BLOOM TYPE INEQUALITY FOR BI-PARAMETER SINGULAR INTEGRALS:
EFFICIENT PROOF AND ITERATED COMMUTATORS

KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

ABSTRACT. Utilising some recent ideas from our bilinear bi-parameter theory, we give an
efficient proof of a two-weight Bloom type inequality for iterated commutators of linear
bi-parameter singular integrals. We prove that if 7" is a bi-parameter singular integral
satisfying the assumptions of the bi-parameter representation theorem, then
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where p € (1,00), 6; € [0,1], Zle 0; =1, u, A € Ap, v := p'/PA71/P Here A, stands for
the bi-parameter weights in R” x R™ and bmo(v) is a suitable weighted little BMO space.
We also simplify the proof of the known first order case.

1. INTRODUCTION

We recently developed in [23] a lot of theory for general bilinear bi-parameter singular
integrals using modern dyadic analysis — in particular, we proved various bilinear bi-
parameter commutator estimates. This lead us to discover an improved general principle
for approaching bi-parameter commutator estimates of dyadic model operators. In this
paper we use our method to give an efficient proof of Bloom type inequalities for iterated
commutators of bi-parameter singular integrals. Our objective is to offer a proof with a
very transparent structure. The iterated result is new in the bi-parameter setting, and its
proof benefits greatly from this structure. Our proof of the first order case is short.

With a Bloom type inequality we understand the following. Given some operator A°,
the definition of which depends naturally on some function b, we seek for a two-weight
estimate
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where p € (1,00), i, A € Ap, v := p!/PA71/P, and BMO(v) is some suitable weighted
BMO space. Usually AY is some commutator, like [b, T]f := bT'f — T(bf), where T is a
singular integral operator. Bloom [2] achieved such an inequality for 7" = H — the Hilbert
transform. Holmes-Lacey-Wick [12, 13] gave a modern proof and generalised Bloom’s
result to the case of a general (one-parameter) Calderén-Zygmund operator. The iter-
ated case is by Holmes-Wick [15] (see also Hyttnen [16] for a proof via the Cauchy
integral trick). An improved iterated case is by Lerner-Ombrosi-Rivera-Rios [21]: in
[15, 16] there is some single b € BMO NBMO(v), while in [21] the iteration is taken using
b € BMO(v'/*) > BMONBMO(v) (see also the related paper [11] by Garcia—Cuerva,
Harboure, Segovia and Torrea). In [21] it is said that it seems that their bound cannot
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be obtained by a simple inductive argument. Some multilinear (one-parameter) Bloom
type inequalities are considered by Kunwar-Ou [18]. Commutator estimates are in gen-
eral very important and widely studied — for some other very recent references see e.g.
Hytonen [17] and Lerner-Ombrosi-Rivera-Rios [20].

A model of a bi-parameter singular integral operator in R” x R™ is 71 ® T5, where T}
and 75 are usual singular integrals in R” and R™, respectively. The general definition of
a bi-parameter singular integral T' requires that (T f1, f2), fi = f} ® f?, can be written
using different kernel representations depending on whether

(1) spt f{ Nspt f3 = 0 and spt fZ Nspt f3 =0,
(2) spt f{ Nspt f4 = or
(3) spt f7 Nspt f3 =0

In the first case we have a so-called full kernel representation, while in cases 2 and 3
a partial kernel representations holds in R or R™, respectively. The bi-parameter rep-
resentation theorem [24] by one of us has enabled the development of deep commuta-
tor estimates also in the bi-parameter setting. The representation holds under natural
T'1 conditions involving the product BMO space of Chang and Fefferman [3] and some
weak testing conditions. It allows to reduce the commutator estimates of singular in-
tegrals to those of model operators U, where U is a so-called bi-parameter shift, partial
paraproduct or full paraproduct. We will only need these model operators in this paper
and they are recalled in Section 4. As the somewhat lengthy kernel estimates and testing
conditions of T" are not explicitly needed here, we refer to [24] for the remaining details.

Using the dyadic representation theorem Ou, Petermichl and Strouse proved in [25]
that [b,7]: L*(R"*™) — L*(R"*™), when T is a paraproduct free bi-parameter singular
integral and b is a little BMO function. This is the important base case for more compli-
cated multi-parameter commutator estimates involving product BMO and iterated com-
mutators of the form [T7, [b, T3]] — see again [25] and Dalenc-Ou [7]. For the earlier deep
commutator lower bounds in the Hilbert and Riesz settings see Ferguson-Lacey [10] and
Lacey-Petermichl-Pipher-Wick [19]. The paper [25] was eventually generalised to con-
cern all bi-parameter singular integrals satisfying 7'1 conditions by Holmes—Petermichl-
Wick [14]. In fact, [14] proves much more: Bloom's inequality in the bi-parameter setting.
The multi-parameter commutator scene is again very active, see also e.g. Duong-Li-
Ou-Pipher-Wick [8], which is a very recent paper concerning commutators of multi-
parameter flag singular integrals.

In [23] we explain that the presence of non-cancellative Haar functions A9 in many
of the bi-parameter model operators seem to have caused a lot of technical troubles in
previous bi-parameter commutator estimates. Our guideline is to expand bf using bi-
parameter martingales in (bf, h; ® h;), using one-parameter martingales in (bf, h} ® h ;)
(or (bf,hr ® hY)), and not to expand at all in (bf,h9 ® hY). Moreover, when a non-
cancellative Haar function appears a suitable average of b is added and subtracted. See
Section 3 for the general details and e.g. (4.7) for an example of the resulting simple
decomposition. In [14] everything was always reduced to a so called remainder term,
which essentially entails expanding bf in the bi-parameter sense in all of the above situ-
ations. However, this remainder term has a particularly nice structure only when there
are no non-cancellative Haar functions (the shift case) — otherwise it can lead to some
difficult tail terms.
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In this paper we want to use the above decomposition idea from [23] and showcase
how it simplifies things in the linear bi-parameter setting. The Bloom setting is demand-
ing, but the proof framework adapts nicely even to this generality. Our treatment of
first order commutators is very different in many ways compared to [14] — that is, the
simplifications in the decomposition itself, which are described above, are not the only
difference — we also estimate differently. We exploit the known one-weight boundedness
of the model operators even more: most terms arising from our new decomposition can
be estimated directly by combining the weighted boundedness of the model operators
and some Bloom type estimates of appropriate auxiliary operators, such as,
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where R = I x J is a dyadic rectangle. The bounds for this maximal function presented in
Proposition 4.13 rely on an interesting estimate of Fefferman [9] concerning the maximal
function f +— supg Lp{| )%, (f)% == A(R)~! [ [ d), defined using an A..-weight X (see
also Appendix B). Modern sparse domination methods are also useful in some parts of
the proof — we use such estimates from [20] and [22, 23]. For example, a certain special
term U’ associated to a model operator U and the commuting function b needs to be
estimated directly. The estimate (4.11) that follows from sparse domination techniques is
very effective for this.

We also can, for the first time, prove a Bloom type inequality for iterated commutators
of bi-parameter singular integrals. Our main theorem is:

1.1. Theorem. Let T be a bi-parameter singular integral satisfying the T'1 type assumptions of
the dyadic representation theorem [24]. Let also p € (1,00), u, A € Ay and v := pl/PA=1/P,
Then we have
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and, more generally,
k
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where 0; € [0,1] and "%, ; = 1. Here A, stands for the bi-parameter weights in R x R™ and
bmo(v) is a suitable weighted little BMO space.

