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1 Introduction22

The classical longest-edge (LE-) bisection algorithm bisects simultaneously all triangles23

by medians to the longest edge of each triangle in a given triangulation. In this way, an24

infinite sequence of nested triangulations can be generated. However, this type of refine-25

ments may lead, in general, to the so-called hanging nodes and thus refined triangulations26

may not all be conforming, in general (see Figure 1). However, many real-life applications27

where triangulations are used, e.g. the calculations by the finite element method (FEM),28

require the property of conformity [3]. Therefore, in [5] a modified version of the classical29

LE-bisection was introduced, where only elements sharing the longest edge of the whole30

triangulation are bisected at each step (see Figure 2). In this way, all produced trian-31

gulations are conforming a priori and therefore this algorithm is called the conforming32

LE-bisection algorithm. The same idea can, obviously, be used for simplicial meshes in33

any dimension.34
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Figure 1: The classical LE-bisection algorithm produces, in general, nonconforming tri-
angulations.

Figure 2: A modified LE-bisection algorithm that always produces conforming triangula-
tions.

In [8], the classical LE-bisection algorithm was generalized in another direction. It35

was proposed to divide the longest edges into n equal parts (with n ≥ 2), one calls this36

technique the LE n-section. The performance of this algorithm was analysed in [7] and37

[8] for different values of n when n ≥ 3. However, as in the classical bisection-version, the38

LE n-section algorithm may produce hanging nodes.39

In this work, we blend the ideas of [5] and [8] and define the conforming LE n-section40

algorithm as follows:41

a) In the given triangulation we select the longest edge;42

b) For two (or one, if the longest edge lies on the boundary) triangles adjacent to this43

longest edge we apply the LE n-section from [8], and thus we generate a new triangulation.44

If necessary, we go to the step a).45

It is clear that we avoid producing hanging nodes by the above defined algorithm46

in principle. Obviously, just the same idea can be applied to simplicial meshes in any47

dimension.48

2 Main results49

Let Ω be a bounded polygonal domain with a boundary boundary ∂Ω. In what follows we50

only deal with conforming triangulations of Ω := Ω ∪ ∂Ω, i.e. an intersection of any two51

triangles in any triangulation considered is empty, a node, or their adjacent edge. Any52

triangulation will be denoted by the symbol Th, where h is the so-called discretization53

parameter, equal to the length of the longest edge in Th.54

Definition 1. The (infinite) sequence of triangulations F = {Th}h→0 of Ω is called a55

family of triangulations if for every ε > 0 there exists Th ∈ F with h < ε.56

In [9, 10] the following minimum angle condition was introduced: there should exist a57

constant α0 such that for any triangulation Th ∈ F and any triangle K ∈ Th we have58

0 < α0 ≤ αK , (1)

where αK is the minimal angle of K. Under this condition various a priori error estimates59

for the finite element method (FEM) applied to some elliptic problems are usually derived60

[3].61
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Later condition (1) was weakened in [1, 2, 4], (see also [6]) and the so-called maximum62

angle condition was proposed: There exists a constant γ0 such that for any triangulation63

Th ∈ F and any triangle K ∈ Th we have64

γK ≤ γ0 < π, (2)

where γK is the maximum angle of K.65

Remark 1. Condition (1) obviously implies (2), since γK ≤ π − 2αK ≤ π − 2α0 =: γ0,66

but the converse implication does not hold.67

In what follows we will prove that for n ≥ 4 the conforming LE n-section produces68

triangulations which do not satisfy the maximum angle condition, i.e. there is an infinite69

sequence of angles in some triangles, among those appearing during the refinement process,70

which tends to π as the LE n-section proceeds.71

Lemma 1. Let us n-sect the triangle with edges of the length a, b, and c, where a ≤ b ≤ c.72

Then there exists a positive constant κ = κ(n) < 1 such that the lengths of all newly73

generated sub-edges are not greater than κc.74

Proof: First, we notice that all the newly generated sub-edges obtained by n-secting the75

edge c are of the length 1

n
c. Further, using the Cosine theorem, we can easily show that76

the longest generated interior edge is not greater than
√
n2−n+1

n
c. Therefore, we can take77

κ :=
√
n2−n+1

n
< 1.78

Theorem 1. The conforming LE n-section algorithm produces the family of triangula-79

tions.80

Proof: Let T be a triangle which we want to n-sect. All 2n − 1 newly generated edges81

will be shorter than the longest edge of T (cf. Lemma 1). Therefore the length of the82

longest edge in the whole triangulation makes a nonincreasing sequence. Its limit exists,83

and we show now that it is equal to zero.84

Let ε be an arbitrary positive number. Let e⋆ be the longest edge (if we have several85

edges of the same length - then it is that one which we n-sect first) in the initial trian-86

gulation and let |e⋆| ≥ ε. After we n-sect the edge e⋆, we get at most 3n− 2 new edges,87

whose lengths are not greater than κ|e⋆|. Further, let N denote the number of edges in88

the initial triangulation whose lengths are not less than ε, and let q be the number such89

that κq < ε
|e⋆| . Then we observe that at most after N(3n−2)q−1 n-section steps all lengths90

in the resulting triangulation will be less than ε.91

Theorem 2. Let n ≥ 4. The iterative application of the classical LE n-section algorithm92

from [7, 8] to a given arbitrary triangle generates an infinite sequence of subtriangles93

whose maximum angles tend to π.94

Proof: Let t be the given triangle. Without a loss of generality, let its longest edge be95

equal to 1 and its angles α, β, and γ be such that α ≤ β ≤ γ. We may assume that t has96

two vertices at the points (0, 0) and (1, 0), with the minimum angle α at the vertex (1, 0),97

and the maximum angle γ at the vertex z opposite to its longest edge (see Figure 3).98

