0, z€d, (u,v) € RxR".
From the uniqueness of this boundary value problem, we obtain
p(z,0,u,v) =0, ze€, (u,v) € RxR",
which, combined with (1.17), implies (1.19). In addition, assuming that (1.20) is fulfilled, we can easily
deduce (1.21) from (1.19). O
Proof of Corollary 1.5. In a similar way to Theorem 1.3, for j = 1,2, v € R", (z,t) € Q, we fix
Ajo(w,t) = 0 Fy(w,t,up, i, (2,1), Vour, 1, (2,1),  qjo(w,t) = 0uFj(x,t,up, , (1), Vaur, k, (,1)).
Applying (1.24) we deduce (6.18) and from (1.27) we obtain that
Az, t) =0=As,(x,t), (z,t) €Qx(0,T), veR™

Combining this with Corollary 1.3, we deduce that there exists o, € L (0, T; W2°°°(Q))NW (0, T; L>=(Q2))
such that

AZ,U = Al,v + 2sz07ja in Q,
Qv =4q1v — atSD'u + Aw@v - |vz§0v|2 - Al,'u : V:r@vy in Q7
Pv = al/ﬁpv = 07 on X.

Then, using (6.18), we deduce that ¢, satisfies

at‘pv - Aw‘pv + AS,'U . V{L’L)D’U = 07 in Qa
Yy = Oy =0, on Y,
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with Az, = A1, + Vzp, € L>®(Q). Thus, from the unique continuation properties for parabolic equations,
we deduce that ¢, =0 and

A1 p(z,t) = Ao y(x,t), (x,t) €Q, veR™
Then in a similar way to the end of the proof of Theorem 1.3 we deduce (1.19). O
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