1.2. Remark. In the proof of the iterated commutator estimate, we will only prove the
second order case, since the proof structure is such that it is clear how to continue the
iteration.

Notice also that choosing by = -+ = by = band 0; = --- = 0, = 1/k we get a
bi-parameter analog of [21], while choosing 6; = 1 (and the rest zero) we get analogs
of [15, 16]. However, the first is the better choice as bmo(#*/*¥) > bmo N bmo(v). Indeed,
similarly as in the one-parameter case [21], this is seen by using that ()% <, 4y (19) g for

all 8 € (0,1) and rectangles R (this estimate follows from Theorem 2.1 in [5] by iteration).

We also mention that some experts may find Appendix A interesting: it proves that
little BMO is contained in the product BMO - even in the weighted situation — using only
relatively elementary tools. We confess that we were only previously aware of a proof
of this in the unweighted situation, and that proof depended on the deep commutator
result of Ferguson—Lacey [10]. This weighted result is mentioned in [14] without proof.
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2. DEFINITIONS AND PRELIMINARIES

2.1. Basic notation. We denote A < B if A < CB for some constant C' that can depend
on the dimension of the underlying spaces, on integration exponents, and on various
other constants appearing in the assumptions. We denote A ~ Bif B S A < B.

We work in the bi-parameter setting in the product space R"*™. In such a context
x = (x1,22) with z; € R" and zo € R™. We often take integral pairings with respect to
one of the two variables only: If f: R™ — C and h: R" — C, then (f,h);: R™ — Cis
defined by

(Fiha) = | a)hn) .

2.2. Dyadic notation, Haar functions and martingale differences. We denote a dyadic
grid in R” by D" and a dyadic grid in R™ by D™. If I € D", then I*) denotes the
unique dyadic cube S € D" so that I C S and ¢(S) = 2¥¢(I). Here (I) stands for side
length. Also, ch(I) denotes the dyadic children of I, i.e., I’ € ch(I)if I’ € D", I' C I and
0(I") = ¢(I)/2. We sometimes write D = D™ x D™,

When I € D™ we denote by h; a cancellative L? normalised Haar function. This
means the following. Writing I = I; x --- x I, we can define the Haar function h7,
n=(m,...,nn) € {0,1}", by setting

hi=hi @---@h}",

where 1) = |I;| /21, and hy = |Ii’_1/2(11i,l —1z,,) for every i = 1,...,n. Here I;;
and I;, are the left and right halves of the interval I; respectively. The reader should
carefully notice that h9 is the non-cancellative Haar function for us and that in some
other papers a different convention is used. If n € {0,1}" \ {0} the Haar function is
cancellative: [ h] = 0. We usually suppress the presence of 1 and simply write h; for
some k], n € {0,1}"\ {0}. Then hsh; can stand for A7 h7?, but we always treat such a
product as a non-cancellative function (which it is in the worst case scenario 7; = 72).
For I € D" and a locally integrable function f: R"” — C, we define the martingale

difference
Arf = Z [<f>[' - <f>1} Lp.

I'ech(I)
Here (f), = ﬁ [, f- We also write E;f = (f),17. Now, we have Arf = 37 _(f, h])R],

or suppressing the n summation, A;f = (f,hr)hr, where (f,h;) = [ fh;. A martingale
block is defined by

Agif= > Arf, KeD"
IeDn
IO=K

Next, we define bi-parameter martingale differences. Let f: R™ x R™ — C be locally
integrable. Let I € D™ and J € D™. We define the martingale difference

Apf: R™™ = C A f(2) = Ar(f(,22))(21).
Define A? f analogously, and also define E} and E? similarly. We set

Apxrf: R = C, Ay f(a) = Aj(ATf)(2) = AT(ALS)(2).
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Notice that A}f =h;® <f, h[>1, A2Jf = <f, h]>2 ® hyand Ajxyf = <f, hr ® hJ>h[ ® hy
(suppressing the finite 7 summations). Martingale blocks are defined in the natural way

Ao f= D0 D0 Anaf=AkAY,f) = AT, (Akf).
I IO=K J: JO) =V
2.3. Weights. A weight w(z1,z2) (i.e. a locally integrable a.e. positive function) belongs
to bi-parameter A,(R" x R™), 1 < p < oo, if
(W] 4, (R xRm) = S%p <w>R<w1_p,>lgl < 00,

where the supremum is taken over R = I x J, where I C R" and J C R™ are cubes with
sides parallel to the axes (we simply call such R rectangles). Here 1/p+ 1/p’ =1, i.e., p/
is the dual exponent of p. We have
(W] 4, (R xRm) < 00 iff max (esssup [w(z1, )4, (®m), €sssup [w(’,IEQ)]Ap(Rn)) < 00,
r1ER? o ER™

and that max ( esssup,, egn [w(21, A, my, €88 SUD,, cpm [W(-, :cg)]Ap(Rn)) < [w] A, ®n xR,
while the constant [w],, is dominated by the maximum to some power. Of course,
A,(R™) is defined similarly as A,(R™ x R™) — just take the supremum over cubes Q.

For the basic theory of bi-parameter weights consult e.g. [14].
Also, recall that w € A (R") if

[w] A () = sup (‘a/@@ exp (éH/QIngl) < o0,

where the supremum is taken over all the cubes () C R". We will use that A, C A, and
also some estimates that are valid for A, weights.

2.4. Maximal functions and standard estimates. Given f: R®*™ — Cand g: R® — C
we denote the dyadic maximal functions by

17(z
Mong(o) i= sup 1 [l dy

and
]- x17x2

Mpn pm f(x1,22) :=  sup / |f(y1,92)| dy1 dye.
repnxpm | R|

We also set Mp, f(z1,22) = Mpn(f(-,22))(x1). The operator M2, is defined similarly.
We record the following standard estimates, which are used repeatedly below.

2.1. Lemma. Forp € (1,00) and w € A,(R™ x R™) the weighted square function estimates

111 22 ) lwlap,@nxrm) H( Z ’A[XJ‘ﬂQ)l/Q’

1eDn
JeDm

1/2

(X 1abe)
Iepn

hold. Moreover, for p, s € (1, 00) we have the Fefferman—Stein inequality

(S wesr)™] (1)

Lr(w)

~w]ap@n xrm) L (w)

L (w) ~w]a, @ xrm) H( Z |A2Jf\2) 1/2‘

JeDm

LP(w) LP(w
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Here M can e.g. be Mpn, Mil)n or Mpn pm. Finally, we have
1/2
M m h p fw
<Zm ol i) L St Wfllzo,

lopn pm S| Lo (w) ~[u] A

where
Ppnpmf = Y hi ® Mpm(f, hi)1.
IeDr
The function ¢, pm f is defined in the symmetric way and satisfies the same estimates.

One easy way to show such estimates is to reduce to p = 2 via standard extrapolation.
When p = 2 it is especially easy to use one-parameter results iteratively. See e.g. [4, 6] for
one-parameter square function results and their history.