Notice that in this situation, considering z as a complex number, the point z lies in the99
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subset of the complex plane {z with |z−1| ≤ 1, Re(z) ≤ 1/2, and Im(z) > 0} marked in100

Figure 3 (left). The LE n-section is applied to triangle t resulting in n new subtriangles101

(see Figure 3 (a) for n = 4).102

In this subdivision the triangle having the smallest angle, denoted by ξ, is the right-103

hand side triangle with the angle α, see Figure 3 (a).104

As the longest-edge is divided into n equal parts and n ≥ 4, we have |z − n−1

n
| > 1

n
105

and, therefore, ξ < α (we note that both ξ and α are acute). We will now represent ξ as106

a function of n, β, and α. From the analysis of values of x, y and h from Figure 3 (b),107

the following system of linear equations appears108

y tan β − h = 0

x tanα− h = −
1

n
tanα

x+ y =
n− 1

n























. (3)

Its solution is109

h =
tanα · tan β

tanα + tan β
, y =

tanα

tanα + tanβ
, x =

tanβ

tanα + tanβ
−

1

n
. (4)

z
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Figure 3: A triangle sample and denotations for angles for the LE n-section with n = 4.

Note that ξ = θ − α, where tan θ = h
x
, and then110

ξ = (α, β, h) = arctan

[

n tanα · tan β

(n− 1) tanβ − tanα

]

− α.

Since ∂ξ

∂α
> 0 and ∂ξ

∂β
< 0, ξ = ξ(α, β, h) is increasing in α and decreasing in β.111

As α ≤ β ≤ π−α
2

then ξ(α, β, n) ≤ ξ(α, α, n) = arctan( n
n−2

tanα)− α.112

For the sake of clarity we will denote by ξ0 the maximum possible value of ξ for a113

given minimum angle α. I.e. ξ0 = f(α) = arctan( n
n−2

tanα)− α.114

From now on we denote by (α, β) a triangle in which its angles are α ≤ β ≤ γ.115

We consider the following sequence of triangles: t0 = (α, β), t1 = (ξ0, α) = (f(α), α),116
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t2 = (f(f(α)), f(α)) and in general tk = (fk(α), fk−1(α)). Note that by construction,117

each triangle tk for k ≥ 1 is related to the corresponding right-hand triangle in the LE118

n-section of a previous triangle in the sense that the minimum angle is greater than the119

minimum angle of the right-hand triangle, and the second minimum angle is equal to the120

corresponding second minimum angle.121
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Figure 4: Graphed curves α and αk = f(αk−1) = arctan(2 tan(αk−1))− αk−1.

Since f ′(x) =
2

n− 2

∣

∣

∣

∣

∣

1− n
n−2

tan2 x

1 + ( n
n−2

)2 tan2 x

∣

∣

∣

∣

∣

< 1 for x ∈ (0, π
3
], by the Lagrange mean value122

theorem, it follows that f is a contractive map.123

By the fixed-point theorem, the recurrence sequence αk = fk(α) converges to the124

unique fixed-point of f , i.e. x = f(x), which implies x = 0.125

In Figure 4 a ‘picture proof’ illustrates the iterative process where fk(α0) converges126

to 0 for x-axis representing min angle α.127

Since lim
k→∞

αk = 0, then also lim
k→∞

βk = lim
k→∞

αk−1 = 0. Thus, lim
k→∞

γk = π which proves128

the theorem.129

130

Theorem 3. The family of triangulations generated by the conforming LE n-section from131

some initial triangulation of Ω with n ≥ 4 does not satisfy the maximum angle condition132

(2).133

Proof: To prove the theorem, we show how to select an infinite sequence of subtriangles,134

among those generated by the conforming LE n-section, so that their maximum angles135

tend to π. First, we notice that the initial triangulation has at least one triangle, let us136

denote it by T . Now, we use the construction of “bad” triangles presented in the proof137

of Theorem 2 using T . Namely, we take as the sequence needed to prove our theorem the138

sequence {tk} constructed in the proof of Theorem 2. As their maximum angles tend to139

π we obviously get what we want.140

Now, we show that all these “bad” triangles tk are really contained among the set of141

triangles generated by the conforming LE n-section applied to T . First of all, the triangle142

T can have several edges of the same length. When we apply the conforming LE n-section143

to T in this case, we select some edge (randomly or according to some criterion) at the144
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first step. We use the same edge to start the process of the classical n-section for T as145

in Theorem 2. So, the triangle t1 is really produced by the conforming LE n-section as146

the both versions of LE n-section coincide at the first step within T . Now we use the147

mathematical induction. Assume now that tn is contained among triangles produced by148

the conforming LE n-section. As it is clear that all tk for k ≥ 1 are obtuse (i.e. there149

is always only one longest edge), the division stensil for both refinement versions within150

tn is the same. What remains is to notice that even though the conforming LE n-section151

“works” differently that the classical LE n-section, due to Theorem 1, the conforming152

n-section sooner or later will refine tn and, therefore, tn+1 will be among the subtriangles153

produced by the conforming LE n-section.154
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