If an average is with respect to a different measure than the Lebesgue measure we can
e.g. write (f)3 == ﬁ [ [ d), and similarly we can write Mpr pm »f = supg Lr{|fD)%-

2.5. BMO spaces. Givenw € A3(R") we say that a locally integrable function b: R” — C
belongs to the weighted dyadic BMO space BMOD'!L (w) if

b = b— <
Plisionn o) = sup — [ b= (#)1] < .

The space BMO(w) can be defined using the norm defined by the supremum over all
dyadic grids of the above dyadic norms.

Givenw € Az(R"™ xR™) we say that a locally integrable function b: R"*™ — C belongs
to the weighted dyadic little BMO space bmopn pm (w) if

1
b mopn pm (w) +— su / b_ b < Q.
Blmonn one = s iz [ 1= ol

Again, the space bmo(w) is defined via the supremum of the dyadic norms. We have

1]l bmopn pm (w) ~ max (esssup [|b(z1, ) |[BMOpm (w(z1,))» €35 SUD [6(-, Z2) [BMOpn (w(-122)) ) -
’ z1ER? o ER™

Moreover, we have the two-weight ]ohn—Nirenberg property

/p
A /hw'_ RWA
P ReD“xDm

if p € (1,00), u, A € Ay and v := p'/PA~1/P. Notice that here v € Aj. For these see [14].
Finally, we have the product BMO space. Given w € A>(R™ x R™) set

o 1 2, -1 \ 72

[0l 330227 .-sgp(m > b))
IeDn, jeDm
IxJCQ

(2.2) [1llbmopn pm (v) ~[l 4y,

where the supremum is taken over those sets 2 C R""" such that |[©2] < oo and such
that for every x € Q there exist I € D", J € D™ so that z € I x J C 2. The non-dyadic
product BMO space can be defined using the norm defined by the supremum over all
dyadic grids of the above dyadic norms.

It is stated in [14] (without proof or reference) that bmo(w) C BMOpoq(w), w € As.
This embedding HbHBMog(’;{Dm (w) Stwla, 1bllbmopn pm (w) is used in the main proof only
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via the fact that it implies that (3.3) also holds for bmo(w) functions. We give a proof of
this result in Appendix A.

2.6. Commutators. We briefly discuss one way to understand how the commutators are
defined, and how all the pairings and expansions appearing in our proof can be seen
to be well defined. For example, we discuss the second order case. Let b; € bmo(%),
i = 1,2, be given, where v = ,ul/p)ﬁl/p, A€ Ay, p € (1,00). Define

F =F(b1,b2) = U{f: R™™ — R: spt f C B(0,k) N {|b1],|b2| < k} and |f| < k}.
k=1

For f1, fo € F the pairing ([b, [b1, T] f1, f2) is well defined (if T is e.g. a singular integral
satisfying the assumptions of the representation theorem) and F is dense in L”(;) and
LY (A, Moreover for some k we can replace b; by b; , = max(min(b;, k), —k). Notice
that [b; kllpmowes) < 10illbmo(we:)- This can be seen by using identities like max(c,d) =
(¢c+d+|c—d|)/2, and showing that i € bmo(r) implies |h| € bmo(v).

These considerations imply that below we may assume that the little BMO functions
b1, bs are bounded and fi, fo are bounded and compactly supported, which makes ev-
erything legitimate.

3. MARTINGALE DIFFERENCE EXPANSIONS OF PRODUCTS

We recall from [23] our modified strategy of expanding commutators. A product bf
paired with Haar functions is expanded in the bi-parameter fashion only if both of the
Haar functions are cancellative. In a mixed situation we expand only in R" or R™, and
in the remaining fully non-cancellative situation we do not expand at all. Our protocol
also entails the following: when pairing with a non-cancellative Haar function we add
and subtract a suitable average of b.

Let D" and D™ be some fixed dyadic grids in R" and R™, respectively, and write
D = D" x D™. In what follows we sum over I € D" and J € D™.

Paraproduct operators. We define certain standard paraproduct operators:

A1, f) =Y AncbArsf, As(b f) = A gbE[ASS,

I1,J I1,J
= A bATETf, Au(b, f) =Y Apab(f) .
I1,J I1,J

and
:ZE}A bArxsf, Agb, f) = ZEIA bATETS,

Aq( ZAIEJbA[XJf, Ag(b, f) = ZA]EJbE]A f.
I,J I,J

The operators are grouped into two collections, since they are handled differently (using
product BMO or little BMO estimates, respectively).
We also define

at(b, f) = ZAIbAI foand  a3(b,f) =D ADE}f.
1



8 KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

The operators a?(b, f) and a3(b, f) are defined analogously.
3.1. Lemma. Let m, be A;(b,-),i=1,...,8,0r aj(b,-), a3(b,-), j = 1,2. Suppose b € bmo(v),
where v = u%)f%, p, A€ Ayand p € (1,00). Then

175l Lo () Lp(8) Stula, Na, 10lbmow)-

3.2. Remark. Notice that v = (A'=7")V/P'(u1=7)=1/F where A\' =7, ! =" € A, so that the

natural dual statement concerning ||| Lo (\—#) s 1! (1" fOllows.

Proof of Lemma 3.1. The operators A;(b, -) (but in a somewhat different form) are already
discussed in [14]. To aid the reader we note that the proofs essentially write themselves
if one knows certain weighted H'-BMO type duality estimates. Fori = 1,...,4 we use

B3) D b hr @ h)|AL] Spia, HbHBMOD" o <Z\ IJ\QHXXﬂ) ’
I1,J

and the fact that bmopr pm (v) C BMOI?rOf (). A proof of (3.3) is recorded in [14] (but

even this weighted version was well-known according to them). Fori = 5,...,8 we may
use the one parameter analog of the estimate (3.3) in various ways — e.g. through the fact
that it implies (as [(v)1,1]4, < [V]4, and [|(0) 1,1[lBMO((1)1.1) < [16llbmo(r)) that

ZK ,ﬂ@m}\mmm[yhg Bllbmonn o v) (Z|Au|2m) |

2

Of course, the operators a}(b, ), a; (b,), 5 = 1,2, can also be handled with the one pa-

rameter analog of (3.3). O

L(v)

LY (1)

For Iy € D" and Jy € D™ we will now introduce our expansions of (bf,h;, @ hj,),
1
(0f, by @ 1355) and (bf)16s5-
Expansion of (bf, hi, % hj,). There holds

_ E 2 1 A2 § 1 2
110><J0b_ AI1><J1b+ EIOAJ1b+ AIlE‘Job<i>‘EIOXJOb’
I1 xJ1€D J1€D™ I,eD™
I1 xJ1Clgx Jg J1CJo I1Clo

Let us denote these terms by I;, j = 1,2, 3,4, in the respective order. We have the corre-
sponding decomposition of f, whose terms we denote by I1;, i = 1,2,3,4. Calculating
carefully the pairings (I;11;, hi, ® hj,) we see that

8

(3.4) (bf hay ®@ hugy) =Y (Ai(b, £), hty @ ) + () 1y (s By @ Tugy).
i=1

Expansion of (bf, hy, ® | ‘> This time we write 17,0 = . 1,epr A} b+ Ej b, and similarly
LCI
for f. Calculating (bf, hy,)1 we see that o

2
<bf,h[0®‘%]"0°|>:;< e 1) by © )

+ ((Oh1p,1 = (b)soxan) (- hao)1) 5, + <b>I°XJ°<f’ o @ ’11}130\>

(3.5)
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When we have (bf),x.J, we do not expand at all:

(3.6) <bf>10><J0 = <(b - <b>10><Jo)f>Io><J0 + <b>10><J0 <f>10><J0'

All of our commutators are simply decomposed using (3.4), (3.5) (and its symmetric
form) and (3.6) whenever the relevant pairings/averages appear.

4. FIRST ORDER COMMUTATOR

Let U = U = Upy po, b = (ki), v = (v:),0 < k; € Zand 0 < v; € Z,i = 1,2, bea
dyadic bi-parameter operator (defined using fixed dyadic grids D" and D™) such that

(U f1, f2) = Z Z Z aK,V,([i),(Jj)<f1>%11 @ hy ) far iy @ hgy),

KE'D; I1,I,eD™ J1,J2€D™
VeD I§k1)=I§k2):K Jl(vl):']2(v2):V

where ag v, (1,),(s,) are scalars and for all ¢ = 1,2 we have h 1, = hr, (a cancellative Haar
function) for all I; € D™ or h 1, = 11,/|1;| for all I; € D", and similarly with the functions
h ;- To prove a Bloom type inequality for [b,T], where T' is a bi-parameter singular
integral, it is enough to prove a Bloom type inequality for [b, U], where U can be a so
called bi-parameter shift, partial paraproduct or a full paraproduct (we will recall what
these mean later). This is because of the dyadic bi-parameter representation theorem [24]
—one only has to be maintain a polynomial dependence of k1, k2, v1, va.
The basic structure is the following.

(1) The shift case: We have
(1,7, @ by Y (fo, by ® hgy) = (f1, hay @ by Y (fa, by ® gy,

(2) The partial paraproduct case: We have k; = k2 = 0 and

(fi,hr, @ gy ) fay hr, @ hgy) = <f17 Tq ® hJ1>(f2,hK ® h,)

or the symmetric case, or we have v; = v, = 0 and

(fi,hey @ T ) fo, hry ® Tgy) = <f17h11 !1‘;/!><f2’h12 ® hy)

or the symmetric case.
(3) The full paraproduct case: We have k; = ky = v1 = v = 0 and

(fi,hr, @ by ) (fas hry @ hpy) = (1) exv (fo, hie @ hy)

or the symmetric case, or we have ky = ks = v; = v = 0 and

(fr,hey @l ) fa, hay ® Tgy) = <f1,hK ® — v ><f2, Tq ® hv>

or the symmetric case.
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Most terms arising from our decomposition of [b, U] can in fact be handled using the fact
that all the model operators satisfy forall 1 < p < oo and w € A,(R" x R™) that

Z Z Z ‘ AR,V(I <f17h11®hJ1><f2777’12 ®71J2>‘

KeD™ I1,I,eD™ J1,Jo€D™
(4.1) Vvepm g J;v Dy

< Ol a) 1l o) 12l o -

Given some suitable BMO function b let us also define U? via

U f )= > D> D axwunupl®) e — O)nxn]

KeD™ I, [,eD" Ji,J2€D™
VeD Ii(ki):K J](_uj):V

X <f17%11 ®%J1><f27ﬁlz ®77’J2>‘

In the unweighted (or one weight case) the boundedness of U’ can be reduced to (4.1)
via the simple observation that

(D) raxs, — OV x| S Hbemo(R"me) max(ki, v;).

However, if we want to prove a Bloom type inequality for U?, and this is key for the
Bloom type inequality for [b, U], we have to run a harder adaptation of the proof of (4.1).
This requires recalling more carefully what the assumptions about the coefficients ax v, ..
are in each case. Notice also that U® = 0 when k = v = 0 i.e. U’ does not arise in the full
paraproduct case. Moreover, the Bloom type inequality for U? is much harder when U
is a partial paraproduct compared to the case that U is a shift (we use sparse bounds of
bilinear paraproducts to handle the partial paraproduct case).

Despite having to deal with U? separately, it is extremely convenient to blackbox (4.1).
Such a weighted bound for all model operators was first recorded in [14]. The proof is
essentially the same with or without weights (in the weighted case one just uses weighted
versions of square function and maximal function bounds at the end). We note that a
reader who is not familiar with the fundamental basic bound (4.1) can essentially read
the proof from the current paper also. Indeed, for full paraproducts one can consult
Lemma 3.1, and for the other model operators the bounds proved for U b are harder, and
in fact an easier version of those arguments can also be used to get (4.1).

4.1. The shift case. We show that if U = U*" is a shift then
(16, ULf1s f2)] Spay a, 10llbmo(w) (1 + max(ks, vi) )| full Lo gy | f2ll o (173 -

Using our general decomposition philosophy from Section 3 we see that
8 8

42)  ([bUVf, f2) = Y (Uf1, Ai(b, f2)) = D (U (Ai(b, 1)), fo) + (U £, f)-

i=1 i=1
The first term is easy using Lemma 3.1 and (4.1) as
|<Uf17 Az(ba f2)>‘ < HUfl HLP(u) HAZ(bv fQ) HLP’(,ulfp’)
Stiday Ny 10lbmoq) 11l Lo L f2ll Lo (p1-ey,

and the second one is handled similarly.



BI-PARAMETER BLOOM TYPE INEQUALITY FOR ITERATED COMMUTATORS 11
To handle U’ we begin by splitting

(O)ryxgn = (O) 1y = [(O) sy — () kx| + [{O) ke, — (B) V]

(4.3) + [ kv = ()] + [y xan — (B) iy ]

The resulting four terms are essentially symmetric, so we only deal with the first one.
There holds that

I/(L X JQ)
(44) ‘<b>12><J2 - <b>K><J2| 5 Hbemo(y) LG W
€D
LCLCK
Using this we see that it is enough to fix one [ € {1,..., k2} and estimate the term

2 2 2

KeD" LeD" JoeD™
VED™ Lo D=k j(2)_y,

4.5 v(L x Jo)
() |LX Jj S Y akwny i hn @ ha o iy @ hy)].
I11,I,eD™ J,€D™

1D _gc Sy
=L
Now we use the fact that

|Il‘1/2|12‘1/2 ’J1‘1/2|J2’1/2

lag,v,(1,),0)] < x| ] 7
which implies that
L X J

|L><J22| Z Z \ AR V(I f1,h11®hJ1><f2,h12®hJ2>|

I, I,eD™ J,€D™
Ifkl):K Jl(vl):V
=L

< V(L x J) (JARL Al resev (|AR2Y2 o) b

< // 11,05 Mpn pm (AR 1) Mipn pm (A];?’;)%/fﬂ“

Using this we see that (4.5) can be dominated by

T // Moo pn (AR 1) Mpn o (A% fo)v

FERm
1/2 k 1/2
< (X Qe n?) L 02 0roemmaizi ) L
KeDn WIS gepn
Vepm Vepm

SMAP,[)\]AP HfIHLP(u) HfQHLP’()\lfp’)v

where in the second step we used that v = u'/PA~1/?. We are done with the shifts.
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4.2. The partial paraproduct case. We now deal with the partial paraproducts, and we
choose the symmetry

@o  Whf=Y Y axwm(fhne |1V|><f2,h12®hv>

KeD™  I,IeD"
VeDm Ifk”:ék?):K

We will show that
(16, ULf1s f2 Sppajay a, 10llbmo(w) (1 + max (K, ko)) [ f1ll Lo L f2ll Lo (101

Using our general decomposition philosophy from Section 3 we see that
8 2

(b, U f1, fo) = > (U f1, Aib, f2)) = > _(U(af (b, /1)), fo) + (U f1, f2)
=1 =1
D S S k(@ — B i b))y o by © By,

KeD"  I,IeD"
VeD ]ikl)zlékz):K

The first two terms are handled precisely as in the shift case. The last term is directly
under control using (4.1) and the following lemma.

4.8. Lemma. Let p € (1,00) and p, A € Ap(R™ x R™). Assume that b € bmo(v), where
= ptPX7YP Let I € D" and J € D™. Then

[((b) 12 = ) 1) Fhr)) | Spol, Hb|rbmo,,><%npmf,h,®,J|>

where

Ppnpmf = D> 1 @ Mpm((f,hi))(v) 11
IeDn
Moreover, we have

N

v,1
1epn pmll Lo ()22 () Sl ay A4, 1

Proof. We will use the one parameter estimate

1 1
i [ 100 = Gsllal S fwla Plssioq 7 [ Mom (g
1) 1)
Let us prove this. Using Lemma 5.1 in [20] we find a sparse family S = S(J, b) such that

(4.9) [0 — (bo)s |1y <2772 Y " (b0 — (o)al)gle-

QeS
QcJ

Therefore, we have

[ b= eo)slal £ 3 (ltu = o) Q\>Q/ 1

QeS
QcJ

< lbollBMO(w) Z <|g|>Qw(Q)

QeS
QcJ
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< lbollBMO(w) Z [(Mpr(g >Q

QES
QCJ

=S [w]AopoOHBMO(w)/JMD’"(Q)U)

where in the last step we have used the Carleson embedding theorem (notice that Lebesgue
sparse implies w-Carleson).
Now, we have

(B 11 = By 1) {fs hd1) 5| S T 1) as 10 1 lBMO ()1 1) (M ((F, hi)1) (V) 11) 4

v 1y
= ()14 IO allmsi0(w) . {n om s 757,

and then recall that [(v); 1]4, < [v]4, and ||<b>1,1||BM0(<u)I,1) < 16l bmo(w)
Next, we have

/
5 oS 73 (;Djnm@@ om0 )
1/2
= <IXD:n 1| ® [Mpnf, b ) ey
1/2
~I(3 i o wiomtrna?) ) S, Wi

O

We now take care of the remaining U® term. This key term also arises in [14] where
it is actually omitted by saying that it goes similarly as a certain other term (which does
not arise at all in our decomposition). To handle this term we find it necessary to use
somewhat sophisticated tools via bilinear sparse domination.

Similarly as in the shift case it is enough to fix [ € {1, ..., k1 } and estimate the term
y &
> oy [
KeDr  LeDn 11,12€D"
Lk1-D=K 1<l> -
> / ’V‘ ‘ KV([)<f1>hI1 ’V’><f2>h12®hv>‘ v(z1, 32) dzg day.

VeDm

From the sparse domination of bilinear paraproducts (see e.g. [22]) we can deduce (see
Lemma 6.7 in [23]) that

1
( > ‘GK,V,(Ii)«flahI1>1>v<<f2’hb)l’hvﬂi‘y\)p
(4.11) venr

Sl K] Mpm ((f1, iy )1) Mpm ({f2, hiy)1)p-

]Rm
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. . . 1/2 1/2(7.11/2
This requires knowing that we have supy, cpm (ﬁ Z‘(’/GCD‘;H lak v (n) |2) %
0

Recall the function ‘Plbn,Dm from Lemma 2.1 and then notice the identity Mpm ((f1, hr,)1) =
{(¢hn pm /1,1, )1. We now see that (4.10) can be dominated in the <, apsNa, SENSE by

1z, Il 1/2 1'2 1/2
Z Z // | ’|Il"’<sp anfl,h]1> <(70'1D",Dmf2;h12>11/
KeDn LeD™ n,I» G'D"
L(kl D= K I(l) -
I(kQ)fK

> Z:LﬂUV%m%MmmﬁMMMﬁmmﬁmHV

KeDnr  LeD™

Lk1i-D=FK
< Z //MD"AKkISODnDMfl Mpu A o, Ppn pm f2 - v
KeDn
<|( 3 Dbelensbeonil?)
> e DrEK ki PDr,Dm 1 Lo()
> Z [Ml Al 1 f]2 1/2
DK ko PDn DM J2 Lo ()

Kepn
SiayWa, 1llzeqlfall g -y
4.3. The full paraproduct case. Depending on the form of U (we have two genuinely
different symmetries here), we get different terms in the expansion (following Section 3)

of ([b,U]f1, f2). However, after minor thought (recall also that U® = 0) the reader will
understand that the only type of term that we have not seen before is

(4.12) Z ar,v{(b— (0) kxv)f1) ey (f2s hic @ hy).

KeD"
veD™

To handle this via (4.1) we introduce the following maximal function:

1r
Mb o (£) =1 2 [ o= )l
r IRl Jg
where R =1 x J € D" x D™.

4.13. Proposition. Let p € (1,00) and b € bmo(v), where pu, \ € A, and v = p'/PA=1/P, Then
we have

| M o || £ ()= L2 () Slilay A, [Bllbmow)
Proof. There exists some 1 < g < p such that i, A € A,;. Then Holder’s inequality implies

that po = ,u%)\ v € A, Since pi\~ T = = v, by the two-weight John-Nirenberg for little
BMO (2.2) we have for all xz and R > x that

q’ 1 f1 q

/\1_
q
Sty 14y Blomot) /mm
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1 1
S, Wlhonoto (57 [ 11%00)"

1
< Hbemo(V)MD”,’Dm,)\(‘f‘q/’LO)‘_lxaj)q :
The claim now follows from the boundedness property Mpn pm x: LP/9(\) — LP/9(\)

and the observation that (M())\_l)%)\ = p. The first mentioned fact is non-trivial as A is
not of product form —but it has been proved by R. Fefferman in [9] using the A, property
of \. For clarity we give a proof in our dyadic setting in Appendix B.

Notice that
’<(b - <b>KXV)f1>KXV‘ S (Mib)n,pmfﬁva
so that (4.1) gives that the absolute value of (4.12) can be dominated with
CUN ) IM B o f1ll o 12l o () Siay 1, 16l 1t 2oy 1 2l o -

Here the last estimate used Lemma 4.13. We are done with the full paraproducts.

5. ITERATED COMMUTATORS

To study the Bloom type inequality for iterated commutators, we also need to consider
the commutators of general paraproduct operators that appear in Section 3.

5.1. Lemma. Let m, be Ai(b,-), i = 1,---,8 or aj(b,-), a5(b,-), j = 1,2. Suppose by €
bmo (1) and by € bmo(v??), where v = p'/PA=YP, 0 < 61,6, < 1, 0; + 6 = 1 and
p, A € Ap. Then

b2, mou | o () 22 () Sty Ma, 101lbmo(wer) 102 llbmo(wen)-

Proof. With our existing tools there is no essential difference in the proof for different
operators, and we e.g. choose m,, = A5(by,-). We have

(As(br. ). £2) = 3 (bro @ ) (s @ hs) (o @ hsh).
1,J

Using our decomposition philosophy (treating h ks as non-cancellative) we get
2

8
([b2,A45(b1, f1)), fo) = Y (As(br, f1), af (ba, f2)) = D (As(b, Ai(ba, 1)), f2)
(5.2) i=1 i=1
30 (b @ b )1 © 1) {(Ba) 11 = (o)) o). b
1.7

The first and second term are similar — we only deal with the second one. We begin with
the only reasonable step:

(A5 (b1, Ai(b2, f1)), f2)| < |45 (b1, Ai(ba, f)) o)l F2ll Lo 11y
We want to use the Bloom inequality for A5 (b1, -) with b; € bmo(v1). Thus, we write
VI = (uel)\lfel)l/p)\*l/p, where p" A0\ e Ap,
and get
[ A5 (b1, Ai(bz, f))llLr () Stutay A, 101lbmoger)1Ai (b2, f1)ll Lo (uo xi-e1)-
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Then we write
V02 = (P N0 TP where p, pf AT € A,
and similarly get

[Ai(b2, f)ll Loguor ar-o1) Suta, 0a, 1020lbmoqez)llf1llze (-

For the third term in (5.2) we begin with Lemma 4.8, which gives us that

()1 = (21 s )1 Rates)] S, 1, 102 ooyt {#iom forhr @ J,>
Then writing
VO = (0N TP where p, pt N € Ay,
we get (again using the known Bloom for A5(b1, -)) that the absolute value of the third

term in (5.2) can be dominated in the S, apoNa, SENSE by

02 1
Hb1||bmo(u91) Hfl HLP(M) HSO%n ’Dmf2HLP’((H1*91)\91)171/)'

Then using Lemma 4.8 together with the identity
i = (VYU (0 )T where A (001 € 4,
we get

2,1
HSO%” Dmf2||Lp/((u1*91)\91)1—p’) 5 Hf2||Lp’(,\l—p’)'

We are done. O
5.1. The shift case. We show that if U = U*" is a shift then
[([b2,[b1, U]l f1, f2)]
Stulay Nay 101 lbmnoqor) 192 lbmoqwes) (1 + max(ks, v3)2 | fll Loy I f2ll o 1-0y-

We recall Equation (4.2) with b = b;. In the iterated commutator ([bs, [b1, U] f1, f2) the
tirst term of (4.2) leads to the need to study

(Uf1, Ai(br, b2 f2)) — (U(b2f1), Ai(b1, f2)),
which can be written (by adding and subtracting the obvious term) in the form
—(Uf1 [ba, Ai(br )] f2) + ([b2, U fr, Ai(br, f2))-
We have using (4.1) and Lemma 5.1 that

(U f1, [b2, Ai(b1, )] f2) | < MU fill ooy b2, Ai (b1, )] fall o 10y

Stiday.May 101 lbmowon) 102llbmo(ozy 11l Lo )| 2]l o7 (a1 -

On the other hand, using the known Bloom type inequality for the first order commutator
[b2, U] and also for A;(b1, -), we get arguing analogously as in the proof of Lemma 5.1 that

[([b2, ULf1,4:(b1, f2))|
<MAP,)\]AP Hbl v01) Hb2Hbm0 )(1 +max(ki7Ui))”flHLP(/L)HfQHLP’()\lfp’)'
We have thus handled the contribution of the first term of (4.2) to ([ba, [b1, U]] f1, f2). The
contribution of the second term of (4.2) to ([b2, [b1, U] f1, f2) is handled in the same way.

Therefore, we are only left with bounding the contribution of the third term of (4.2)
o ([b2, [b1, U] f1, f2), i.e. bounding ([b2, U%']f1, f2). Expanding this as in (4.2), we are left

Hbmo
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with some terms that can be handled using the already known Bloom type inequality for
U" and the Bloom type inequality for A;(bs, -), and also with the new term

U f)= 3 > X axva)u b = (b1 nxan]

KeD" Ih,[,€D™ Ji,J2€D™
VeD If”:K Jfﬂ:V

[<b2>12><J2 - <b2>11><J1]<f17h11 ® hJ1><f27hI2 ® th)'

To finish the shift case, we now bound U’"*2. We use (4.3) with b = b and b =
ba. When we multiply these together, we get multiple different terms — we pick two
representative ones

(5.3) [(b1) kv — (b1) ks J[(b2) K xy — (b2) 1]
and
(54) [(b1) 172 — (01) K x | [{02) K x gy — (b2) 1y x]-

The point is that in the first case we only have I;, J; appearing in both terms (and no
I, J3), and the other one is a mixed case. Nevertheless, they can in fact be handled with
completely analogous estimates. Therefore, we only deal with (5.3).

We use analogous estimates to (4.4), which leads to the need to bound

Yooy L)
DY
KeD"™ HeDpm™m ’ ‘ LeD"™ JLeD™
VeD™ glvi—h) _y Lk1-0=F ;(n_p
15P

(5.5) v02(L x J
‘L(le‘l) Z Z ’aK,V,(Ii),(J¢)<f17h1—1 ®h‘]1><f27h12 ®h‘<]2>}7

I1,I2€D™ Jo€D™
! (v2)

W=r "=y

)=k

wherel € {1,...,k1}and h € {1,...,v1}. The second line of (5.5) is dominated by
//1L><J1MD",Dm(A%fxlffl)qA];?f%/fQDvaVe?'

Therefore, continuing in the same way (5.5) can be dominated with

k k
> / Mpn pm (Mpn pm (AR f1)0%2) Mpn pm (AF2L2 fo) vt
KeDn
VeDm

Writing 191 = (u?1 \2)1/PA=1/P we can dominate this with

H( Z [Mpn pm (Mpn pm (AR 1)V92)]2>1/2)

LP(uf12%2)

(@ opraN e

KeD"»
veDm™

We can conclude the case (5.3) by using Fefferman-Stein, square function estimates and
also noting that 192 ;%1 \% = ;;. We are done with the shift case.
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5.2. The partial paraproduct case. We show that if U = U is a partial paraproduct of
the form (4.6), then we have

[([ba;[b1, U] f1, fo)|

Sty Wy 101 lomoqon) 102 lbmouen) (1 + max(kr, k2)) (| fill 2oy L f2 ]l o a0t -

Recall (4.7) with b = b;. The contributions of the first two terms of (4.7) to ([be, [b1, U]] f1, f2)
are handled using the same general argument that we used with shifts.

We now bound the contribution of the third term of (4.7) to ([be, [b1, U]] f1, f2), i.e. we
bound ([b2, U] f1, f2). Expanding this as in (4.7), the first two terms can be handled
using the already known Bloom type inequality for U’ and the Bloom type inequality
for A;(bs,-) and a} (b2, ), while the last term can be handled using Lemma 4.8 and the
Bloom for U®:. Therefore, we are again facing the need to handle Ub1:b2,

Recall that U = U* is of the form (4.6). When written out, U**? includes terms of the
form (<b1>[2><v — <b1>[1xv)(<bg>[2><v — <b2>[1><v). As before, we Split

(b1) 1,xv — (b1)ryxv = [(b1) xv — (b1) kxv] + [(b1) K xv — (b1) 1, xV ],

and similarly with the function bs. These multiplied together divides U2 into four
parts, which are handled in the same way. To complement the case we handled with
shifts (where we chose (5.3) instead of (5.4)), we choose here the part coming from the
terms

((b1) kexv = (1) 1 xv) ((b2) 1 xv — (b2) kK x V).
We apply the estimate (4.4), and see that it suffices to bound the term
Z Z Z Z L1 X V (LQ X V)
‘Ll X V’ ’LQ X V‘
KED" Ly1,LyeD" Iy,I,€D" VeD™
(5.6) Lgkz‘*li):K Ii(li):Li

‘aKV <f17h11 ><f2,h12®hv>

4
where [; € {1,...,k;},i € {1,2}.
If p1, p2 € A2(R™), then
(p1)5(p2) s < (1] as[p2lay (prp2) -
Indeed, by Holder’s inequality there holds for any cube J C R that

_1

1

_1 1 1 1
=7 / p1p2)3p1 *py * < (p1p2) {1 )32 D)
which combined with (p; ') ; < [pi]a,(pi);" gives the claim. If L;, L, € D" and V € D™,
this shows that

VO (L x V)92 (Ly x V)

(5.7) 1Ly x V] L x V] < [l [07) )y () 200 22.0),

[V]A2<< 01>L1, < 92>L271>V‘

IN
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We turn to (5.6). If K, L1, La, I1 and Iy are as in (5.6), then applying (5.7) one sees that
the inner sum over V' € D™ is less than [v] 4, multiplied by

/ > g (s )y (2, hp)as ) \| Y1 (V)L
™ vepm
|Il|1/2|12|1/2

SUwo) 1092 1y 1]ac |K| Mpm ({f1, hp,)1)Mpm ({2, hp)1) (V) £ 1 (072 1.1,

Rm™

where we used the application of sparse domination as in (4.11). Notice that Theorem 2.1
in [5] implies that <V>%11,1 Sila, v 91y, 1 (while the other direction is trivial by Holder’s
inequality). This implies that [(v%1) 1, 1 (12) 1, 1]4, < C([V]a,)-

Recall the identity Mpm ({fi, h1,)1) = <90%)",Dm fi,h1,)1. We sum the last estimate over
K, Ly, Lo, I and I3, and move the summations inside the integral over R™. Then, for a
fixed z2 € R™, we can use one parameter estimates in the same spirit that we used in
connection with (5.5). This shows that (5.6) is dominated by C([u]4,, [A]4,) multiplied
by

// Z MDn AKkl‘:OD" Dmfl)MDn(MDn(AKkQSODn Dmfz) v o
R+ peepn

From here the estimate can be concluded by familiar steps. This ends our study of U2

To finish our treatment of partial paraproducts, we need to bound the contribution of
the last term of (4.7) to ([ba, [b1, U]]f1, f2). Expanding using our usual rules leads us to
the following sum of terms

8
Yoy > akvan (1) na = 1) rv) (fis by )1 )y (Aiba, f2), b, @ hy)

i=1 KeD"  I,IoeD"
VeD Iikl)zlékQ):K

2
- Z Z Z ag v, 1) (1) na — (b1)nxv)(ai (b2, f1), hr 1)y (fo, hay @ hy)

i=1 KeD"  I,[,eD"
VeD I§k1)=I§k2):K

+ Y S a0 — ) ((B2)nxv = (b2hn 1) h)1)y

Kep™  I,IeD"
VeD I{kl):é@):K

X (f2, hr, ® hy)
+ Z Z a1 [(02) oxv — (b2) 1 xv ] (((b1) 110 = (b1) 1 v ) (f1, by 1)y

KeD" I, L,eD"
veD I{kﬂ:é@):K
X (f2, hr, ® hy)
=I+I1I+I1IT+1V.

The estimates for I and I follow quite directly from (4.1) and lemmas 3.1 and 4.8. The
term IV can be handled using Lemma 4.8 and the Bloom type inequality of U®2. The
term /11 requires a more careful treatment, which we will now proceed to give.
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We will use the following one parameter estimate

1
7] /J b1 — (b1) sl|b2 — (b2) s|lg] S [wi]an [w2] ac 161 lBMO ) 102l BMO (15)

X |3‘ J[MDM(MDm (9)w2)wy + Mpm(Mpm (g)wi)ws].

We can prove this by using (4.9) again:
[ = sl = o) 1l

S 2 (b= el (b~ talabg [,

PeS; QeSs
PCJ QcJ

< o llmstoqn IDallmows 3 3 (wi)plun)g /Q 1l

PeS1 QES2
PCJ QCP

T o llmston Blesows 3 3 (wi)p(ws)e /P ]

QES2 PES
QCcJ PCQ

< [wal a1 o 2 mnt0(n) S (w1)p /P Mo (g)w

PeS;
pPcJ

1+ [w1] a1 10y B2 B0y 3 () /Q Mpm (g)wr.

QES2
QCJ

The desired one parameter estimate follows from this as previously. Define now
PpiBnfi = > hr @ Mpn(Mpm({f1,h1)1)(v1)11){v2) 11,
IeDn
and notice that we get

(((01)r 1 = b1) 1 xv) ((D2) xv — (D2) 1y 1) (frs By 1)y |

61’ 9271 02’ 9171 lv
S[M]AWP\]AP Hblubmo(uel) ||b2”bm0(l/92) <w%”,gm fir+ (p%”,gm 1, hr, ® m>
It is not hard to show (similarly as in Lemma 4.8) that
01 , 0o ’1
(5.8) [ Fill Logny Stiday s, 11llzege)-
This, together with (4.1), ends our treatment of the term I11. We are done with the partial
paraproducts.

5.3. The full paraproduct case. The only term that arises here, which cannot be han-
dled using exactly the same arguments that we have seen above with shifts and partial
paraproducts, is

> ar v {(br — 0 kxv) (b2 = (b2) ks ) f1) ey (20 e ® hoy).

KeDn"
veD™
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The natural maximal function is now
1r
Mt = swn 2 [ b= ()l = ()l
ReD"xDm™ R
We have
b1,b
1M Do Ml o )= £2(3) Siiday Ny, 101 bmowony 102 llbmo(woz)

as in Proposition 4.13. Indeed, using the same notation, and noticing that u(l)_q/, PN
Ay C Ay g forany 0 € [0, 1], we then have, for 6; € (0,1) and = € R, that

géh4mmr@mm

1 11 q;,—} q
_ﬁm/W@(w/mﬁmm%q w/m el )

92

19 q b )T b
N[M]AWP\ ’R| / | ’ |R‘ ) H 1Hbmo z/91)( ’R‘ ) H Hbmo(y92)

1 1
smmwmwmmgwéﬂ%y

After this we can conclude as previously. We still comment on the case §; = 0. Let
s = ¢ /t', where t = t([Aa,) € (¢,%; B9 4 1) (these restrictions imply that s > 1 and

p/st > 1) will be chosen later to be close enough to ¢. Set ul -t = u(l)_ql. For z € R we

have

%Lm4mwr@mm

1 st/ S/ s Si
< (g [, 1= e0al)" (g [ 1= 0 Wlttw/m%t

)\l— L 1
q’ s st
Sty 01, [oalomallmotr () (1 [ 1617m)

1
< 161 lbmo 102 [ bmo () [Mpr pm A (Mpn pm (f* U EP N )(35)]"-

To finish, we prove that A\~ e a 2. We first prove A e Ap We can take ¢ close

enough to p such that (p /q)" > p. Usmg Holder’s inequality with the exponent u, where
Lu:=(p—1)(p/a—1) < (p- 1)(1? —1) =1, we get

L[t [ (L st L
|R| IRI IRI IRI ’

Finally, we choose t very close to ¢ — notice that if ¢ — ¢ then s — 1 and so p/st — p/q.

. . P41 . .
Using the open property of 4,/, weights we conclude that A"« ™" € A 2. Using this we
can end the proof.

APPENDIX A. EMBEDDING bmo(w) C BMOpoq(w)

We give a proof of the embedding — we thank Prof. T. Hytonen for giving us an outline
of the proof.
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o e . n m
A.1. Proposition. We have Hb”BMOﬁ;’Dm(w) Stwla, [0llbmopn pm (w) if w € A2(R™ X R™).

Proof. First, using the ¢?-valued Kahane-Khintchine inequality notice that

( > A f(z) ) (EZ‘ZEJAIXJJC ‘)1/2

1eDn
JeDm

~E([ar(Yeads xQ))(xl)f)l/Q.
I J

Taking L' (w) norm, and using the known (see [6]) lower bound

1/2
1911 2e (o) Stola, H(Z |Azg] ) ‘Lp(p p € (0,00),
we get
1/2
H( > |A1fo\2> . // GJA?]f(xl,x2) w(x1, x2) doy dag
IeDn L (w Rn+m
Jepm

~[[( 2 180 ) 1.

JeDm

'
Next, using the weighted one parameter H' — BMO duality result (i.e. the one parameter
analog of (3.3)), see Wu [26], we get

] b)) ds] S, Wlmons o[ 3 18377)]

JeDm

<[ A2 Hb”meDan H( Z ’AIXJf‘ ) ‘

IeDn
JeDm

L} (w)
(A.2)

Borrowing a calculation from [14] we can conclude the proof. Indeed, for all 2 we have

Y It oh)Pwi,)

IeDn , JeD™
IxJCQ
E . E 2 _
:sup{‘ <b,h[®h(}>a[”]‘. \a17J| <'LU>[><J—1}.
[€Dn, JeDm I€Dn,JeDm
IxJCQ IxJCQ2

Given such a = (ay ) define f, = > 1 arsh;r ® hj. Then we have using (A.2) and
IxJCQ
Holder’s inequality that

S @ hgar| = 1b fa)

1eDn, jeDm
IxJCQ
121 1/2
21I J
N HbemO‘D’ﬂ,Dm(w)H< > larl ‘IHJ‘) )Ll(w)

IeDn jeDm
IxJCQ
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1/2
< ||b||me'DnYDm(’w)w(Q)1/2< Z |aI,J|2<w>]><J> = ||bemoDn’Dm(w)w(Q)1/2'

IeDn, JeDm
IxJCQ

We are done. O

A.3. Remark. Notice that actually the proof works just by assuming that w is uniformly in
A (R™) and Ao (R™), and that we also do not need the full strength of the little BMO as-
sumption: we can e.g. use esssup,, cgn [|6(21, *)[[BMOpm (w(zy,-)) instead of the little BMO
norm.

APPENDIX B. BOUNDEDNESS OF THE STRONG MAXIMAL FUNCTION

We give a proof of the following variant of a result of Fefferman [9]. The proof is quite
clear in the dyadic setting. We note that we get a polynomial dependence on [A] 4,, while
in Barron-Pipher [1] there seemed to be some exponential dependence.

B.1. Proposition. Let p € (1,00) and A € A,(R™ x R™). Then for s € (1, 00) we have

14+1/s

[Mprpm A fllLsoy S Aa, I llsn)-

Proof. Write D = D" x D™. By interpolation it is enough to prove ||[Mpxfl|rsecn) S
[)\]Zl/sﬂf\\y(,\). Fix f and a > 0, and set @ = Q(a) = {Mpf > a}. Write @ = J}2, R;
for some rectangles R; € D with (| f ‘>3\2]- > a. It suffices to fix IV and prove

N 1/s s
(B2) AU R) S WA e
j=1

Write R; = I; x J;, and reindex the cubes so that ¢(J; 1) < ¢(J;),j=1,...,N —1. We
use Cordoba—-Fefferman algorithm. Let s; = 1, and suppose 51 < s9 < --- < 51 < N
have been chosen. Then s; is defined, if it exists, to be the smallest integer j € (s;_1, N]
so that

-1
|Bj]
‘R] mz»Ulei <2
Write 7 = {1,...,N}, Js = {s;} and J¢ = J \ Js. Notice that for all j, € J we have
(B.3) Riyn U By= 50 U 5] x g
JETs JETs
J<Jo J<Jo
Jjo CJj

For zo € R™ we set I;(x2) = I; if zo € Jj, and I;(x2) = () otherwise. Let jo € JS be
arbitrary. Then we have

| Rjo |

‘Rjo N U Rj‘ > %.
JETSs
J1<Jo

Using (B.3) we see that
w2 U 1iea)| 2 [Tt 0 U G| > Hei2)
’ Al B O =T
JE€Ts JE€Ts

J<jo
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Using that for all cubes I C R™ and all subsets £/ C I we have
A, 22) (E) —1(1E[\P
B.4 — > —
(B4) A z2)(I) — mAP( ] )
we conclude that
ACow2) (Tg(e2) 0 | i(@2)) 2 @l NGIAC 22) (L (@2), ex 1= 277,
JETs
Since jp € J¢ was arbitrary we get for all x5 € R™ that
U Li(z2) C {Mpn,A(.m)(lUje,s 1) = ClP\]Zi}-
jeJgs
Using that MDn7)\(. 22)° Ll()\(-, x3)) = LY°(A(-,22)) (even with constant 1) we get
(Uz:m)N I G ( U L),
JE€Ts
which, after integrating over xo € R™, gives our first key inequality
(B.5) A(URj> Al /\< U R)
jGJ ]E s
Let now jo € Js. Then by construction and using (B.3) we get for all x5 that

[Zjo (22)]
’]jo(ﬂfg) N U ]j(xg)‘ < ]OT.
_]'ejs
J1<Jo
Applying (B.4) to Ej, (x2) := Ij,(z2) \ Ujes, Ij(x2) we have
Jj<jo

A 22) (By(02)) = et NG G a) (I(22), € Toy a2 € R
Dualising against g with ||| s (z(..2,)) < 1, using the above sparseness property and using

that Mpn x(. z,): LY(A(-,22)) — Ls()\(- x2)) (with a norm independent of \) we get
S WEAG ) (U Ii2)

HZ L@ ot (7 a2)) ™

NISVE JETs

/

Integrating over xo € R™ we get our second key inequality

(B.6) H]; oy S ( U R )1/8/.

Recalling that (| f |>’\ > a and using (B.5) and (B.6) we get our claim (B.2):

: MUjeq, B e, Jr, 171X
a)\( U R; )1/ < 1/;@ (UJGJs ]1)/5' < [/\ 114/: Zyejs fR] | 1|/S,
MUjes, 7) A(Uses, B9)

N ez 18] .
< NS R R ey S DT 1 Lo

L' (\)
1/s’
)‘( Ujejs Rj) /
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